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8.1. Composition of Sobolev functions. Let 2 C R be a bounded, open set
with C! boundary and 1 < p < oo. Pick f € C*(R) with f’ € L*®. Prove that for
u € WHP(Q), we also have fou € W'P(Q) and

;(f ou) = f'(u)d;u.
Hint: Approximate u by smooth functions.

8.2. The absolute value of a Sobolev function. Let €2 C R" be a bounded,
open set with C'! boundary and 1 < p < oo. Prove that for u € WHP(Q), that we also
have |u| € W1P(Q) and that

0; |u| = sgn(u)o;u.
Hint: Use Exercise 8.1 with f.(z) := V22 + € —e.

8.3. Iterated Calderon—Zygmund. Prove that for all m,n € Nand 1 < p < oo,
there is a constant C' > 0 such that

Hanu

for all u € C§°(R™).

8.4. Schwartz space and Fourier transform. ' The goal of this exercise is to
define the Schwartz space and study the Fourier transform on it. We define norms for
k € n on C*(R") by

lully := sup sup |0%u(@)] (1 + |2])".

|a|<k z€R™

and define
SR") :={ue C*[R") : ||ul|, < oo for all k € N}.

This is a complete, topological vector space with respect to the distance function

d(u, U) — Z 27k ||u — UHk

E>1 1+||u_UHk

for u,v € S(R").2

!This and the next Exercise are simply a lot of checking, don’t worry ;)
2This is an example of a Fréchet space, a way of generalising Banach spaces.
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(a) Prove that Cg°(R™) C S(R") C Ni<p<co LP(R™). We state as a fact that these
inclusions are continuous and have dense image in the respective distance functions.

Hint: Use the fact that is in L'(R™) whenever mp > n.

1
()

(b) Prove that for u,v € S(R™) and for P a polynomial, we get that Pu,uv and 0%u
are elements of S(R™).

(c) Prove for u € S(R™) that its Fourier transform 4 € S(R"™). Also prove that if
limy o d(ug, u) = 0 for ug,u € S(R™), then also limy_, d(ty, @) = 0.

(d) Prove that the Fourier transform F : S(R™) — S(R") is a linear isomorphism of
topological vector spaces.

Hint: Use the Fourier inverse formula, which says that u = F(F(u)) for u e S(R")
and F(u)(2) = gy fen e"TE4(¢) dE.

8.5. A generalised Fourier transform.

(a) Prove that for u,v € S(R™), we have

/ v = ud.
n Rn

By the same token prove

/n uv = (2%)_"/71@5.

This gives you Plancherel’s identity

—n/2

||“||L2(Rn) = (2m) H@HL?(R”)‘

(b) Extend F : S(R") — S(R™) in a unique way to an isomorphism F : L?(R") —
L*(R™) with

@2m) 2 IF @)l g2 any = l1ull p2eny -
Prove that this agrees with @ for u € L'(R") N L*(R™).

Hint: For the second statement, start with « having compact support and mollifiers
to get & = F(u) on every compact set, next try to deduce the general case from this
special case.
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(c) Introduce S(R™)" the space of continuous linear functionals on S(R"). As
CP(R™) ¢ S(R™), this is a subset of distributions called tempered distributions.
They should be thought of as the distributions you can apply Fourier transform to.
Prove that

Tp:SR") > Cruw Rnfu
is a tempered distribution for all f € LP(R") and 1 < p < oo.
(d) Introduce for T' e S(R™)', its Fourier transform F(7') by setting
(F(T),u) = (T, 0).
Prove that F(T') € S(R™)".
(e) Prove that for f € L?(R™), we have
F(Ty) = Trp)-
and that for f € L'(R™), we have
F(Ty) =T},

So the Fourier transform on tempered distributions generalises both notions of Fourier
transform.

(f) Prove that for 7€ S(R™)’, the functions
T : S(R") = C: uw T(2%)
and
T : S(R™) — C : u— (—1)PIT(8%)
are tempered distributions for all multi-indices «, 8. Prove that F(0;1") = iz; F(T)
and F(ix;T) = —0;FT.

8.6. Calderon—Zygmund inequality via multipliers. We reprove the Calderon—
Zygmund inequality by using the Mikhlin multiplier theorem. Prove the following
steps. Let f € C5°(R").

(a) Prove that the function K * f defines a tempered distribution in the usual way.
Call this distribution T7}.

(b) Prove that — 327, (27 F(T})) = i&;Ty, by using the identity A(K; * f) = 0;f.
(c) Prove that F(9;(K; * f)) = my; f where m;;(€) := fgf
(d) Deduce the Calderon—Zygmund inequality from Mikhlin multiplier theorem.

Please hand in your solutions for this sheet by Monday 25/04/2016.
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