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11.1. Formal adjoint Let {2 C R" be a bounded open domain with smooth boundary
and

> a0idjut )

ij=1 i=1

where a;; € C*(Q), b; € C*(Q) and ¢ € C°(Q) for 4,5 = 1,...,n and u € W?P(Q).
The formal adjoint operator of L is defined by

= > 9;0;(aiv) =Y _ 8;(bv) + cv.
i=1

1,j=1

where v € W4(Q2). Prove that
Lu) do = [ (L*v)ud
/Qv( u) dz Q( v)u dx

where u € W22(Q) N Wy (), v € W29(Q) N WP (Q) and zla - % =1

Hint: Use the divergence theorem and Lemma 3 saying that smooth functions
vanishing on the boundary are dense in both spaces.

Solution: We have for u,v € C*®(Q) with u|sg = v|gq = 0. Let n : 9Q — R" be
the outward painting normal. Then we get

/Qv(aijﬁi(()ju) dr = —/ 0;i(a;jv)0ju dz +/ va;;0;vn,; do
—/(9(9 (a;jv) ud:L'—I—/ i (a;;v)u do

:/ 0;0;(a;jv))u dx
/ v(b;0u) d /a bo)udr + [ bvu do
G

= —/Q i (bv))u dx
/Qv(cu) dz = /Q(cv)u dz

for all 4,57 = 1,...,n and where we use the integration by part formula repeatedly.
The boundary terms vanished because either v or u appeared in the expression for the
boundary integral. Suming over all the 7,57 = 1,...,n, we get the wanted identity for
u,v € C%°(Q) with ulpq = v|sq = 0. As this represents a dense subset of both function
spaces and as we can apply Holder, the identity still holds for u € W2?(Q) N Wy (Q)
and v € W29(Q) N Wy ().
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11.2. Actual adjoint Take the same assumptions on €2, L, L* as in 11.1. Let
1 < p,q < oo with zlo + % = 1 and assume the ellipticity condition, i.e. that there is
0 > 0 with

n

3 ai()&& > )

ij=1
where ¢ € R, x € Q.

Now consider L : W??(Q) N Wy (Q)
operator with dense domain dom(L)
X = LP(Q).

(a) Prove that L has a closed graph in X x X.

LP(©2) — LP(Q2) as an unbounded linear
W2P(Q) N Wy?(Q) on the Banach space

N
o)

Hint: Elliptic regularity!

(b) Identify the dual space X* with L%(Q2). Prove that the formal adjoint operator
L* - W29(Q) N W, 9(Q) — L4(Q) is the functional analytic dual operator! of L.

Hint: Elliptic regularity!

(c) Assume p = ¢ = 2 and b; = >°7_, Oja;; for all i = 1,...,n. Prove that L is a
self-adjoint unbounded operator on L?().

(d) Same assumptions as in (c¢) plus ¢ = 0. Prove that the spectrum of L in (c) is
contained in R_.

Hint: Use 6.3.12 (v) of FA I script.

Note that this gives for example A > 0, that A — X : W22(Q) N Wy *(Q) — L*(Q) is
bijective, which solves the Dirichlet problem with zero on a smooth boundary for the
‘Helmholtz equation” with p = 2.

Solution:

(a) Let us take a sequence u; € X such that (u;, L(w;)) converges in X x X to
(u,v) € X x X. We need to prove that v = Lu. Now for any ¢ € C*(Q2) with
©lon = 0, we get by 11.1,

/ ul*p = lim / wL*p = lim / Lujp = / V.
O =00 JO =00 JO QO
Thus we land in the assumptions of?> Theorem 6 (ii) with £ = 0, and so we find that

u € WP(Q)NWyP(Q) and that Lu = v. Alternatively, you use (b) to have (L*)* = L
and the fact that the dual of every operator is closed as in 6.2.2 (i) of the FAI script.

! As in Definition 6.2.1. of the script of FA I.
2If you missed the lecture, there are my handwritten notes on the website for this chapter.
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(b) We will locally introduce the notation LY for the functional analytic dual of L.
First we need to determine the domain dom (L") of LY. By definition, we have
Y there exists a constant ¢ > 0 such that
dom (L") =<v e LI(Q) :
(v, Lu)| < ¢ ||lul|y for all u € dom(L).

Thus take u € dom(L) and v € W24(Q) N W,%(R2), and observe by 11.1, that

o, )| = | [ o] = | [ o)) < 12V e lul

by Hélder. Hence, W24(Q) N W,(Q) € dom(LY). On the other hand, given any
v € dom(LY), we get an element LYv € LI()) such that

/Q(va)u = (LYv,u) = (v, Lu) = /QULU (1)

for all u € {u € C*(Q) : ulsggo = 0} C dom(L). Now a short calculation shows that
the coefficients of L* are

CL;-kj = aij, b: = —bi + 2 Z 8jaij, C* = C— Z 8sz —|— Z &@-aij (2)
J=1 i=1 i,j=1
for 2,7 = 1,...,n and the coefficients have the same regularity as the coefficients of

L. Tterating this formula, we have that the coefficients of (L*)*, we find

kk kk kk
a;; = Qij, b;" = by, cr=c.

So (L*)* = L and therefore (1) is simply the statement that v is a weak solution
to L*v = LYv with zero boundary. Therefore, by theorem 6 (ii) again, we get

v € W2(Q)NWy () and L*v = LYv. So we also have dom(LY) = W4(Q)NW,(Q)
and L* = L.

(c) From the previous point, we have that under these conditions on the coefficients,
by (2), L* = L. As X* = X under the same pairing, we have that LY = L.

(d) As L is self-adjoint, we have o(L) C R. Note also that by our assumptions,
L =37,_0;(a;j0;u) is in (minus) the divergence form, so we get

supo (L) = sup{(u, Lu) : u € dom(L), ||ul|yx = 1}
= Sup{/ ulu :w € dom(L), ||ul|x =1}
Q

= sup{— Z /Q(aju)az'j@u ru € dom(L), [|ullx =1}
ij=1

< sup{—5/Q Vul? : u € dom(L), |lull x = 1} < 0.

where the penultimate inequality uses ellipticity.
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11.3. Delta squared. Let {2 C R" be a bounded open domain with smooth
boundary, 1 < p < 0co. Set

I={uec W Q) NWP(Q) : Au e W, 7 (Q)}.
(a) Prove that A? = Ao A: T — LP(Q) is bijective.
(b) Show that for every u € I, f € LP(Q2), show that

/QuA2g0 dz = /Qfgp dz (3)

for every ¢ € C*(2) such that ¢|gq = 0 and Ap|sn = 0.

(c) For u, f € LP(Q) satisfying (3) for every ¢ € C*°(Q) such that ¢|sq = 0 and
Aplaq = 0, prove that u € T

Hint: Try to squeeze u into the situation of higher regularity (Theorem 5).

Note: It can be observed while solving the exercise that A can be replaced by L in
divergence form with coefficients a;; € C*™(Q).

Solution:

(a) We use the fact that A : W?P(Q) N W, ?(Q) — L*(Q) is injective to conclude for
u € I, that

(A*(u) =0and u €)= (Au=0and u € W*P(Q)NW,?(Q)) = u=0.

We use the fact that A : W2P(Q) N Wy P(Q) — L(Q) is surjective to conclude that
for f € LP(Q) there is g € W2P(Q) N W, P(Q) such that Ag = f. By higher regularity
(Theorem 5), we also get there is u € W*P(Q) N W, ?(Q) such that Au = g € Wy (Q).
Hence, u € I and A%u = f.

(b) As for L* = A, we get by 11.1 that

/Qfapz/QA(Au)gp:/QAuA(p:/QuAQLp

where in the last equality we used the fact that Ap|sg = 0.
(c) For ¢ € C>(Q) with 1|sq = 0, we can choose v, p € WP(Q) N W,"(Q) with

Ap =1 and Av = f. By higher regularity (Theorem 5), we know that ¢ € C*(2)
and we have ¢|sq = 0 and Ap|gqg = 0. Therefore, we get

/Qqu:/QUA230:/Qfg0:/QAUg0:/QUAg0:/Qm/J
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where the first, third and last equality follow by definition, and the second on follows
by (3). The penultimate equality follows by 11.1. Thus, by higher regularity (Theorem
5), we get that v € W42(Q) N W, 7(Q) and Au = v € W,7(Q). So we actually have
uel.

11.4. Maximum principle: easy case Let 2 C R" be a bounded, open domain
and let u € C2.(Q) N C(Q). Let L be an elliptic operator as in 11.2, with® a;;, b;, ¢ €
Q) fori,j=1,...,n.

(a) Assume that ¢ < 0 and Lu > 0 in €. Then prove that

maxu < maxu’
a 50

Q
where u™(x) := max(0,u(x)) is the positive part of u.

(b) Find u with u < 0, Au > u and maxgu > maxsg u. Deduce that u™ cannot be
replaced by u in (a).

Solution:

(a) As Q is compact, u attains a maximum. Assume by contradiction that there
is 292 where u(xy) = maxgu > 0. Then at this point the Hessian matrix H :=
[0;0;u(0)]; j=1,....n is semi-negative definite. As A = [a;;(20)]i j=1,.. . is positive defi-
nite, AH is semi-negative definite and symmetric. Therefore, 321", a;;(70)9i0;u =
tr(AH) <0 . Also Vu(xg) = 0 as zg is a critical point. Hence, we have

Lu(xg) = tr(AH) 4+ 0+ ¢(xo)u(zo) < e(xo)u(zg) <0

contradicting the fact that Lu > 0. This proves the wanted inequality, as the
expression is void in case maxgu < 0.

(b) Take u(z) = —2n — |z|* and Q = B;(0). Then u < —2n < 0, Au(z) = —2n >
—2n — |z|* = u(z) for all z € B;(0) and —2n = maxgu > —2n — 1 = maxaq u.
However, maxgu = —2n < maxpqo ut = 0 still holds.

3The assumptions on the coefficients are actually too strong.
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