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10.1. Fact 1 about quotients Let 1 < p < co and u € WHP(R"). Define, for fixed
1<i<nandheR\{0} by

u(z + he;) — u(w)
u'(z) = 7 :

Prove that

"

Hint: Start with u € C*°(R") and use the fundamental theorem of calculus.

Solution: Let u € C§°(R"). From the fundamental theorem of calculus, we know
for f, : R — R : ¢+ u(x + te;) that

u(x + he;)) —u(x) 1 (b d

1 rh

where z € R". Now 9 is a probability measure on [0, k] and ¢ — ” is convex, therefore

by Jensen’s inequality, we have for all x € R"

@) = ‘}t /Oh /Oh((?iu)(m e il < ;/Oh s + hes) [P dt.

Hence, by Fubini’s theorem, we get
1 h
/ ()] da g/ E/ Ovu(z + he)|P dt do
n n O
1 h
- E/ / Owu(z + hey)P dz dt
0 JR™
1 h p p
S e (s [ e

Now by 7.5, we have for u € W'?(R"), there is a sequence u; € Cg°(R") such that
u; — u in WP(R"). For u;, we have

h
[ gy < 19503 oy
and, since
U? — Oiuj — Oju in LP(R"),

we can pass to the limit in theses inequalites and get

"

Lo (R < HaiuHLP(]R”)'
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10.2. Fact 2 about quotients For 1 < p < oo, u € LP(R"), we define u" as in
10.1. Furthermore, we assume that

< 0.
LP(R™)

sup Huh
h>0

Prove that u has a weak derivative in the i-th direction in LP(R").

Hint: Prove that [p. ou” = [z, o "u for all p € C3°(R™) and combine this with
Banach-Alaoglou.

Solution: Let us follow the hint, and establish the identity

/n o(x)u"(z) do = — - ('Oglx)u(:c) dx + /Rn Qoglx)u(x + he;) dx
_ p(x) p(z — he;)
== L. Tu(a:) dz + - Tu(m) dz
= Jo o "(z)u(x) do

As all the LP(R™) under consideration are reflexive and separable, sup;-, Huh Lo@")
00, gives us the existence of a weakly convergent subsequence hy, — 0. Call the limit

of this sequence w; € LP(R™). This give for all ¢ € C§°(R") that

/ u; o = lim up = lim wp "

n k—oo JR7 k—oo JRn

Now, due to compact support, ¢ converges uniformly to —0;¢, so in particular, in
LY(R™) for % + ]13 = 1. Thus by Hélder inequality, we have that

lim wp M = —/ ud; .
Rn

k—oo JRn

This proves that u has u; € LP(R"™) as the i-th weak derivative.

10.3. Laplace on R”. The purpose of this exercise is to establish the similar
estimate for A as in the lecture course for = R".!. The main difference is that
for working on R", the expression K * f makes only sense for compactly supported
functions, thus we indicate steps in this exercise to circumvent these difficulties.

We want to prove the following, for all n € N, 1 < p < 0o, there is C' > 0 such that
for all uw € C3°(R"), we have

» (Vp,V
||Vu||LP(]Rn) < sup M
0#£pEC (RM) HVSOHLq(Rn)

(1)

LCf. the notes provided on the webpage.
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(a) Prove there is a unique bounded operator T : LP(R™ R™) — LP(R™ R™) such
that

Tf = znjV(Ki « f)
=1

for all f € C°(R",R™). Hint: Use Calderon-Zygmund.

(b) For u € C§°(R™), there exists f € LP(R"™,R™) such that for all ¢ € C§°(R™), we
have

L5 Ve) = [ (Vu, Vo)

Jon [ (V1,V0) |
||V<P||Lq(Rn)

where || f{| o @n gny = SUPopecee (mn) . Hint: Use Hahn-Banach.

(c) With f, and u as in (b), prove that T'f = Vu.
Hint:
(i) Prove that TV = Vo for all ¢ € C5°(R").
(ii) For g € LP(R",R") and h € L? with % + % = 1, prove that

L (Ta.hy = [ to.7h).

(iii) For g € LP(R™,R") and ¢ € C§°(R™,R"), prove that [g. (9, Vi) = [gn (T'g, Vo).

(iv) For g € LP(R",R"), give a sequence ¢, € C;°(R™) with ||[Tg — Vg, |, — 0 as
VvV — Q.

(v) Prove that T2 =T.
(vi) Prove that for g € LP(R",R") the following are equivalent.
() Tg=0
(8) Jen {9, Vip) = 0 for all ¢ € C5°(R").
Hint: Prove for (8) = (a) that [p. (T?g,¢) = 0 for all ¢ € CJ°(R™, R"™).
(vii) Conclude.
(d) Prove (1).

Solution:
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(a) Let Tj; : LP(R™) — LP(R™) be the usual bounded operators from the Calderon—
Zygmund inequality, which on smooth functions ¢ € C§°(R") are given by T};(¢) =
0;(K;*p). Now given f € LP(R"™ R™), we can construct the operator T : LP(R™,R") —
LP(R™,R™) by (T'f); = iy Tji fi- This is indeed bounded by

n n

||f||Lp(]Rn,]R”) = Z ZTJ f

j=1 lli=1

< Z ||Tjifi||Lp(Rn) <C ||f||Lp(]Rn,Rn)

LP(Rn)  ji=1

where

So T' is a bounded operator and restricts to the right expression on C3°(R™, R").

(b) Define Y := {Vyp : ¢ € C(R")} C L7 and define on Y the bounded linear
functional A : Y — R by

A(Ve) = [ (V. V).

Then by Hahn-Banach, we can extend this functional to a bounded linear functional
A : L9 — R with the same operator norm

f n V(pv VU
= s Ve VY
ozpece®) [|Vol g

Due to the identification, LP = (L?)*, there is a function f € LP(R™, R™) such that

/Rn (f,9) = Ag)

for all g € LZ(R™, R™). So in particular on Y, we get

L5 Ve) = [ (Vu Vo)

for all p € Cg°(R™). Also || fl Lo (gn gy = [IA]l-
(c) (i) We have that K * (Ap) = ¢, so
(TVy), ZK * 0p) = 0;(K = Ap) = 0
i=1

where we used the fact that derivatives can be distributed freely over the factors of
the convolution product.
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(ii) Take gk, hx € C3°(R™,R™) approximating ¢, h in the respective norms, then we
see that it is enough by dominated convergence, to prove it for g,h € Cg°(R™, R").
We calculate

/ (Tg, h) :/Rn <V(iKi*gi),h> - _/Rn zn: K, * i0ih,

ij=1

- [ S K * 0l :/Rn (9,Th)

4,j=1

where the third equality uses —K;(—z) = K;(x) and Fubini, the last equality uses
Kz’ * 8jhj = 81(K] * hj>

(iii) We use (i), to get

/Rn {9, Vo) = /R {9, TVy) = /R (Tg, V)

(iv) For g € LP(R™,R™), we can approximate by functions of C§°(R"), and so we only
need to prove it for g € C§°(R", R™). Approximate for this function, >" | K; % g; by
smooth functions ¢, in W'?(R™), and then we get that

n

1Tg — V| = HV(Z(Ki * gi)) — Ve,

=1

n

O (Ki*gi) — ¢

=1

<
Lr(R)

—0
Wlp(Rn)

as v — OQ.

(v) Take ¢, asin (iii) for g € LP(R",R"), then from lim, o [[T'g — Vo, || o (gn gy = 0,
we get by boundedness, that lim, o [|7%9 — TV, || ogn ey = 0. But by (i), we have
TV, =V, we get by uniqueness of limit in LP(R™,R") that T?g = T'g. As g was
arbitrary, we get 72 =T,

(vi) For (a) = (B), we have by (iii), that [g. (9, Vi) = [gn (T'g, Vi) = 0. For the
converse, take ¢ € C§°(R™, R"), then there is a sequence v, € C§°(R"), such that
Vi, = T in L(/R",R™). Then we get that

/Rn <T29, gp> = /Rn (Tg, Tp) = Vh_}rgo (T'g,Vih,) = Vlim (9, V1,) 0.

Rn —00 JRn

where the second equality comes from Holder inequality and penultimate uses (iii).
As ¢ was arbitrary, we have by the previous point that Tg = T?%g = 0.

(vii) In (b), we get for all ¢ € C3°(R™), that [z (f — Vu, V) = 0, therefore we have
Tf=TVu=VYVu.
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(d) As Vu=TFf, we get

Jin {7, V)|
Vu ngrey < [T || f ngey = [T Sup
L P T e

where we used the property of f.
10.4. Why -1?7 For 1 < p < oo and {2 C R” bounded and open, prove that the
weak derivative dju : C§°(2) — R of a function v € LP(2) can be extended in a

unique way to an element of W~2P(2). Thereby, we define a bounded linear operator
0; : LP(2) — W~LP(Q) and so the notation seems natural.

Solution: Indeed, we have for ¢ € C§°(Q) that

e

where % + % = 1. Hence, Q;u can be extended by density in a unique way to a

< Null pogny 1Vl Lany = lull poggny 1 llwia @)

bounded linear functional on Wy?(Q) of operator norm at most ||ul| Lo(rn) » Which is
by definition an element of W=17(Q) = (W, "4())*.
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