D-MATH Functional Analysis Il ETH Ziirich
Charel Antony Exercise Sheet 8 - Solution FS 2016

8.1. Composition of Sobolev functions. Let 2 C R be a bounded, open set
with C! boundary and 1 < p < oo. Pick f € C*(R) with f’ € L*®. Prove that for
u € WHP(Q), we also have fou € W'P(Q) and

O;(fou) = f'(u)d;u.

Hint: Approximate u by smooth functions.

Solution: Denote by ¢ := supy |f’|. Then |f(x) — f(y)| < ¢|x — y|. This implies
1fou—Ffovlpe < cllu—=0llL@q-

for all u,v € LP(2). Therefore, if u; € C*(Q) converges to u € W?(Q) in WP (Q)
and almost everywhere, then f owu; converges to f ow in LP(2). Next consider

17 ()0 — f' ()il oy < IS () (Ortt; — D) | oy HI (F (w) = f' (1)) Bsell -
Then as O;u; converges to d;u in LP(2), we have
1 113) Bets — )| 0 < € 195t — Dyl gy — O

as j — oo. Furthermore, we have that f’ is continuous, whereby f’(u;) converges
almost everywhere to f'(u), as u; does. In addition, (f'(u) — f’(u;))0;u is bounded
above by 2cO;u € LP(Q2), so by dominated convergence, we get

() = )00l — 0

as j — o0o. In conclusion, we have that f’(u;)0;u; converges to f'(u)0;u in LP(£2).

As 0;(f ouy) = f'(uj)0;u;, we have that fow is a Cauchy sequence in W?(2) which
converges in LP(§2) to f ou and whose derivatives 0;(f o u;) converge to f'(u)0;u in
LP(£2). So by uniqueness of limit, f ou € WH(Q2) and 9;(f o u) = f'(u)d;u.

8.2. The absolute value of a Sobolev function. Let 2 C R"™ be a bounded,
open set with C'! boundary and 1 < p < oo. Prove that for u € WP(), that we also
have |u| € W?(Q) and that

0; |u| = sgn(u)o;u.

Hint: Use Exercise 8.1 with f.(z) := V22 + € —e.

Solution: We have that 0 < |z|— f.(z) < efore > 0and x € R. Also f/(z) = T

converges pointwise to sgn(z) and |f/(x)| < 1. So hence f. € C'(R) and f/ € L.
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Therefore by Exercise 8.1, f.ou € W'P(Q) and f. ou — |u| in LP(Q). Furthermore,
f(u)0;u converges pointwise to sgn(u)d;u and f!(u)d;u is bounded by d;u € LP(S2).
Thus, by dominated convergence, we have

1/¢(uw) 0w — sgn(u)ul 1y (q) — 0
for € — 0. Hence, by the same argument as at the end of Exercise 8.1, |u|] € WhP(Q)
and 0; |u| = sgn(u)d;u.
8.3. Iterated Calderon—Zygmund. Prove that for all m,n € Nand 1 < p < oo,

there is a constant C' > 0 such that

H@zmu

for all u € C§°(R™).

Solution: The case m = 1 is exactly the Calderon-Zygmund inequality. Now
assume we already proved the inequality for m = k — 1. Then we have for the
multi-index a with |o| = 2k, that there are multi-indices § of order |3| = 2k — 2 and
v with || = 2 such that 8+ v = «, and so

10| gy = || 0707w

a0, <

=

e |k (@)

LP(R™ Lp(R" LP(R™)

AA™ 1y

L (R™)

where we used the induction hypothesis in the first line and the Calderon—Zygmund
inequality in the second line. By summing over all multi-indices of order 2k, we get
the desired result.

8.4. Schwartz space and Fourier transform. ! The goal of this exercise is to
define the Schwartz space and study the Fourier transform on it. We define norms for
k € n on C*(R") by

lully := sup sup [0%u(z)[ (1 + [a)".
la|<k z€R™

and define

S(R") :={u € C*(R") : |lul|, < oo for all k € N}.

!This and the next Exercise are simply a lot of checking, don’t worry ;)
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This is a complete, topological vector space with respect to the distance function

ZQk ||U UHk

E>1 L+ flu—ol,
for u,v € S(R").2

(a) Prove that Cg°(R") C S(R™) C Ni<p<oo LP(R™). We state as a fact that these
inclusions are continuous and have dense image in the respective distance functions.

Hint: Use the fact that is in L'(R™) whenever mp > n.

1
()™

(b) Prove that for u,v € S(R") and for P a polynomial, we get that Pu,uv and 0%u
are elements of S(R").

(c) Prove for u € S(R™) that its Fourier transform 4 € S(R"). Also prove that if
limy 00 d(ug, u) = 0 for ug, u € S(R™), then also limy_, o, d(ty, @) = 0.

(d) Prove that the Fourier transform F : S(R") — S(R") is a linear isomorphism of
topological vector spaces.

Hint: Use the Fourier inverse formula, which says that u = F(F(u)) for u € S(R™)
and F(u)(z) = o fan @E90(E) de.

Solution:

(a) Let u € C°(R™), then the function z%9°u € C§°(R™), hence is in L>°(R™). As
the sup in ||-||, runs over finitely many indices, this proves that [ju||, < oo for all
k € N.

Now let u € S(R"), then [Ju||;~ < |lull, < oo and so u € L>°(R"). Furthermore, for
p < 0o, we have for m € N with mp > n, that

1 1
P 1 mr__ < p/ — <
[t = [ 0 )P s < ol o <
and so u € LP(R™).

(b) That Pu and 0%u are in S(R"), is not difficult to see, as Schwartz functions are
C* functions, whose derivatives all go to zero quicker than any polynomial. Let us
check for uv. Fix a multi-index 8 and k € N with |3| < k, then

(1+ |z))*0%(wv) = (1 + 2" 3 ( g )aﬁumu

Bty=a

and so

[uoll, < Clullg (o]l < oe.

2This is an example of a Fréchet space, a way of generalising Banach spaces.
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(c) Itis a little exercise to see that the expressions [lu|, 5 = Sup,egn xaﬁﬁu(x)’ < 00

for all multi-indices «, § if and only if |Ju||, < oo for all k£ € N.
We have 4(€) = [zn e @8 u(z) dz and so for multi-indices 3 and a, we get
e0fa() = [ (§700e () do = [ (¢°(=i) e u(r) da
- /]R (ilelore i) (<)l u(z) da
-/ =i () BIHal gagby () dar = (—i)EHHIel (Baghu(x))
where in the penultimate line, we used integration by parts, which is justified, as the

boundary term will be of the form polynomial times Schwartz function, to goes to
zero at oo. Therefore,

sup \gaafa(g)\ < |02z u
geRn

< o0
L1(R")

where we used (a) and (b), to conclude that 9%x%u € L*(R"). By the same token, if
limg_s o0 d(ug, u) = 0, then

aqB(a N < a,.f _
sup €07 (&) — ()| < 92" (we = ),
1
< 1 n+1qa,..6 _ -
i (L4 |)™ e (un () u(x))’H(lﬂx!)”*l L1 (®n) 7

as k — 0o. Hence also limy_, d(uy, @) = 0.

(d) It is well defined by the previous point. We have by the Fourier inverse formula
that F(Fu)(z) = (2m)"u(—xz) for u € S(R"), x € R" and so Flu = (27)?"u for
u € S(R™). Therefore, F is bijective and linear. Again by the previous point, we also
know that F is continuous and its inverse (27)72"(F)? is also continuous.

8.5. A generalised Fourier transform.

(a) Prove that for u,v € S(R™), we have

/ v = u0.
n Rn

By the same token prove

/nm_; — (27r)_"/n115.

This gives you Plancherel’s identity

—n/2 ’

||u||L2(R") = (2m) WHL?(Rn)-
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(b) Extend F : S(R") — S(R") in a unique way to an isomorphism F : L?(R") —
L*(R™) with

@2m) 2 F @)l o ey = lullp2zny
Prove that this agrees with @ for v € L'(R") N L?(R™).

Hint: For the second statement, start with « having compact support and mollifiers
to get & = F(u) on every compact set, next try to deduce the general case from this
special case.

(c) Introduce S(R™)" the space of continuous linear functionals on S(R™). As
C°(R™) ¢ S(R™), this is a subset of distributions called tempered distributions.
They should be thought of as the distributions you can apply Fourier transform to.
Prove that

Tp:SR") > Cru— | fu
RTL
is a tempered distribution for all f € L?(R") and 1 < p < oc.
(d) Introduce for T' € S(R™)', its Fourier transform F(7') by setting

(F(T), u) := (T, 0) .

Prove that F(T) € S(R™)".

(e) Prove that for f € L*(R™), we have
F(Ty) = Trp)-

and that for f € L'(R"), we have
F(Ty) =T},

So the Fourier transform on tempered distributions generalises both notions of Fourier
transform.

(f) Prove that for 7' € S(R™)’, the functions
T : S(R") = C: uw— T(2%)

and
T : S(R™) — C : u— (—1)PIT(8%u)

are tempered distributions for all multi-indices «, 8. Prove that F(0;1") = iz,; F(T)
and F(ix;T) = —0,;FT.
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Solution:

(a) We have for u,v € S(R") that

/Rn w(z)v(z) de = /n /n e @8y (&)v(x) dE dx = /" /n e @Oy (E)v(z) dz dé
= | u(§)(¢) d&.

R

Now set v = (27r) ™ in the previous result, to get

A

(2m) ™ / i = (2m) " / uib

and we calculate

n

(2m) () = (2m) 7" [ (6 dg = 2 [ e 9(E) dé = w(a),
which proves the wanted formula.

(b) Let u; € S(R™) be a sequence that converges to v € L*(R") in L?. Then Fu;
is a Cauchy sequence in L? by Plancherel. Hence, there is an element Fu € L*(R")
such that [|ull 2 gny = (27) 7" ||| 2 (gny and that Fu; converges in L? to Fu. Now let
v; € S(R™) be another sequence converging to v in L?. Then u; — v; converges to zero
in L?, which means that F(u; — v;) also converges to zero in L? by Plancherel. Hence
F(u) is well defined and is an isomorphism as we may also extend the Fourier inverse
F to L? in the same way, and then directly see that this is a linear isomorphism where
linearity follows by uniqueness of limits. It is continuous, because of the Plancherel
identity.

For the prove that ~ and F agree on L'(R") N L*(R"), we first consider u to have
compact support. Then for a mollifying kernel 7, we get that us := u*ns € C§°(R"™) C
S(R™) converges to u both in L' and L?. Hence, we also have that is = F(us) — Fu
as 0 — 0. On the other hand, we have that

[t — G| ooy < llus — wll p2gny = 0

as 0 — 0. From L>*(R"), we get for any compact subset K C R" that s converges
to @ in L?*(K). Therefore, by uniqueness of limit in L?(K), we get that 4@ = Fu in K.
As R™ is o-compact, we have & = Fu. Now if u € L'(R") N L*(R™), then for u,1g, (o),
we already know that u, = Fu,. By dominated convergence, u, converges to u both
in L' and L% As before for 7 — oo, we then have that ,F (u,) — Fu in L*(R") and
@, — w in L°(R™). So the same argument with compact sets, we get that Fu = .
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(c) These being linear continuous, it is enough to check continuity at zero for 7.
Both being metric spaces, it is enough to check continuity at zero using sequences.
Let u; € S(R™) be a sequence with lim;_, ||u;||, = 0 and see that

WMH—V ) do < £l 1l
where 1 + = =1. If ¢ = oo, then ||u;||,;, < ||lu;]|, = 0. Whereas if ¢ < oo, we have
1
the usual trlck with [Ju;l|,;, < HW L/lan |ujl|, — 0 for mq > n.

(d) If |Juy||,, — 0 for k € N as j — oo, then also ||%,||, — 0 for k € N as j — oo.
Therefore, as T' € S(R™)’, we get

lim |F(T(u;))] = lim |T(@;)| = 0.

j—00
Therefore, F(T') being linear is in S(R")’.

(e) Both arguments work in the same way. Let us take for example f € L*(R").
Then approximate f by function f; € Cg°(R") in L*(R"™) norm. Then we have for all
u € S(R™), that

F(Ty,)(u / fJU—/ f]u—Tu
By Holder, we have
|F(Ty,) () = F(T)@)| < 1f5 = Fll g [0l p2ny = 0

as j — oo. On the other hand, as f; — f in L*(R"), we also have f; — F(f) in
L?*(R™), so we also have

[Zju = Triou] < |[f; = 75

oy Ny = 0

as j — oo. Hence F(Ty) = T (). The only difference to L'(R") is that now f] — f
in L>*(R™), but this only changes the argument very slightly.

(f) The first two checks follow immediately from the fact that for u; € S(R™) with
lim;_,o ||u;][, = 0 for & € N, we also have

. o Il — . 8, || —
bl =0 i o),
The other result follows by establishing these rules for u € S(R™). Indeed, we have
for example

FOu©) = [ e @) do =~ [ (@e " u(z) do
= [ ige " Vu(z) do = i&F(w).
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Therefore,
FliaT)(u) = (iz,T)(0) = T(i&a) = T(F(9iu)) = =0,F (T)(w).
Similarly, from F(iz;u)(§) = —0;F (u), follows that F(0;T) = iz; F(T).
8.6. Calderon—Zygmund inequality via multipliers. We reprove the Calderon—

Zygmund inequality by using the Mikhlin multiplier theorem. Prove the following
steps. Let f € C5°(R™).

(a) Prove that the function K * f defines a tempered distribution in the usual way.
Call this distribution T7}.

(b) Prove that — Y7, (22 F(T})) = i&; T, by using the identity A(K; = f) = 0, f.

(c) Prove that F(;(K; + f)) = my; f where my(€) = 5.

(d) Deduce the Calderon-Zygmund inequality from Mikhlin multiplier theorem.
Solution:

(a) Recall Kj(z) = Iw\" . For f € C3°(R"), we have that

T

|z yl W

[+ fl (2) < [fy)l dy <C

-
(1+ |z

So K x f goes to zero as the radius goes to 0o, so K; * f € L>(R"), which defines a

tempered distribution T; = Tk, .s. Notice, that this estimate is not enough to prove
Kj« fis L*(R™) if n = 2.

(b) We have

R

A(Ty) = Tagx,sp) = To; 5 = 0;(Ty),

therefore by applying the Fourier transform to these tempered distributions, we get
by the rules in (f) of the previous exercise,

S (12 F(T)) = i, F(Ty).

i=1

More in formulae, we have for 1) € S(R") that if we take ¢ € S(R™) such that A@ = ),
or —[€]* p(€) = ¥(€) for € € R™, that

—/ 0/ = /Z&f@o /ws] ~ 1€l
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Notice that the notation F (K * f)(§) = —i&; |§| f is very sloppy and makes actually
only sense in the distributional sense, as we can easily put a function f e L*(R")

such that —i&; €] 72 f ¢ L2(R").

(c) Now we want to calculate the Fourier transform of a function 9;(K; * f) which
we know to lie in L?*(R™) by the lecture course. So as the inclusion of L},.(R") is still
injective and as we have proven the different Fourier transform to agree, we can also
simply calculate the Fourier transform of F(Ty,(x,«s)). Thus we get

Z F(Toux,+n)) Z %ia; F(T5)) = i (i F(Ty)).
As all the functions involved are L? functions, we get the equation
F(Oi(K = [)) = mi; F(f).

(d) m;; verifies the condition of the multiplier theorem, so we have that for 1 < p < oo,
there is a constant C' := C(n,p) > 0 such that for every u € C§°(R"), we have

10: (K5 % f)ll e < C Ul o

We also know that 0;(K; * Au) = 0;0;u for every u € C5°(R") and so plugging in
f := Aw into the previous inequality gives exactly the Calderon—Zygmund inequalities.
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