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7.1. Special cases of Gagliardo-Nirenberg Use exercise 6.5, to derive the
following inequality

; 1= || k. I

|07, < C llullp || 0%, (1)

for all u € C°(R") and where C' > 0 only depends on j, k,n,q,p,r, A for the case
where

(a) p>2,\=1

1.0<j<k,gq=p=r.
(b) p>2,A=1,0<j<kqg="2r=00,jg=kp>n.

Hint: For (a), use induction on k. Apply the induction hypothesis on functions of
O'u and derive an inequality for ||0'u|| involving only terms you want to keep.

For (b), convince yourself that (1) holds with ¢ > 2 and p,7 such that o + 2%5 = %,
k=2, j=1. Then apply this with ¢ = kkpl,f = kk_pg and p = p to functions of 9% 2.
Again get rid of unwanted terms, by using the induction hypothesis for some special
p* to prove the case j = k — 1. Now prove it for all other j.

Solution:

(a) We prove this by induction. The case j = 1, kK = 2 was proven in Exercise 6.5.
Now for k > 3, we will assume the inequality (1) with constant Cjx for 2 < K <k—1
and 0 < J < K. Fix 0 < j < k — 1. Apply the inequality (1) with K =k — 1 and
J = j on the functions of d'u to get

o+ all, < Coaea 0],
Also for K =j+1and J =1 to u, andget

_1
Jj+1

aj-i-l
e

|64, < Cugo ull ™

Plugging the latter in the former on the righthand side, we get

. 1—-L .
|07 ul], < Ciama(Cogn fulls ™ 07

+1
W)

kj
j+1, || GFDE—D ) 0-55)
= 07| T < i O Nl

lﬁku i
Lp

(k=D(G+1)

which implies (1) for J = j+ 1, K = k and constant Cj 11 := (C}4-1C1 j+1)
The only case missing is J = 1 and K = k. For this we combine (1) for K =k — 1,
J=1land K =kand J=Fk —1.

Halu T {|gk—1y

< Crp HUHLP

Lr
1

k-1
Tk >771

o k—1
<O 1||u||LP (G- lkH“”L’” B Hﬁk
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which is (1) with Cy == 01,16710;27;{- This proves (a).

(b) We prove this by induction. The case j = 1, k = 2 was proven in Exercise 6.5.
Now for k& > 3, we will assume the inequality (1) for 2 < K < k —1, p* > 2 and
0 < J < K. Start with the case J = k — 1. By the same reasoning as in 6.5, we have
the inequality (1) with ¢ > 2 and p, 7 such that 5= + 2%3 = %. This inequality with

qg= %, T = % and p = p, applied to the functions of *2u reads
0¥ 1| o < Cy0Fu 9 u
LE—1 Lk L5
Now to get rid of the term Hak 2u HL Jp, WE write fpz = ’%”1% = p*% and so by
induction hypothesis, we have
-2, < o], otz
L&—2
Putting the latter into the former will again yield (1) as
k=1, Xe) 5 1-fd 5
[0 7| e, < CEOFF ||l [0%ul ;
For 0 < j < k — 1, we will use the decomposition k]p = %% =p*s together with

the induction hypothesm and the case J = k — 1 which we already estabhshed to get

074 s < C0" e Pl

k—1
&

/ k J 17%;1
< C(Jlullye ™ Ha EORT [l

aku Zp ||U||L:<>E .

<

This finishes the proof of (b).

7.2. Poincaré inequality Let 1 < p < oo and 2 C R™ be a bounded open subset
with C' boundary. Then there is C' := C'(€,p) > 0 such that for all u € W?(Q), we
have

[ =l o) < ClIVUll o q) (2)
where @ := ﬁ Jou(y) dy.

Hint:  Assume by contradiction that there is a counter-example wu, for every
C' =k € Nin (2). Then subtract the average and renormalise in L?, to get a sequence
vk. Now use Rellich-Kondrachov compactness result to get a contradiction.
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Solution: As in the hint, assume there are u;, € W?() such that

[k = Wl 1oy 2 K (I Vurl o) -

Then define

U — Ug

Vi = —
lue = k| 1o ()

and observe that

: (3)

| =

vg =0, vakHLP(Q) =1 and va’f”m(ﬂ) <

So the sequence vy, is bounded in W1P(€). Thus by Rellich-Kondrachov compactness,
there is a subsequence vy, of v, and a function v € LP(€), such that vy, — v in LP(Q)
for 5 — oo. Thus in particular, we have

<

=0 and ol = 1

Furthermore, we have for ¢ € C§°(2) that fori=1,...,n

/ vOip = lim [ vy, 050 = — lim | Oy(vy;)p =0

Q j—oo JQ j—00 JQ

where we used a bit everywhere that €2 is bounded plus dominated convergence and in
the last equality we used (3). Thus we have that Vv = 0, therefore we know that v is
constant almost everywhere. This constant has to be zero as ¥ = 0 which contradicts

V]l oy = 1-

7.3. Explosion of the constant in 7.2 Let Q, C R? be the domain of two squares
connected with a small bridge!. In formulae,

1

Q= [=3, 1] x [-1, JU[L,3] x [, U [-1,1] x [0, 7].

Check that limy_,o, Cy = 0o where Cy := C(Q, p) in (2).

Solution: For any large k, we wish to find a function u, € W1?(€,) which forces
the constant C} of the inequality to be large. As k increases, the domain varies only
by the bridge, which becomes increasing narrow. We exploit this to construct our
functions ug. They will concentrate their derivatives on the shrinking bridge taking

1 We write down a Lipschitz domain for ease of notation. One can smoothen the corners to get a
C' domain as required in 7.2 or one can assume to know that Rellich-Kondrachov theorem also
holds for Lipschitz domains which is true, but has not proven in the lecture course.
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constant values on the two large squares. Thus they will deviate significantly from
the average. Indeed, set u : 2y — R to be

—1 for < -1
ug(x,y) = 1 for x>1
zfor —-1<z<1

Thus, uy is continuous on €2, and by symmetry u = 0. Let 1z be the characteristic
function of the bridge. Then

Vu(z,y) = ( ; ) 1p.

Moreover,

1
Vull? / 1 daedy = —
while at the same time
=l = [ ul>8
k

Combining these two facts with the inequality (2), we see that 8 < C¥ % Therefore,
limk_mo Ck = OQ.

7.4. Weak solutions of Au = 9;f Let u, f € L'(R") have compact support. Show
that u is a weak solution of

Au=8;f (4)
if and only if v = 0;K * f where K is the fundamental solution of the Laplace
operator.

Hint: Recall that 9;K (x) = —%= and exercise 5.2.

wn|z|

Solution: Start with u being a weak solution of our equation (4). This means that
for every ¢ € C§°(R"),

[ uw)det) dy =~ [ 1) o) dy.

6’y3

Plugging in the function ps(z — y) where ps is a mollifying kernel, we get

Alps * u) = 0;(ps * f).
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where the minus disappears, as we differentiate with respect to y. Now taking the
convolution product with K on both sides and recalling that the fundamental solution
has the property K * Ap = ¢ for p € C3°(R"™), we get

ps *u =K x0;(ps * f)

At this point we recall from Exercise 5.2, that 0; K is the weak derivative of K. Now as
we can distribute the derivatives over the factors as we want and as * is commutative,
we get

ps*xu = ps* (0;K * f).

As K isin Lj,.(R™), 0;K = f € L}, (R") and so as 6 — 0, we have
u=0;Kxf

almost everywhere, so they agree as L'(R"™) functions.

For the converse, assume u = 0;K * f. Recall from exercise 5.2, that and that
0;K(x) = —(0;K)(—x). Thus, we have for ¢ € C5°(R"), that

/RnuAsoz/Rn(@jK*f)Aso
=~ [ F@OKxap)
=~ | fx (K Ad)

== fore.

which is exactly the statement that u is weak solution of our equation (4).

7.5. Subtle difference or maybe not. Prove that WLP(]Rn) — WolaP(Rn)7 where
W, P(R™) is the closure of CS°(R") in WP (R™).

Solution: Let u € WP(R") and let us try to approximate this function by functions
of C§°(R™). Fix € > 0. By a result of the course, we already have for ps a mollifying
kernel, for § > 0 sufficiently small, we have

€
1w = ps * ullyrp@ny < 4

Now take a cut-off function g € C*°(R") such that

f=1on |z] <1, f=0on |z]>2,
VB <2and 0<f<1lonl<]|z <2
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Set Br(z) := B(R~'z), R > 0. Therefore,
fr=1lon |z| <R, Br=0on |z| > 2R,
IVBr| <2R ' and 0 < Bz <1on R < |z| < 2R.
Our approximating function will have the form Sr(ps * u) € C5°(R"). For R > 2 big
enough, we will have
€
[[ps * UHWLP(R”\BR(O)) < 4

Hence,

105 * w = Br(ps * W)llyrpmny = 1105 * Ullwrim@n Bym0)
+ llps * w = Br(ps * W)l wrs(Byn0)\Br(0)
< |lps * uHWLP(R”\BgR(O))
+ [|ps * u — Br(ps * u) HLP(BQR(O)\BR(O))
+ [=(VBr)ps * vl 1o (B,r(0)\ Br(0))

+ (X = Br)V (s * W)l 1o(B, (00 B (0))
3€

<@+2RN <Y

Thus all in all, we get
|lu — Br(ps * U)HWLp(Rn) <e.

Therefore, as € > 0 was arbitrary, we have Wy (R") = WP (R").

7.6. Let Q C R" be a bounded open set with smooth boundary. Let u € W*P(Q)
and suppose that
aaulag = O,

for every multi-index « of order |o| < k — 1. Define u : R® — R by

(2) = u(x) forz €
Y0 forzeRT\Q

Prove that @ € W*P(R™).
Hint: For |a| < k, define @, : R* — R by

() = 0%u(x) for z € Q
B N for x € R™\ Q.
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Prove that 1, is the weak derivative of u associated with the multi-index «.

Solution: We want to prove that 4, is the weak derivative of index « of %. This
means that for p € C°(R")

(_1)|a\ - @0%p = /Rn Ug P

In other words, we need to prove that for ¢ € C>(£2)

—1)'0“/Qu8°‘90:/98au30.

We will prove this statement by induction on k£ € N, the number of derivatives of u.
For k =1, the result was already established in class.

Fix k > 2. Now assume the induction hypothesis to hold for all u € WJ?(Q) with
0%ulgo =0 for |o] < j—1and 1 <j < k. We fix a multi-index « with || < k and
m a non-zero component of a. Then for u € WP(Q) with 0%u|sq = 0 for |a| < k-1,
we have that 9~ ¢mu € WHEP(Q) with 9 “mu|sq = 0 and that u € W*1P(Q) has
0Pu|gq = 0 for all multi-index 8 with 3 < (k — 1) — 1. Hence we get by induction
assumption, we get

1)'“‘/91@“90— ‘“'/ ud* " (Opp) = —/ O uU(Omp) /8°‘ugp

for all p € C*°(Q)). Thus @ € Wk»(Q).
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