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EXERCISE 1

Let G = SL3(R), f € €°(G) positive such that [, f = 1. Assume that 7 is
a representation without fixed vectors and 1 < w. We consider the self-adjoint

operator T = 37 (f)*(Ta, + ma_,)m([f), where:
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Recall that || T[] = sup {|(Tv,v)|;v € Hr : ||v]| < 1}. On the other hand we know
that w(f)* = w(f*) with f*(g) := f(¢g~"'), where we use that G is unimodular. One
calculates for arbitrary g € G:
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In particular T' = 7 (h) for h = i(f* *Ng, [+ [**xXa_, [). Let K := supp h, then K
is compact. Hence there are v; € H,, 1 < j <n, such that Z?:l ij||2 =1 and:

’1 - Z(ngj,vj> <

Jj=

VR (/Gfm)dx)z:l:»/gfz(g)dg:

It follows, that for p(g) := 1 — -7 (m4v;,v;) holds:
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Note that:
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where in the last step we used the assumption that 1 £ w. Let k := dimsl3(R) and
X1,..., Xk a basis of sl3(R) for which:

k
Si(w)? = [Jw]* + D = (X)w|*  Vw e %}
1=1
As we caluclated in class, this yields:
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so that >, [v;||> = 1 implies:
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For large ¢, this is absurd and thus 1 < 7.

EXERCISE 2

Claim. SLy(F,) is generated by unipotents. More explicitely for every matrix
g € SLa(F,,) there exist s1, s2,11,t2 € F, such that:

ot ot
g = uslutluszut2

where v} := (1) and u; := (1 1).

In what follows, we denote U™ := {u};s € F,} and U = {us;t € F,}. First we note
that for s,t € IF), holds:
1 t
to
Us Ut = (s 1+st>

thus it suffices to show that for any g = (‘c’ g) € SLy(F,) there is a product h of

unipotents (i.e. of matrices in UT UU) such that hg = (i ?) Assume that a # 1.

If ¢ # 0, then b’ =1 and h = u,-1(1_4) Will do. Otherwise we know that a # 0 and
thus this argument can be applied to u; g.

Solution 1. Let G = SLy(F,) and 7 a non-trivial, unitary, irreducible representa-
tion of G. As argued in the second solution, either the upper or the lower unipotent
subgroup acts non-trivially, so that we will for simplicity assume that A = (1 1),
which generates the upper unipotents, acts non-trivially. If instead the lower unipo-
tents act non-trivially, the following argument can be adapted easily. Note that
AP =1, thus the eigenvalues of 74 are contained in the group p, of p-th roots of
unity. Furthermore we note that for a € F,; and m € N satisfying m = a®> mod p

holds: , )
m__ (1 a*\ _[a a”
= (09)=( )i )

and thus the eigenvalues of 74 are permuted under the maps x — z" for m € N
with m = a? mod p for some a. Let A be an eigenvalue of 74. Then there is some
non-trivial eigenvector v € H, with m4v = Av and thus A™v = X™wv. Thus A" is
an eigenvalue of A. If A has a non-trivial root of unity as eigenvalue, because the
order of w4 is p and because the order of any non-trivial p-th root of unity equals
p, the claim follows.
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Claim. Let g € GL4(C) and assume that g has finite order. Then A is diagonaliz-
able.

Over C, the matrix g is similar to (a choice of) its Jordan normal form A,. Assume
that ¢* = 1, then A} = 1 and thus each Jordan block J; 4 in Ay satisfies JF, = 1.
A simple calculation shows that any Jordan block J satisfying J* = 1 for some
k € N necessarily is contained in GL;(C).

As 74 is non-trivial, it follows that 74 indeed has a non-trivial eigenvalue and hence
we are done.

Solution 2. This second solution is in essence the same as the previous one but
formulated using more spectral theory. Again we will assume that the group U =
{(1%);2 € F,} < SLy(F,) acts non-trivially. As argued before, the image 7y is
jointly diagonalizable and thus the spectral decomposition

Hﬂém

with V; C H,. one-dimensional and U invariant admits the choice of an index
1 < i < n, and some non-trivial character y € F,, such that for v € V; \ {0} and
u € U holds uv = x(u)v, where we made the identification U = F,,. Note that the
character y is injective because p is prime. Let # € F)f and denote a(z) := (* ,-1).
It follows that:

Ty (ﬂ-a(az)v) = Ta(x) (Tra(z)*luta(z)ru) = Ta(x) (Trumfgtv) = X(Iizt)ﬂ'a(w)v
Thus 7,(,) is again an eigenvector for U for the character y x x72. As y is injective
and 72 a unit, it follows that y o 272 = xy o y~2 iff 22 = y2. In particular, the set
{Ta@yv;z € F} consists of eigenvectors for at least el = {a%z € F>X}| many
distinct eigenvalues of U (for p < 3 the statement in the exercise is trivially true)
and hence we are done.
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