D-MATH Expander Graphs and Their Applications FS 16
Prof. Dr. Emmanuel Kowalski

Exercise Sheet 9

Let n > 2 and define

T = (é f) € My(Z/nTZ), T, — G (1)) € My(Z/n7Z),
e — (é) € (Z/nZ), ey — G’) € (Z/nZ).

Define a partial order on (Z/nZ)? as follows: Let (z1,%2), (y1,v2) € (Z/nZ)*. Let
o, xh, y1, y5 be integers in the interval [—n/2,n/2) such that ) = x; mod n, 2}, =
ro mod n, y; = y; mod n and ¥y, = y» mod n. We say that (z1,z5) > (y1,y2) if
|2}| > |v;| and |xh| > |y4| and at least one of the inequalities is strong.

Define the “diamond” D C (Z/nZ)? by
D = {(x1,22) € (Z/nZ)*|Jx] + |25] < n/2}

where x| and 7, are defined as before.

Furthermore, define

v: (Z/nZ)* x (Z/nZ)* — R
by
if x>y,

'y(x,y) = if r <y,

= Ot ot

otherwise.

1. a) Show that for every z = (21, 29) € D, either

i) three of the four points T}z, Tz, Tflz and T{lz are > z and one is < z or

ii) two of the four points T}z, Tyz, Ty 'z and T, 'z are > z and two are incom-
parable with z.

b) Prove that there exists some absolute constant x < 4 (i.e. k does not depend on
n) such that for every z € D,

V(Zlez) + ’7(27T1_IZ) + '7('2? TQZ) + 7(27T2_1Z) < k.

Bitte wenden!



c¢) Show that there exists an absolute constant x < 4 such that for all z € (Z/nZ)?
with z # (0,0),

]cos(ﬂzl/n)|(’y(z,Tzz)+’y(z,T;lz))ﬂcos(ﬂzg/n)](’y(z,le)—i—fy(z,Tflz)) < K.

d) Prove that there exists an absolute constant x < 4 such that for every non-
negative function g: (Z/nZ)*> — R with g(0) = 0,

Z g*( (\cos ﬁzl/n)]( (2, Thz) + ’y(z,T{lz))

€(Z/nZ)?

+ [cos(mza/n)|(v(z, Th2) + v(z,Tflz))) <K Z g*(2)

2€(Z/n%)?

e) Show that there exists an absolute constant x < 4 such that for every non-negative
function g: (Z/nZ)* — R with g(0) = 0,

Y 20 (9T 2 eos(mz n) [ +g(Ty ' 2)|cos(mza/n)]) <k Y gP(2)

2€(Z/n7Z)? 2€(Z/n7)?

Hint: Use the inequality 20,3 < ya? +~~ 142 which is valid for all o, 3 > 0 and
v > 0, use that v(z,y)y(y, ) = 1 and exploit the fact that z5 is invariant under
T, and likewise with z; and 75.

f) Prove that there exists an absolute constant x < 4 such that for every function
h: (Z/nZ) — C with h(0) = 0,

S R0 kel MOkl
€(7,/n7)?
<k Y |

2€(Z/n'Z)?

2. Let f: (Z/nZ)* — C be a function and recall the definition of the Fourier transform
P RLIC!
e(Z/nZ.)?

Recall that for all functions f, g: (7 /nZ)* — C, we have

(f.9)=(f.9)

and that if A is a nonsingular 2 x 2 matrix over Z/nZ, b € (Z/nZ)* and g(z) =
f(Az + b), then

—(A™1
(AL Y)
n

)F(Aa™Ty).

Siehe nichstes Blatt!



Show that there exists an absolute constant < 8 such that for every function f: (Z/nZ)?
R satisfying > /7y f(2) = 0, the following inequality holds

2 Z FE)(f(Nz) + f(Tiz +e1) + f(To2) + f(Toz +eg)) < Z f2(2)

€(Z/nZ)? €(Z/nZ)?

3. We define the following family of 8-regular graphs (I',),>3: The vertex set of I,
is V,, = (Z/nZ)? and every vertex v = (v, v9) is adjacent to the four vertices
Tyv, Thv, Tiv + ey, Tov 4 es and the other four neighbours of v are obtained by the
four inverse transformations. Note that all calculations are modulo n and that this is
an undirected 8-regular graph (that may have multiple edges and self loops). The goal
is to show that (I",,),,>5 is an expander family. For this, it is enough to show that there
exists an absolute constant ¢ > 0 such that \;(I';,) > ¢ for all n > 3. First of all, recall
that

A
/\1<F): min < Fn§0790>
pel2(1) (@, @)
(p,1)=0

where Ar, = Id — M denotes the Laplace operator and M the Markov operator.

a) Using exercise 2, show that there exists an absolute constant x < 1 such that for
every o € L*(T',) with (¢, 1) =0,

(Mo, ) < k{p,p).

b) Show that there exists an absolute constant ¢ > 0 such that A\, (I",)) > ¢ for all
n > 3.

Submission: Wednesday, 25th May 2016 during the exercise class.



