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Problem 10.1 Dirichlet BVP with Delta-Function Right-Hand Side (Core

problem)

One of the messages of [NPDE, Section 2.4.2] was that not all linear variational problems on

function spaces are well-posed, see [NPDE, Def. 2.4.12]. In this problem we will encounter

a specimen of an innocent looking ill-posed linear variational problem that was discussed in

detail in [NPDE, Ex. 2.4.18]. We are going to study how the ill-posed nature of the continuous

variational problem will be reflected by the behavior of Galerkin solutions. This will be done

empirically based on a C++ implementation using DUNE.

Template files for the new classes you will need to write are available in the lecture svn repository

assignments codes/assignment10/Problem1

The idea is that you extend your own code, reason why it does not contain the files you already

implemented in the previous assignments. Please do not forget to include them when you submit

your work. If your own implementation is still not working, you may use the classes provided in

assignments codes/solutions.

In this problem we consider the linear variational problem

u ∈ H1
0 (Ω) :

∫

Ω

gradu(x) · grad v(x) dx = v(0) ∀v ∈ H1
0 (Ω), (10.1.1)

posed on a polygon Ω (with 0 ∈ Ω) and attempt its numerical solution by means of a linear finite

element Galerkin discretization.

(10.1a) Describe a physical system for which (10.1.1) provides a model of certain aspects.

What is the meaning of u in this model.

HINT: Remember a particular model discussed in [NPDE, Chapter 2].

Solution: This is similar to the membrane problem [NPDE, Section 2.2.1] with an “infinitesi-

mally narrow” point force at x = 0. In effect, f = δ, the Diract delta function.

(10.1b) Which problem haunts the linear variational problem (10.1.1)? What can you say about

the existence of a minimizer of the associated quadratic functional?

HINT: Refresh yourself on the contents of [NPDE, Section 2.2.3]. Again study the beginning on

[NPDE, Section 2.3] and [NPDE, Ex. 2.4.18].
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Solution: As shown in [NPDE, Ex. 2.4.18], the linear form ℓ(v) = v(0) is not continuous with

respect to ‖v‖
a
=
(∫

Ω
‖grad v‖2 dx

)
1

2 on H1
0 (Ω). The associated quadratic functional will not be

bounded from below and has no minimizer.

(10.1c) Let M be a triangular mesh of Ω. The Galerkin discretization of (10.1.1) based on

S0
1,0(M) leads to a discrete variational problem, cf. [NPDE, Section 3.2]. Explain why the as-

sociated discrete quadratic minimization problem (see [NPDE, Eq. (1.5.6)]) always has a unique

solution.

Solution: On the restricted space S0
1,0(M), ℓ is in fact continous with respect to ‖·‖

a
. (All

functionals are continuous in finite dimensional spaces.)

(10.1d) Let Mk be a sequence of triangular meshes, where Mk+1 is generated from Mk by

regular refinement of all triangles. Guess how the minimal value of the quadratic functional

associated with the variational problem (10.1.1) will behave as k → ∞.

Solution: Since there is no minimizer, we might expect the value of the quadratic functional to

diverge towards negative infinity.

(10.1e) Implement the class LocalDelta which provides a method

t emp late <c l a s s Element>

void op erator ( ) ( Element c o n s t& e , ElementVector & l o c a l ) c o n s t ;

to compute the element vector associated to the specific right-hand side of (10.1.1). The method

should check whether 0 belongs to the given element and then compute the corresponding values

using linear Lagrangian finite elements.

HINT: Note this is similar to LocalFunction implemented in subproblem (7.4e).

Solution: See Listing 10.1 for the code.

Listing 10.1: Implementation for LocalDelta

1 # i f n d e f LOCALDELTA HPP

2 # d e f i n e LOCALDELTA HPP

3

4 # i n c l u d e <stdexcept>

5 # i n c l u d e <vector>

6 # i n c l u d e <dune / l o c a l f u n c t i o n s / lagrange / pk . hh>

7 # i n c l u d e <dune /common/ except ions . hh>

8 # i n c l u d e <dune /common/ f v e c t o r . hh>

9

10 namespace NPDE15{
11

12 c l a s s Loca lDe l ta{
13 p u b l i c :

14 u s in g c a l c t =double ;

15

16 Loca lDe l ta ( ) { x 0 = 0 . 0 ; } ;

17

18 t emp late <c l a s s Vector , c l a s s Element>

19 void op erator ( ) ( Element c o n s t& e , Vector & l o c a l ) c o n s t ;
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20 p r i v a t e :

21 Dune : : F ie ldVecto r<double ,2> x 0 ;

22 } ;

23

24 t emp late <c l a s s Vector , c l a s s Element>

25 void Loca lDe l ta : : op erator ( ) ( Element c o n s t& e , Vector & l o c a l )

c o n s t {
26 Dune : : PkLoca lF in i teElement<ca l c t , ca l c t , Element : : mydimension ,

1> loca lFE ;

27 asser t ( loca lFE . type ( ) ==e . type ( ) ) ;

28 unsigned M = loca lFE . loca lBas is ( ) . s ize ( ) ;

29 l o c a l = Vector (M) ;

30 f o r ( unsigned i =0; i<M;++ i )

31 l o c a l [ i ] = 0 . ;

32 auto c o n s t& egeom = e . geometry ( ) ;

33 auto l o ca l x0 = egeom . l o c a l ( x 0 ) ;

34 i f ( l o ca l x0 [0]>=0 && l o ca l x0 [0]<=1 && 1− l o ca l x0 [ 1 ] −
l o ca l x0 [0]>=0 && l o ca l x0 [1]>=0 && l o ca l x0 [1]<=1) {

35 std : : vector<Dune : : F ie ldVecto r<ca l c t ,1> > shape fc t va lues ;

36 loca lFE . loca lBas is ( ) . eva lua teFunct ion ( loca l x0 ,

shape fc t va lues ) ;

37 f o r ( unsigned i =0; i<M;++ i ) l o c a l [ i ] = shape fc t va lues [ i ] ;

38 }
39 } ;

40

41 }
42 # e n d i f

(10.1f) We want to equip our finite element code with the capability to computer the L2(Ω)-
and H1(Ω)-seminorm of piecewise linear finite element functions given through their coefficient

vectors with respect to the nodal basis of S0
1 (M).

For this reason, now you are asked to complete the class Norms by implementing the methods

methods L2Norm, and H1sNorm, whose names already tell their function. They both take as

argument a coefficient vector Q.

t emp late <c l a s s DofHandler>

c l a s s Norms{
p u b l i c :

u s in g c a l c t = double ;

u s in g GridView = typename DofHandler : : GridView ;

enum{ world dim = GridView : : dimension } ;

u s in g Matr ixType = Eigen : : SparseMatr ix<ca l c t , Eigen : : RowMajor>;

u s in g Coordinate = Dune : : F ie ldVecto r<ca l c t , world dim >;

Norms( DofHandler c o n s t& dof hand le r )

: do fh ( do f hand le r ) , gv ( do fh . gv ) , N ( do fh . s ize ( ) ) {} ;

t emp late <c l a s s Vector>

double L2Norm( Vector c o n s t& Q) ;
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t emp late <c l a s s Vector>

double H1sNorm( Vector c o n s t& Q) ;

p r i v a t e :

DofHandler do fh ;

unsigned N ;

GridView c o n s t& gv ;

} ;

HINT: Remember that both norms are the “energy norms” induced by suitable bilinear forms.

Thus the Galerkin matrices for these forms can be used to compute the (squares of the) norms.

Solution: See Listing 10.2 for the code.

Listing 10.2: Implementation for Norms

40 t emp late <c l a s s DofHandler>

41 t emp late <c l a s s Vector>

42 double Norms<DofHandler > : :L2Norm( Vector c o n s t& Q) {
43 std : : vector<Eigen : : T r i p l e t <double>> t r i p l e t s ;

44 NPDE15 : : MatrixAssembler<DofHandler> matAssembler ( do fh ) ;

45 matAssembler ( t r i p l e t s , NPDE15 : : Ana ly t i ca lLoca lMass ( ) ) ;

46

47 Matr ixType A( do fh . s ize ( ) , do fh . s ize ( ) ) ;

48 A. se tF romTr ip le ts ( t r i p l e t s . begin ( ) , t r i p l e t s . end ( ) ) ;

49 A. makeCompressed ( ) ;

50

51 re tu rn sq r t (Q. transpose ( ) ∗A∗Q) ;

52 } ;

53

54 t emp late <c l a s s DofHandler>

55 t emp late <c l a s s Vector>

56 double Norms<DofHandler > : :H1sNorm( Vector c o n s t& Q) {
57 std : : vector<Eigen : : T r i p l e t <double>> t r i p l e t s ;

58 NPDE15 : : MatrixAssembler<DofHandler> matAssembler ( do fh ) ;

59 matAssembler ( t r i p l e t s , NPDE15 : : Ana ly t i ca lLoca lLap lace ( ) ) ;

60

61 Matr ixType A( do fh . s ize ( ) , do fh . s ize ( ) ) ;

62 A. se tF romTr ip le ts ( t r i p l e t s . begin ( ) , t r i p l e t s . end ( ) ) ;

63 A. makeCompressed ( ) ;

64

65 re tu rn sq r t (Q. transpose ( ) ∗A∗Q) ;

66 } ;

(10.1g) Now we consider (10.1.1) on the unit disk Ω := {x ∈ R
2 : ‖x‖ < 1}. An incomplete

file main.cc is supplied. The loading and refinement of the mesh, as well as the computation

of the stiffness matrix is already implemented.

Extend this code to compute the load vector using the function you wrote in (10.1a), solve the

system and obtain the L2-norm and H1-seminorm of the solution. Finally plot the L2-norm and
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H1-norm of the solutions vs. the number of degrees of freedom, and also output the solution for

the finest grid in Vtk-format.

Solution: See Listing 10.3 for the code.

Listing 10.3: Implementation for main.cc

29 c o n s t i n t world dim = 2;

30 u s in g c a l c t = double ;

31 u s in g Matr ix = Eigen : : SparseMatr ix<ca l c t , Eigen : : RowMajor>;

32 u s in g Vector = Eigen : : VectorXd ;

33 u s in g IndexVector = std : : vector<bool >;

34 u s in g GridType = Dune : : ALUSimplexGrid<2, 2>;

35 u s in g GridView = GridType : : LevelGridView ;

36 u s in g DofHandler = NPDE15 : : DofHandler<GridView>;

37

38 i n t main ( i n t argc , char ∗argv [ ] ) {
39 t r y {
40 // load the grid from file

41 std : : s t r i n g f i leName = ” c i r c l e 1 2 8 .msh” ;

42 i n t r e f i n e = 3 ;

43

44 // Declare and create mesh using the Gmsh file

45 Dune : : Gr idFactory<GridType> g r idFac to ry ;

46 Dune : : GmshReader<GridType > : : read ( g r idFacto ry , f i leName . c s t r ( ) ,

f a l s e , t ru e ) ;

47 GridType ∗workingGr id = g r idFac to ry . c rea teGr id ( ) ;

48 workingGrid−>g loba lRe f ine ( r e f i n e ) ;

49 workingGrid−>loadBalance ( ) ;

50

51 Vector Ndofs ( 4 ) ; Ndofs . setZero ( ) ;

52 Vector L2norm( 4 ) ; L2norm . setZero ( ) ;

53 Vector H1Snorm( 4 ) ; H1Snorm. setZero ( ) ;

54 f o r ( i n t l e v e l =0; l eve l <=r e f i n e ; ++ l e v e l ) {
55 // Get the Gridview

56 GridView gv = workingGrid−>l eve lGr idV iew ( l e v e l ) ;

57

58 // Initialize dof-handler

59 DofHandler dofh ( gv ) ;

60

61 unsigned N = dofh . s ize ( ) ;

62 std : : cout << ” So lv ing f o r N = ” << N << ” unknowns .\n ” ;

63

64 // Get boundary nodes

65 IndexVector d i r i c h l e t d o f s (N) ;

66 NPDE15 : : LBoundaryDofs<DofHandler> ge t bnd do fs ( dofh ) ;

67 ge t bnd do fs ( d i r i c h l e t d o f s ) ;

68 dofh . s e t i n a c t i v e ( d i r i c h l e t d o f s ) ;

69

70 // assemble rhs and set dirichlet dofs to dirichlet data

71 Vector Phi (N) ; Phi . setZero ( ) ;

72 NPDE15 : : VectorAssembler<DofHandler> vecAssembler ( dofh ) ;
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73 vecAssembler ( Phi , NPDE15 : : Loca lDe l ta ( ) ) ;

74 // Homogeneous dirichlet data

75 Vector G(N) ; G. setZero ( ) ;

76 vecAssembler . s e t i n a c t i v e ( Phi , G) ;

77

78 // assemble the system matrix

79 std : : vector<Eigen : : T r i p l e t <ca l c t >> t r i p l e t s ;

80 NPDE15 : : MatrixAssembler<DofHandler> matAssembler ( dofh ) ;

81 matAssembler ( t r i p l e t s , NPDE15 : : Ana ly t i ca lLoca lLap lace ( ) ) ;

82 matAssembler . s e t i n a c t i v e ( t r i p l e t s ) ;

83

84 Matr ix A(N, N) ;

85 A. se tF romTr ip le ts ( t r i p l e t s . begin ( ) , t r i p l e t s . end ( ) ) ;

86 A. makeCompressed ( ) ;

87

88 // solution vector U

89 Vector U(N) ; U. setZero ( ) ;

90

91 // solve the system

92 U = Phi /A ; // short-hand, see Pardiso.hpp for more information

93

94 // get the errors

95 NPDE: : Norms<DofHandler> norms ( dofh ) ;

96 Ndofs [ l e v e l ] = dofh . s ize ( ) ;

97 L2norm [ l e v e l ] = norms . L2Norm(U) ;

98 H1Snorm[ l e v e l ] = norms . H1sNorm(U) ;

99

100 i f ( l e v e l == r e f i n e ) {
101 //Write finest grid solution to vtk file

102 Dune : : VTKWriter<GridView> v t k w r i t e r ( gv ) ;

103 std : : s t r i ngs t ream outputName ;

104 outputName << ” s o l u t i o n ” ;

105 v t k w r i t e r . addVertexData (U, ” u app ( x ) ” ) ;

106 v t k w r i t e r . w r i t e ( outputName . s t r ( ) . c s t r ( ) ) ;

107 std : : cout << ”Done .\ n ” ;

108 }
109 } // end for refinement levels

110 std : : ofstream outnd ( ” Ndofs . dat ” , s td : : i os : : out |
std : : i os : : b ina ry ) ;

111 outnd << Ndofs ;

112 outnd . c lose ( ) ;

113 std : : ofstream outL2n ( ” L2norm . dat ” , s td : : i os : : out |
std : : i os : : b ina ry ) ;

114 outL2n << L2norm ;

115 outL2n . c lose ( ) ;

116 std : : ofstream outH1sn ( ”H1Snorm. dat ” , s td : : i os : : out |
std : : i os : : b ina ry ) ;

117 outH1sn << H1Snorm;

118 outH1sn . c lose ( ) ;

119 }
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Figure 10.1: Plots for subproblem (10.1c).

(10.1h) Consider an abstract linear variational problem

u ∈ V0 : a(u, v) = ℓ(v) ∀v ∈ V0, (10.1.2)

with s.p.d. (→ Def. [NPDE, Def. 2.2.35]) bilinear form a and a linear form ℓ that is continuous

in the energy norm in the sense of [NPDE, Eq. (2.2.48)].

Elaborate the relationship between the energy norm of the solution of (10.1.2) and the minimal

value of the associated quadratic functional according to [NPDE, § 2.4.2].

Solution: From the variational problem with u = v we have ℓ(u) = a(u, u). Thus

J(u) =
1

2
a(u, u)− ℓ(u) = −

1

2
‖u‖2

a
.

(10.1i) Explain your observations on the behavior of the H1-norm in subproblem (10.1g) in

light of the theoretical conclusions obtained in subproblems (10.1d) and (10.1g).

Solution: We can see from Figure 10.1 that the H1-seminorm of the solution appears to diverge

(albeit not very quickly), while the L2-norm converges. This is because the solution of this

variational problem is not in H1 (but it is in L2), cf. subproblem (10.1d).

Problem 10.2 Debugging Finite Element Codes (Core problem)

[NPDE, Chapter 5] confronted you with theoretical results on the asymptotic convergence of finite

element Galerkin solutions for 2nd-order elliptic boundary value problems. On the one hand, these

estimates can be used to gauge the relative efficiency of different finite element approximations,

as was discussed in [NPDE, Section 5.3.5]. On the other hand, expected rates of convergence are

a fine probe for detecting errors in a finite element code. For instance, the observed convergence

to a known analytic solution should match the theoretical predictions, unless the code is flawed.

Another way of using the approximation results of [NPDE, Section 5.3.5] to identify a faulty

finite element implementation is demonstrated in this problem.
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In detail these considerations are presented in [NPDE, Section 5.8]. This problem complements

this section of the lecture material, in particular [NPDE, § 5.8.9]. Study this paragraph again

before you continue.

The required files for this problem are available in the lecture svn repository

assignments codes/assignment10/Problem2

Three different local assemblers

LocalLaplaceQFEX, X ∈ {1, 2, 3}

purport to provide the Galerkin matrix and right-hand side vector for the finite element discretiza-

tion of the variational problem

u ∈ H1(Ω) : a(u, v) :=

∫

Ω

gradu · grad v dx = ℓ(v) :=

∫

Ω

f(x)v(x) dx ∀v ∈ H1(Ω)

(10.2.1)

using quadratic Lagrangian finite elements (space S0
2 (M)) on a triagular mesh M of some poly-

gon Ω ⊂ R
2. The local assemblers provide the same basic methods as the LocalAssembler

object in [NPDE, Code 3.6.49]. The implied ordering of local shape functions is the same as in

[NPDE, Ex. 3.6.41], see also [NPDE, Code 3.6.42].

(10.2a) Complete the class

t emp late <c l a s s DofHandler>

c l a s s In terpo la teQFE{
p u b l i c :

u s in g c a l c t = double ;

u s in g GridView = typename DofHandler : : GridView ;

enum { K=2 } ;

enum { world dim = GridView : : dimension } ;

In terpo la teQFE ( DofHandler c o n s t& dof hand le r ) :

do fh ( do f hand le r ) , gv ( do fh . gv ) {} ;

t emp late <c l a s s Vector , c l a s s Funct ion>

void op erator ( ) ( Vector &Phi , Funct ion c o n s t& f ) c o n s t ;

p r i v a t e :

DofHandler c o n s t& dofh ;

GridView c o n s t& gv ;

} ;

by writintg operator() that accepts a function f in procedural form, and fills Phi with the basis co-

efficients of the nodal interpolant I2u ∈ S0
2 (M). This particular piecewise quadratic interpolation

is presented in [NPDE, Ex. 3.5.3].

Solution: See Listing 10.4 for the code.
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Listing 10.4: Implementation for InterpolateQFE

25 t emp late <c l a s s Vector , c l a s s Funct ion>

26 void op erator ( ) ( Vector &Phi , Funct ion c o n s t& f ) c o n s t {
27 // loop over cells

28 f o r ( auto e i t =gv . t emp late begin<0>() ; e i t != gv . t emp late

end<0>() ; ++ e i t ) {
29 Vector Loca lPh i ;

30 Dune : : PkLoca lF in i teElement<ca l c t , ca l c t , world dim , 2>

loca lFE ;

31 asser t ( loca lFE . type ( ) == e i t −>type ( ) ) ;

32 elem geom t c o n s t& egeom = e i t −>geometry ( ) ;

33 unsigned M=loca lFE . loca lBas is ( ) . s ize ( ) ;

34 f o r ( unsigned i =0; i<M;++ i ) {
35 unsigned l o c t o g l o b = do fh (∗ e i t , i ) ;

36 auto pos = t h i s−>getLocalPos ( i , egeom) ;

37 Phi [ l o c t o g l o b ] = f ( pos ) ;

38 }
39 }
40 }
41

42 Coordinate getLocalPos ( i n t l o ca l d o f , elem geom t c o n s t &

egeom ) c o n s t {
43 Coordinate pos ;

44 swi tch ( l o c a l d o f ) { // get position of dof according to DUNE
convention

45 case 0 : pos = egeom. corner ( 0 ) ; break ;

46 case 1 : pos = (egeom . corner ( 0 ) + egeom . corner ( 1 ) ) ; pos ∗=

0 . 5 ; break ;

47 case 2 : pos = egeom. corner ( 1 ) ; break ;

48 case 3 : pos = (egeom . corner ( 0 ) + egeom . corner ( 2 ) ) ; pos ∗=

0 . 5 ; break ;

49 case 4 : pos = (egeom . corner ( 1 ) + egeom . corner ( 2 ) ) ; pos ∗=

0 . 5 ; break ;

50 case 5 : pos = egeom. corner ( 2 ) ; break ;

51 }
52 re tu rn pos ;

53 }

(10.2b) Determine a sharp bound T (hM) in the estimate

|a(u, u)− a(I2u, I2u)| ≤ CT (hM), (10.2.2)

where u : Ω 7→ R is supposed to be smooth and the unknown constant C > 0 may depend only

on Ω and the shape regularity measure of M.

Use the following result, which is a generalization of [NPDE, Cor. 5.3.43] to quadratic Lagrangian

finite element spaces.

Theorem. Let Ω ⊂ R
d, d = 1, 2, 3, be a bounded polygonal/polyhedral domain equipped with a

simplicial mesh M. Then the following interpolation error estimate holds for the nodal interpo-
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lation operator I2 onto S0
2 (M)

‖u− I2u‖H1(Ω) ≤ Chmin{3,k}−1|u|Hk(Ω) ∀u ∈ Hk(Ω), k = 2, 3 ,

with a constant C > 0 depending only on k and the shape regularity measure ρM.

HINT: Recall from [NPDE, Section 5.1] the arguments that suggested that the energy norm pro-

vides a relevant norm for measuring the discretization error.

Solution: We have

|a(u, u)− a(I2u, I2u)| = |a(u+ I2u, u− I2u)|

≤ ‖u+ I2u‖A‖u− I2u‖A
≤ (‖u‖A + ‖I2u‖A)‖u− I2u‖A
≤ (2‖u‖A + ‖u− I2u‖A)‖u− I2u‖A

≤ C1|u|H1(Ω)|u|H3(Ω)h
2 + C2|u|

2
H3(Ω)h

4

≤ C3|u|H1(Ω)|u|H3(Ω)h
2.

(10.2c) Write a method

t emp late <c l a s s LocalAssembler>

double test assembleQFE ( DofHandler c o n s t & dofh ,

LocalAssembler lassemblr )

that returns a(I2u, I2u) for u(x) = exp(‖x‖2) and the domain triangulated by the mesh described

by the Dune::GridView and the finite element space managed by DofHandler dofh. The argu-

ment lassemblr passes a local assembler for quadratic Lagrangian finite element with the calling

syntax of LocalLaplaceQFEX introduced above.

HINT: Use InterpolateQFE developed in (10.2a).

Solution: See Listing 10.5 for the code.

Listing 10.5: Implementation for test assembleQFE

38 template<c l a s s LocalAssembler>

39 double test assembleQFE ( DofHandler c o n s t & dofh , LocalAssembler

c o n s t & lassemblr ) {
40 unsigned N = dofh . s ize ( ) ;

41 // solution

42 auto u ex = [ ] ( Coordinate c o n s t& x ) { re tu rn

exp ( x [ 0 ] ∗ x [ 0 ] + x [ 1 ] ∗ x [ 1 ] ) ; } ;

43 // interpolate function

44 Vector U i n t (N) ; U i n t . setZero ( ) ;

45 NPDE15 : : InterpolateQFE<DofHandler> i n t e r p o l a t o r ( dofh ) ;

46 i n t e r p o l a t o r ( U in t , u ex ) ;

47 // get stiffness matrix for bilinear form

48 std : : vector<Eigen : : T r i p l e t <double>> t r i p l e t s ;

49 NPDE15 : : MatrixAssembler<DofHandler> matAssembler ( dofh ) ;

50 matAssembler ( t r i p l e t s , lassemblr ) ;

51 Matr ix A(N,N) ;

52 A. se tF romTr ip le ts ( t r i p l e t s . begin ( ) , t r i p l e t s . end ( ) ) ;
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53 A. makeCompressed ( ) ;

54 // computes a(Iu, Iu)

55 re tu rn U i n t . transpose ( ) ∗A∗U i n t ;

56 }

(10.2d) Complete the file main.cc so for each refinement level and for each of the local

assemblers LocalLaplaceQFEX, X ∈ {1, 2, 3}, it computes errX = |a(u, u)− a(I2u, I2u)| for the

function u(x) = exp(‖x‖2) from (10.2c). Finally plot errX against the number of elements in a

suitable scale.

HINT: Use the method test assembleQFE implemented in (10.2c).

Also, you may use |u|2H1(Ω) = 23.7608 for Ω = (0, 1)2.

Solution: See Listing 10.6 for the code.

Listing 10.6: Implementation for main

59 i n t main ( i n t argc , char ∗argv [ ] ) {
60 t r y {
61 // load the grid from file

62 std : : s t r i n g f i leName = ” square 64 . msh” ;

63 i n t r e f i n e = 3 ;

64

65 // Declare and create mesh using the Gmsh file

66 Dune : : Gr idFactory<GridType> g r idFac to ry ;

67 Dune : : GmshReader<GridType > : : read ( g r idFacto ry , f i leName . c s t r ( ) ,

f a l s e , t ru e ) ;

68 GridType ∗workingGr id = g r idFac to ry . c rea teGr id ( ) ;

69 workingGrid−>g loba lRe f ine ( r e f i n e ) ;

70 workingGrid−>loadBalance ( ) ;

71

72 Eigen : : Matr ix4d H1SNerr ; H1SNerr . setZero ( ) ;

73 Vector Ndofs ( 4 ) ; Ndofs . setZero ( ) ;

74 f o r ( i n t l e v =0; lev<=r e f i n e ; ++ lev ) {
75 // Get the Gridview

76 GridView gv = workingGrid−>l eve lGr idV iew ( lev ) ;

77

78 // Initialize dof-handler

79 DofHandler dofh ( gv ) ;

80 std : : cout << ” l e v e l : ” << l e v << ” N : ” << dofh . s ize ( ) <<

std : : endl ;

81 Ndofs [ l ev ] = dofh . s ize ( ) ;

82 H1SNerr ( lev , 0 ) = fabs (23.76088 − test assembleQFE ( dofh ,

83 NPDE15 : : LocalLaplaceQFE1 ( ) ) ) ;

84 H1SNerr ( lev , 1 ) = fabs (23.76088 − test assembleQFE ( dofh ,

85 NPDE15 : : LocalLaplaceQFE2 ( ) ) ) ;

86 H1SNerr ( lev , 2 ) = fabs (23.76088 − test assembleQFE ( dofh ,

87 NPDE15 : : LocalLaplaceQFE3 ( ) ) ) ;

88 }
89 std : : ofstream outnd ( ” Ndofs . dat ” , s td : : i os : : out |

std : : i os : : b ina ry ) ;
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Figure 10.2: Convergence plots for subproblem (10.2e).

90 outnd << Ndofs ;

91 outnd . c lose ( ) ;

92 std : : ofstream outH1se ( ” H1sError . dat ” , s td : : i os : : out |
std : : i os : : b ina ry ) ;

93 outH1se << H1SNerr . b lock <4 ,3>(0 ,0) ;

94 outH1se . c lose ( ) ;

95

96 }

(10.2e) Which implementations of the assembly routine are wrong, which are correct? Explain

your answer.

Solution: We see that only the second test converges to zero with rate 2, the third test does

not converge at all, and the first test converges with the wrong rate. Thus, LocalLaplaceQFE2 is

correct. The others are not.
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Problem 10.3 Crouzeix-Raviart Finite Elements

In this problem we come across an alien “non-conforming” piecewise linear finite element space.

It has no direct relevance for scalar second-order elliptic boundary value problems, but permits

us to practice notions and techniques for finite elements.

Let a triangular mesh M of a 2D polygonal bounded domain Ω ⊂ R
2 be given and write N =

{m1, . . . ,mN} for the set of the midpoints of its edges. A numbering of these points is assumed.

The so-called Crouzeix-Raviart finite element space CR(M) ⊂ L2(Ω) on the mesh M is defined

as the span of the functions b
j
N , j = 1, . . . , N , which satisfy

biN |K ∈ P1(K) ∀K ∈ M , biN (mj) =

{

1 , if i = j ,

0 else,
i, j ∈ {1, . . . , N} . (10.3.1)

(10.3a) Show that (10.3.1) provides a valid definition of the functions b
j
N .

Solution: An affine linear function b ∈ P1(R
2) is uniquely defined by specifying its values in

three non-collinear points. Since the triangle K must not be degenerate, the three midpoints of

its edges cannot be collinear.

(10.3b) Show that the set of functions {bjN : j = 1, . . . , N} is linearly independent.

Solution: To show the definition of linear independence, namely

N
∑

j=1

αjb
j
N (x) = 0 ∀x ∈ Ω ⇒ αj = 0 ∀j .

Choosing x := mk, (10.3.1) implies αk = 0, k = 1 . . . , N .

(10.3c) Show that CR(M) 6⊂ H1(Ω).

Solution: In fact, the basis functions are discontinuous: biN (xn) = −1 if xn is opposite of mi

on some triangle, but biN = 0 on all other triangles touching xn, thus we have “different values

from different sides”. Since b
j
N is piecewise smooth, the assumptions of [NPDE, Thm. 2.3.20]

are violated.

(10.3d) Describe the support of a basis function biN .

Solution: The support of the function biN coincides with the union of the two triangles on either

side of edge i.

(10.3e) We use the biN from (10.3.1) as global shape functions. Show that the local shape

functions for CR(M) on a triangle K can be expressed in terms of the barycentric coordinate

functions λi on K as follows:

b
j
N |K = 1− 2λopp(j) , j = 1 . . . , N , (10.3.2)

where opp(j) is the local index of the vertex opposite of mj on triangle K ∈ M.

Solution: It is enough to see that the given formula agrees on all the midpoints of K (or vertices,

or any other three non-collinear points). Recall sub-problem (10.3a). We have λopp(j)(mj) = 0,

so b
j
N |K(mj) = 1. On the other edge midpoints we have λopp(j)(mn) =

1
2
, so b

j
N

∣

∣

K
(mn) = 0.
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(10.3f) Compute the element (Galerkin) matrix for the finite element space CR(M) and the

bilinear form

a(u, v) =

∫

Ω

uv dx , u, v ∈ L2(Ω) .

HINT: Use the integral formula for barycentric coordinate functions on a triangle K:

∫

K

λα1

1 λα2

2 λα3

3 dx = |K|
α1!α2!α3!2!

(α1 + α2 + α3 + 2)!
.

Solution:

(aK(1− 2λi, 1− 2λj))i,j =

(∫

K

1 dx− 2

∫

K

(λi + λj) dx+ 4

∫

K

λiλj dx

)

i,j

=

(

|K| − 2 · 2
|K|

3

)





1 1 1
1 1 1
1 1 1



+
|K|

3





2 1 1
1 2 1
1 1 2





=
|K|

3





1
1

1



.

For the implementation of finite element methods based on Crouzeix-Raviart finite element spaces

in Dune we use the b
j
N from (10.3.1) as global shape functions. We number them taking into

account the numbering of edges in Dune, see [NPDE, § 3.6.21].

As usual, template files for the new classes you will need to write are available in the lecture svn

repository

assignments codes/assignment10/Problem3

The idea is that you extend your own code, reason why it does not contain the files you already

implemented in the previous assignments. Please do not forget to include them when you submit

your work. If your own implementation is still not working, you may use the classes provided in

assignments codes/solutions.

(10.3g) Implement the class CRDofHandler as you did for DofHandler but considering now the

edges (co-dimension 1) as degrees of freedom instead of the vertices (co-dimension 2).

HINT: This means you have to change operator() and size ()

Solution: See Listing 10.7 for the code.

Listing 10.7: Implementation for CRDofHandler

10 t emp late <c l a s s GridView t>

11 c l a s s CRDofHandler{
12 p u b l i c :

13 u s in g c a l c t = double ;

14 u s in g GridView = Gr idV iew t ;

15 u s in g i n d e x t = typename GridView : : IndexSet : : IndexType ;
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16 u s in g FlagVector = std : : vector<bool >;

17 enum { world dim = GridView : : dimension } ;

18 enum { K=1 } ;

19

20 CRDofHandler ( GridView c o n s t& gr idv iew ) : gv ( g r idv iew ) ,

se t ( gv . indexSet ( ) ) {
21 i n a c t i v e d o f s = FlagVector ( s ize ( ) , f a l s e ) ; // all dofs are

active by default
22 } ;

23

24 t emp late <c l a s s Element>

25 i n d e x t op erator ( ) ( Element c o n s t& e , i n d e x t dof ) c o n s t {
26 i n d e x t corners = e . geometry ( ) . corners ( ) ; // number of

corners
27 asser t ( dof<corners ) ;

28 re tu rn se t . subIndex ( e , dof , 1) ;

29 }
30

31 void s e t i n a c t i v e ( F lagVector c o n s t& i n a c t i v e d o f s ) {
32 asser t ( i n a c t i v e d o f s . s ize ( ) ==s ize ( ) ) ;

33 t h i s −>i n a c t i v e d o f s = i n a c t i v e d o f s ;

34 }
35

36 bool a c t i ve ( i n d e x t g l o b a l i d x ) c o n s t {
37 re tu rn ! i n a c t i v e d o f s [ g l o b a l i d x ] ;

38 }
39

40 t emp late <c l a s s Element>

41 s i z e t s i z e l o c ( Element c o n s t &e ) c o n s t { re tu rn 3 ; }
42

43 t emp late <c l a s s Element , c l a s s Coordinate>

44 void ge tDofPos i t ion ( Element c o n s t& e , i n d e x t dof , Coordinate

&x ) c o n s t {
45 auto egeom = e . geometry ( ) ;

46 swi tch ( dof ) { // get position of dof according to DUNE
convention

47 case 0 : x = (egeom. corner ( 0 ) + egeom. corner ( 1 ) ) ; x ∗= 0 . 5 ;

break ;

48 case 1 : x = (egeom. corner ( 0 ) + egeom. corner ( 2 ) ) ; x ∗= 0 . 5 ;

break ;

49 case 2 : x = (egeom. corner ( 1 ) + egeom. corner ( 2 ) ) ; x ∗= 0 . 5 ;

break ;

50 }
51 }
52

53 s i z e t s ize ( ) c o n s t {
54 re tu rn se t . s ize ( 1 ) ;

55 }
56

57 GridView c o n s t& gv ;

58
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59 p r i v a t e :

60 typename GridView : : IndexSet c o n s t& set ;

61 FlagVector i n a c t i v e d o f s ;

62

63 } ;

(10.3h) We introduce the mesh-dependent bilinear form

aM(u, v) :=
∑

K∈M

∫

K

grad u · grad v dx . (10.3.3)

Derive a formula for the entries of the element matrices for the Galerkin discretization of aM
based on CR(M). The entries of the element matrix for triangle K should be expressed in terms

of the angles ωk, k = 1, 2, 3 of K, see [NPDE, Fig. 85]. Follow the convention that the i-th local

edge is opposite to the i-th local vertex, i = 1, 2, 3.

HINT: Use (10.3.2) and [NPDE, Eq. (3.3.21)].

Solution: We see that grad(1−2λj) = −2 gradλj , so the matrix entries should be simply four

times those of the regular LFE matrix. The numbering is the same, as well.

(10.3i) Implement the class CRLocalLaplace which provides a method

t emp late <c l a s s Element , c l a s s Matr ix>

void op erator ( ) ( Element c o n s t& e , Mat r ix & l o c a l ) c o n s t ;

that computes the element matrix for aM using the Crouzeix-Raviart finite element space.

HINT: The local numbering scheme of the previous sub-problem does not apply, use the Dune

intrinsic numbering convention ([NPDE, Rem. 3.6.24]).

HINT: Recall the result of the subproblem (10.3h) and use AnalyticalLocalLaplace from subprob-

lem (7.4b) that computes the element matrices for aM for the piecewise linear Lagrangian finite

element spaces.

Solution: See Listing 10.8 for the code. As we saw in subproblem (10.3h), it is 4 times the
element matrix in AnalyticalLocalLaplace with the indices 0 and 2 permuted.

Listing 10.8: Implementation for CRLocalLaplace

15 t emp late <c l a s s Element>

16 void op erator ( ) ( Element c o n s t& e , ElementMatr ix & l o c a l ) c o n s t {
17 l o c a l =0;

18 // get element’s geometry and area

19 auto c o n s t& egeom = e . geometry ( ) ;

20 auto elem area = egeom. volume ( ) ;

21 // compute gradients using analytical formula (rotated)

22 // Omit factor 1/(2*area) as it will be computed at the end

23 Dune : : F ie ldMa t r i x<ca l c t ,3 ,2> grad ;

24 grad [ 2 ] = (egeom . corner ( 1 )− egeom. corner ( 2 ) ) ; //edge 2 -
vertix 0

25 grad [ 1 ] = (egeom . corner ( 2 )− egeom. corner ( 0 ) ) ; //edge 1 -
vertix 1

26 grad [ 0 ] = (egeom . corner ( 0 )− egeom. corner ( 1 ) ) ; //edge 0 -
vettix 2
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27 // Finally compute the matrix (4 times usual Laplace element
matrix)

28 f o r ( unsigned i =0; i< l o c a l .N( ) ;++ i ) {
29 f o r ( unsigned j =0; j< l o c a l .M( ) ;++ j ) {
30 l o c a l [ i ] [ j ]= grad [ i ]∗ grad [ j ] / ( elem area ) ;

31 }
32 }

(10.3j) Prove that the Galerkin matrices for aM and the finite element spaces CR(M) are

always positive semidefinite.

Solution: This follows directly from the positive semidefiniteness of aM. Indeed, let u ∈
CR(M), and let ~µ be its coefficient vector. Then,

~µ
⊤
A~µ = aM(uN , uN) =

∑

K

∫

K

‖grad uN‖
2 dx ≥ 0. (10.3.4)

(10.3k) Assume that Ω is connected. Show that the kernel of the Galerkin matrix arising from

the discretization of aM based on the basis {bjN}
N
j=1 of CR(M) from (10.3.1) is one-dimensional

and spanned by the vector with all entries = 1.

Solution: First, assume that A~µ = 0. Then

aM(uN , uN) = 0 =⇒ grad uN |K = 0 ∀K ∈ M,

so uN |K is constant. Since two neighboring meshes share a node, that means uN must be constant

everywhere, since Ω is connected.

For the converse, let ~µ be the all-one vector, and note that

(A~µ)i =
∑

j

aM(biN , b
j
N ) = aM

(

∑

j

b
j
N , b

i
N

)

= aM(1, biN) = 0.

(10.3l) Implement a method

t emp late <c l a s s Funct ion>

double L2Norm( DofHandler c o n s t& dofh , Vector c o n s t& Q, Funct ion

c o n s t& u )

in main.cc that takes the DofHandler dofh for a particular GridView, a coefficient vector Q of

length N describing a function uN ∈ CR(M) (in Q), and a Function u in procedural form, repre-

senting u : Ω 7→ R (in u). The return value should provide an approximation for ‖u− uN‖L2(Ω)

computed by means of the local numerical quadrature offered by Dune with order 10.

HINT: Notice we want to compute the ‖u− uN‖L2(Ω), where u is a continuos function and uN a

finite element approximation function, i.e., uN(x) =
∑M

k=0Qjb
j
N (x). Therefore, in each element

you need to use the local basis functions to reconstruct u(x)N and then use quadrature integrate

|u(x)− uN(x)|
2
. You may follow the structure of the alternative solution for the H1 semi-norm

in (8.2k). If you do, don’t forget to consider the basis functions instead of the gradients.

Solution: See Listing 10.9 for the code.
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Listing 10.9: Implementation for L2Norm

40 double L2Norm( DofHandler c o n s t& dofh , Vector c o n s t& Q, Funct ion

c o n s t& u ) {
41 GridView c o n s t& gv = dofh . gv ;

42 Dune : : PkLoca lF in i teElement<ca l c t , ca l c t , world dim ,1> loca lFE ;

43 t y p e d e f typename Dune : : QuadratureRule<ca l c t , world dim>

QuadRule t ;

44 t y p e d e f typename Dune : : QuadratureRules<ca l c t , world dim>

QuadRules ;

45 c o n s t QuadRule t & quadRule = QuadRules : : r u l e ( loca lFE . type ( ) , 10) ;

46

47 c a l c t L2n = 0 . ;

48 f o r ( auto e i t = gv . t emp late begin<0>() ; e i t != gv . t emp late

end<0>() ; ++ e i t ) {
49 auto egeom = e i t −>geometry ( ) ;

50 asser t ( loca lFE . type ( ) == e i t −>type ( ) ) ;

51 f o r ( auto qr : quadRule ) {
52 auto c o n s t& loca l pos=qr . p o s i t i o n ( ) ;

53 std : : vector<Dune : : F ie ldVecto r<ca l c t ,1> > shape f va ls ;

54 loca lFE . loca lBas is ( ) . eva lua teFunct ion ( loca l pos , shape f va ls ) ;

55 double j a c d e t = egeom. in teg ra t i onE lement ( l oca l pos ) ;

56 double valueQ = 0 . 0 ;

57 f o r ( unsigned i =0; i<shape f va ls . s ize ( ) ;++ i ) {
58 unsigned g l o b a l i d x =dofh (∗ e i t , i ) ;

59 valueQ += Q[ g l o b a l i d x ]∗ ( 1 − 2∗ shape f va ls [2− i ] ) ;

60 }
61 // and add weighted difference to the l2 error

62 double d i f f = valueQ−u (egeom. g loba l ( l oca l pos ) ) ;

63 L2n += d i f f ∗ d i f f ∗qr . weight ( ) ∗ j a c d e t ;

64 }
65 }
66 re tu rn sq r t ( L2n ) ;

67 }

(10.3m) Given a triangular mesh M of Ω and a continuous function g : ∂Ω 7→ R, we consider

the following discrete variational problem: seek uN ∈ CR(M) such that

uN(m) = g(m) ∀m ∈ N∂ , aM(uN , vN) = 0 ∀vN ∈ CR0(M) . (10.3.5)

Here the following notations have been used:

• N∂ := {p ∈ N : p ∈ ∂Ω} (midpoints of edges on the boundary) ,

• CR0(M) := {v ∈ CR(M) : v(m) = 0 ∀m ∈ N∂} .

Implement a method void solve(DofHandler const & dof, Vector & uN) in main.cc which:

• Marks the boundary Dofs and set them inactive
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• Computes the (global) Galerkin matrix for the bilinear form aM discretized by means of a

Crouzeix Raviart finite element space defined on a triangular mesh. The choice of global

shape functions and numbering schemes as introduced above still apply.

• Assembles the right hand side vector.

• Solves the system, i.e. computes the coefficient vector (w.r.t. the basis
{

b
j
N

}N

j=1
from

(10.3.1)) for the solution uN ∈ CR(M) of (10.3.5). The obtained coefficient vector for uN

should have N components, where N is the number of all edges in the mesh M.

HINT: You may rely on the function CRLocalLaplace from subproblem (10.3i) and CRBoundaryDofs

in the repository.

Solution: See Listing 10.10 for the code.

Listing 10.10: Implementation for solve()

76 void so lve ( DofHandler dofh , Vector & uN) {
77 unsigned N = dofh . s ize ( ) ;

78

79 // Get boundary nodes

80 IndexVector d i r i c h l e t d o f s (N) ;

81 NPDE15 : : CRBoundaryDofs<DofHandler> ge t bnd do fs ( dofh ) ;

82 ge t bnd do fs ( d i r i c h l e t d o f s ) ;

83 dofh . s e t i n a c t i v e ( d i r i c h l e t d o f s ) ;

84

85 Vector G(N) ; G. setZero ( ) ;

86 // loop over cells

87 f o r ( auto e i t =dofh . gv . t emp late begin<0>() ; e i t != dofh . gv . t emp late

end<0>() ; ++ e i t ) {
88 auto egeom = e i t −>geometry ( ) ;

89 f o r ( unsigned i =0; i <3;++ i ) {
90 unsigned l o c t o g l o b=dofh (∗ e i t , i ) ;

91 i f ( ! dofh . a c t i ve ( l o c t o g l o b ) ) {
92 Coordinate pos ;

93 dofh . ge tDo fPos i t ion (∗ e i t , i , pos ) ;

94 G[ l o c t o g l o b ] = u ex ( pos ) ;

95 }
96 }
97 }
98

99 // assemble rhs and set dirichlet dofs to dirichlet data

100 Vector Phi (N) ; Phi . setZero ( ) ;

101 NPDE15 : : VectorAssembler<DofHandler> vecAssembler ( dofh ) ;

102 vecAssembler . s e t i n a c t i v e ( Phi , G) ;

103

104 // assemble the system matrix

105 std : : vector<Eigen : : T r i p l e t <ca l c t >> t r i p l e t s ;

106 NPDE15 : : MatrixAssembler<DofHandler> matAssembler ( dofh ) ;

107 matAssembler ( t r i p l e t s , NPDE15 : : CRLocalLaplace ( ) ) ;

108 matAssembler . s e t i n a c t i v e ( t r i p l e t s ) ;
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109

110 Matr ix A(N, N) ;

111 A. se tF romTr ip le ts ( t r i p l e t s . begin ( ) , t r i p l e t s . end ( ) ) ;

112 A. makeCompressed ( ) ;

113

114 // solve the system

115 uN = Phi /A ; // short-hand, see Pardiso.hpp for more information

116 }

(10.3n) Somebody claims that the Crouzeix-Raviart finite element space and, in particular, the

method solve() from sub-problem (10.3m) can be used to solve the boundary value problem

−∆u = 0 in Ω, u = g on ∂Ω , (10.3.6)

though CR(M) 6⊂ H1(Ω)! Test this claim numerically for Ω =]0, 1[2 by using u(x) = log(
∥

∥x+
(

1
0

)∥

∥),
which satisfies ∆u = 0 on Ω, and computing ‖u− uN‖L2(Ω) for four different meshes arising

from global regular refinement of an initial coarse mesh.

To that end complete the implementation of main.cc so it otputs a vector of the values ‖u− uN‖L2(Ω)

and a vector of the number of elements for each mesh.

Solution: See Listing 10.11 for the code.

Listing 10.11: Implementation for main

118 i n t main ( i n t argc , char ∗argv [ ] ) {
119 t r y {
120 std : : s t r i n g f i leName = ” . . / input meshes / square 4 .msh” ;

121 i n t r e f i n e = 3 ;

122

123 // Declare and create mesh using the Gmsh file

124 Dune : : Gr idFactory<GridType> g r idFac to ry ;

125 Dune : : GmshReader<GridType > : : read ( g r idFacto ry , f i leName . c s t r ( ) ,

f a l s e , t ru e ) ;

126 std : : un ique p t r<GridType> workingGr id ( g r idFac to ry . c rea teGr id ( ) ) ;

127 workingGrid−>g loba lRe f ine ( r e f i n e ) ;

128 workingGrid−>loadBalance ( ) ;

129

130 Vector L2er ro r ( 4 ) ; L2er ro r . setZero ( ) ;

131 Vector Ndofs ( 4 ) ; Ndofs . setZero ( ) ;

132 f o r ( i n t l e v e l =0; l eve l <=r e f i n e ; ++ l e v e l ) {
133 // Get the Gridview

134 GridView gv = workingGrid−>l eve lGr idV iew ( l e v e l ) ;

135

136 // Initialize dof-handler

137 DofHandler dofh ( gv ) ;

138

139 // solution vector U

140 Vector uN( dofh . s ize ( ) ) ; uN. setZero ( ) ;

141 so lve ( dofh , uN) ;

142 L2er ro r [ l e v e l ] = L2Norm( dofh , uN, u ex ) ;

143 Ndofs [ l e v e l ] = dofh . s ize ( ) ;
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Figure 10.3: Plots for subproblem (10.3o).

144 }
145

146 std : : ofstream outnd ( ” Ndofs . dat ” , s td : : i os : : out |
std : : i os : : b ina ry ) ;

147 outnd << Ndofs ;

148 outnd . c lose ( ) ;

149 std : : ofstream outL2e ( ” L2Error . dat ” , s td : : i os : : out |
std : : i os : : b ina ry ) ;

150 outL2e << L2er ro r ;

151 outL2e . c lose ( ) ;

152 std : : cout << L2er ro r << std : : endl ;

153

154 }

(10.3o) Based on the numerical results of the previous sub-problem, describe qualitatively and

quantitatively the observed convergence of ‖u− uN‖L2(Ω) as the mesh-width tends to 0.

HINT: The return values you should get can be loaded from the MATLAB data file l2err CR.dat.

Solution: We find algebraic convergence with approximate order 2, so we have good reason to

believe the mysterious claimant from subproblem (10.3n).

Published on 29.04.2015.

To be submitted on 06.05.2015.
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