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1.1

Fundamental Equations of Fluid
Dynamics

The fundamental equations of fluid dynamics are derived under the so-called
continuum assumption: since fluids, i.e., gases and liquids, usually consist
of a very large number of particles, we model such fluids as a continuum
rather than consider the motion of individual fluid particles.

The quantities of interest in such a continuum description are then macro-
scopic variables that can be measured point-wise. Key quantities of interest
are, for example, the density, velocity, pressure, temperature and energy. A
fluid model describes the coupled evolution of these variables in space and
time.

Eulerian Description

Let Q CR? (d = 1,2,3) be an open, bounded set with a smooth boundary
denoted by 99 (see Figure [L.1).

Let x € Q) denote any point in the domain and let ¢ € R, denote a point
in time. Then, fluid models typically describe the evolution of

1. Density: p(z,t) : Q@ x Ry — R,

2. Velocity: u(z,t): Q x R, — RY,

3. Pressure: p(x,t) : Q@ x Ry — R,

4. Temperature: 6(z,t) : Q@ x Ry — R,

5. Total Energy: E(z,t): Q xRy — R,

and other, similar macroscopic quantities of interest.



1.2

1.2. Lagrangian Description

o0N

v (unit normal vector)

Figure 1.1: Example of the domain set {2 with smooth boundary 9f).

The space-time coordinates (z,t) are called Fulerian coordinates and an
Eulerian fluid description consists of measuring quantities of interest at
fixed Eulerian coordinates. Thus, for example, we can measure the wind
velocity at a fixed point using an anemometer.

Lagrangian Description

The Eulerian description of fluid dynamics relies on a fixed frame of refer-
ence. In practice, however, we are primarily concerned with fluid flows. In
such a situation, each fluid particle moves during the fluid evolution with
its motion being modulated by the velocity u. An alternative approach,
therefore, is to describe the motion of a continuum such as a fluid using a
flow mapping

X:RYx R, — R%

In particular, let a € Q be any point. Then the motion of this point (see
Figure can be expressed by the mapping

x = X(a,t).

The point a € € is then termed a Lagrangian or material coordinate, and
we use the convention:

X(a,0) = a.



1.2. Lagrangian Description

Figure 1.2: Example of the motion of the point a € 2 under the mapping X.

We assume that the function X is smooth in both arguments, and is also
a diffeomorphism, i.e., X! exists and is differentiable. Furthermore, we
assume that the mapping D? € R?*? exists and is non-singular where

(%ci

Hiovii=1,....d
8CL]' bJ

(DZ)i; =
Intuitively, this implies that the low map X does not cause fluid volume of
a non-zero measure to evolve to one of measure zero. Under these assump-
tions, the velocity U of a material particle a at time ¢ is given by
oxX
U(a,t) = —1(a,t).
(0.0) = - (a,1)

The Eulerian and Lagrangian descriptions of the velocity field are then
related by the equation

I
=

(a,t),

Ua,t). (L)

x
u(X(a,t),t)
Conversely, given a smooth Eulerian velocity field u(x,t), we can obtain the

Lagrangian mapping X by solving the following initial value problem:

dX
%(a,t) =u(X(a,t),1),

X(a,0) = a.

(1.2)



1.3

1.3. Reynolds Transport Theorem

Note that Equation (1.2)) is a non-linear ODE and the solution to this IVP
might result in extremely complicated (‘chaotic’) particle paths.

Next, given a function g: R? x R — R in Eulerian coordinates, we can
derive an analogous function G': R¢ x R — R in Lagrangian coordinates by
setting

Gla,t) == g(X(a,),t). (1.3)

We denote the rate of change of g (for a fixed Eulerian coordinate z € )
with respect to time as ¢;(x,t) or dyg(z,t). Similarly, we denote the rate of
change of the function G (for a fixed Lagrangian coordinate a € Q) with
respect to time as 0,G := DD—g. We remark this quantity is also known as the
material derivative.

It then follows that

(¥(a,1).1) = Ouglo. 1) + Vo 1) -

=09+ u-Vg. (1.4)

Dg
Dt

Thus, Equation (1.4)) provides a link between the Eulerian and Lagrangian
descriptions of fluid flow. Intuitively, the material derivative

D 0

describes the rate of change of some physical quantity along particle paths.

Reynolds Transport Theorem

Let P C Q be a bounded set (see Figure [1.3). For every t € R, we define
the set

P = {X(a,t): aEP}

We can now state the following generalisation of the Leibniz Rule, which is
also known as differentiation under the integral sign.

Theorem 1.1 (Reynolds Transport Theorem) Let X: R xR, — R?
be a smooth function such that for all t € Ry it holds that X(-,t) is a
diffeomorphism of Re, let the sets P, P, be defined as above and let g: R? x
R — R be a smooth function in both arguments. Then it holds that

d
pr . g(x,t)dx = /Pt Org(x,t)dx + /87% (u-v)g(x,t)do(x). (1.5)



1.4. Conservation Laws

Figure 1.3: Example of the motion of the point a € 2 under the mapping X.

Here, OP, is the boundary of the set Py, v(x) is the unit outward normal
vector at the point x € OP; and u is the Eulerian velocity field defined by
FEquation (|1.1)).

We remark that applying the Divergence theorem to (1.5)) results in the
following equation:

7 . g(z,t)dx = . Og(z,t)dx + /Pt div (u(z,t)g(z,t))dz. (1.6)

1.4 Conservation Laws

The fundamental equations of fluid dynamics are often derived in terms of
the following conservation laws:

1.4.1 Conservation of Mass

Let p: R? x R — R denote the fluid density. Then the total mass contained
in any material volume P; is given by

/Pt p(x,t)dzx.



1.4. Conservation Laws

Conservation of mass implies that

= t)dx = 0.
o Ptp(rc,)fv 0

Reynolds Transport Theorem ((1.6]) then implies that
/ (Op + div(pu))dz = 0. (1.7)
Pt

Since Equation ([1.7)) holds for any material volume P;, the following point-
wise equation must hold:

pt + div(pu) = 0. (1.8)

1.4.2 Conservation of Momentum

The total momentum of any material volume P, is given by

/ pudr.
Pt

Newton’s Second Law of Motion then implies that
d

— dr = d 1.
at J, Pt@ z, (1.9)

where () denotes the sum of all forces acting on the fluid.

Applying Reynolds Transport Theorem (|1.6) component-wise to Equation

(1.9) then yields

/7) (0 (pu) + div(pu ® u) — Q)dx = 0. (1.10)

Once again, since the above equation holds for any material volume P;, we
obtain the following point-wise equation:

(pu)s + div(pu @ u) = Q. (1.11)
Here, (- ® -) denotes the tensor product. In particular, in the case of three
spatial dimensions, i.e., u € R3 given by u = (u1, us, u3), it holds that

U% Uius ULU3
uQu= |uuy Ui uguz
uguz  Usuz U3



1.4. Conservation Laws

It remains to specify the total force (). Note that we may write the total
force as
Q=F+5,

where [’ represents so-called body forces that act on the entire volume of
the fluid, and S represents so-called surface forces that are internal forces
acting on the surface of the material volume. In the absence of body forces
such as gravity, buoyancy or the Coriolis force, we may assume that ' =0
and therefore, we need only model the surface forces S.

Remark 1.2 We may use the mass conservation equation (L.8]) in Equa-

tion (L.11)) to obtain
ou

The above equation can then be rewritten in terms of the material derivative
as

p— =85. (1.12)

Equation 1s simply the more explicit form of Newton’s Second Law
of Motion, which, informally, states that mass times acceleration equals the
force. This formulation of the conservation of momentum equation
1s occasionally useful.

The surface forces S can now be computed using the so-called Cauchy mo-
mentum tensor:

S =divo,

where o € R%? is the stress (force per unit surface area) tensor and div o
is the component-wise divergence of the stress tensor. In particular, in the
case of three spatial dimensions, the stress tensor o is denoted by

Oxe Toy Taz
O = [Ty Oyy Tyz|,
Tez Tyz Ozz

where o0;; denotes the Normal stress in the i-direction and 7;; denotes the
shear stress across the ¢ and j directions.

Next, we define the pressure p as the mean normal stress given by

1
b= _g(o'mc + Uyy + azz)-

10
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1.4. Conservation Laws

The stress tensor can then be rewritten as

p 00 Ogz TP Tzy Tzz
c=—10 p 0] + Tay Oyy + P Tyz
00p Toz Tyz= Ozt
=—pl+T.

Here, I is the 3 x 3 Identity matrix and T is the so-called deviatoric stress
tensor. Note that T has trace zero.

Using the above notations and definitions, Equation (1.11)) can be written
in the form

(pu); + div(pu @ u) = —Vp +div T
= (pu); + div(pu @ u + pl) = div T. (1.13)

It now remains to specify the deviatoric stress tensor T. For simplicity, we
restrict ourselves to the case of a Newtonian fluid. This allows us to make
the following assumptions:

1. The stress is linearly proportional to the strain, i.e, T o« Vu.

2. The fluid under consideration is isotropic, i.e., the mechanical prop-
erties of the fluid are invariant under rotations.

3. The fluid is in hydrostatic equilibrium at rest, i.e., u =0 = T = 0.

Under these assumptions, the most general form of the deviatoric stress
tensor is given by

T = p(Vu+ (Vu)T) + M(divu). (1.14)

Here, Vu € R?*? is the tensor derivative of the velocity vector field u, y is
the kinematic viscosity of the fluid and A is the bulk viscosity of the fluid.
It is customary to set A = —%u.

Conservation of Energy

We define the energy density E: R? x R, — R of the fluid as

E = E(x,t) := é)(x,t)\u(a:, t)]? —l—p(SE,t)e(w,tZ;

vV Vv
Kinetic Energy Internal Energy

11



1.4. Conservation Laws

where e: R? x R, — R is the internal energy per unit volume of the fluid.

It is possible to use the conservation of momentum equation to derive
an expression for the evolution of the kinetic energy. Similarly, it is also
possible to use either the enthalpy balance or the entropy balance, together
with energy loss due to heat conduction to derive an expression for the
evolution of the internal energy. For the sake of brevity, we skip these
calculations.

The conservation of energy equation is then given by

By, + div ((E 4 p)u) = div(Tu) + div(kV6), (1.15)

where T is the deviatoric stress tensor (1.14]), x € R is the coefficient of
heat conduction and #: R x R, — R is the temperature.

We remark that the internal energy e = e(p,p,0) is usually described by
a so-called equation of state, which is derived from thermodynamics. In
particular, in the case of an ideal gas, it holds that

_pr
(v="1p’
p = pRo,

e =

where R is the universal gas constant and ~ is another constant.

Equations (1.8]), (1.13]) and (|1.15)) together constitute the fundamental com-

pressible Navier-Stokes equations of fluid dynamics. Furthermore, in the
special case of an ideal gas we obtain the following complete system of
equations:

pr + div(pu) = 0, (Conservation of Mass)
(pu); + div(pu ® u + pll) = div T, (Conservation of Momentum)
By + div ((E + p)u) = div(Tu) + div(kV8), (Conservation of Energy)

with
T =pu(Vu+ (Vu) 1) + A(divu), (Newtonian Fluid)

1

E = 5p|u|2 + %, (Ideal Gas Equation of State)
o= L (Temperature Law)

-
(CNS)

12



1.5

1.6

1.5. Limiting Regime I: Inviscid Limit

Limiting Regime I: Inviscid Limit

The compressible Navier-Stokes Equations relate quantities expressed
in physical units. In order to understand and identify the different scales
in the problem, it is customary to non-dimensionalise the equations. Doing
so introduces a dimensionless constant known as the Reynolds number Re
given by
Re = E,
]

where L is a typical length scale, U is a velocity scale and p is the kinematic
viscosity. The Reynolds number Re is the ratio of inertial forces to viscous
forces and essentially quantifies the relative importance of these forces for

a given flow.

In many flows of interest, Re > 1 or equivalently u < 1. Furthermore the
heat conduction coefficient x is small for several fluids such as, for example,
air. Hence, we can assume that 4 = x = 0. Then, using the fact that
A = 2, we can reduce the compressible Navier-Stokes equations (CNS)) to
the so-called compressible Euler equations:

pr + div(pu) =0, (Conservation of Mass)
(pu); + div(pu @ u + pl) =0,  (Conservation of Momentum)
Ei+div ((E+p)u) =0 (Conservation of Energy)
with
1
E = §p|u|2 + Ll (Ideal Gas Equation of State) (CE)
ry —

The compressible Euler equations (CE|) are a prototypical example of a
system of conservation laws:

Oyu + div (f(u)) =0, (1.16)
and represent the fundamental equations of inviscid fluid dynamics.

Limiting Regime Il: Incompressible Limit

May fluids of interest such as, for example, water in the ocean, are incom-
pressible. For such fluids, the fluid density of an infinitesimal fluid volume

13



1.6. Limiting Regime II: Incompressible Limit

remains constant along the flow. Mathematically, this amounts to the con-
dition that the material derivative of the density is zero:
Dp

D—tzpt—i—(u-V)pEO. (1.17)

Applying (1.17) to the mass conservation equation in (CE|) results in

pdivu = 0.

And since the density p is non-zero, the incompressibility condition implies
the following divergence constraint:

divu = 0. (1.18)

Next, we apply the divergence constraint (1.18) to the momentum conser-
vation equation in (CE) and perform some manipulations using the chain
rule to obtain

1
m+@rVM+;Vp=O (1.19)

Furthermore, it is straightforward to show that the energy conservation
equation in (CE|) is redundant in the incompressible limit. Thus, setting
p = 1, we obtain the so-called incompressible Fuler equations:

u + (u-V)u+ Vp =0,
divu = 0. (ICE)

Finally, we can also reintroduce viscosity in the incompressible Euler equa-
tions and make use of the divergence constraint to simplify
the stress tensor considerably to obtain the so-called incompressible Navier-
Stokes equations:

ur + (u- V)u+ Vp = pAu,
divu = 0. (INS)

Note that the above derivation of the incompressible Navier-Stokes equa-
tions is heuristic. A more formal derivation is based on non-dimensionalising
the compressible Navier-Stokes equations by scaling it with the
Mach number

Ma = —,
a

and deriving the zero Mach number limit. Here, a is the speed of sound in

the fluid and is given by a? = %.

14



The Incompressible Navier-Stokes
Equations

We recall from Chapter [I| that the incompressible Navier-Stokes equations
for a Newtonian fluid (INS)) are given by

ur + (u- V)u+ Vp = pAu, (2.1a)
divu = 0. (2.1b)

Here, d € {2,3}, 1 € R is the kinematic viscosity, u € R? and Vp € R are
vectors given by

Uy O, D

U ax p
u= |1, vp=1| ],

ud 8$dp

divu and Au are the divergence and Laplacian respectively of the velocity
field u and are given by

¢ du s
divu = —_— Au = —,
; oz Z o3

i=1

the vector operator (u - V)u € R? is given by

d
D i1 Uil Ug

6u]'
ox; *

and we have used the notation u; := 2%, 9,,p := % and Oy, u; :=

15



We recall that the mass and momentum conservation equations of the com-

pressible Navier-Stokes equations (CNS|) are given by
pe + div(pu) = 0,
(pu)e + div(pu @ u) + Vp = div (u(Vu + (V) ") + A div ul).

The incompressible limit can then formally be obtained by scaling these
equations with the Mach number, deriving the zero Mach number limit,
and setting p = 1.

Properties of the Incompressible Navier-Stokes Equations (2.1))

e Equation (2.1)) is a non-linear partial differential equation with both
convective and diffusive terms.

e Equation (2.1) is a 2" order PDE due to the presence of a diffusive
term.

e Solutions to Equation ({2.1)) satisfy a divergence constraint, that is,
divu = 0.

e Existence and uniqueness of solutions to Equation (2.1]) in a com-
pletely general setting is an open question.

In order to analyse solutions to the incompressible Navier-Stokes equations,
we must supplement Equation (2.1|) with appropriate initial and boundary
conditions. We therefore consider the following so-called initial boundary
value problem:

Initial Boundary Value Problem for Equation ([2.1))

Let T € (0,00], d € {2,3} and let Q C R? be a bounded, open set with
smooth boundary 99, let u: [0,7) x Q2 — R? be the unknown velocity
field and let up: @ — R? be a function. Then, consider the following
initial boundary value problem (IBVP) for the incompressible Navier-Stokes

equations (2.1

ur + (u- V)u+ Vp = pAu, for (¢t,x) € (0,T) x Q,
divu = 0, for (t,x) € (0,7) x €, 22)
w(0, z) = up(x), for z € Q, '
u(t,z) =0, for (¢,z) € (0,T) x 0N2.

16
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Figure 2.1: An incomplete overview of various research directions and results for
the incompressible Navier-Stokes equations.

Question: Consider the IBVP (2.2) and let the initial function u, be
smooth. Then does there exist a unique, global in time (i.e., T = 00),
classical, i.e., at least twice-continuously differentiable solution to Equation

£

Of course, the answer to this question is highly non-trivial. Indeed, the
Clay Mathematics Institute in May 2000, set this problem (for dimension
d = 3) as one of the seven Millennium Prize problems in mathematics. The
Institute offers a prize of US $1,000,000 to the first person providing a
solution to any one of four specific statements of the above problem. For
instance [Fef06],

Prove or give a counter-example of the following statement:

Take > 0 and d = 3. Let ug(x) be any smooth, divergence-free vector field
with the property that for any multi-index o and any constant K it holds
that

|05 uo(2)] < Ca i (L + J2]) 7"
Then there exist infinitely smooth functions p := p(t,z): Ry x R — R and
u = u(t,z): Ry x RY — R? satisfying the initial value problem (2.2) and
with the property that for all time t > 0 it holds that ||u(-,t)]| 2.

Despite the difficulty of the problem and the lack of a complete solution,
there are, nevertheless, some partial answers to the question of global exis-

17



2.1. Formal Calculations

tence and uniqueness of solutions to the incompressible Navier-Stokes equa-
tions. Figure displays a broad (incomplete) overview of various research
directions and results. An concise review of the current state-of-the-art and
a list of references for further review can, for instance, be found in [Fef06].

2.1 Formal Calculations

Throughout this section, unless stated otherwise, we assume that all in-
volved functions exist and are sufficiently smooth so as to allow the neces-
sary manipulations.

2.1.1 Energy

Consider Equation (2.1a)). We take the inner product with the function u
on both sides of the equation and integrate over the domain €2 to obtain

/u-utda:+/u-((u-V) )dx—l—/u Vpd:c—u/u Audz.
Jo 0 o Ja e

-~ -~ -~ -~

@) (i) (i) (iv)

We now consider each term (i)-(iv) separately:

o et
Qu w, dz 5 d |u|*dz.

(ii) /Q“ ((u-v)u)de/ﬂé Z“J%“z )do = Z/u](‘?xjuuzdx

j=1 1,7=1 18 (lul‘ )

/uj@&j (Jui|*) da
1/

I
DO =
M=

1’7]:
1 1

=5 2 [ o wlup)is = =5 [ @iva)lupds
Integration  %,j=1 @
by parts

= 0.

~—
Eq. (2.1b))

18



2.1. Formal Calculations

(iif) /Qu-Vpd:L‘\:’_/—/Q(divu)pdx

Integration
by parts

= 0.
~—~
Ba

(iv) /u Audr = / 2
. = —u | |Vuldz.
o = Q! |

Integration
by parts

It therefore holds that
ST / lu|?dx + u/ |Vul*dz = 0, (2.3a)
and integrating Equation (2 in time thus yields

t 1
1/ |u(t7m)|2dx+u/ /|Vu|2(s,x) dxds = —/ luo(t, z)|*dx.  (2.3b)
2 Ja 0o Jo 2 Ja

Equation (2.3b) now implies that the total energy of the system is non-

increasing in time:
:/ |u(t,:n)|2dx§/|u0(:c)|2dx:E(O).
Q Q
2.1.2 Pressure

Consider Equation (2.1a)). We apply the divergence operator on both sides
of the equation to obtain

Oy (divu) +div ((u- V)u) + Ap = pA (divu).
~——

——
=0. =0.
Equation (2.1b)) implies that the velocity field vector is divergence-free, and
therefore
— Ap =div ((u- V)u) = div (div(u @ u)). (2.4)
Equation (2.4)) can be further simplified by observing that
d
le Z Or, (ui0r,u5) = Z (%&ci (usj) — On, (ujaxul))
i,j=1 A j—l
d
= Z Os, (8%, (uiu] Z 8xj uj&[,zuZ
ivjzl Z] 1

TV
=0 since divu=0.

19



2.1.3

2.1. Formal Calculations

and therefore, the pressure field satisfies the following equation:

Ap = — Z O, (O, (winy)). (2.5)

4,j=1

Equation ({2.5)) is a Poisson equation for the pressure field. Since Equation
(2.5)) is elliptic, this implies that the pressure field for the incompressible
Navier-Stokes equations is instantaneously determined by the velocity vec-
tor field and is no longer an independent variable. Of course, the solution
of Equation will necessitate the imposition of suitable boundary con-
ditions.

Vorticity
We begin by defining the vorticity of a velocity vector field.

Definition 2.1 (Vorticity) Let T € (0,00], d € {2,3}, and let Q C R be
a bounded, open set and let u: [0,T) x Q — R? be a velocity vector field.
Then the vorticity w of the velocity u is defined as w = curlu. In particular

d=2 = R>w=curlu = 0,,uy — Op,us,

8:1:271/3 - a{E;;UQ
d=3 = R¥*>5w=curlu= Ors U1 — Oy, U3
8w1u2 - 8a:2u1

Remark 2.2 Let, T € (0,00], let Q C R be a bounded, open set and let
u: [0,T) x Q@ = R be a velocity scalar field. We define the rotated gradient
operator curlu as

curlu = V+tu = {_&”QU] .
- Op U

Using the definition of the vorticity, it is possible to rewrite the incompress-
ible Navier-Stokes equation ([2.1)) as an equation involving the vorticity w
of the velocity field:

Proposition 2.3 Consider the incompressible Navier-Stokes equation (2.1)),
let d € {2,3}, let u: Ry x R — R? be a strong solution to Equation (2.1)
and let w = curlu be the vorticity. Then it holds that

d=2 = Ow+ (u-V)w = pAw, (2.6a)
d=3 = Ow+ (u-Vw— (w-V)u = pAw. (2.6b)
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Proof The proof is left as an exercise. ([l

We end this section by stating some remarks regarding Equations (2.6)).

Remark 2.4 The two-dimensional vorticity equation 15 simply the
heat equation with an additional convective term, and further reduces to a
transport equation if the kinematic viscosity p = 0. Therefore, classical
solutions of Equation satisfy both a mazximum principle as well as LP
bounds. In particular, for any p € [1,00), multiplying both sides of Equation
with w - |w|P~2 and integrating over the spatial domain yields the LP-
estimate

lw(t, )ze < flw(0, ) Le-

These bounds can be used to prove the existence of smooth solutions to
the incompressible Navier Stokes equation in two spatial dimensions.
Unfortunately, the same strategqy does not work in three spatial dimensions.
Indeed, the vortex-stretching term (w-V)u considerably complicates the anal-
YSis.

Leray-Hopf Solutions

The incompressible Navier-Stokes equations have been extensively
studied and there exists a vast literature on results pertaining to existence,
uniqueness and regularity of both weak and strong solutions to these equa-
tions. Seminal contributions were first made by Jean Leray who, in [Ler34],
constructed a global (in time) weak solution and a local strong solution
of the IVP in the special case Q = R®. Furthermore, Heinz Hopf
proved in [Hop51], the existence of a global weak solution of the IBVP
(2.2]) with bounded domain. Since then, several mathematicians have stud-
ied the uniqueness and regularity of such weak solutions but there still
remain many interesting open problems. In particular, the uniqueness and
regularity of so-called Leray-Hopf Solutions in three spatial dimensions is
currently unknown.

We begin by defining weak (distributional) solutions to the IBVP ({2.2)).
Informally,

e We say that the function u € 02([0, T) x Q) is a classical solution to
IBVP (2.2) if it satisfies Equation ({2.2]) point-wise.

e We say that the weakly differentiable function u: [0,7) x Q — R is a
distributional solution to IBVP ([2.2)) if it satisfies Equation ({2.2)) in the
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2.2. Leray-Hopf Solutions

sense of distributions, i.e., Equation (2.2]) holds after multiplication
with a suitable test function and integrating over space and time.

We now attempt to make these ideas more precise.

Let ¢ € C’é’o([(), oo) x Q; R?) be a function with the property that div ¢ = 0.
Consider Equation ({2.1al); we take the inner product with the function ¢
on both sides of the equation and integrate over the domain [0,77) x € to
obtain

/Om/gng.atqucﬁ'((U'V)U)Jrqb-Vpdxdt:M/Ot/Q¢.Audxdt_

Then, using integration by parts and the fact that the test function ¢ van-
ishes at infinity, we obtain

/OOO/Quﬁ@‘I—((u-V)qb)-udxdt:,u/ot/Qng:Vudmdt—/gzuoqs((),x)dx'
(2.7)

Definition 2.5 Let u: [0,T) x Q — R? be a function with the property that
for all divergence-free test functions ¢ € Cé’o([O, oo) x Q;RY) it holds that

/Ooo/ﬂu.atqb—i-((wV)(b)-udxdt = u/ot/QV<b : Vuda:dt—/guogﬁ(()?a;)dx.

Then we say that u solves the incompressible Navier-Stokes equation (2.1al)
in the sense of distributions.

Similarly, let 5 e Cr (Q) be a scalar test function. Consider Equation

(2.1b)); we multiply both sides of the equation with 5 and and integrate
over the spatial domain 2 to obtain

/(Edivudx =0.
Q

Once again, using integration by parts we obtain

/ w-Vodr=0. (2.8)
Q
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Definition 2.6 Let u: [0,T) x Q — R? be a function with the property that
for all scalar test functions ¢ € C'° (Q) it holds that

/ u - qu dx = 0.
Q
Then we say that u is divergence-free in the sense of distributions.

Throughout this section, we will adopt the terminology that the divergence
of a vector field is always taken in the sense of distributions.

As an alternative to Definition [2.5] we also have the following definition of
distributional solutions to the incompressible Navier-Stokes equation ([2.1a)):

Definition 2.7 Let u: [0,T) x Q — R< be a function with the property that
for all divergence-free test functions ¢ € CS"((O, 00) X Q;Rd) it holds that

/ / -0+ Vo - Vu + ((u . V)gb) ~udzdt =0, (2.9)
o Ja
and with the property that

li t,r) — 2 = 0.
T [u(t, 2) = wo()|ls

Then we say that u solves the incompressible Navier-Stokes equation (2.1al)
in the sense of distributions.

We remark that the analysis of such weak solutions to Equation ([2.1a]
presents two main difficulties: the non-linear nature of the convective term
and the divergence constraint on the velocity field.

Hodge Decomposition and Leray Projector

In this section, we will attempt to characterise a class of divergence-free
functions. We begin by defining some notation.

Let d € {2,3}, let Q C R? and let v denote the unit outward normal vector
on the boundary 9. We denote by L2(R?) the set given by

L2(RY) = {u e L*(R}RY): divu =0},
we denote by L2(T%) the set given by

LA(TY) = {u € L* (R4 RY): divu = 0,/ udr =0},

Td
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2.2. Leray-Hopf Solutions

and we denote by L2(€) the set given by
L2(Q) = {u € L* (R4 RY): ulgarg = 0, (divu)|o = 0, (u - v)|sq = 0},

Theorem 2.8 (Helmholtz-Hodge Decomposition) Let d € {2,3}, let
Q C R? be either an open, bounded, simply connected, Lipschitz domain, the
Torus T¢ or the entire space R?. Then the space of vector-valued, square

integrable functions L?(2;R?) can be written as a direct sum. Indeed, if
d = 2 it holds that

PQRY = {V6: 6 € I} & {(V40): b € 139, (V-0) € IO RY},
and if d = 3 it holds that
L*(QRY) ={V¢: ¢ € H'(Q)} & {(curly): ¢, (curly) € L*(Q;R?)}.

In particular, let f € L*(Q;R?) be any square-integrable vector field. Then
there exists a scalar field g € H'(Q) and a divergence-free vector field h €
L2*(;RY) such that

f=Vg+h,
and
||f||i2(Q;Rd) = Hv9||2L2(Q;Rd) + HhH%Q(Q;Rd)'

Proof We restrict ourselves to the case of a bounded domain {2 with d = 3.
The proof for the case Q = R% and 2 = T? or d = 2 is similar.

Let f € L*(€;RY) and let v denote the unit outward normal vector at the
domain boundary 0€2. Consider the boundary value problem given by

cH ()
~ =
Ag=divf on Q,
9 (2.10)
99 _ f-n on 0f).
v~
eH-2(Q)

Equation is a Poisson equation with Neumann-type boundary con-
ditions. It can be shown using the theory of elliptic partial differential
equations (see, e.g., [EvalOl Chapter 6]) that this equation is well-posed
and has, up to an additive constant, a unique solution g € H(Q).

Next, we define the vector field h € L?(Q; RY) as

h:=f—Vag.
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2.2. Leray-Hopf Solutions

Then, clearly
divh =div f — Ag =0,

and so h is divergence-free. Note also that

dg
h'l/— 'V—%—O,

and therefore h € L2(Q).
Next, observe that the orthogonality of Vg and h in the L? sense,

/h-ngx:—/gdivhdx:(], (2.11)
Q Q

also implies the norm equivalence.

We continue to prove the uniqueness of this decomposition. Let fi, fo €
L2(Q) and let ¢y, ¢ € H'(Q) be functions with the property that

div fi =divfo, =0 1in €,
firv=fo-v=0 on 09,

and with the property that
J=h+Vér=fo+ Voo

Then, it holds that
fi— f2=V(g2— ¢1)

Multiplying both sides of the equation by f; — f» and integrating over the
domain €2, we have

/ |f1 — fol?dx = /(fl — f2) - V(2 — ¢1)dx

Q Q

— - [ div(i — )62 - o)z =0.
—_——

~—
Integration -0
by parts
It follows that f; = fo almost-surely and therefore ¢; = ¢9 up to an additive

constant.

It remains to show that there exists a unique vector field ¢ € L?(2;R?)
such that h = curl+. In other words, it remains to show that h is a vector
potential. This follows from the Poincaré Lemma (see, e.g., [Spi65, Pg. 94-
96]). Incidentally, in a more general sense, this is a consequence of the fact
that the de Rham cohomology group of € is trivial in the second dimension.
The proof is thus complete. O]
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2.2. Leray-Hopf Solutions

We are now ready to define the so-called Leray Projector. For the sake of
simplicity, unless stated otherwise, we focus on bounded domains €2 but the
following definitions can also be extended to domains 2 = R? or Q = T¢.

Definition 2.9 (Leray Projector) Letd € {2,3}, let 2 C RY be a simply
connected Lipschitz domain and let P: L*($;RY) — L2(Q) be an orthonor-
mal projection with the property that for all f € L*(Q;RY) it holds that

Pf=P(Vg+h)=h,
where f = Vg+ h is the Helmholtz-Hodge decomposition of the function f.
Then we call P the Leray Projector.

Note that Theorem clearly indicates that the Leray Projector is well
defined.

Remark 2.10 Consider the setting of Definition and let the function
f € L3 RY) have the Helmholtz-Hodge decomposition given by f = Vg+h
so that Pf = h. It then follows that

||f||%2(Q;Rd) = ||Vg||%2(Q;Rd) + Hh”%?(Q;Rd)
= ”]P)fH%?(Q;Rd) = ||h||%2(Q;JRd) < Hf”%Q(Q;Rd)‘

One can also show the following Sobolev bound:

IPf1freomay < I F1fvreoma-

Furthermore, if the vector field f is divergence-free, then clearly g = C,
where C' € R is some constant and therefore Pf = f, and the previous
imequalities become equalities.

Remark 2.11 Consider the setting of Definition let Q = R and let
the function f € L*(Q;R?) have the Helmholtz-Hodge decomposition given
by f = Vg+ h. Then we recall that the function g satisfies the Poisson
equation

Ag = div f.
It therefore holds that
g=—Gxdiv f,
where G is the fundamental solution of the Laplacian. It follows that
f=Pf+Vg=Pf —VGx (div f)
= Pf = f+ VGx(div f)
— P =1+ V(-A) "div,
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where the last equation must be understood in the sense of pseudo-differential
operators. Denoting by ™, the Fourier transform, we obtain

—

(P4),¢) Zi—

Based on the concepts developed thus far, we define notation for some
additional function spaces.

Definition 2.12 Let d € {2,3} and let Q C R? be a simply connected
Lipschitz domain. Then we denote by V the set defined as

V={uecCrQRY: divu=0,}.

Definition 2.13 Let d € {2,3} and let Q C R be a simply connected
Lipschitz domain. Then we denote by H the set defined as

H =Y in L*(Q;RY).
It can be shown (see, e.g., [Tem0I, Chapter1, Theorem1.4]) that H =

Definition 2.14 Let d € {2,3} and let Q@ C R? be a simply connected
Lipschitz domain. Then we denote by V' the set defined as

V =Y in H (4 RY).
Once again, it can be shown (see, e.g., [Tem01, Chapter 1, Theorem 1.6])

that V = HE(Q; RY) N L2(Q).

Finally, we conclude by noting that using the Leray Projector P, we can

rewrite Equation ({2.1a)) as
u + P(u - V)u = uPAu.

The Stokes Equations

Let d € {2,3}, let u > 0, let 2 C R? be an open, bounded set with twice-
continuously differentiable boundary 99, let f € L2(;R%), let p: Q — R
and let u: Q — R? Then the so-called Stokes equations (also known as the
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Stationary Navier-Stokes equations) with no-slip boundary conditions are
given by

—puAu+Vp=f in Q,
divu =0 in €, (2.12)
u=20 on 0f2.

Equation (2.12)) can be reformulated as a variational problem. To this end,
assume that the functions u,p are smooth, let a := a(+,-): V x V — R be
a bilinear form with the property that for all u,v € V' it holds that

a(u,v) = ,u/ Vu: Vudz,
Q

and let £: V — R be the bounded, linear functional defined for all v € V'
by

(o) = (f,v):/Qf-vdx.

Then, multiplying Equation (2.12)) with a test function v € V' and using
integration by parts, we obtain

a(u,v) = (f,v). (2.13)

Observe that each side of Equation (2.13)) depends linearly and continuously
on v € V. Therefore, by continuity, Equation (2.13]) also holds for all test
functions v € V where V is the closure of the space V in H}(Q;R%).

Furthermore, since u is smooth by assumption and 99 is C?-smooth, u €
HY(Q;RY). Using the fact that u is divergence-free, we also have that
u € V. We therefore have the following variational formulation of the
Stokes equation (2.12]):

Find w € V such that for all v € V it holds that
a(u,v) = (f,v). (2.14)

The next proposition explores the connection between Equation (2.12)) and
the weak formulation (2.14)).

Proposition 2.15 Let d € {2,3}, let u > 0, let @ C R? be an open,
bounded set with C? boundary 9 and let f € L*(Q;RY). Then, the follow-
g are equivalent:
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(i) There exists w € V that satisfies the variational formulation (2.14)).

(ii) There exists u € HY(Q;RY) that satisfies Equation (2.12) in the fol-
lowing weak sense:

There exists a scalar field p € L*(Q) such that

—puAu+Vp=f in €,
divu =0 in €2,
u=>0 on 02,

in the sense of distributions.
(i1i) There exists u € V with the property that
u = inf ®(v) := 52‘5 (a(v,v) = 2(f,v)).

veV

Proof The discussion preceding the proposition shows that (i1) = (4).

We next prove that (i) = (ii). Assume therefore that (z) holds. This
immediately implies that divu = 0 in Q and furthermore that u|gg = 0 in
the sense of traces. Moreover, it holds that

—pAu— f € H Y RY),
and therefore for all v € V it holds that
<_IUAU_f7U> =0,

where (-, -) denotes the dual pairing in the space V.

Finally, applying Proposition to the function —uAu — f, we obtain
the existence of a scalar field p € L*(2) with the property that

—pAu — f = —=Vp.

Thus, (i7) holds.

We now prove that (iii) = (i). Note that for every v € V and every
A € R it holds that

0 < ®(u+ M) — ®(u) = a(lv, W) + 2X(a(u,v) — (v, f))
= Na(v,v) + 2\ (a(u,v) — (v, f)).

Clearly, A2a(v,v) > 0. Therefore, the above inequality holds for every v € V
and for every A € R if and only if

a(u,v) — (f,v) =0.
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This shows that (iii) = (i). Moreover, since the above steps are re-
versible, the converse is also true, which proves (i) = (i7i). The proof is
complete. O

It now remains to discuss the existence of a unique weak solution to the
Stokes equation (2.12). In view of Proposition it suffices to prove
existence of a unique solution to the variational problem (2.14)). This is a
simple consequence of the Lax-Milgram Lemma[A.20] Indeed, we have the
following existence and uniqueness result:

Theorem 2.16 (Weak Solution to Stokes Equation) There exists a
unique weak solution to the Stokes Equation (2.12)) with no-slip boundary
conditions.

Proof The Poincaré Inequality implies that the continuous bilinear
form a: V x V — R is coercive. The Lax-Milgram lemma therefore
implies that there exists a unique solution v € V' to the variational problem
([2.14). Proposition then implies the existence of a weak solution to
the Stokes Equation (2.12)). O

We conclude this subsection by defining the so-called Stokes operator.

Definition 2.17 (Stokes operator) Letd € {2,3}, let Q@ C R? be a sim-
ply connected set with C? boundary 05), let D(A) denote the set H?*(Q; R%)N
V', let P denote the Leray Projector and let A: D(A) C H — H be the op-

erator defined as
A = —PA

Then we call A the Stokes operator.

Remark 2.18 The motiwation for defining the Stokes operator comes from
the following observation. Consider the Stokes equation (2.12)) given by

—puAu+Vp=f in §Q,
divu =0 i €2,
u=>0 on 0f).

Applying the Leray Projector (c.f. Deﬁm’tz’on to the first equation then
implies
— uPAu =Pf

= u= %(—]P’A)*Pf.
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Therefore, the Stokes operator allows us to find a solution to the Stokes
equations.

We now discuss some properties of the Stokes operator.

Proposition 2.19 The Stokes operator is

o symmetric with respect to the L* inner product, that is, for all u,v €
D(A),
(Au,v) = (u, Av),
e self-adjoint, that is, A = A* and D(A) = D(A*).

Proof Recall that by the orthogonality of the Helmholtz-Hodge decompo-

sition, (2.11)),
/Pu-vdmz/u-Pvdm,
Q Q

(i) Symmetry: Assume first that w,v € V (that is, they are smooth,
vanish on the boundary and are divergence-free). Thus, Pu = u and
Pv = v and we compute, using integration by parts,

for any u,v € H.

(Au,v) :—/]P’Au-vdx
Q

:—/Au-]P’vda:
Q

:—/Pu~Avdx
Q

:—/U-PAvdx: (u, Av).
Q

In particular

(Au,v) = /QV’LL : Vude. (2.15)
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If u,v € D(A) are arbitrary, we can approximate them in H'(Q) by
functions in V. Passing to the limit in the approximations, we see
that holds for all u,v € D(A). As the right hand side of
is symmetric in u, v, this proves the first part of the proposition.

(ii) Self-adjointness: Let u € D(A). By definition that means that there
exists f € H such that for all v € D(A),

(Av,u) = (v, f).

Since f € L?(Q), we can find, by Theorem , u,p, with w € D(A)
such that Au = f. If we can show that u = w, we are done. To do
so, consider for arbitrary ¢ € H the inner product (g,u — u). Using
Theorem once more, we can find v € D(A) solving Av = g.
Hence,

(gau_a) = (AU,U)—(AU,&) = (U,f)—(U,Aﬂ) = (U7f)_(v7f) = 07

where we used the symmetry of the Stokes operator for the second
equality. 0

Theorem 2.20 The inverse Stokes operator A=': H — D(A) is a bounded,
compact, self-adjoint operator.

Proof See Theorem 2.1 in [Tem(01, Chapter 1] and also the comments in
[TemO01, Chapter 1, Section 2.6]. O

Theorem [2.20] allows us to apply the spectral theorem for compact self-
adjoint operators |[Conl3, Chapter 2, Theorem 5.1] to the inverse Stokes
operator A~!. Indeed, we have the following result:

Theorem 2.21 Let d € {2,3}, let Q C R? be a simply connected set with
C? boundary 0, let A: D(A) C H —C H be the Stokes operator and let
A™': H — D(A) be the inverse Stokes operator. Then there exist positive
eigenvalues {;}jen of the inverse Stokes operator A™' such that iy > ps >
coo > > i1 > ... and there exist eigenvectors {w;}jen of the inverse
Stokes operator A~" such that {w;};en form an orthonormal basis of H.

Proof The proof follows from a simple application of the spectral theorem
for compact self-adjoint operators. A detailed argument can be found in
Theorem 5.1 and Corollary 5.4 in [Conl3, Chapter 2]. O
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Theorem results in the following important corollary.

Corollary 2.22 Consider the setting of Theorem and for all j € N,
let A\j = Mi Then,

J

(1) for all j € N it holds that

ij = /\jwj,

(ii) it holds that

D<A <A <...< A

(iii) and we have the limit
lim A; = oo.
j—o0

Remark 2.23 In addition, it can also be shown (see, for example, [Tem(1,
Chapter 1, Section 2.6]) that if the domain Q has boundary 9 of class C72
for some v > 0, then the eigenvectors {w;}jen C HY2(Q;RY).

Finally, we note that if the domain 2 = R? or the torus Q = T¢, then the
Leray Projector P and the Laplacian A commute.

2.2.3 Leray-Hopf Solutions of the Incompressible Navier-Stokes
Equations

We now consider the case of the full incompressible Navier-Stokes equations.
We begin by defining and recalling some notation. Throughout this section,
let d € {2,3} and let © C R? be an open, bounded, simply connected
domain with smooth boundary 0€2. Then we denote by V the set given by

V= {¢EC§°(Q;RCI): divgﬁ:()}.

We recall that we denote by H the set given by

H = L5 (),

and we denote by V' the set given by

V = H;(Q;RY) N LA(Q).
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Definition 2.24 (Leray-Hopf Solutions) Let ug € H be a vector field
and let
u € Ly, ([0,00), LZ(Q)) N Ly, ([0, 00), Hy (€ R))

loc loc

be a vector field with the property that u is divergence-free in the sense of
distributions (2.8)), that is, for all ¢ € C° (Q) it holds that

/u-V@bda::O,
Q

and with the property that u solves the incompressible Navier-Stokes equa-
tions ((2.1al) in the sense of distributions, specifically, for all divergence-free
test functions ¢ € C°((0,00) x Q) it holds that

/oo/u-ﬁtqb—k,qub-Vu—l—((u-V)gb)-udmdt:(),
o Jo

and additionally it holds that

li t,r) — 2 = 0.
T [u(t, 2) — wo(@)llz

Then, we say that u is a weak solution of the IBVP ([2.2)) and we term u a
Leray-Hopf solution to the incompressible Navier-Stokes equations.

We now state the main existence theorem for the incompressible Navier-

Stokes equations (12.1)).

Theorem 2.25 (Leray-Hopf [Ler34, Hop51]) Let d € {2,3}, let Q C
R? be an open, bounded set with smooth boundary 92 and let ug € H. Then
there exists at least one global in time, weak (Leray-Hopf) solution of the
IBVP for the incompressible Navier-Stokes equation with initial datum
ug. Furthermore, the weak solution u satisfies for every t > 0 the following
enerqy inequality:

t
()72 + 2u/0 IVu(s)[l72ds < [luollz:, (2.16)

and in addition it holds that
d=2: OQwe L. ([0,00); H (),
d=3: due L,>([0,00); H ().

loc

(2.17)
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Remark 2.26 In view of Morrey’s mequalz’ty Equations (2.17)) imply
weak continuity in time of the Leray-Hopf solution w. Indeed, Morrey’s
mequality tmplies that
-1
WhP(R) C C**(R) where o, = b=
p

— u e Cpe ([0,00); H'()),

with

o — 2 ford=2,
- s ford=3.

In order to prove Theorem [2.25] we define the following two bilinear and
one trilinear form and prove that they satisfy certain properties.

Definition 2.27 Let (-,-): L2(Q;R?) x L*(Q;R?Y) — R be a bilinear form
with the property that for all u,v € L*(Q;RY) it holds that

(u,v) :/Qu-vdx.

Definition 2.28 Let a :=a(-,-): H}(Q;R?) x H}(Q;R?) — R be a bilinear
form with the property that for all u,v € HL(Q;RY) it holds that

a(u,v) /Vu Vv dz.

Definition 2.29 Let b :=0b(-,-,-): V xV xV — R be a trilinear form with
the property that for all uw,v,w € V it holds that

b(u, v, w) := ( B(u,v),w) = /Q ((u-V)v) - wdz.

Note that the trilinear form b is bounded in V' x V x V. Indeed, let u, v, w €
V. Then it holds that

‘/ ((u-V)) - wdz

Holder s inequality

ClullZIVul 2wl I Vw| 2 Vol 2 for d =2

S ellzsllwllza Vol e

<
~— 1 3 1 3
Ladgn LClull 1Vl 2w || IV wl Vol 2 for d = 3.

enskaya s
inequality

< CfVull2 [Vl 22| Vo]l 2.
~—~

Poincaré inequality
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Therefore, b is a continuous, trilinear operator on V- x V x V.

Next, we state and prove two useful following lemmas regarding the trilinear
form b.

Lemma 2.30 For allu € V and for all v € H} it holds that
b(u,v,v) = 0.
Proof Assume first u € V and v € C°(Q2). Then we have, by definition,

_ 1 o, _ L : 2
b(u,v,v)—/ﬂ((u-V)v)-vdm— 2/Qu Vv|“dz = 2/levu|v| dx

Integration
by parts

= 0.
~—~
ueV

The general case follows by approximating u € V and v € H}(Q2) by smooth
functions in V and C2°(Q2) respectively, and then using the density of V in
V and C°(Q) in H}(Q). O

Lemma 2.31 For allu € V and v,w € Hg(Q), it holds that
b(u,v,w) = —b(u,w,v).
Proof Assume first u € V and v,w € C°(2). Then we have, by definition,

b, v, w) = /ﬂ (u- V) - wde = gd: /Q Wiy, da

ij=1

d
= — Z /ﬂ(@iuivjwj + uivjaiwj) d[L‘

Integration ¢,J=1

by parts

= — divuv-wdx—/ u-Vw) -vdx
[ st wde | (w9

= —b(u,w,v).

The general case follows by approximating u € V and v,w € H}(2) by
smooth functions in V and C2°(Q2) respectively, and then using the density

of Vin V and C*(Q) in Hj(Q). O
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2.2. Leray-Hopf Solutions

Now, using the bilinear and trilinear forms we have just defined, we can
state the following variational formulation of the incompressible Navier-
Stokes equations ([2.1)) with initial datum u.

ForT >0, find u: [0,T] — V such that for allv € V and for almost every
t € 10,7 it holds that

d

2 (), v) +b(u(t), u(t), v) + a(u(t), v) =0,

(2.18)
u(0) =uy in the L? sense.

Proof (of Theorem The following proof is based on the Galerkin
method, i.e., by considering finite dimensional subspaces of V and H. An
alternative approach is to use mollifications of the involved functions (see
e.g., [MB02, Chapter 3]), or use time discretisation after determining solu-
tions to the steady-state problem (see, e.g., [Tem01, Chapter 3]).

We divide the proof in a series of steps.

Step 1
We recall that by Corollary [2.22 there exists an orthonormal basis of
the space H consisting of eigenfunctions {w, },en of the Stokes operator

A:DA)CH—-CH.
We therefore define the space V,,, = span{wy, ..., w,,} so that for all m € N

it holds that
Vin C Vi1 C VL

Next, let T' € (0,00) and for each m € N, let w,,(t) := > 1" gim(t)w; be
the function with the property that for all v € V,,, and for a.e. ¢t € [0,7] it
holds that

d
E(um(t), V) + b(um (1), um(t),v) + a(uy,(t),v) =0, (2.19)
Um (0) = wom = Ppuo,
where ¢;m: [0,7] = R,7 € {1,...,m},m € N are real-valued functions and

P,.: H—V,, is the orthogonal projection in H on to V,,.

Of course, the existence of such functions u,,,m € N for all ¢t € [0,7] is
not a priori clear. In order to prove that such functions do indeed exist, let
m € N, let v =w, for some j € {1,...,m} and expand Equation (2.19) in
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2.2. Leray-Hopf Solutions

terms of the basis functions {w; };:

d
Z (U (t),0) + b (), wn (1), v) + atm(t), v) = 0

d m m
= u Zgi,m(t)(wh w;) + Z Gi;m (8) Gr,m (1) b(wi, Wi, wy)
i=1

ik=1

+ Zgi,m(t)a(wi, w;) = 0. (2.20)

Observe that by the orthogonality of the eigenvectors {wy, }nen, for all ¢, 5 €
{1,...,m} it holds that

(wi, U)j) = (52']' and CL(’U),L', U)j) = )\15”

Next, for all 7,7 € {1,...,m} let Bi; := b(w;, wy, w;). Equation (2.20)) then
reduces to

G + Y i (V)G (D) Big + g (D) A; = 0. (2.21)
i,k=1

Equation (2.21)) is a system of non-linear, locally Lipschitz differential equa-
tions for the functions g¢; .7 € {1,...,m}. We can supplement this system
of ODEs with initial conditions by setting for all i € {1,...,m}

Gim(0) = ull),
(%)

where u ,

is the i"" component of the initial datum UQ,m-

Standard existence and uniqueness results for ODEs then imply that there
exists some t,, € (0,00] such that this initial value problem has a unique
solution on the time interval [0, ¢,,). This proves the (local) existence of the
function w,,.

Remark 2.32 Thus far, for every m € N, we have only proved local ez-
istence of the solution wu,, on the open time interval (0,t,,). For each
m € N, if we can show that the solution does not suffer from blow-up,
i.e., im,_,— |u,(t)| # oo, then, for all m € N, we will have existence of
solutions u,, on the closed interval [0,T). We will use a priori estimates to
show that the solution indeed does not suffer from blow-up.
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2.2. Leray-Hopf Solutions

Step 2

Let m € N and let u,, be defined as above. Consider the system of dif-

ferential equations (2.19) and for each ¢t € [0,%,,), let v = u,,(t). For all
€ (0,t,,) it then holds that

ot

(Qum(t), um(t)> + b (), i (£), um () + fz(um(t), um(t))j = 0.

-~

:MHvum(t)‘@g

Lemma [2.31] which states that the trilinear form b is skew-symmetric im-
plies that for every ¢ € [0, t,,), we have

b(wm (1), wm (), um(t)) = 0.

We therefore obtain that for all ¢ € [0,¢,,)

= lum @[22 + pll VBl =0,

and integrating in time, we obtain that for all ¢ € [0,¢,,) it holds that
t
lum ()72 + 2#/0 IVt ()72 ds = lJuomllz2 < lJuollZ2- (2.22)

Hence, for all ¢t € [0,t,,), ||um(t)]|7, is bounded by |lug||7.. This in turn
implies that

Hm ||u,,(8)]|z2 = K < oo.

t—tm

Note also that by definition for all ¢ € [0,¢,,) it holds that

lum ()17 = Z Gi;mGsm (Wi, w;) Zgzm,

i,7=1

This implies that the g; ,, stay bounded uniformly in ¢ and hence, solutions
to the ODE (2.21)) do not suffer from blow-up. Therefore, for any arbitrary
T > 0 we may set t,, = T. It follows from (2.22)) that for all 7" > 0,

Hence, solutions to the ODE ([2.21]) do not suffer from blow-up and there-
fore, for any arbitrary T" > 0 we may set t,, = T. It follows that for all
T > 0 it holds that
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2.2. Leray-Hopf Solutions

sup | (s)lI72 < lluoml72 < fluollZz, (B1)

and therefore the sequence of functions {u,, } men is (uniformly in m) bounded
in ([0, T]; H).
Similarly, we obtain from ([2.22)) that for all 7" > 0

T
2 / IVt ($)[22 ds < [, (B2)

and therefore the sequence of functions {u,, } men is (uniformly in m) bounded
in L2([0,T]; V).
Finally, in view of (B1]) and (B2) we can use the Banach-Alaoglu theorem

to obtain the existence of a subsequence {u, }jen and a function
u € LOO([O,T]; H) N L2([O,T]; V) with the property that

Upn, Su o in LOO([O,T];H) as j — 0o,

Upm, —u in L*([0,T];V) asj — oo.
Notice that these convergence results hold for any 7" > 0 finite, since our
choice of T" was independent of the parameters.

Throughout the remainder of this proof, we will for simplicity relabel the
subsequence {tyy,; }jen as {Unm fmen-

Step 3

Our goal is to show that the limiting function u is a weak solution of Navier-
Stokes equation and in particular satisfies for all test functions in
C>(0,00; V). We therefore consider the variational formulation for
U, and analyze what happens to the various terms when we pass to the
limit m — oco. As we are in the end interested in distributional solutions
to the Navier-Stokes equations, we test, instead of testing with a function
Um € V,,, with an arbitrary test function

o(t) =nt)v(z), neCX((0,00)), ve. (2.23)

Using that P,,v € V,,,, we obtain from the finite dimensional problem ([2.19))
the following expression:
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2.2. Leray-Hopf Solutions

= /O h (O (t), ¢(t) — Ppro(t)) dt + /0 h b(um(t), un (t), ¢(t) — Pro(t)) di

[\

(i) (iti)

# [ alunm(e).00) = Pao(o) . (2:24)

J/

-~

(i)

We utilize the weak and weak*-convergence of the sequence {u,}men to
analyze the limits of each of the terms in (2.24)) as m — oo.

(i) /Oooa(um(t),(b(t)) dt = ,u/ooo n(t) /Q Vun(t) : Vo(t) dzdt
" /000 n(t) /Q Vu(t) : Vo(t) dedt = /000 a(u(t), ¢(t)) dt,

since Vu,,, — Vuin L?((0,T) x Q) for any T' > 0, and 7(t) has compact
support.

(7) Due to orthogonality of the Stokes eigenfunctions, it holds that

/U-medx:/IP’mv-wdx, v,we H. (2.25)
0 Q

Hence,

/0 " Ouun(t), (t) — Pro(t)) dt = /0 " O (1), v — Pov) (8) dt = 0.
(i) ] /0 b (), m(£), B(t) — Prd(2)) dt’
/0 )| /Q (1) - Vi) - (0 — By ]

Lem. .37

/0 o) / (t(8) - V) (0 = Boy) - te(£) (0 — Py vt

=/ eIV (@() = Pu (b)) dt

Holder’s
inequality
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2.2. Leray-Hopf Solutions

Let T such that supp(n) € (0,7). Applying now Ladyzhenskaya’s

inequality, Theorem , to ||um||£4(q), and using (B1]) and (B2) with
Holder’s inequality for p = 4/d and ¢ = 4/(4 — d), we obtain that

‘ /Ooo b(tn(t), (1), &(t) — Prmp(t)) dt)
<0 [ VU En D6 ~ B
S IV OV~ Pl
(IE30)

4—d
4

ClIV et || 70,7952 ( / "IV — Buod)] ddt)

O”V(Cb - Pm¢) HL4/(4*d)((0,oo);L2(Q))7

and since {wWp}men € H is an orthonormal basis of H and ¢ €
C°((0,00); V), it holds that

[ 1660 = B0 ey =5 o

/OOO b(um(t), um(t), d(t) — Pro(t)) dt‘ =0.

and thus

lim
m—0o0

) This term is bounded in a similar way as term (7

’/ (U (1), 3(t) — Poub(t) dt‘:u/o /QVum:)V¢IPm¢)dxdt

Holder
< |V || 20, <) [V (@ = Pr@d) || 22(0,1)x0)

< ClIV(¢ = Pmd)ll 2 (0,1)x0)

(v) We integrate by parts in time and use that 7 is compactly supported
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2.2. Leray-Hopf Solutions

and u,, — win L*((0,T) x Q) for any T' > 0 when we pass to the limit:

h (Dpun (1), ¢(t)) dt = — b () | wpm(t)v(x)dedt
] o]
s /0 ' (t) /Qu(t)v(x) dx dt
__ /0 " (ult), Bi6()) dt.

If we can show that the term [°b(tn,, U, ¢)dt converges to [b(u, u, ¢)dt,
we have proven that the limit u satisfies for test functions of the
form (2.23)). Unfortunately, this term is nonlinear and therefore the
weak convergence of {um}meN is not sufficient to guarantee conver-
gence to fooo b(u,u, ¢)dt as for instance Example shows. So we
need compactness in a stronger topology to be able to conclude. It
turns out that strong convergence in L*((0,7) x ) is enough as the
following argument shows:

Adding and subtracting, the term (vi) can be rewritten as (we assume
that 7(¢) has support in (0,7))

_ /O /Q ((ult) - V)6(2)) - ult) dudt.

We consider each term separately. The second and third term on
the right hand side converge to zero as m — oo due to the weak
convergence of u,, — u. The last term is what we would like to have,

so let us show that also the first term goes to 0 as m — oo if we assume
that u,, — win L*((0,T) x Q).
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2.2. Leray-Hopf Solutions

/0 /Q ((m(t) = u(t) - V)$(t)) - (um(t) — u(t)) dxdt

< / e (£) — w(®) 2 V()| 2 .
Holder’s
inequality

= /0 et (£) = w() 172"V (i (1) = w2 VS0 12 dt,

where the last inequality follows from Ladyzhenskaya’s inequality. We
can then use the triangle inequality to obtain

/0 /Q ((um () = u(t) - V)@(2)) - (um(t) = u(t)) dadt

d/2

S/O [t () —u(t)HiZd/Q(HVum(t)HLz + | Vu(®)|z2) "IV (t)|| 2 dt

2—d d
<t = ull T2l zyxey (IVetmllz2 + [Vl 22) " IV ]| o o722

-
< Ol — ull gl 2y IVl 07222

Therefore, under the assumption that the sequence u,, — u in the strong
L? ([O, T x Q) sense, the above term also converges to zero. We can therefore

conclude that for all ¢ = nv as in (2.23)), it holds that

im [ b(um(t), um(t), 6(t)) dt = /O b (u(t), u(t), o(t)) dt.

m—00 0

Thus, Equation (2.24]) implies that if the sequence u,, — w in the strong
L2([0,T] x Q) sense then for it holds that

T
| @(0.00)) + (u(t) ). 0(0) + o u(t) o))t =,
for ¢ of the form (2.23). The general case for ¢ € C°(0, 00; V) follows by

standard results on approximation of functions.

Step 4
To show that u,, — uw in L*((0,T) x Q), we use the Aubin-Lions lemma
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2.2. Leray-Hopf Solutions

We note that for X =V and Y = H, assumption (Al]) of the lemma
is already satisfied. We now show that (A2)) is satisfied for Z = H1(Q),
q = pa, where pg = 4/d for d = 2,3, that is,

Oy, € LP? (O,T, H_l(Q)) uniformly in m € N,

where pg = 2 for d = 2 and py = 4/3 for d = 3.
We recall from the finite dimensional variational formulation (2.19)) that

/OOO (8tum(t),¢(t))dt:—/o b(um (1), wn (t), Pro(t)) dt
—/0 a(um(t), Pro(t)) dt.

Since u,,, satisfies the conditions and for every m € N, it therefore
holds that the two terms on the right side of the equation are bounded in
LPa(0,T, H(2)). Specifically, observe that for all ¢ € (LP4(0,T; H(2))" =
LPa(0,T; HY(Q)), where p/; = pa/(pa — 1), it holds that

T T
/O a(um(t),Iqub(t))dt‘:‘u /0 /Q Y, : VP, dedt

< pl| VL2 0,0y <) [ VPm || 20,7y 0)
< plVum| 220,02 VPOl 20,7y x )
< pl| V|| 20,1y < |91l 20,712 (2))

where we have used that the eigenfunctions of the Stokes operator are or-
thogonal for the second inequality and Remark for the third. Using
the bound (B2)), we then obtain
T
[ atintt) Bastt)it] < ez
0
< Cllo|

LP4(0,T:HL(Q))"
(7 ’ 0( ))

We proceed to estimating the other term.

/OT/Q ((t + V) ) * Prnh dxdt‘

T
/ /((um-VIP’m@)-umda:dt’
0 Q
T
< / et (8) 24 [ VB 2 .

/OT b(tm (1), wm (t), Prnp(t)) dt‘ _

Lem 231
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Now we apply Ladyzhenskaya’s inequality to the last expression to obtain

that for d € {2, 3}

T
/0 et (8) 2 VB 2

T
¢ / [t ()22 Ve (O L3 | VP 2 it

T
< Cllum 222 1oy / [Vt (8) |2 VB 12 dt
1) \
= c / IVt (B2 VPG| 12 dt
0

lder d
Ol Vum )11 0.2y x ey I VPSN pv6-000 12222

d
<
S ClIVPo|

< gl

LPa(0,T;L2(92))
Lpd 0,T;HE ()
It therefore follows that
Oy, € LP4(0,T, H (),

where p; = 4/¢. Combining this with (B1)) and (B2|), the assumptions of
the Aubin-Lions lemma are satisfied and we conclude that u,, — u in
L2((0,T) x Q) up to a subsequence.

Finally, we note that in view of Remark which implies weak continuity
of the solution u, for all Lebesgue points it holds that

lim [ wy,(t)pdr = / u(t)pdr uniformly in ¢ € [0, 7.
Step 5
Note that since u,, € V,, C V, we have divu,,(t) = 0 for any m and

therefore using the weak continuity, we have for any test function ¢ €
e ()

= lim [ Vo u,(t)de = / V- u(t)d.
Q

m—ro0 Q

In particular, the limit function u is divergence free in the sense of distri-
butions.

In order to conclude this proof we must show that the solution u satisfies
the energy inequality, and we must show that the solution w attains the
initial value in the L? sense.
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Step 6
First, observe that by the properties of weak convergence, Theorem [A.T3]
we have

t t
/ Vu(s)||3. ds < lirriinf/ |Vt (8) |22 do,
0 m=oo Jo

and furthermore for a.e. t € [0, 7],

lu(®)lIz < Timsup [fun ()7

m—0o0
Since
lim sup(a,, + b,,) > limsup a,, + lim inf b,,,

we conclude, using Equation ([2.22)) that for a.e. ¢ € [0,T] it holds that
t
()22 + 2#/0 IVu(s)lIZz ds < JuollZ-.

Step 7
Finally, in order to prove that the solution u attains the initial value in the
L? sense, observe that the weak continuity of « implies that

o172 < Tim inf [lu(t)]|7..

Moreover, the energy inequality implies that

limsup ||u(t)]|72 < |luoll3e,
t—0+

and therefore

l. t 22 — 22.
t1101+1 [u(@)]]7, [[uoll7
['hus, it holds that

lim [fu(t) = o2 = Tim ( ()l +luollf — 2 fuo, u(®))s2 )
t—0+ =0T \ e — ——
—luoll? » —luoll?,

=0,

where we have used the weak continuity for the last term.

The proof is complete. U

Exercise 2.33 It can be shown that Leray-Hopf solutions constructed in
this way satisfy the weak formulation for more general test functions
than ¢ € C*(0,00;V). Go through the steps of the proof and try to find
out what requirements on the test functions are needed.
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2.2.4 Uniqueness of Leray-Hopf Solutions

Thus far, we have only proven the existence of weak (Leray-Hopf) solutions
to the incompressible Navier-Stokes equation. We now discuss the question
of uniqueness of such weak solutions. It turns out that in the case of two
spatial dimensions, Leray-Hopf solutions can be shown to be unique.

Theorem 2.34 (Uniquness of Leray-Hopf Solutions in 2-D) Letd =
2, let Q C R? be an open, bounded set with smooth boundary OS), let
uy = vg € H, and let u,v be two Leray-Hopf solutions to the IBVP for
the incompressible Navier-Stokes equation with initial datum ug,ve. Then
U= a.e.

Proof Let T > 0, let u,v: [0,7] — V be two Leray-Hopf solutions to the
IBVP (2.2)), let w = u — v. Then, for all test functions ¢: [0,7] — V and
for a.e. t € [0,7] it holds that

(Ow(t), 6(t)) + a(w(t),6(t)) + bu(t), w(t), ¢(t)) + b(w(t), v(t), 6(t)) =0,

tim [uo(t) 2 = [Jwollz2 = 0.

In particular we pick ¢ = w to obtain that for a.e. ¢ € [0, 7] it holds that

L )2 + ull w2 = - /Q ((w(®) - V)o(t)) - w(t) do

— /Q ((u(t) . V)w(t)) ~w(t) dx

~—~
Lemma [2.30)

v Q

Lemma

It follows from Holder’s inequality that
/Q((w(t) - V)w(t)v(t) de < JJw(t)|| o[ Vw(t) | cllo(@)]| s

< Clw®)| Vo) Vo) | @)V f
Ladyzh-

enskaya’s
inequality

= Cllw(®)[| 2V w )| 2l @21 Vo @)
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Next, we recall that by Young’s inequality, for any a,b € R, ¢ > 0 and
Holder conjugates p,q > 0,

leal”  [b]
+ —.

|ab] <
P ge

Thus, we pick p = ‘51, g=4and e = (2?“)3/4, and apply Young’s inequality
to obtain that

(Ivw@®172) (Cle@ @121V @l12)

C
< SIVw(®)lz: + E||Vv(t)||%2IIU(t)Ilizllw(t)Hia-

IS

Therefore, for a.e. t € [0,T],

u C
5 7 1w @Iz + pl V@) < SVl + EHVU(t)H%Q||'U(t)||%2||w<t)”%2
Ld $

—
2dt

1 C
lw(®)zz + SIVe@ll: < EHVU@)H%HU@)HEHw(f)H%w

Now applying Gronwall’s inequality, we obtain that for a.e. ¢t € [0, 7],

é t
lw(®)|IZ2 < llwollZ: exp <E/0 IVo(s)[1Zallv(s)l172 dS) :

where the integral in the expontential is bounded thanks to the energy
inequality. Since ||wpl|z2 = 0, it follows that for a.e. ¢ € [0, 77, ||w(t)]|2=0,
and therefore u = v almost everywhere.

We remark that the last inequality also gives us stability of Leray-Hopf
solutions with respect perturbations of the initial condition. O

Remark 2.35 Unfortunately, the above uniqueness proof relies crucially
on the Ladyzhenskaya inequality [A.4) in two spatial dimensions, and there-
fore the same approach does not work in the three-dimensional case. The
uniqueness of weak solutions to the incompressible Navier-Stokes equations
i three spatial dimensions s an open problem. It is nevertheless possible to
show that if a so-called strong solution to the incompressible Navier-Stokes
equation exists in 3-D, then this strong solution must be unique.

Definition 2.36 (Strong Solutions) Let d = 3, let H: =V, let Q C R?
be an open, bounded set with smooth boundary 0S), let ug € H and let
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u: [0,T] — V be a weak solution to the IBVP (2.2)) for initial datum ug
with the property that

d=2: wuye€L? and u € L;o(0,T; HYN L} (0,T; H?)

loc loc

d=3: wug€ H} and ue C,(0,T; HY) N L*(0,T; H?),

where C,, (0, T; HY) is defined as the space of all weakly continuous functions
v: [0,T] — H..

Theorem 2.37 (Uniqueness of Strong Solutions) Let d € {2,3}, let
Q C R? be an open, bounded set with smooth boundary 09, let ug = vy €
H! =V, and let u,v be two Leray-Hopf solutions to the IBVP for the
incompressible Navier-Stokes equation with initial datum ug, vy respectively.
If v is a strong solution, then u = v.

Proof Let T > 0, let u,v: [0,7] — V be two Leray-Hopf solutions to the
IBVP with initial data ug, vg respectively, and in addition, let v be a
strong solution. For the case d = 3, the Gagliardo-Nirenberg interpolation
inequality implies that for a.e. ¢ € [0, 7] there exists some constant C'
such that

l(®)llze < CIVUOIE o)1,

where 1 < ¢, < 00, @ € [0,1] and p € R is given by

1 (1 1) 1—a
-—=(-==z)a+ :
P r 3 q

In particular, for r = ¢ = 2 it holds that

I a l-a
p 6 2
3 —2a’ 2 p

Thus, for @ € [0,1] we have p € [2,6]. We can therefore conclude that for
a.e. t € [0,7] and for every p € [2,6] there exists some constant C' such
that

3_3

1
2

3
lo@)llre < CIIVO@)] 72 "ol 72 7,

and in particular for a.e. ¢t € [0, 7] there exists some constant C' such that

lo(®)]ls < CIVo®)||llo(t)]|2. (2.26)
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The remainder of the proof is very similar to the proof of Theorem [2.34] Let
w = u — v. Then, for all test functions ¢: [0,7] — V and for a.e. t € [0, 7]
it holds that

(Drw(t), (1)) + a(w(t),o(t)) + b(w(t),v(t), d(t)) + b(u(t), w(t), p(t)) = 0,

Jim Jlw(®)lz2 = |lwollz2 = 0.
In particular we pick ¢ = w to obtain that for a.e. ¢ € [0, 7] it holds that

g0 + Vo = = [ (@) 9y0) - w(t)da

_ —/Q((w(t)-V)v(t)) “w(t) da.

~—~
Lemma [2.30]

Next, observe that by Holder’s inequality it holds that
[ (@) 9300) - wit) do < o) 1900
and now applying the estimate ([2.26]) obtained from the Gagliardo-Nirenberg

interpolation inequality we obtain that

lw(®)[Z1Vo(®)lls < Cllw®) 2V (@) 2l Vo) IV (0]

We pick p = ¢ = 2 and € = ;'/?, and apply Young’s inequality to the obtain
that

(Ivw(e)l2) (Cllwo@ e o) |21V 6)]17)

C
< SIVwllZ: + ;||w(t)lliz||Vv(t)ll2LzIIVQU(t)H%z-

N =

Therefore, for a.e. t € [0,7] it holds that

0 C
5 7 1w @Iz + pl V@) < SV + ;||w(t)||%2HW(t)Ilizllvzv(t)lliz

@F

1d

—
2dt

1
lw®z: + FIVwOlz: < —llw®)l7: [VoOILIIVo®)l:,

~
bounded by hypothesis

=
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2.2. Leray-Hopf Solutions

and applying Gronwall’s inequality, we obtain that for a.e. t € [0, T],

6 t
o (®) 2 < ol exp (; [ Ve vl ds) |

Since ||wpl|z2 = 0, this implies that for a.e. ¢t € [0,T], ||w(¢)]|.2=0, and
therefore u = v. O

We conclude this subsection by stating some additional results on unique-
ness of solutions to the incompressible Navier-Stokes equations in three
spatial dimensions. In fact, the literature contains additional refinements
of Theorem [2.37 We state, without proof, one such result.

Theorem 2.38 [Lio69, Theorem 6.9, Pg. 84] Let d € {2,3}, let T > 0,
let Q@ C R? be an open, bounded set with smooth boundary 09 and let
ug = vy € H: = V. Then there exists, at most, one solution u to the IBVP
for the incompressible Navier-Stokes equation with initial datum ug
such that

ue L*(0,T;V)NL®(0,T; H),
u e L30,T; LY(Q)). (2.27)
Moreover, such a solution is continuous from [0,T] into H.

Remark 2.39 Consider the setting of Theorem [2.38 One can also re-
place the result (2.27)) with the conclusion that the unique solution u €
LP(0,T; L9(Q)) where

2

= +g <1 fQ is bounded,

p q

2 d

—+—-—=1 if Q is unbounded.
p q

Furthermore, if this solution exists, then it is unique in L* (0, T, V) NL> (0, T, H)

and in the space of functions with finite LP-norm in time and finite L9-norm
m space.

Finally, we also have the following interesting result.

Theorem 2.40 Let d = 3, let T > 0, let Q@ C R? be an open, bounded set
with smooth boundary 9 and let ug € H}. Let u be a weak solution to
the IBVP (2.2) for the incompressible Navier-Stokes equation with initial
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datum ug such that u is has finite LP-norm in time and finite L9-norm in
space where
2 d

-+ =<1
p q

Then, u is in fact a strong solution, i.e., continuously differentiable in space
on the time interval [0,T). Under the weaker constraint that the initial
condition ug € L2, then it holds that u is a strong solution on the time
interval [to, T for any to > 0.

Proof Theorem and its proof can be found in a paper of J. Serrin
[Ser62l, Section 3]. O

Results on Time-Continuity

In this section, we will explore the time-continuity of functions of time
and space. These results will be useful in our study of the time-dependent
problem. We begin with a simple lemma.

Lemma 2.41 (Lemma 1.1, p. 250 [TemO1]) Let X be a Banach space
with dual space denoted by X* and let u,g € L*(a,b; X). Then the following
are equivalent.

(i) u is a.e. equal to a primitive function of g, i.e, there exists £ € X
such that for a.e. t € [a, ],

u(t) =&+ /tg(s)da:.

(it) For each test function ¢ € C§°((a,b)),

—(u(t),n) = {g(t),n) in the sense of distributions.

If either of the conditions (i) — (ii7) is satisfied, then in particular, u is a.e.
equal to a continuous function from [a,b] into X.
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2.2. Leray-Hopf Solutions

Proof (i) = (iii):
Let n € X*. Then for all ¢ € C§°((a,b)),

. b
2—/&amwwdt

d b ,
Emmk:,—l<mm¢@dt
butional

- /ab</:g(8) d87n>¢>’(t) di
- (€) (90) ~ 9(a) / / ) ds ¢/ (t) dt

" d
‘=,_A;E(£@@xmdgawﬁ
Integration
by parts

b
= [ totermote)dt i fon)

distri-
butional
sense

—~

(ii) = (ii):
For all n € X* and for all ¢ € C5°((a,b)) it holds that

—/mewﬁz/wwﬂwﬁ

¢¢<—Zﬂqur1/;wawﬁm>:o

— —/ u¢’(t)dt—/ (D)6 (1) dt = 0.
(i) —> (i):

Let ug: [a,b] — X be a function with the property that for all ¢ € [a, ] it
holds that

Then, wug is absolutely continuous and uj = g¢. Thus, () holds with u
replaced by u. Moreover, if we define v := u — ug then by assumption for
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2.2. Leray-Hopf Solutions

all ¢ € C’é’o((a, b)),

/ bv(t)¢’(t) dt = 0. (2.28)

Therefore, if we can show that v = &, where £ € X is a constant element of
X, then we are done. Indeed, for a.e. t € [a, ] it would imply

ult) = wlt) + o) =€ + [ g(5)ds

Hence, let ¢o € C5°((a,b)) such that fab ¢o(t)dt = 1. Then for any ¢ €
Cs°((a,b)) it holds that

= Ao+, (2.29)

where A € R is given by
= | o),
and ¢ € C°((a, b)) is the function with the property that for all ¢ € [a, b],
e(t) = /at (6(s) — Ao(s)) ds.
Next, let € := ["v(s)¢o(s) ds. Then for any ¢ € C5°((a,b)), we have
[ w0 -gowa= [ o [“eona
b b

5£wwmw—Av@%@wlwwﬁ
b

| o0 + ) de =2 [ ots)onts)ds

- / bu(t>¢0(t) dt + / bv(t)l//(t) dt —\ / bv(s)%(s) ds

=0 by (2.28))
=X — X =0.
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2.2. Leray-Hopf Solutions

We therefore conclude that for all ¢ € C5°((a,b)) it holds that

b
| o -getwi=o
and therefore v = £ a.e. The proof is thus complete. O

At this point, a natural question to ask would be how Lemma [2.41]is useful
in our study of Leray-Hopf solutions. To answer this question, consider
the setting of Theorem and let u: [0,7] — V be a Leray-Hopf so-
lution. Then, observe that we have previously established that u,du €
L3(0,T; H-1()) since u € L= (0,T; L*(2)) < LY*(0,T; H-1(Q2)).
Hence, we can set X = H~1(Q), X* = H}(Q) and u, g := dyu € L*(0,T; X).
It follows that for all n € C§°((0,7)) it holds that

—Auwwwﬁ:4<www@ﬁ:4@mwww

Therefore, condition (iii) of Lemma is satisfied. Therefore, condi-
tions (i), (i¢) of Lemma are also satisfied and the Leray-Hopf solution
w: [0,T] = H*(Q) is continuous.

In fact, it is possible to obtain a stronger result than Lemma [2.41]
Lemma 2.42 (Lemma 1.4, p. 263 [TemO1]) Let X C Y be two Ba-
nach spaces such that X — Y 1is a continuous embedding, let T > 0, let

¢ e L™ (O, T; X) be a function that is weakly continuous in'Y , i.e., for all
v € Y™ the function given by

t = (o(1),v),
15 continuous. Then ¢ is also weakly continuous in X.

Proof We can replace the space Y with the closure of the space X in Y,

ie., X" This allows us to assume that X is dense in Y, Hence, by duality,
the dense continuous embedding of X into Y implies that the dual space
Y™ is continuously embedded into X*.

By assumption, for each € Y* and for all ¢ € [0, T], we have

lim (4(t), 1) = (b(to),n)- (2.30)

t—to
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2.2. Leray-Hopf Solutions

We must show that Equation (2.30)) also holds for all n € X*. To this end,
we first show that for all ¢ € [0,77] it holds that ¢(¢) € X and also

[0 lx < [|@ll s 0.7:x)- (2.31)
Indeed, by regularising the function ¢ such that

_ {¢ on [0,

0  otherwise,

¢

we obtain a sequence of smooth functions {¢m }men: [0,7] — X with the
property that for all m € N, for all t € [0,7] and for all n € Y* it holds
that

[om(@®)llx < l¢ll=r:x),

and

lim (@, (t), 1) = (B(t),m).

m—o0

Therefore, for all m € N, for all ¢ € [0,T] and for all n € Y* it holds that

|Om (L), 1] < [0l] L 0.y [l x+

and we obtain in the limit that for all £ € [0, 7] and for all n € Y* it holds
that

|6(t), nl < (|| oo o) [[ml] x+

Therefore, using the fact that Y* C X* is dense, we obtain that for all
t € [0, 7] it holds that ¢(t) € X and furthermore, the inequality (2.31]) also
holds.

Next, let n € X*. Since Y* C X* is dense, for each € > 0 there exists some
1. € Y* such that

17 = 7nellx- < e
For all ,t, € [0, 7] it therefore holds that
(0(t) = d(to), m) = (B(t) = B(to),n — ne) + (B(t) — B(to), 7e)-
= [(o(t) — ¢(to), m)| < 2¢[|¢l|(o.r,x) + [{B(t) — B(to), 1)
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2.2. Leray-Hopf Solutions

Since 7. € Y*, the weak continuity of ¢ in Y implies that

t—to
Hence,
111;1%11) [(o(t) — d(to), m)| < 2€[|§]| Lo 0,7,%),
and since € > 0 is arbitrary, this proves the claim. 0

Remark 2.43 In particular, if we set X = H and Y = V* then Lemma
implies that Leray-Hopf solutions are weakly continuous in H.

In the case of two spatial dimensions, it is possible to prove an even stronger
result.

Lemma 2.44 (Lemma 1.2, Pg. 260 [TemO1]) LetV, H be Hilbert spaces
with the property that V. C H = H* C V* and let the function u €
L*(0,T;V) be such that Ou € L*(0,T;V*). Then u is almost everywhere
equal to a continuous function from [0,T] into H and furthermore it holds
that

d
£|u|2 = 2(u’, u) in the sense of distributions on (0,T). (2.32)

Proof We first show that Equation (2.32) holds for u € L?(0,7; V) such
that dyu € L*(0,T; V™).

To this end, let u: R — V' be the extension of u given by

- {u on [0,7]

0  otherwise,

We can then approximate @ by a sequence of smooth function {u, }men C
C>(0,T;V) with the property that

W}lgéo [ UHLl?OC(o,T;V) =0, (2.33)

nll—lgo H@tum — atuHLlZOC(O’T;V*) =0. (234)

Since the sequence {uy, }men is smooth in time, for all m € N it holds that

d 2 d _ ! _ /
%H'Um(t)HH = %(um(t),um(t))H = 2, i) = 2{Up, uly).

o8



2.2. Leray-Hopf Solutions

It follows from Equations ([2.33])-(2.34) that

|t |? " u? in L}OC((O,T)),
(U, Upy) "2 (Wl u)  in Llloc((O,T)).

Therefore, passing to the limit we obtain that for all ¢ € C§°((0,T)) it
holds that

~ [ M@ =2 [t ot a

— _/0 [u(t)||% 6 (t) dt:2/0 (u(t), u'(t))o(t) dt
— Sl =241

Since (u,u’) € L'((0,T)) the above equation implies that v € L>(0,T; H).
It follows by Lemma that u is a continuous function from [0, 7] into
V*. Moreover, since u € L*(0,T; H), it follows by Lemma that wu is
weakly continuous from [0,7] into H, i.e., for all v € H it holds that the

mapping

t— (u(t),v), (2.35)

is continuous on [0, 7.

Next, note that for all ¢, € [0, 7]
[u(t) = u(to)llzr = lu@®) + lulto)lF — 2(u(t), ulto))

Moreover, by Equation (2.32)) for all ¢,¢, € [0, 7] it holds that

[u(t)[* = |u(to)|? +2/ (u'(s),u(s)) ds = lim [u(t)]* = Ju(to)|*,

to t—to

and therefore, in view of ([2.35) we obtain

lim [Ju(t) — u(to) [ = 2lu(to)|* — 2Ju(to)|* = 0.

t—to

The proof is thus complete. 0
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Remark 2.45 In the context of Leray-Hopf solutions, we have V = H}(),
H = L2(Q). Note also that if d = 3, then ,u € L*(0,T;V*) and therefore
we cannot apply Lemma [2.44).

Remark 2.46 Lemma also holds if we assume that v € L*(0,T; V)N
L>(0,T; H) and Oyu € L*(0,T;V*)N LY(0,T; H).

Regularity of Leray-Hopf Solutions in 2D

The previous subsections have demonstrated the existence and uniqueness
of Leray-Hopf solutions to the incompressible Navier-Stokes equations in
two spatial dimensions. We now discuss the regularity properties of such
Leray-Hopf solutions. We begin by stating a result on the regularity of the
time-derivative of Leray-Hopf solutions.

Theorem 2.47 Let d = 2, let T > 0, let Q C R? be an open, bounded set
with smooth boundary 09, let V.= H:, H = L% and let ug € H*(Q)NV.
Then the unique Leray-Hopf solution to the IBVP of the incompress-
ible Navier-Stokes equation with initial datum ug satisfies

du e L*(0,T;V) N L=(0,T; H).

Remark 2.48 We remark that by the results of the Section|2.2.5, Theorem

implies that uw € C([0,T]; V).

Proof We consider the Galerkin approximation of the variational formula-
tion of the incompressible Navier Stokes equation ([2.19)):

d
E(um(t), V) + b(um (1), um(t),v) + a(um,(t),v) =0,

Um (0) = ug m,

where g, is defined as the orthogonal projection of ug € H*(2) NV onto
the finite-dimensional subspace H?(€2) N V;,. Then note that UQ,m — Up N
H?(Q2) as m — oo. Moreover, we observe that

HuO,mHH2 < ||U0||H2

Next, we pick v = w; for each j € {1,...,m} where {w;};en are the
eigenvectors of the Stokes operator A. Thus, for each j € {1,...,m} and
for a.e. t € [0,77] it holds that

d

%(um(t), w;) + b(um (1), um(t), w;) + alun,(t), w;) = 0. (2.36)
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Our aim is to show that for all m € N and for a.e. ¢t € [0, T}, the time deriva-
tive %um(t) remains in a bounded set of L? (0, T, V) NL> (O, T: H). This will
then imply that for a.e. ¢ € [0,T], the time derivative % limy,, o0 U (t) =

£Lu(t) also remains in the same bounded set.
To this end, for each j € {1,...,m}, we multiply equation (3.1)) with g} ()
and sum the resulting equations over all j € {1,...,m} to obtain that for

a.e. t € [0,T] it holds that

GO ST OIS T CRORMON SO

+a (Um(t>’ i gé,m(twj) ‘

Using the fact that the eigenvectors {w;};en form an orthonormal basis of
H?(Q) NV, we therefore obtain the following equation which holds point-
wise for a.e. ¢t € [0,77:

10stm ()] 72 + b(wm (t), wm (), Optin () + a(tm(t), Qum(t)) = 0.  (2.37)

Let us now consider Equation (3.2]) at time ¢ = 0 first:

19110 ()32 = = bt (0), (0, Bt (0)) = (11 (0), D (0)
= = b(tto.ms 0., Dot (0)) + (Atto m, Dptn (0))

~
Integration by parts

< Nuomllzall Vo mll zal|Oum (0) | 2 + | Avg m | 22 | Ortin (0)]| 2

Holder’s
Inequality

< Clluomllz o mll 3 leto,m |17 19st1m (0) | 2 + g1t m | 1121 9sttn (0) 1 2

Ladyzh-
enskaya’s
inequality

1 1/2

< Clluoll g2 lluollmy lluoll 72 | 0rttn (0) |2 + pelltol| 2| Oeten (0) ] 2

Projection
property

1 1
< 100 O)IZ2 + AC% ol 2 ol ol a2 + 19 (0) 72 + 4C%4 o e

Young’s
inequality

= (|00 (0)|[7> < 8C*Juol| 2 luolzr luoll = + 8C?4?|[uo||F < € < o0.
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Hence, it holds that d,u,,(0) € H.

Next, let us once again consider Equation (3.1]). We differentiate both sides
of this equation with respect to time to obtain that for each j € {1,...,m}
and for a.e. t € [0,7] it holds that

(Opum(t), ;) + a(Opum(t), w;) + b(Opwm (t), um(t), w;)
+ b(um(t), Oyt (1), wj) = 0.
For each j € {1,...,m}, we multiply the above equation with g}, (¢) and

sum the resulting equations over all j € {1,...,m} to obtain that for a.e.
t € [0,77] it holds that

(O um (1), O (t)) + a(Opum (), Optin () + b(Ostin (1), U (t), Opun (t))
+ b(m(t), Opum(t), 8tum(t))l =0.

~
=0 by Lemma [2:30]

Therefore for a.e. t € [0,7] it holds that
= —[|0sum (D)1 72 + 1l VOum ()| 72 = —b(Osum(t), wm(t), pum(t)). (2.38)

It now remains to obtain appropriate estimate the right side of Equation
(3.3). To this end, we observe that

(st (t), i (t), Oetin (1)) é”é’tum(t) 7l Vet () 2

Holder’s
Inequality

< CllOsum ()| 21| 0eV i (E) || 2| Ve (£) ] 2
Ladyzh-

enskaya’s
inequality

1 C?
< 51V (®)lz: + ZHatum(t)HizHV’um(t)Hiz,

Young’s

inequality
and therefore, for a.e. ¢t € [0,77] it holds that
d C?

10Oz + VO (]2 < 7||3tum(t)llizIIVum(t)lliz-

Finally, we apply Gronwall’s Lemma to obtain that for a.e. t € [0,7] it
holds that

t
Ot (DI < 19yt (0) 32 exp (€ / [V um(s) 132 ds).
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We have previously shown that both terms on the right side of the above
equation are bounded. Thus, for a.e. t € [0,7] it holds that

10t (V)||3: < K uniformly in m.
Similarly, for a.e. ¢ € [0, 7] it also holds that

t
/ IVOum(t)|[32 < K uniformly in m.
0

It follows that

du e L*(0,T;V) N L=(0,T; H). O

We are now ready to state the main result on the regularity of Leray-Hopf
solutions.

Theorem 2.49 Let d = 2, let T > 0, let Q C R? be an open, bounded set
with twice-continuously differentiable boundary OS) such that the exterior
cone condition is satisfied at each point in O and let uy € H2(Q)NV. Then
the unique Leray-Hopf solution to the IBVP (2.2)) of the incompressible
Nauvier-Stokes equation with initial datum ug satisfies

ue L*(0,T; H*(Q)).

Proof Let u: [0,7] — R be the unique Leray-Hopf solution to the IBVP
(2.2) of the incompressible Navier-Stokes equation with initial datum wug
and consider the following weak formulation:

(Du(t),v) + b(u(t),u(t),v) + a(u(t),v) YveW.

This weak formulation can be re-written as
a(u(t),v) = (g(t),v) Yo eV, (2.39)

where the function g: [0,7] — V* is the function with the property that
for all ¢ € [0, 7] it holds that

9(t) = =0u(t) — Bu(t), u(t))

c.f. Def. [2.29]
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We have shown in the previous theorem that u € L* (O,T; V) is unique.
Moreover, for a.e. t € [0,7] it holds that

1b(u(), u(t), o)l < lullleellu(®)lmgllvllze

Holder’s
inequality

3/2 1/2
< Cllu@l gz [0l
Ladyzh- —

enskaya’s cL>® ([O,T])
inequality

It follows that the mapping B(u,u) € L, 9w € L2, and therefore

,T t,x
g€ Lf;’zl/ °. Since the Leray-Hopf solution u exists and is unique, it follows
that the function g also exists and is well-defined.

Thus, Equation (3.4)) can be viewed as the variational formulation of an
elliptic PDE with right-hand side given by g(t) € LY*(Q) for a.e. t € [0, T):

For T > 0, and a.e. t € [0,T], find u(t) such that for all v € V it holds
that

a(u(t),v) = (g(t),v) on €, (2.40)

0 on Of).
We already know that the solution u to the above variational problem is
unique and furthermore u(t) € Hy for a.e. t € [0,7]. We can therefore
apply Theorem [GT15, Theorem 8.30, Chapter 8]. Indeed, we observe
that the elliptic operator in the case of the variational problem is
coercive and has bounded coefficients that satisfy the non-positivity condi-
tion. Furthermore, f = 0 and ¢ € L*® with % > (21 = 1, and moreover the
boundary condition ¢ = 0 € C°(912). Hence, in view of Theorem [A.21] for
a.e. t € [0,77] it holds that

u(t) € C°(Q).
Let us now reconsider the trilinear form b. For a.e. ¢t € [0, 7] it holds that

b(u(t, )u(t),v)| < llu®)ll<llu@)lmllol: = B(u,u) € L.

Thus, the right-hand side of the variational formulation ([2.40)) satisfies the
property that g(t) € L*(Q) for a.e. ¢ € [0,T]. Standard theory for elliptic
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PDEs (see, e.g., [Eval, Chapter 6.3, Theorem 4]) implies that the solution
u € H?*(Q) and furthermore for a.e. ¢ € [0, T] satisfies the estimate

lu@llm < € (llg®)lse + a2 ).

where C' = C(€2) is a constant. It therefore follows that u € L>([0,T]; H*(Q2)).0

Remark 2.50 In fact, in the case of two spatial dimensions, one can show
that the solution u(t) € C*(Q) for a.e. t € [0,T] if the initial data and
the domain boundary 02 are smooth enough. We refer to the previously
mentioned paper of J. Serrin [Ser62).

Remark 2.51 On the other hand, in the case of three spatial dimensions,
we can either show local existence of strong solutions, or existence of strong
solutions for arbitrary times given that the initial data is “small enough”.

The following regularity result elaborates on Remark

Theorem 2.52 Let d = 3, let T > 0, let  C R? be an open, bounded
set with twice-continuously differentiable boundary 0K, let ug € H*(Q)NV
and assume that either the kinematic viscosity p is sufficinetly large or ug
18 “small enough”. Then there exists a unique Leray-Hopf solution u to the
IBVP (2.2) of the incompressible Navier-Stokes equation with initial datum
ug that satisfies

du € L*(0,T;V) N L>(0,T; H) N L>(0,T; H*(2))

Proof See Theorem 3.7 and Theorem 3.8 in [Tem01, Chapter 3]. O

Finally, we also have a result on the long term behaviour of solutions to the
incompressible Navier-Stokes equations.

Theorem 2.53 Let 0 < Ty, T3, let d € {2,3}, let Q@ C R? be an open,
bounded set with twice-continuously differentiable boundary 02 and let ug €
V. Then, for d = 2 it holds that uw € L*™ (0, 00, V) and u tends to 0 in'V
ast — oo, and for d = 3 it holds that u € LOO<O7T2, V), u € LOO(Tg, 00, V)
and u tends to 0 in'V ast — oo.

Proof This theorem and its proof can be found in [Tem01, Theorem 3.12,
Pg. 318|. O
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Caffarelli-Kohn-Nirenberg Blow-up Result

In this section, we will present some additional partial regularity results for
weak solutions to the incompressible Navier-Stokes equations (2.1]). In par-
ticular, we will focus on the work of Caffarelli, Kohn and Nirenberg [CKN8&2]
who provided a characterisation of the so-called blow-up set associated with

weak solutions to the IBVP ({2.2)

We begin by recalling from measure theory, the definition of the Hausdorff
measure.

Definition 2.54 Letd € N, let « > 0 and § > 0 be constants, let U C R,
let w, be defined as
7o/

Wa = )

I'(1+/2)

where T" is the Gamma function, and let H§(U) be given by
H(U) = inf {Zwa(@)“; U c|JF: and diam(F;) < 6 W} .

Then the a-Hausdorff measure of the set U is defined as
HY(U) :=lim H§(U) = sup H5 (V).
6—0

>0

Since weak solutions to the IBVP ([2.2)) are functions of both space and time,
we will require a variant of the Hausdorff measure known as the Parabolic
Hausdorff measure.

For clarity of exposition, we first introduce some notation.

Definition 2.55 Let d € N, let r > 0, let x € RY, let B.(x) C R? denote
the ball of radius r with centre x, and lett € R. Then we denote by Q,.(t, )
the set given by

Q.(t,x) = (t — 1t +1?) x B,.(z),
and we call Q,(t,x) a parabolic cylinder.

Definition 2.56 Let U C RxR? and let o > 0 and 6 > 0, let w, be defined
as

T/
Wa = 57770
P(1+ef2)
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where I' is the Gamma function, and let P§ be given by

Ps(U) :inf{Zwarf‘: UcC UQri(ti,xi) and 2ri\/1+12 <§ Vz}.

TV
equivalently, r; < §

Then the a-Parabolic Hausdorff measure of the set U is defined as
PU) :=lim Pg'(U) = sup Ps' (U).
6—0 5>0

Some remarks are now in order.

Remark 2.57 Let U C R x R3. It can be shown that for every o > 0 there
exists some constant C, > 0 such that

H“/2<{t: ([t} x R} N U # ¢}) < P,

Remark 2.58 Let U C R x R3. It can also be shown that for every o > 0
there exists some constant C, > 0 such that

7—[‘1<{t: {t} xR*N U}) < CoPH(U).

Remark 2.59 Let U C RxR3. Then the set U can be covered be a sequence
of parabolic cylinders {Q,,(t;, x;)}2, such that for all 6 > 0 it holds that
Yo <6, if and only if

PU) = 0.

A comprehensive treatment of the properties of the Hausdorff measure can,
for example, be found in [Fed14, Section 2.10].

Next, we introduce the notion of so-called suitable weak solutions to the
incompressible Navier-Stokes equations.

Definition 2.60 (Suitable weak solution) Let J x § be an open set in
R x R3, let u: J x Q — R3 be a mapping such that

e ue L>®(J; L2(R?)) and also Vu € L*(J x Q;R**?);

e there exists some scalar field p € L5/3(J x Q) such that the equation

loc

Ou+ (u-V)u+ Vp =pAu,
divu =0,

holds for all (t,z) € J x Q in the sense of distributions;
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e and for all non-negative test functions ¢ € C°(J x Q), it holds that
2/ Vo dudt < / (Jul2(60 + Ad) + (Ju® + 2p)u - V) dudt.
JIxQ JIxQ

Then u is called a local suitable weak solution of the incompressible Navier-
Stokes equations (2.1)) in the domain J x €.

The existence of suitable weak solutions to the incompressible Navier-Stokes
equations can be rigorously proved. Indeed, we have the following existence
result for suitable weak solutions:

Theorem 2.61 Let J x be an open set in R x R® such that either Q) = R3
or Q C R? is a bounded, open and connected set with smooth boundary 052,
letsupJ =T, and let ug: Q. — R3 be a function with the property that

_[H if Q=R
U
TV HAWYS SR if QC RS

Then there exists a suitable weak solution u of the incompressible Navier-
Stokes equations (2.1)) in the domain J x Q and a pressure field p such
that

1. we L*0,T; V)N L>(0,T; H);
u(t) — ug weakly in H ast — 0;

p € LP(JxQ);

and for all non-negative test functions ¢ € C°(J x Q) such that ¢ = 0
near (0,T) x 0Q and for all 0 <t < T it holds that

/Q|u|2(t,xgz§(t,x))dx+2/0t/ﬂ\Vu|2(t,a:)¢(t,x) dacdsg/ﬂ|uo(x)|2¢(0,x) da

i / / WPt 2) (Gu(t, ) + Ad(t, 2)) dods

Remark 2.62 When Q = R3, the phrase “p = 0 near (0,T) x 907 is

understood to mean that the test function ¢ is compactly supported in the
space variable.

68



2.3. Caffarelli-Kohn-Nirenberg Blow-up Result

Remark 2.63 Theorem also holds in the presence of an additional
forcing term f for the incompressible Navier-Stokes equation, provided that
fe L*(JxQ) and div f = 0. Note that the result for the special case f =0
and 2 = R® was already proved by V. Scheffer in 1977 in [Sch77|.

Remark 2.64 [t is currently not known if suitable weak solutions can be
constructed using the Galerkin approzimation procedure (cf. Theorem.

The complete proof of Theorem can be found in [CKN82, Apendix].
We only give the main idea of the proof, which is based on the use of
mollifiers. We require the following definition and lemma:

Definition 2.65 Let JxQ C RxR3, let ) € C°(J x Q) be a non-negative
function such that fJXQ Ydxdt =1 and also

suppyp € {(t,x): 2> <t, 1<t<2},

let uw e L*(J;V), let u: R x R® — R3 be the function with the property that
for all (t,z) € R x R? it holds that

it 2) u(t, )
u(t,x) = .
0 otherwise,

and let 1s(u) be the function with the property that for all (t,x) € R x R3
it holds that

wst)t.0) = 5 [ 0 (5 Y)ate - 70—y dyar

if (t,y) e JxQ

Then the function 1s(u) is called the retarded mollification of u.

Lemma 2.66 Let J x 2 be an open set in R x R3, let u € L®(J; H) N
L3(J;V), let § > 0 and let 1s(u) denote the retarded mollification of w.
Then it holds that

o dives(u) =

e there exists a constant C' > 0 such that

sup/\w(; 2(t, ) x<esssup/]u\ (t,x) dx;

teJ
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o and there exists a constant C > 0 such that

/ (Vs (u)|?(t, 2) dedt < C/ |Vul?(t, z) ddt.
JIxQ

JxQ

Proof (Main Idea) Let N € N, let § = & and let uy,py: J x Q — R?

be functions that solve the following PDE on J x €:
O0Un + (Ys(un) - V)uy — pAuy + Vp+ N =0, (2.41)

where 1) is the retarded mollification operator|2.65] Note that by definition,
Ys(uy) is smooth and its value at time ¢ depends only on values of u prior
to the time ¢ — 4.

Next, observe that for each m € {0,1,..., N —1}, Equation is linear
on the strip of the domain (md, (m + 1)§) x A. We can therefore obtain
uniform in ¢, a priori estimates for the functions uy and py that are inde-
pendent of V.

In particular, estimates on the pressure py, i.e., py € L5/3(J x ) were
obtained by H. Sohr and W. von Wahl in 1986 in [SyWS86].

It can then be shown that the terms in the localised energy inequality
are also bounded uniformly in §. Finally, the Aubin-Lions Lemma
can be used to obtain a strongly convergent subsequence that satisfies the
properties (i) — (iv). O

Theorem [2.61] shows that suitable weak solutions to the incompressible
Navier-Stokes equations do indeed exist. We can therefore classify subsets
associated with such solutions.

Definition 2.67 Let J x Q be an open set in RxR? and let u: JxQ — R?
be a suitable weak solution of the incompressible Navier-Stokes equations
in the domain J x Q. The we denote by Reg(u) C R x R? the set
given by

Reg(u) = {(t,x) € J x Q: u € L>®(V) in some neighbourhood of (t,x)},
and we call this set, the set of reqular points of u.

Note that the set Reg(u) is relatively open.

Definition 2.68 Let J x Q be an open set in R x R3, let u: J x Q — R3 be
a suitable weak solution of the incompressible Navier-Stokes equations (2.1)
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in the domain J x €0 and let Reg(u) denote the set of reqular points of .
The we denote by Sing(u) C R x R3 the set given by

Sing(u) = (J x Q) \ Reg(u),
and we call this set, the set of singular points of u.

In contrast to the set of regular points, the set Sing(u) is relatively closed.

Definition 2.69 Let J x Q be an open set in R x R3, let u: J x Q — R3 be
a suitable weak solution of the incompressible Navier-Stokes equations
in the domain J x Q and let Sing(u) denote the set of singular points of .
The we denote by Singr(u) C R the set given by

Sing(u) = {t: {t} x R* N Sing(u) # ¢},
and we call this set, the set of singular time points of u.

We can now state the main result of this section. Essentially, Caffarelli,
Kohn and Nirenberg (see [CKN82|) were able to specify the Parabolic Haus-
dorff measure[2.56|of the set of singular points|2.68|of suitable weak solutions
to the incompressible Navier-Stokes equations in three spatial di-

mensions.

Theorem 2.70 Let J x Q) be an open set in R x R? and let u: J x Q — R3
be a suitable weak solution of the incompressible Navier-Stokes equations
in the domain J x ). Then the 1-Parabolic Hausdorff measure of the
set of singular points of the solution u satisfies

P (Sing(u)) = 0.

Remark 2.71 Theorem[2.70 is an extension of a previous result due to V.
Scheffer [Sch77]:

Let J x Q be an open set in RxR3 and let u: J xQ — R? be a suitable weak
solution of the incompressible Navier-Stokes equations i the domain
J x Q. Then the 5/3-Hausdorff measure of the set of singular points of the
solution u satisfies

H (Sing(u)) = 0,
and furthermore it holds that

H' (Sing(uw) N ({t} x Q)) < o0 uniformly in t.
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Corollary 2.72 Let J xQ be an open set in R xR? and let u: J x Q — R3
be a suitable weak solution of the incompressible Navier-Stokes equations
(2.1)) in the domain J x €.

In view of Remark[2.57, a particular consequence of Theorem is that
H'2(Singy(u)) = 0.

In fact, this result had already been been shown by Leray for the case Q = R3.

In order to prove Theorem [2.70, we require two additional propositions and
an important lemma. For the sake of completeness, we present these results
below.

Proposition 2.73 Let the cylinders Q1 C R x R* and Q1 C R x R? be
defined as

1 ::{(Tay>: —l<7 <, |y|<1}7
Quz :={(7,9): —Va <7 <Y, |yl <V2},

let u: Q1 — R? be a suitable weak solution of the incompressible Navier-
Stokes equations (2.1) in the domain Q1 with associated pressure field p and
let € > 0 be a constant such that

/ (luf® + |p|"?) dzdt < €,

1

Then there exists a constant Cy > 0 such that for a.e. (t,z) € Qy, it holds
that

lu(t, z)| < Cy.
Specifically, u is reqular on the cylinder Q..

Proof Proposition and its proof can be found in [CKN&2J. O

Proposition [2.73| can then be used to prove the following proposition:

Proposition 2.74 Let r > 0 be a constant, let the cylinder QQ, C R x R3
be defined as

Qr={(r,y): —r* <7 <0’ |yl <r},
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let u: Q1 — R? be a suitable weak solution of the incompressible Navier-
Stokes equations (2.1]) in some neighbourhood of the point (t,x) € Q, with
associated pressure field p and let ¢g > 0 be a constant such that

1
lim sup — |Vul? drdt < «.
r—0 T Q-

Then, the point (t,z) € Reg(u).

Proof Proposition and its proof can be found in [CKN82J. O

Finally, we require an analogue of the Vitali covering lemma for parabolic
cylinders in R x R3.

Lemma 2.75 Let T C R be some uncountable index set and let g :=
{Q.,.(ti,xi) }ier € R x R3 be a family of parabolic cylinders as defined in
Definition such that g is contained in a bounded subset of R x R3.
Then there exists a countable subset J C I such that the family of cylin-
ders g C R x R? given by

g =A{Q(t;z;): €T},
satisfies the following:
(i) for alli,j € J with i # j, it holds that
Qr,(ti, 7)) N Qp, (L), 75) = ¢;
(ii) and for all Q € g there exists some Qi(tg,xr) € g such that

Q C Qsr (T, g).

Proof The subfamily g is constructed using induction. Let gg = g, let
go = ¢ and for each n € N let @),, denote the cylinder Q,, := Q.. (t,,x,) € g.
Then, for each n € N we set

gn = gn—l UQn = U Qm
k=1
and

gn=1{Q€g:QNQr=¢ foralll<k<n},
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~2
Q <272 4 rl
¢
= %ri < 2572
2
(tna mn) Ir”
Q”
Tn i

<2r+r, < 2%7"11 + 7
= 4r, <57,

Figure 2.2: Geometric representation of the situation in the Vitali covering lemma

AL

where, for each n € N the cylinder Q41 := @, +1(tn+17 Tpi1) € g is selected
such that

VQ := Q.(t,x) € gy, it holds that r < grnﬂ. (2.42)

Thus, if for a given n € N it holds that g, = ¢, the process terminates and
hence g = g, is finite. Otherwise, we have g = U2, gy,.

We now demonstrate that the family of subsets g defined in this manner
satisfies conditions (7) and (i7).

Clearly, (z) holds by definition of the families of subsets g, §,. Furthermore,
if g is finite then (éi) also holds by definition.

Next, note that if g is not finite, then by the boundedness assumption on
the domain and Equation (2.42) it holds that 7, — 0 as n — oo. Thus,
given any ) = R.(t,z) € g\ g, there exists n > 0 such that @ € g, and

J L gni1- Hence, QN Q.11 # ¢ and therefore Equation (2.42) implies that
r < 21,41 (see Figure .

Thus, Q C Qsr,,, (tni1, Tny1), and therefore (i7) is also satisfied. O

We are now in a position to prove Theorem [2.70
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Proof (Theorem [2.70) Let u: J x  — R? be a suitable weak solution
of the incompressible Navier-Stokes equations (2.1) in the domain J x Q
with associated pressure field p.

Assume first that the domain J x Q is bounded and let the point (t,z) €
Sing(u). By Proposition there exists a constant €y > 0 such that
: 1 5
lim sup — |Vu|* dedt > .
r=0 T JQ.(t)
Next, let V' be a neighbourhood of the the set Sing(u) and let 6 > 0. For

each point (¢;, ;) € Sing(u), choose the cylinder @, (t;, z;) with r; < § such
that

1
— |Vu|? dzdt > e, and Q,(t;,x;) C V. (2.43)

Vi JQr, (ti,zs)

Thus, we have obtained a family of parabolic cylinders, which we denote
by ¢g. By Lemma there exists a countable subfamily of these cylinders
G:=1{Q; = Qy,(tj,x;), j € J} with the property that for all ¢, j € J with
1 # 7, it holds that

Qr; (ti, 1) N Q, (L, ) = &

and such that

Sing(u) € | @sn, (87, 7). (2.44)

JjeT

Furthermore, by Inequality (2.43)) it holds that
1
< — Vu|? dxdt
Sy [ wuta

jeTg 0 jeg
1
< — [ |Vul*dzdt, (2.45)
v

€0

where the last inequality follows form the fact that the family of sets g is
pair-wise disjoint and contained in V.
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Next, note that the Lebesgue measure £ of the set U;e7Qsy, (t;, ;) satisfies

£< U Q5ri (ti, .Tz)) \S,-/Z L(Q5,«i (ti, l’z)) S Z 271'(57’1')4
eJ ieJ €J
subadditivity

< 27r545327"1 < 27r54(53— |Vu|2dzv
<5 ieJ €0

Inequality (|2.45)
and the last term converges to 0 as 0 — 0. It follows that

E( U Q5ri(ti,$i)> —0asd—0,

eJ

and thus the inclusion (2.44) implies that the set Sing(u) has Lebesgue

measure 0.

Next, note that Inequality (2.45) and the inclusion (2.44)) together imply
that for all neighbourhoods V' of the set Sing(w) it holds that

'(Sing(u)) <) “5r; < = / |Vu|? dxdt.
eJ 0

Finally, observe that the previously discussed energy estimates imply that

the function Vu is square-integrable. Together with the fact that E(Sing(u)) ,

this implies that we can choose neighbourhoods V' with arbitrarily small
Lebesgue measure. Thus, it holds that P! (Sing(u)) = 0.

The general case for an unbounded domain follows from partitioning the
domain into a countable number of bounded subdomains, showing that the
result holds for each subdomain and then using the sub-additivity of the
Hausdorff measure. The proof is thus complete. U
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2.4 Mild Solutions to the Incompressible Navier-Stokes
Equations

Stokes System Revisited

Consider the setting of Definition and let Q = R?. We recall that the
Stokes system of equation is given by

ug — pAu+ Vp = f in (0,00) x €,
divu =0 in (0,00) x €, (2.46)
u(0,z) = up(x).

Note that without the imposition of additional constraints, the system of
equations ([2.46|) does not have a unique solution. Indeed, given an arbitrary
function h: R, x R? we may set for every (¢,2) € R, x R?

u(t,z) = Vh(t,x), Ah(t,z) =0, p(t,x) = —h(t, ),
and obtain a solution to Equation (2.46)). Note that if the forcing function

f decays sufficiently fast as x — oo, then we may, for instance, impose the
constraint that for all ¢ € R, it holds that

u(t,z) — 0 as x — o0.
We now discuss some special cases of the Stokes system of equations ([2.46)):

Special Cases of Equation ([2.46))

1. f=0:
We set p = 0. Then Equation (2.46|) reduces to the well-known Heat
equation. The solution to Equation ([2.46) is thus explicitly given by

u(t,z) = /Rd I'(t, 2 — y)uo(y) dy = I'(t) * up,

where
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2. up =0, f(t,x) =Vo(t, x):
In this case, the solution to Equation ([2.46)) is given by

u=0, p(t,z) = o(t, x) + c(t),

where c: R, — R? is some function of time.

3. up=0, divf=0:
The solution to Equation ([2.46|) is given by:

u(t, x) = /Ot/RdF(t — 5,0 —y)f(y,s)dyds,
p(t,z) = 0.

4. ug =0, div f #0:

The Helmholtz-Hodge decomposition [2.8] then implies that the there
exists some scalar function ¢: R, x RY — R such that

f=Pf+V,

where P is the Leray Projector (c.f. Definition .
The solution to Equation ([2.46|) is thus given by:

u(t,z) = /0 /]Rd Lt — s,z —y)Pf(y, s) dyds,
Vp(t,x) = Vo(t, x).

Due to the linearity of the Stokes system of equations (2.46|), the solution
in the general case is given by a superposition of the solutions to the special
cases (1 —4). Indeed, we have

K(t_svx;y)f(yvs)

7 ~

u(t) = T'(t) *uo—i-/OtF(t— s)xPf(s) ds,

Vp = f(t) = Pf(1).

Here * denotes the spatial convolution operator defined as follows: for func-
tions f, g: R? — R?, we have
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frg= » flz —y)g(y) dy.

Next, we would like to re-write the function f(t) — f(f [(t —s)«Pf(s)ds
in terms of a kernel K.

To this end, let G denote the fundamental solution of the Laplace operator
and let ®: Ry x R? — R? be the function with the property that for all
(t,z) € Ry x R? it holds that

q)(ta x) = G(Z/)F(t? T — y) dy-

R4

In particular, for d > 3, ® is explicitly given by
1\ 4-%2
o= (1) r(2)
t Vi

where F': R? — R is a smooth function that decays ~ r=(@=2) as r — oo.

Furthermore, we recall that the Leray Projector [2.9|is the operator with
the property that for all x € R? it holds that

P(f)is () = filz) — ai (A" div f)

Zfz(JC)JFi/Rd

82

where we have used the notation that f := (fi, fo,..., f4). Thus, using the

notation that u = (u',u?, ... u?),uy = (u},ud, ..., ul), we obtain that for
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all (t,r) € Ry x R it holds that

u'(t,x) = / L(t, 2 — y)ug(y) dy

+ Ot /Rd I(t—s,a—vy) (fi(m) + i /Rd 0 Gly — z)fj(s,z)> dzdyds

8%‘ Yj

_ / D(t 2 — y)ub(y) dy

2

R4
t d a

+ I't—s,z—y)Gy,z) | =Afi(z) + i(s,2) ) dzdyds.
R 90602 (ARG + 305 h(012) ) dy

=0(t—s,x—2)

J/

1 i3 At 5205 (52)
Hence, we obtain that for each i € {1,...,d} it holds that

it z) = / D(t, = — )b (y) dy

2

R4
t d 9
—0; ;A Ot — s, — (s,v) dyd
" 0 /Rd]2:;< 7 +8xzaa:3> ( 5T y)f](s y) yas

— /Rd L(t,x — y)ug(y) dy + /0 /Rd ; K, ;(t — s,z —y)fi(s,y) dyds.
(2.47)

Here, we have introduced the kernel {K;;}{,_, as the function with the
property that for all (¢,z) € R, x R? it holds that

82
Oz, 0y,

? J

Ki’j(t,l') = _5i,jA +

O(t,x).

{Ki;}!,_, is known as the Oseen kernel. Before proceeding with our anal-
ysis, we state without proof some basic properties of the Oseen kernel.

Lemma 2.76 Consider the setting of Definition and let K: Ry x
R? — R¥*? denote the Oseen kernel. Then there exist constants C,C such
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that for all I,k € N and for all (t,x) € R, x R? it holds that

1
K (tz)| <C 72

(Jz]> +t)

- 1
|Vile€ki,j<t7 x)‘ < C d+k+2l *

(Jz|2+¢t) 2

Returning to Equation [2.47], observe that if the forcing function f can be
written as f = div F, for some function F' = {F;;}¢,_,, then we may
re-write Equation (2.47)) in the compact form

t d
u'(t,x) = /d L(t,z — y)uy(y) dy + / /d Z Kt —s,x—y)F;(s,y) dyds,
R 0 Jre T

where

K = {K@j,l}zj,l:l - VK

It can then be shown, using the bounds obtained from Lemma [2.76] that
for any up € L*(R;R?), F € L*([0,T] x R%;R?) and any 6 € (0,1), R >
0,6 > 0 it holds that

u € C’e([é, T] x BR;Rd),
and there exists some constant C such that

) < C(R7 67 ||u0H7 ||FHL°°)

||u||C"(BR><[6,T]

Let us now consider the following initial value problem involving the nor-
malised incompressible Navier-Stokes equations with kinematic viscosity

w=1:

u + Vp — Au = —div(u ® u), in (0,00) x R%,
divu =0, in (0,00) x RY, (2.48)
u(z,0) = ug(x).

We are now ready to define mild solutions to the the IVP (2.48]).
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Definition 2.77 Consider the IVP (2.48)), let T € (0,00),d € N, let uy €
L®(R%RY) and let u: [0,T] x RT — R? be a function with the property that
for all t € [0,T] it holds that

u(t, ) = T(t) # ug + /Ot K(t— )+ (- uls) ® u(s)) ds, (2.49)
where
I(t, z) :(4%)#  exp <%;|2> (2.50)
K(t,x) :={Ki(t,2)}, -, = VK(t,z), (2.51)
Kt 2) ={ Koy ()} = —6,,A + 895;6. B(t, ). (2.52)

? J

The existence of mild solutions to the IVP involving the incompressible
Navier-Stokes equations ([2.48]) can be demonstrated. Let us begin by in-
troducing some notation.

For each t € [0, T], we denote by U(t) the spatial convolution I'(t) * ug and
for each function u,v: [0,T] x R? — R? and each time ¢ € [0, 7] we denote
by B(u,v)(t) the function given by

t
B(u,v)(t) = / K(t—s)* (—u(s) @v(s)) ds.
0
Using this notation, we may write Equation (2.49)) in the more revealing
form
u="U+ B(u,u). (2.53)
Equation ([2.53) closely resembles a fixed point equation. We may therefore

appeal to the following fixed point theorem to obtain the existence of a
unique solution:

Lemma 2.78 Let X be a Banach space, let B: X x X — X be a contin-
wous, bilinear form on X with the property that there exists some constant
v > 0 such that for all x,y € X it holds that

1B(z, )| <~llzlxllyllx,
and let a € X such that 4v|la|l|x < 1. Then the equation

r=a+ B(x,x),
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2.4. Mild Solutions to the Incompressible Navier-Stokes Equations

has a unique solution T in the ball

1+4/1-4
{acEX:|X|X< il 7||a||X},
2y

and moreover T satisfies the bound

Hlx < 1+ /1 —4yllallx
—_— 27 .

1zl x

Proof The proof, which follows from the use of Picard iterations, is left as
an exercise. 0

We can now apply Lemma for the Banach space X = X7 = L*® ((0, T)x
R¢: ]Rd), which allows us to state an existence and uniqueness result for mild
solutions to the IVP involving the incompressible Navier-Stokes equation
(12.48]).

Theorem 2.79 (Leray) Let ug € L®(R%RY). Then there erists some
time Ty > 0 depending on ||u||~ and a unique solution u € C>((0,Tp] X
R%RY) N L2 ((0, Tp) x REGRY) to the IVP (2.48).

Proof (Sketch) Consider the setting of Lemma and let the space

X = Xy = L*((0,T) x R%;R?). The maximum principle for the heat
equation implies that

1T < Jluoll zos -

Furthermore, for any u,v € Xr, it holds that
T —
1B o) < lullsellollsy [ [ 1) dwa

Note that lemma [2.76| implies that there exists some constant C' > 0 such
that for all (t,z) € Ry x R it holds that

1
VK ;(t,z)] < C———pir,
(|$|2 +t) 2

and therefore it holds that
T - T 1 ~
/ |K (t, )| dadt < C/ / ——— dxdt < CVT,
o Je o Ja (o)
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where C' > 0 and the last inequality has been left as an exercise. It therefore
follows that there exists some constant C' > 0 such that for all u,v € X it
holds that

1B(u, v)llxy < OV lullxp 0]l x

Thus, if we pick 7% = T sufficiently small such that Cv/T*||u| e < 1, we
can apply Lemma to obtain the existence of a mild solution v € X
up to time T*. The uniqueness of the mild solution can be obtained by
together individual solutions and the regularity can be proven using Holder
continuity estimates. 0

Remark 2.80 Several remarks are now in order.

In general, it does not hold that

[u(t) = uol| o

If T* > 0 is the maximal time of existence, then it can be shown that
there exists some constant €; > 0 such that

€
lu()llz > —=

BRRVA Ay

Any mild solution v € Xy is smooth in (0,T*) x R® with t"*V*u(t) €
Xr.

ast —T*

The above construction of the mild solution uw € Xp is completely
independent of the energy identity.

In general, other choices of the space Xp are also possible, although the
existence and uniqueness proof for solutions u € X becomes more involved.
The interested reader can, for example, consult [FK64] and [Kat84].

Blow-up Criteria for Mild Solutions

We briefly discuss (without stating a proof) Serrin’s blow-up criterion [Ser62].

Theorem 2.81 (Serrin) Consider the IVP (2.48), let T, T* € (0,00),d €
N, let u: [0,T] x RY — R? be a mild solution to the IVP (2.48) such that u
blows up at time T, let ¢ > d and let p > 2 be such that

T
b q
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2.4. Mild Solutions to the Incompressible Navier-Stokes Equations

Then for all T > 0 it holds that

T P/q
/ ( \u(t,x)|qd:c) dt = 400
Rd

T—7

Remark 2.82 In the case of two spatial dimensions, i.e., d = 2, if we
assume that the solution u € X satisfies the energy identity

T
/ lu(t, )|* dedt < C < oo,
0 Jrd

for some constant C', then we can pick ¢ = 4,p = 4 and obtain that the
solution u does not blow-up and T* = oo.

Remark 2.83 As shown recently by Escauriaza, Seregin and Sverak [ESS03)]
the choice of d = 3,q = d works as well.

Remark 2.84 A related result is Serrin’s interior reqularity theorem [Ser62).
Let u € LZOQC’Q NLZH] be a weak solution of the incompressible Navier-Stokes
equations and suppose in addition that p,q € N are such that %+g <1 and
also u

inL{d. Then for each t € [0,T), it holds that u € C=(R%:RY) and further-
more, if u is strongly differentiable with respect to t, then both u and V*u
are absolutely continuous with respect to time.

We conclude this section by stating a further improvement of the Serrin
blow-up criterion [2.81]

Theorem 2.85 (Struwe) Consider the [VP (2.48)), let T, € (0,00),d € N,
let Q C RY be an open domain and let u: [0,T] x Q — R® be a mild solution
to the IVP (2.48)) on the domain § such that one of the following conditions
holds:

1. there exist constants p,q € N such that ¢ > d, % + g < 1 and such
that w € LP(0,T; LY(RY));

2. oru € L™ (O, T, Ld(Rd)) and there exists some absolute constant e > 0
such that for all t € [0,T], there exists R > 0 with the property that

/ lu(t, z)|de < e.
BR(CE)QQ

Then the solution u € L*®([0,T] x Q).
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2.4. Mild Solutions to the Incompressible Navier-Stokes Equations

Proof (Heuristics) Theorem and its proof can be found in [Str88|
Theorem 3.1]. We instead present a heuristic argument.

Let us consider a mild solution u to the IVP ([2.48]) with initial condition
ug € L®(R% RY) N L3R4 RY).
Let (0,7*) be the maximal interval of existence of the mild solution and

assume that 0 < 7™ < co. Then, Remark implies that ||u(t)|| e~ — o0
ast — 1.

Let us therefore consider a sequence of real numbers 0 < M; < My < ... —
oo with M, sufficiently large. For j € N we denote by t; the first time
such that ||u(t;)||r~ takes the value M;. Next, let z; € R? be such that
|u(tj, x;)| = M;. It follows by the definition of the sequence {t,};en that
for all z € RY, for all j € N and for all ¢ € [0,¢;], it holds that

Jult, x)| < M;.
In addition, it can be shown that the sequence {z,};en. Next, we define for
each j € N the function v;: [-M?t;, M7 (T* —t;)] x R* — R? given by
1 S Y
vj(s,y) = ﬁju(t]‘ + W’Ij + M)
Clearly, for all s,y € [-M?t;,0] x R it holds that
lvj(s,9)l < 1,
and in particular it holds that

[03(0,0)] = 1.

Next, let p > 0 be a fixed constant. It is possible to use Holder estimates,
which we do not prove, to conclude that for all (t,z) € [—p?, p*] X B, it
holds that

. O

DN | —

|Uj<t7 $)‘ >

For clarity of exposition, for each j € N, let Z; denote (¢;, ;) and let Q;
denote Q. » := (t; — -A%,tj) X By, » . Then, we may use rescaling to
J J J
conclude that for all (¢,z) € @); it holds that
M.
|U(t, :U)’ > 717
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and therefore there exist constants C, C' < 0 such that

ult, )| drdt > | 24|Q,) > M A

4> Cpt+2,
o j MIMI p
J

Next, we can assume without loss of generality (by passing to a subsequence
if necessary) that the sequence {Q;};en is disjoint. It therefore follows that
for all 7 > 0 it holds that

T
/ |u|2 dxdt > U/ lu|2 dedt =
—T Rd

jeN

Moreover, for ¢ = d + 2 = p, we obtain for each j € N
l/p

t; P/q
/ 2 (/ u(t,2)|7 dz )" d
ti—az Bﬁj(ﬂﬁj)

T M?
J

t M. p/
2 / - (/ 5t e
ti—Ls Bﬁj(%‘)

7 M2
J

:%</ttip2 (

7 M2
J

1/p

p o\ N\
ﬁj) dt)

M pyatag P il
- 9 <Mj) (MjZ)
1 a,2 1-2_2 1

It therefore follows that

lull oo = U Mlzpeay) =

JjEN

The proof is thus complete.
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The Incompressible Euler Equations

We recall from Chapter [2| that the incompressible Navier-Stokes equations
for a Newtonian fluid (INS) in non-dimensionalised form are given by

1
u+ (u-V)u+Vp = ﬁAu in Q xRy, (3.1a)
divu =0 in Q xR,. (3.1b)

Here, d € {2,3} and © € R? is the domain of interest, u € R? is the velocity
field and Vp € R? is the gradient of the scalar pressure field:

Uy O, P

U Opyp
u= ||, Vp=1| 1,

Uqd 8zdp

divu and Awu are the divergence and Laplacian respectively of the velocity
field u and are given by

leU—Za% Au—zag7

the vector operator (u - V)u € R? is given by

d
> iy Ui0s g

Op

. ou;
and we have used the notation w; := 2%, 9,,p := $2 and 0,,u; = 5

ox; *
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Note that the only parameter in Equation (3.1]) is the Reynolds number

L
Re:U—,

v

where U and L are reference velocity and length scales respectively and v
is the kinematic viscosity.

For several flows of interest, the Reynolds number Re is typically very large,
ranging from Re = 10° — 10° for hydrological flows to Re = 10'® — 10?° for
astrophysical flows. It is thus of physical interest to consider flows in the
zero viscosity limit, i.e., in the limit Re — oo.

Let us denote by uR¢, solutions of Equation ([3.2)). Then under the assump-
tion that these solutions are uniformly smooth, it can be shown that

u® — u as Re — oo, in the appropriate topology,

where u € R? is the solution to the incompressible Euler equations (ICE)
given by

w4 (u- V)u—+ Vp =0,

2

divu = 0. (3:2)

Note however, that this convergence result, which is based on energy meth-

ods, holds only if the domain Q = R? or Q = T? (i.e., periodic boundary

conditions). Indeed, the result is not necessarily true in the case of non-

trivial bounded domains {2 where the boundary layers play an important

role. Throughout the remainder of this chapter therefore, we assume that

Q0 = R? ie., the entire space or Q = T ie, a domain with periodic
boundary conditions.

Equation (3.2)) is the so-called wvelocity-pressure formulation of the incom-
pressible Euler equations. Note that the pressure term in Equation (3.2) can
be eliminated using the so-called Pressure-Poisson equation (cf., Equation

£3)):
—Ap =div ((u- V)u). (3.3)

In the remainder of this chapter, we study alternative formulations of the
incompressible Euler equations (3.2)).
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3.1

3.1.1

3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Vorticity-Stream function formulation of the
incompressible Euler equations

Throughout this section, unless stated otherwise, we assume that all asso-
ciated functions including the velocity field are smooth. We now begin by
introducing the vorticity of a velocity field.

Definition 3.1 (Vorticity) Let T € (0,00], d € {2,3}, let Q = R? or
Q=T and let u: Q x [0,T) — R? be a velocity vector field. Then the
vorticity w of the velocity u is defined as w = curlu.

We can now explicitly differentiate Equation (3.2]) to obtain

wi + (u- Vw = (w- V)u, (3.4)
or equivalently,
Dw
D = WV,

where % is the material derivative introduced in Chapter .

Of course, depending on whether the spatial dimension d = 2 or d = 3, we
obtain two distinct formulations of Equation ((3.4)).

Vorticity-Stream function formulation in 2-D

Consider the setting of Definition [3.1} let d = 2 and let Q@ = R2  This
implies that our domain is the entire space R?, and the velocity field u is
restricted to a planar flow:

U= (u17u270)7
so that
w = curlu = (0,0, 0;,uy — Op,u1),

and thus, the vorticity w is a scalar function.

Furthermore, since w L u, it is straightforward to show that

(w-V)u=0 in2-D.
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Therefore, the vorticity formulation of the incompressible Euler equations
(3.2) in 2-D is a scalar equation given by

we+ (u-V)w =0, (3.5)
or equivalently,
Dw
— =0.
Dt

Next, we introduce streamlines i.e., Lagrangian trajectories (see Section
1.2) as functions X': Q x R, — R that satisfy the following initial value
problem:

Cii—);(a,t) =u(X(a,t),t), (3.6)
X(a,0) = a,
where a € ().
Clearly, % = 0 implies that for all a € €2 it holds that
w(X(a,t),t) =w(X(a,0),0) = w(a), (3.7)

where wp: €2 — R is the initial vorticity. In other words, the vorticity
remains constant along particle trajectories in 2-D. This fact considerably
simplifies the analysis of flows in two dimensions. Note that 3-D flows are
considerably more complicated and, as we will discuss in the next section,
the vorticity may not be conserved along particle trajectories.

Unfortunately, Equation (3.5]) still involves the unknown velocity field w.
Therefore, in order to solve Equation (3.5)), we must eliminate the velocity
term and obtain an evolution equation purely in terms of the vorticity w.

To this end, we recall that by assumption dive = 0. Hence, by the
Helmholtz-Hodge decomposition theorem there exists a (up to an addi-
tive constant) unique divergence-free scalar field ¢: Q x R, — R with the
property that

uy = —8m21p, Ug = (9211p

Indeed, an explicit computation shows that divy = 0.

The function 1) is now known as the stream function. Next, using the
definition of the vorticity in 2-D, we obtain that

w = awllu’2 - 81‘21’1’1 = a§1mlw + aJQSQCEQw = A,l/}
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Hence, the vorticity w is given by the following Poisson equation:

AY =w in (3.8)

Under the assumption that all associated functions decay sufficiently fast
as |x| — oo, the Poisson equation (3.8 can be explicitly solved in terms of
the Green’s function:

U(z,t) = % /Qlog (Jz = yl)w(y, t) dy. (3.9)

Moreover, given the definition of u = (u1,us) and the smoothness assump-
tion, Equation (3.9)) can be explicitly differentiated to obtain

u(a, 1) = / Kol — y)w(y. 1) dy. (3.10)

where the kernel K5:  — R? is the function with the property that for all
xr = (z1,%2) € Q it holds that

) I
Ko(z) = —( — =2, L),
2(1‘) 27_‘_( |.T|27 |l‘|2)

Therefore, in view of the preceding calculations, we arrive at the follow-
ing vorticity-stream function formulation for the 2-D incompressible Euler
equation (13.2)):

Lemma 3.2 Let T € (0,00], let d =2, let @ = R? and let u: Q x [0,T) —
R? be a velocity vector field with the property that u vanishes rapidly as
|z| — oo. Then the velocity-pressure formulation of the 2-D incompressible
Euler equations 1s equivalent to the following vorticity-stream function
formulation:

%:&w—l—(u-V)wEO for all (x,t) € R x (0,T),

dt
w(x,0) = wo(x) for all v € RY,

where the velocity u is given by
o) = [ Kol — gty 0)dy
Q

with kernel Ky given by
Lo oy
|27 x>

Moreover, the pressure field p can be obtained by solving the Poisson equa-

tion (3.3)).
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3.1.2

3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Periodic Boundary Conditions in 2-D

The analysis in Section was limited to the case of 2 = R?. Let us now
assume that the domain Q = T, i.e., we assume a domain with periodic
boundary conditions. Most of the analysis in Section [3.1.1]is still valid and
in particular, it holds that the vorticity w satisfies the Poisson equation

B3) given by
A =w in ).

Since @ = T? we can readily solve Equation (3.8 using Fourier series
expansion. Indeed, let the vorticity w be given by

wz,t) =Y ap(t)e”™*,
k

Then the Poisson equation (3.8)) has an explicit, periodic solution given by

1 ~ Tix-
V0 = =2 ppiOFm

k0

provided that the additional constraint

/wda:EO,
Q

is satisfied. Note that since by definition, the vorticity w = 0,,us — 0., U1
and is periodic, this additional constraint is indeed satisfied.

Unfortunately however, the velocity field v = (u1, ug) = (—04,%, Ox,¥), and
it therefore follows that
/ udxr = 0.
Q

In other words, the velocity field must necessarily have zero-mean. In order
to consider flows with non-zero mean, we can use the mean-value decom-
position:

I
Il
I~

+ u,
where

u = / wdxr, is a constant,
Q
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3.1.3

3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

and

/ﬂdeO.
Q

We can now compute the zero-mean velocity field @ from the stream function
¥ by setting for all (z,t) € Q x [0,T)

i, t) =Y CRarkn) gk, pyermiv

We therefore obtain the following lemma regarding the vorticity-stream
function formulation for the 2-D incompressible Euler equation with peri-
odic boundary conditions:

Lemma 3.3 Let T € (0,00], let d = 2, let Q@ = T?, let ug: Q@ — R? be
an initial velocity field and let u: Q x [0,T) — RY be a velocity vector field
with mean-value decomposition u = uy + u where wy = fQ ug dx, divu = 0.
The the velocity-pressure formulation of the 2-D incompressible Fuler equa-
tions (3.2) with periodic boundary conditions is equivalent to the following
vorticity-stream function formulation:

Ow + ((Go+a) - V)w=0 for all (z,t) € T x (0,7),
w(z,0) = wo(x) for all x € RY,

where the velocity field u s given by

EHESY m@(k,t)e%m’“. (3.11)

Once again, the pressure field p can be obtained by solving the Poisson

equation ([3.3)).

Vorticity-Stream function formulation in 3-D

Consider the setting of Definition , let d = 3 and let Q = R3. This
implies that our domain is the entire space R? and the velocity field u is
given by

u = (Ul,UQ,Ug),
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

so that

w = curlu = (Op,u3 — Opyta, Opytty — Oy, Us, Opy Us — Oz, ),

and thus, the vorticity w is now a vector function.
The vorticity formulation of the incompressible Euler equations (3.2)) in 3-D
can then be derived as

we+ (u-Vw = (w- V)u, (3.12)

w(z,0) = w(x).

Note that in contrast to the case of two spatial dimensions, the fact that
w € R? implies that Equation ([3.12) is a system of three equations. Unfor-
tunately, similar to the case of two spatial dimensions, Equation (3.12]) also
involves the unknown velocity field u. Therefore, in order to solve Equa-
tion ([3.5)), we must once again eliminate the velocity term using a suitable

stream function and thus obtain evolution equations purely in terms of the
vorticity w.

To this end, we recall that by assumption we have
divu =0, (3.13)

curlu = w.

The system of Equations (3.12)-(3.13)) is overdetermined, and we can once
again appeal to the Helmholtz-Hodge decomposition theorem Indeed,
we have the following result [MB02, Proposition 2.16]:

Theorem 3.4 LetT € (0,00], letd =3, let @ = RY, letu: Qx[0,T) — R?
be a velocity vector field and let w: [0,T) — L?(Q2;R?) be a smooth vector
field. Then

(i) Equation (3.13)) has a unique, smooth solution u that vanishes rapidly
as |x| = oo if and only if

divw = 0;

(i1) if divw = 0, then the solution u can be determined constructively as
u = — curly,

where the vector-stream function v solves the following Poisson equa-
tion:

A = Q.
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Moreover, the velocity field u is explicitly given by
o) = [ Kao — gty t)dy
Q

with the 3 X 3 matrix kernel K5 given by

_lxxh
CArm |x3

Kg(l’)h V he R3.

Proof We first recall two vector identities from multi-variable calculus: let
1 € R3. Then it holds that

divcurly =0, (3.14)
—curl curly + Vdivy = Aq.

Let u be the unique, smooth solution to Equation (3.13]). Then, clearly

divw = divcurlu = 0.

Conversely, let div{2 = 0. Then, by the Helmholtz-Hodge decomposition
theorem there exists a unique vector field v € R? that vanishes rapidly
as |r| — oo and with the property that

w = curl u.

Thus, (i) clearly holds.

Next, consider the Poisson equation given by

A = w.

This Poisson equation can also be explicitly solved in terms of the Green’s
function:

U(x,t) = i/ w(y,1) dy (3.15)

dr Jo |z —yl

Next, let the function 1*, ¢ be such that

* = curl curl, Y = Vdiv.
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Since w: [0,7) — L*(©;RY) is smooth and vanishes rapidly as |z| — oo, it
holds that

V*(z, ')712(377 )= O(|$|_3) for |z| > 1.

Thus, *: [0,T) — L?(;R?) and ¢: [0,T) — L*(Q;R?), and moreover by
Equation ({3.14)) it holds that

Y4+ =w.

Taking the L? inner product with 1) on both sides of the above equation,
we obtain

(77;715) - (Wﬂm - (¢*7¢)
Now, observe that

w- (Vdivey) de

€
§/|
I
S~

divwdivy dx

S~

~—~
Integration
by parts

“@|

(3.14)

Similarly, it also holds that

(Y*,¢) = — [ curlcurly - Vdive do

S~

div ( curl curl w) div ) dx

S~

~—~
Integration
by parts

= 0.
~—
B-14)

Hence, (1,%) = 0, and therefore, ¢» = 0. Thus, Equation (3.14]) implies
that

curl(— curly)) = Ay = w.
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Now, let w = — curl®y. Then, clearly u satisfies Equation (3.13) and more-
over, an explicit form for u can be derived from Equation (3.15)) as

1 T =y
u(zx,t) = 47r/Q p— X w(y,t) dy. (3.16)

The proof is thus complete. O

Theorem enables us to re-write the unknown velocity field u that ap-
pears in Equation (3.14]) in terms of the vorticity w. Unfortunately, we
must also eliminate the gradient of the unknown velocity field Vu. Un-
fortunately, it is not possible to obtain a similar expression for Vu using
simple differentiation under the integral sign. Indeed, we observe that for
all y € R?,y # z, the term
r—Yy
o=yl

is homogeneous of degree —3 and therefore, the singularity is not integrable
on ) = R®. Hence, we must instead use distribution theory in order to
compute Vu.

We first require the following lemma [MB02, Proposition 2.17]:

Lemma 3.5 Let d > 1 be an integer, let K: RY — R be a locally integrable
function homogeneous of degree 1 — d such that K is smooth away from
x = 0. Then for all j € {1,...,d}, the distributional derivative 0,, of K
is the linear functional 0, K with the property that for all ¢ € C§° (R%) it
holds that

(aij7 gb) = _(K7 8&3J¢)
= PV/ 833]K¢d:c — Cj(éo, (b)
R
Here, 6y is the Dirac distribution centred at zero, the constant c; is given
by

cj = K(z)x;ds(z),

|z|=1

and we have used the notation PV [,,(-) dz to denote the Cauchy principal-
value integral:

PV [ fdx =lim fdx, for all f € L'(R%).

R N0 J|z>e
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

Proof By definition of the distributional derivative, for all 7 € {1,...,d}
and for all ¢ € C3°(R?) it holds that

~0,K.0) = [ Koo

Since K € L} (RY), the dominated convergence theorem implies that for

all j € {1,...,d} and for all ¢ € Cg°(R?) it holds that

KO, ,¢dx = lim Ko, ¢dx

R4 N0 |z|>e
I ( / 0, Kopde+ [ KoL ds( ))
= lim|( — - x —ds(x) ).
o, O8N Jpppe oi=e 1]
reen’s N N\ J/
theorem }’ }f
1 2

By definition, it holds that

lim7; = —lim O, Ko dr = —PV/ Oz, Ko dz.
R

eN0 eN0 |z >e

Moreover, for every € > 0, we can introduce a change of variables y = £ in
the term T3 to obtain ds(y) = zds(z) and therefore

T, = K(2)b(x)~2 ds(z) = K (ey)d(ey)y e ds(y)

||=e |I‘| ly|=1

_ e UK (y)(ey)y e’ ds(y)

homogenity lyl=1

— K(y)o(ey)y; ds(y).

ly|=1

Finally, taking the limit € 0, we obtain

lim 75 = ¢(0) - K(y)y; ds(y)

= Cj((SO? Qb)

The proof is thus complete. 0
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3.1.  Vorticity-Stream function formulation of the incompressible Euler equations

We remark that the gradient VK is homogeneous of degree — N, has mean-
value zero on the unit sphere and is consequently an example of a singular
integral operator (SI0O).

We can now use Lemma [3.5[in order to compute the gradient of the velocity
field given by . Due to the tedious and lengthy nature of this compu-
tation, we skip the details and instead refer the reader to [MB02l Section
2.4.3]. Eventually, we arrive at the following expression:

Vu(z,O)]h = — PV /Q (%%

L3 (E—y) xwlyt) @ (v~ y))h>dy

4 lz —y[®

1
+ gw(x) X h, VheR:.  (3.17)

In conclusion, we obtain the following vorticity-stream function formulation
for the 3-D incompressible Euler equation (|3.2)):

Lemma 3.6 Let T € (0,00], let d =3, let @ = R? and let u: Q x [0,T) —
R? be a wvelocity vector field with the property that u vanishes rapidly as
|z| — oo. Then the velocity-pressure formulation of the 3-D incompressible
Euler equations (3.2)) is equivalent to the following vorticity-stream function
formulation:

% = 0w+ (u-Vw=(w-Vu forall (z,t) e R x (0,T7), (3.18)

w(z,0) = wo(z) for all x € RY,

where the velocity u is given by

1 r—y
t) = — t)d
u(z,t) 47T/Q|x_y|3 x w(y, t) dy,

and the gradient of the velocity Vu is defined in the sense of distributions
as

1 w(y,t) x h

[Vu(z, t)]h = - PV/Q (47r |z — yl?

3 (((e—y) xwy,t) ® (@ —y))h
T & —yf? >dy
- %“(””) x h, V heR.
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Moreover, the pressure field p can be obtained by solving the Poisson equa-

tion (3.3).

Lagrangian Reformulation of the Incompressible Euler
Equations

Consider the Incompressible Euler equations (3.2)). In Sectionwe showed
that this velocity-pressure formulation of the incompressible Euler equations
is equivalent to the vorticity-stream function formulation ([3.12)).

We now introduce a third equivalent reformulation of the Euler equations.
Recall from Section [I.2]and Section that we can introduce Lagrangian
trajectories as functions X': Q x R, — R? that satisfy the following initial
value problem:

dX
E(a,t) =u(X(a,t),t), (3.19)

X(a,0) = a.

Therefore, given an initial vorticity field wy: Q@ — R™, where n € {1, 3}, it
is of interest to calculate the rate of change of vorticity along these particle
trajectories:

%w(X(a, t),1).
To this end, we make use of the following lemma.

Lemma 3.7 Let T € (0,00], let N € N, let d € {2,3}, let Q = RY, let
u: Q x [0,T) — R? be a smooth velocity vector field with associated flow
map X defined by Equation (3.19) and let h: Q x [0,T) — RY be a smooth
vector field. Then

%ZL =0h+ (u-V)h=(h-V)u (3.20)

— h(X(a,t),t) = Va(X(a,t))ho(a), (3.21)
where we have used the notation that hy(a) := h(a,0) for all a € Q.

Proof Consider Equation ({3.19) and differentiate both sides with respect
to the spatial variable. It follows from the chain rule that the following
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3.2. Lagrangian Reformulation of the Incompressible Euler Equations

matrix equation holds:

d
Evaﬁc(a,zf) = Vau(X(a,t),t) : Vo X(a,t). (3.22)
Using the notation that V,u(X(a,t),t) := (Vu)|x(es) and multiplying both
sides of Equation (3.22)) with the vector hy(a) we obtain

d

EVaX(a,t)ho(a) = (Vu)|x(an VaX (a,t)ho(a). (3.23)

Moreover, if h satisfies Equation ([3.20)), it holds that

Dh
= _p.
T Vu,

and therefore it follows that

%h(é\?(a, t),t) = (Vu)|x@nh(X(a,t),a). (3.24)

Thus, both h and V, (X (a,t))hg(a) satisfy the same linear ordinary dif-
ferential equation ([3.23) and (3.24) with the same initial datum ho(a). It
therefore follows from uniqueness of solutions to ODEs that for all a € Q)
and for all ¢ € [0,T) it holds that h(X(a,t),t) = V,X(a,t)ho(a). Since

these last step are reversible, the proof is complete. 0

Some remarks are now in order.

Remark 3.8 Given a 3-D flow map X, the gradient V,X (a,t) is a matriz
defined as

rx(a,t)  Xi(at) Xi(ant)

day daa das
_ Xo (a,t) Xg(a,t) XQ(a,t)

V“X(a’ t) - day das das
Xs(at)  X3(a,t) Xs3(a,t)

L dai dag das

myl 1 1
X, X, A

_ 2 2 2

= | X, X, Xl

x:oxr Al

L vaq

where we have used the notation that X := (X, Xe, X3) and a := (aq, as, as).
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3.2. Lagrangian Reformulation of the Incompressible Euler Equations

Note that since divu=0, it can be shown that the determinant of the above
matriz detV,X (a,t) = 1 for all a € Q and for all t € [0,T). We leave this
proof as an exercise.

Moreover, without loss of generality, we may assume that the above matrix
has three complex eigenvalues denoted by A\, \™" and 1, with |\| > 1.

Remark 3.9 In the context of Lemma we may, n particular, take
h = w. The vorticity w satisfies Equation (3.20) and therefore also satisfies
Equation (3.21). It follows that for all a € Q and for all t € [0,T) the

vorticity satisfies the equation

w(X(a,t),t) = VoX(a, t)wo(a). (3.25)

Hence, along streamlines X (a,t), the vorticity is stretched by a factor V,X (a,t).

In view of Remark[3.8, when wy is aligned with the complex eigenvector as-
sociated with the eigenvalue \, the vorticity is amplified by the flow.

Remark 3.10 For 2-D flows, the situation is much simpler. Indeed, we ob-
serve that in two-spatial dimensions, the initial vorticity is given by w(a) =
(0,0,ws(a)) and the gradient of the flow map X is given by

XLoXxLo
VoX(a,t) = [X2 X2 0
0 0 1

Therefore, the vorticity evolution equation (|3.25)) simply reduces to
w(X(a,t),t) = wo(a). (3.26)

Thus, for 2-D flows, vorticity is preserved along the streamlines.

Equation lies at the heart of the so-called Lagrangian reformulation
of the incompressible Euler equations . Indeed, let us consider the case
of three spatial dimensions, i.e., d = 3. We recall from Section that
the velocity field u is given by the integral equation

o) = [ Ko~ y)ty.0)dy
Q
with kernel K3 given by

V heR3. (3.27)
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Let us now rewrite this expression for the velocity by introducing the change
of variables y = X (a,t). We thus obtain

u(z,t) = / Ky(z — X(d 1)) w(X(d, t),t) dd,
Q
and Equation (3.25)) therefore implies that

u(z,t) = /QKg(x — X(d, 1))V X(d, t)wo(a') da.

Hence, we arrive at the following Lagrangian reformulation of the 3-D in-
compressible Euler equations ({3.2):

dXC(l;lyt). = /QK3 (.)C'(a, t) — X(a/,t>)va/¥(al’t)wo(a/) da’, (328)
X(a,0) = a.

Equation is an integro-differential equation for the Lagrangian tra-
jectories generated by the flow-map X and is completely equivalent to the
velocity-pressure formulation of the Euler equations . A detailed proof
of this fact can, e.g., be found in [MB02, Proposition 2.23|

Classical Solutions to the Incompressible Euler Equations

Throughout this section, unless stated otherwise, we restrict out attention
to the case of three-dimensional flows. We have previously shown in Sec-
tion that the Lagrangian reformulation of the 3-D incompressible Euler
equation is given by Equation (|3.28]):

X(a,0) = a.

Observe that Equation (3.28) can be rewritten as a non-linear ordinary
differential equation on an infinite-dimensional space as

dX(a,t)
— = F(X(a,t),t), (3.29)
X(a,0) = a,
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3.2. Lagrangian Reformulation of the Incompressible Euler Equations

where the non-linear mapping F' is given by

F(X(a,t)) = / K3(X(a,t) — X(d, 1))V X(d, t)wo(a') da'.

R?)

Our goal is now to show that there exists some infinite-dimensional Banach
Space B such that F' is a locally Lipschitz continuous function on B or
some subset of B. This will allow us to appeal to classical existence and
uniqueness theory for ODEs to prove the existence of a local in time solution
of Equation . In particular, we intend to use the following version of
the Picard existence theorem for Banach spaces:

Theorem 3.11 Let B be a Banach space, let O C B be an open set and let
F be a non-linear operator satisfying the following conditions:

e [': 0 — B;

e F s locally Lipschitz continuous on O, i.e., for every X € O, there
exists some constant L > 0 and an open set Vx C O such that for all
X, X € Vx it holds that

IF(X) = F(X)|ls < L|| X — X||s.

Then for any Xy € O, there exists a time T' > 0 such that the ODE

dXx(t)
—— = F(X(1)), (3.30)
X|t=0 - XO>

has a unique local solution X € C’l((—T, T); O).

Proof This theorem can, for example, be found in [MB02, Theorem 3.1].
The reader is referred to [Har82| for a proof. O

Clearly, in order to apply Theorem to Equation , we must first
choose an appropriate Banach space B and an open set O C B such that
conditions of the theorem are satisfied. In particular, for any ¢t > 0, the
open set O must contain all maps X'(-,t): R — R? that are injective and
surjective, including the identity map. Moreover, the Banach space B must
be such that F' is locally Lipschitz continuous on O C B.
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3.2. Lagrangian Reformulation of the Incompressible Euler Equations

The Choice of the Banach space B:

First, note that since the non-linear mapping F' appearing in Equation
explicitly contains the gradient term V,X, we may naively assume
that it suffices to set the Banach space B = C1(R3;R?), i.e., the space of
all bounded and continuously differentiable functions. Unfortunately, this
choice of B does not work for two reasons. First, observe that if X €
C1(R3; R?) is injective and surjective, then X cannot be bounded. Second,
note that the non-linear mapping I’ contains the gradient V,X, which, as
discussed in Section , is a singular integral operator (SIO). Such SIOs
do not map the class of bounded functions to itself and instead map the set
of L> functions to the larger set of functions with bounded mean oscillation
(BMO). This implies that the non-linear mapping F' is not bijective on
B = C'(R3; R3).

It turns out that the correct choice is a class of Hélder continuous functions.
Indeed, we define the set B as

B={X:R*—>R®and |X|;, <oc forvye(0,1)}, (3.31)

where the norm | - |1, is defined as

|X|1,v = |X(O)| + |vaX|0 + |vax|w

and we have used the usual notation that

|X(a)]o = sup |X(a)l,

a€R3
and
|X(CL)| = sup |X(a> _ X(al)|
! a,a’ €R3 |(l - a/|,y ’
a#a’

define the supremum norm and the Holder norm respectively.

It can be shown that the space B defined above is a complete, normed-
vector space and thus indeed a Banach space. Furthermore, as we discuss
below, this choice of the Banach space B satisfies our needs and will allow
us us to apply Theorem to obtain local in time existence of solutions
to Equation ([3.29).
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3.2. Lagrangian Reformulation of the Incompressible Euler Equations

The Choice of the Open Subset O C B:

In order to apply the Picard existence Theorem (3.11] we must select an
open set O C B such that the identity map, which is the initial condition
of ODE , is contained in O and moreover, the non-linear mapping F
is locally Lipschitz continuous on O.

As mentioned in Remark [3.8] the incompressibility constraint divu = 0
implies that V,X = 1 for all @ € R3. Unfortunately, this condition is too
restrictive as it defines a hyperplane of functions in the Banach space B,
whereas we would like to find an open set. Thus, we instead define for every
M > 0 the set Oy, given by

1
Oy = {X € B: inf detV,X(a) > 3 and | X[, < M forye (0,1)}.

a€R3

It can then be shown (see, e.g., [MB02, Proposition 4.1]) that for any M > 0
and for any v € (0,1), the set Oy is non-empty, open and consists of
bijective mappings (homeomorphisms) of R? onto R3.

We can now apply the Picard existence theorem to Equation (3.29).
We therefore obtain the following local existence and uniqueness theorem
(due to Leon Lichtenstein) for solutions to the initial value problem (|3.29)).

Theorem 3.12 Let the kernel K3 be defined by Equation (3.27)), let v €
(0,1) and let wy € C*(R3;R3) be a compactly supported function. Then,
for any M > 0, there exists some time T (M) > 0 and a unique solution

X € C((=T(M),T(M)); Onr)
to the initial value problem
% _ /Q Ky (X(at) — X(d, 1)) Vo (0, o)) dd',
X(a,0) = a,

and by extension to the incompressible Euler equations (3.2)).

Proof (Sketch) Theorem and its proof can be found in [MBO02, The-
orem 4.2]. We present here a sketch of the proof.

Our aim is to demonstrate that the mapping F': Oy; — B defined by ((3.29))
is both bounded and locally Lipschitz continuous. To this end, for clarity
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3.2. Lagrangian Reformulation of the Incompressible Euler Equations

of exposition we suppress the time-dependence of the function F' and we
write for each X € Oy,

P(X) = /R Ky((a) ~ X(2)) Vo @)en(a) da

Furthermore, we introduce a change of variables by defining

r = X(a), T
a=X""(r),

X(a),
X 1(z).

ol
I

The fact that the flow-map X € O); is a homeomorphism implies that
this change of variables is well-defined. It therefore follows that for each
X € Oy, it holds that

F(X)= /]R 3 K3(X(X7'(2)) — ) Vo X (XHZ))wo(XH(Z))det (VX (T)) dz.

Thus, using o to denote function decomposition, we may write the mapping
F' in the compact form

F(X) = (Ksf)o X!,
where

Ksf(z) = | Ks(z —1)f(2)dz,

R3

and
f(Z) = Vo X(@)wo(a)det (V. X1 (z)).

A straightforward calculus identity then yields that there exists some con-
stant C' > 0 such that for all X € Oy and v € (0, 1) it holds that

|F(X)|1,y < |Ksflin| Xy < ClKsfls| X7,

Hence, it remains to bound the term | K f|; .

We recall that K5 f is a solution to the Poisson equation

A<K3f> = f7
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and therefore by the Schauder estimates of potential theory, for every a €
(0,1) there exists some constant C' > 0 such that

1K fllcze < Cllflloas

and a slight modification of this argument yields that for for every a € (0,1)
there exists some constant C' > 0 such that

K3 fl1a < Cllflloa- (3.32)

It therefore suffices to bound the term || f|o.. By definition, for all a €
(0,1) it holds that

Hf”O,a = HvaX(X_l)WO(X_l)det(v$X_1>HO,a‘

Two simple calculus identities imply for every o € (0, 1), the existence of
constants C, Cy > 0 such that

1 0 X o < Il (1+ CI2FE),

IVadX ~Hloo < ClXRG

1«
and hence for every o € (0,1) there exists a constant C' > 0 such that

1l < Ve lloallwollon (1 -+ CIXITE) 234,

1, 1,

Since each term in the above inequality is finite, we conclude that for all
X € Oy and 7y € (0,1) it holds that

|F(X)]1, < o0.

Next, we must prove that the mapping F': Oy, — B is locally Lipschitz
continuous. Note that if the Fréchet derivative F'(X) is bounded for all
X € Oy, then the mean-value theorem implies that for all X, X € Oy and
all v € (0,1) it holds that

|F(X) — F(X)|1, = /0 %F(?? + (X — X)) de

1,y

1
< / [F'(X + e(X = X))|,_ de|X — X,
; ,
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and thus F is indeed locally Lipschitz continuous on Oy;. Therefore, it is
sufficient to show that the Fréchet derivative F” is a bounded linear operator
on Oy;. To this end, observe that for all XY € O, it holds that

d

F'(X)Y = d—F(X + €Y )|e=o
€
d _ _
-2 K, (X(a) — X(a) + (Y (a) - Y(a)))

dE R3

- Vo (X(a) + €Y (a))wo(a) da

e=0

_ /R Ky(¥(a) — X(a) V.Y (a)wo(a) da

(. 4
v~

=T

+ [ VEK3(X(a) — X(a))(Y(a) — Y(a))V.X(a)wo(a) da.

R3
G

=T
We must now estimate each term 77,75 separately. First, we observe that
the term T} can be written as
Ty = (K3V,Ywy) o X7,
and therefore can be estimated using the potential theory estimate ((3.32]).

Indeed, we obtain that for any v € (0,1) there exists some constant C' > 0
such that for all X,Y € O, it holds that

Ty < CllwollonlY]1
The term 75 can similarly be estimated using results from potential theory.

We omit this proof due since it is significantly more technical but a detailed
argument can, for example, be found in [MB02, Appendix]. We eventually

obtain that for any v € (0,1) there exists some constant C' > 0 such that
for all XY € Oy, it holds that

T3)1, < Cllwolloq Y1y
We therefore conclude that for any v € (0,1) there exists some constant
C' > 0 such that for all X', Y € Oy, it holds that

[ (X)Y 15 < Cllwolloq|Y 14

Thus the Fréchet derivative F’: Oy — B is a bounded linear operator and
therefore F' is locally Lipschitz continuous. The proof is thus complete. []
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3.2.2 Global Existence of Classical Solutions

Throughout this section, unless stated otherwise, we restrict out attention
to the case of three-dimensional flows. In Section we established the
existence of a local unique solution to the Lagrangian formulation of the
3-D incompressible Euler equations . We now discuss the existence of
global solutions to the IVP ({3.28)).

As in standard ODE theory, we can obtain global in time existence of
solutions if there is no blow-up and no continuation of solutions outside the
open set of local existence. We shall make use of the following abstract
theorem:

Theorem 3.13 (Continuation Theorem) Let T € (0,00|, let B be a
Banach space, let O C B be an open set, let F': O — B be a locally Lipschitz
continuous mapping and let X € C* ([0, TY; O) be the unique solution of the
following wnitial value problem involving the autonomous ODE:

dX

= F(X

dt ( )7
X’t:o - XO c O

Then one of the following must hold:

1. X is a global in time solution, i.e., T' = 00;
2. T < oo and the solution X (t) leaves the open set O ast S T.

Proof A proof of Theorem [3.13]can be found in any standard text on ODE
theory such as, for example, [LL72, Page 161]. O

We can now apply Theorem to the IVP (3.29) to obtain the following
celebrated result, which is due to Beale, Kato and Majda [BKMS&4]:

Theorem 3.14 (Beale-Kato-Majda) Let vy € (0,1), let wy: R®* — R3 be
a compactly supported function such that ||wyllo < 00, let w be a solution to
the vorticity-stream function formulation of the incompressible Fuler equa-
tions (3.18)) with initial datum wy on some time interval and let |w(-, s)|o
denote that Cy-norm at time s of the solution w.

1. Suppose that for every T > 0, there exists a constant M; > 0 such
that the vorticity w satisfies the bound

T
/ (-, 5)|o ds < M.
0
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Then for any T > 0 there exists a constant M > 0 such that the

solution to the Lagrangian formulation of the incompressible Euler
equations (3.29) X € Cl([O,T];OM). In other words, the solution X
exists globally in time.

2. Suppose that for any M > 0 there is a finite maximal time T (M) > 0
of existence of solutions X & Cl([O,T(M)];OM) to the Lagrangian
formulation of the incompressible Euler equations and further
that limps oo T (M) = T < 0o. Then it holds that

¢
lim/ lw (-, 8)]ods = oc.
0

t T+

In other words, either the time-integrated vorticity blows up or there is a
global in time classical solution to the incompressible Euler equations.

Proof (Sketch) A detailed proof of Theorem can, for example, be
found in [MBO02, Theorem 4.3]. We present here a sketch of the proof.

Our aim is to apply Theorem to the IVP involving the Lagrani-
gian formulation of the incompressible Euler equations. To this end, we
must show that for any v € (0,1) there exists some constant M > 0 such
that the solution X to satisfies the bound

| X1, < M.

We proceed in two steps.
Step 1:

Let T' > 0. We first show that for any v € (0,1), it holds that |X (-, )| - is
a priori bounded on the time interval [0, T] provided that for all ¢ € [0, T
there is an a priori bound on

t
/ |Vu(-,s)|ods.
0

We recall that the solution X satisfies the ordinary differential equation

dX(a,t)

pra /RB K;(X(a,t) — X(a,t))V,X(a,t)wo(a) da (3.33)

=u(X(a,t),t).
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Differentiating both sides of the above equation, we obtain

%VQX(G, t) = Vu(X(a,t),t)VoX(a,t). (3.34)

Schauder estimates from potential theory then imply that for each ¢ € [0, T
there exists some constant C' > 0 such that

[u(-, )l < CR(®)|w(-, 5)o.

where R(t)3 is the measure of the support of the vorticity w at time ¢. By
assumption, the initial vorticity is compactly supported and the flow map
X is volume preserving. It follows that R(t) is independent of ¢ and is thus
a constant. Hence, we obtain that there exists some constant C' > 0 such
that for all ¢ € [0,7] it holds that

lu(-, t)]o < Clw(-, 9)]o- (3.35)
The mean-value theorem implies that for each ¢ € [0, 7] it holds that
dx

X(0,t) — X(0,0) = i %(O,S)ds

_ /Otu(X(O,s),s) s,

and therefore there exists a constant C' > 0 such that for all ¢t € [0,7] it
holds that

t t
(0,1 < / (-, 8)[o ds < c/ (-, 8)]o ds.
0 0
Note that Equation (3.34]) implies that for each ¢ € [0, 7] it holds that
d
211 VaX (0o < [Vul, 1)]o[ VaX (- t)lo,

and thus, using Gronwall’s inequality, we obtain that for each ¢ € [0,T] it
holds that

VX (- 1)]o < exp (/Ot Vu-.5)lods). (3.36)
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Next, let v € (0,1). Then Equation (3.34]) implies that for each ¢ € [0, 7]
it holds that

d
a|vax('at)|v §|VU(X('at>7t)|7|VaX('7t)|0 + |VU('7t)|0|va'X('at)|v
§|vu(’ t)|“/|va‘;v(')t)|(1)+’y + |vu(7 t)|0|vax('7t>|77

where the second inequality follows from the following simple calculus iden-
tity for smooth functions f: R3 — R3:

|f o Xy < |f15IVad]s.

Inequality (3.36]) can be used together with the following Schauder estimate:
there exists some constant C' > 0 such that for all ¢ € [0, T] it holds that

ju( D)y < Clwls )]y,

to obtain that for all ¢ € [0,7]] it holds that

%]VQX(-,t)\W < Clw(-, t)], exp (<1+7)/0 ]Vu(~,s)|ods> (3.37)
+ |VU('7t)|O|VaX('7t)|W'

The next step is so estimate the vorticity term |w(-, t)|, in terms of |Vu (-, t)]o.
We require the following lemma:

Lemma 3.15 Let v € (0,1), let T > 0, let wy € C%7(R?;R3), let the func-
tion w: R® x [0,T] — R3 satisfy the vorticity-stream function formulation
of the 3-D incompressible Fuler equations given by

d,
—w—i—(u-V)w: (w-V)u,
dt
and let X: R x [0,T] — R3 be the flow-map associated with the velocity

field u that satisfies Equations (3.33)) and (3.34). Then there exists some
constant Cy > 0 such that for all t € [0,T] it holds that

ek < el ((Co-4) [ (9t o)lods ).

Proof This lemma and its proof can, for example be found in [MBO02,
Lemma 4.8]. O
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We can now apply Lemma to Inequality ([3.37)) to obtain the existence
of constants Cp, C; > 0 such that for all ¢ € [0, 7] it holds that

d t
ZIVa ()], < Colunly exp (€1 / [V, 5)lo ds ) + [Vu(, )]s Vo (- )]s
0

Gronwall’s lemma then implies that there exist constants Cy, C; > 0 such
that for all ¢ € [0,7] it holds that

Va0l <Calaslatexp (Cy [ [Vut,o)lods) (339
0

'/Ot exp (/OS IVu(-, 7)|odr) ds. (3.39)

Thus, if fOt\Vu(-,s)|ds < oo for all t € [0,7], then the gradient term
|VoX(t)]1, is a priori bounded, and it follows that |X|; , is also bounded.

Step 2:

The next step is to show that for each ¢ € [0, T the gradient term f(f \Vu(-,s)|ds
can be controlled by the vorticity term fot |w(-, s)|ods. This proof is highly
technical and makes use of the representation formula (3.17) for the gradi-

ent of the velocity field u. The final result is that there exists a constant
C = C(wp) such that for all ¢ € [0,T] it holds that

1+ /Ot IVu(-, 8)[ods < exp (C(WO) /Ot |w(.,s)|0ds>.

This last inequality combined with Inequality (3.38]) completes the proof.[]

An immediate consequence of the Beale-Kato-Majda theorem [3.14] is the
global existence of classical solutions to the incompressible Euler equations
(13.29) in two spatial dimensions.

Theorem 3.16 Let v € (0,1), let the Banach space B be defined by
and consider the vorticity-stream function formulation of the incompressible
Euler equations in two-spatial dimensions , with compactly supported
initial vorticity wy such that ||wol|, < co. Then there exists a unique global
solution X(-,t) € C’l([O,oo);IB%) to the corresponding Lagrangian formula-
tion of the incompressible Euler equation for all time t € [0, 00).
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Proof Let T" > 0. We recall that in the case of two spatial dimensions,

the vorticity w is preserved along the Lagrangian trajectories, i.e., for all
a € R?t € [0,T] it holds that

w(X(a,t),t) = wo(a).
Hence, for all ¢ € [0, 7] it holds that
|W(',t)|0 = |CUO|0,

and thus
T
/ lw(+, $)|ods < |woloT.
0

We can therefore apply the Beale-Kato-Majda theorem in order to
obtain global existence of a unique classical solution. 0

Remark 3.17 Note that the hypothesis of the Beale-Kato-Majda theorem
[5.14 requires some regularity constraint on the initial vorticity. However,
many two-dimensional flows involve initial vorticities with significantly less
reqularity, such as so-called vortex patches (wo € LOO(]RQ)) or so-called
shear layers (the initial vorticity is a measure). In such cases, we can-
not apply Theorem [3.14, and we therefore consider these flows in the next
chapter.

Weak Solutions of the 2-D Incompressible Euler
Equations

We have thus far discussed three equivalent formulations of the incompress-
ible Euler equations in two spatial dimensions:

1. Velocity-pressure formulation (3.2)):
w4+ (u-Vu+Vp=0 in R? x (0,7,

divu =0 in R? x (0,7, (3.40)
u(z,0) = ug(x) in R?;
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

2. Vorticity-stream function formulation (3.5)):

D
—w::wt—l—(u-V)w:O in R? x (0,7,
Dt
w(z,0) = wo(x) in R?,
(3.41)
U([E,t) = K(ZL’ - y)W(y,t)7
RQ
1 ) T
Koy = L (- 2 ).
D=5\ fa JaP
3. Lagrangian formulation (3.29)):
dX(a,t)
T = u(X(a,t),t),
X(a,0) = a,
(3.42)

u(X(a,t),t) = /}RQ K (X(a,t) — X(a,t)wo(a) da),

1 i) T
= (=2 ),
@)= e\ " L TP

In Section [3.2] we studied the well-posedness of the classical solutions to
the incompressible Euler equations and under the assumption
that the initial data wy was sufficiently smooth. We are now interested in
problems with weaker regularity constraints on the initial data wy, such as,
for example, vortex patches corresponding to

wo € LY(R?) N L®(R).

As is usual in such cases, we will consider weak solutions to the incompress-
ible Euler equations . To this end, consider the following calculation:
let T'> 0 and let ¢ € C* (R2 x [0, T]) be a test function compactly supported
in space. Then it holds that

d B D B Do Dw
— gb(x,t)w(x,t)d:c—/ E(qﬁw)dw _/szDt dz + R2¢Dt dx.

dt R2 R2

Note that if w solves the initial value problem (3.41)) in the classical sense,
then the right-hand side of the above equation is identically equal to zero.
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

Integrating the above equation on the interval [0, T], we obtain

oz, Tw(z,T)dx — 2 ¢(x,0)w(x,0) dx

R2 R
T
_ / / (e + u(-V)) dadt. (3.43)
0 Jr?
Equation (3.43)) therefore suggests the following definition of a weak solution
to the incompressible Euler equations (3.41)):

Definition 3.18 Let T > 0, let wy € L'(R*)NL>®(R?), let w: R? x [0, T] —
R and u: R? x [0,T] — R? be functions with the property that

1. we L=([0,T]; L*(R?) N L?00(R?));
2. u=kxw, w=curlu;

3. for all test functions ¢ € C*([0,T]; C§(IR?)) it holds that
Qb(l’, T)W(.CL’, T) dx — ¢(I7 O)CL)(I, O) dx

- ZT /R2 w (s +u(-V)o) dadt.

R2

Then, we say that (w,u) is a weak solution to the vorticity-stream function
formulation of the incompressible Euler equations (3.41) with initial datum
wo -

Exercise 3.19 Show that

1. every smooth solution w of the IVP (3.41)) is also a weak solution of
the IVP (3.41));

2. if (w,u) 1s a C'-weak solutions, then both w and u are smooth func-
tions.

We now have the following existence result for weak solutions to the IVP
(13.41)):

Theorem 3.20 Let wy € L'(R?*) N L>®(R?). Then there exists a weak solu-
tion (w,u) to the vorticity-stream function formulation of the incompressible

Euler equations (3.41) in the sense of Definition[3.18 for all time t € [0, 00).
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

Proof The proof of Theorem [3.20]is based on the use of mollifiers. We will
proceed in three steps.

1. We will construct a sequence of approximate solutions with the desired
properties;

2. we will extract a convergent subsequence from this sequence of func-
tions;

3. we will show that the limit of the subsequence is a weak solution to

IVP (3.41).

Step 1:
Let € > 0 and let p € C5°(R?) be a non-negative smooth function with the

property that
/ pdx = 1.
R2

We denote by wf the mollification of the initial data wy with p,:
1

62 R2

Wh = Pe kW = pe(F—L)wo(y) dy.

€

It is then straightforward to check that

w5l oo < [leo| Loe,
Jwollzr < [lwollt, (3.44)

ol = ol
lin [ — woll 1 = 0.

Next, observe that for any given € > 0, the function w§ € C°(R?) and thus,
Theorem implies the existence of a global smooth solution (u¢,w®) for
all times 7' > 0 such that v = K * w® with K defined by Equation (3.41]).

It follows that (uf,w*) is also a weak solution to IVP (3.41]) and for all test
functions ¢ € C*([0, T]; C3(R?)) it holds that

¢z, T)w(x,T) dx — ] o(z, 0)wy(z) d (3.45)

RQ

/H:T/sze(gbt—l—ue('V)(ﬁ) dxdt. (3.46)
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

Next, we prove some useful estimates on the approximate solutions w® and
u. We introduce the mixed norm ||| - |||: L'(R?) N L>®(R?) — R, as the
function with the property that for all g € L*(R?) N L>(IR?) it holds that

gl = llgllzr + [lgllzee-

It can then be shown that there exists some constant C' > 0 such that for
all t € [0,00) it holds that

[u ()l 2o < Clllw (5 DI < Clfwol - (3.47)

Indeed, observe that the regularised vorticity w€ is preserved along the La-
grangian trajectories X' : R? x R, — R%:

w(X(a,t),t) =wi(a) VaeR?

and it is therefore an easy exercise to show that there exists some constant
C7 > 0 such that for all ¢ € [0, 00) it holds that

[w (- DI < Clllwslll < Calllewol -
Next, note that by definition the regularised velocity field is given by

u(x,t) = g K(zx —y)w(y,t) dy.

Let p € C3°(R?) be a cutoff function defined by

_ 1 if |z| <1,
= - 3.48
pe) {0 if|z| > 2. ( )

It follows that

W) = [ e =K@ =t dy+ [ (1= ple = )K= ) 0.0) dy.

- - 7

-~ -~
—n € /€
.—ul .—u2

Using the fact that there exists a constant Cs > 0 such that for all x €
R2, z # 0 it holds that

Cs
Kx)| < —,
K| <
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

together with Young’s inequality, we obtain the existence of a constant
K > 0 such that for all ¢ € [0, 00) it holds that

[ D)lloe < NG Dllzoel|pK | + 11 = p) K[| o< [l (- 1) |12
< K|lu(, DI,

thus proving Inequality (3.47)).
Step 2:
The next step is to extract suitable subsequences (u), (w®) from the ap-

proximate solutions (u) and (w¢) respectively. We therefore introduce some
notation.

For a given t € [0,7], we denote by X~*: R? — R? the function with the
property that for all a,z € R? it holds that

X (X (z),t) ==, andX (X (a,t)) = a.

Thus, for each t € [0,7], X( — t) is simply the reverse flow-map. Next, we
denote by X¢ the flow-map generated by the approximate solution u¢ and
we denote by X' the reverse flow-map at time ¢ € [0, 7] associated with
the approximate solution u*.

Using this notation, we observe that the approximate solutions u¢, w® satisfy
the following Lagrangian formulation of the incompressible Euler equations:

dXxe< e/ e
o = u (X (e 0),1),

XE(CL, 0) = a, (3.49)

Thus, instead of considering subsequences (u), (w®'), we can construct a
suitable subsequence X¢ and pass to the limit in the Lagrangian trajecto-
Ti€es:

XY > x locally uniformly in x,
We can then define the weak solution (w, ) to the IVP (3.41)) as
w(w, t) = wo (X~ (2)),

u(z,t) = K *w.
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

In order to show the existence of the convergent subsequence (X€), we will
make use of the Arzela-Ascoli theorem. Therefore, we first prove some
uniform (in €) bounds on the trajectories (X¢). We require the following
lemma from Potential theory:

Lemma 3.21 Let T > 0, let wp € LY(R?*)NL>*(R?) and let w* and u® be the
smooth solutions on the time interval [0, T] to the vorticity-stream function
formulation of the incompressible Fuler equations with mollified ini-
tial data w§. Then there exists some constant C' = C(T') and the exponent
B(t) = exp (— C|||lwol|It) such that for all e > 0 and for all t € [0,T) it
holds that

|X — X| S C|.T1 — (L’Q|6(t), |X — Xl S C|l’1 — I2|B(t),

and furthermore for all € > 0 and for all t1,ty € [0,T] it holds that

X — X| <Oy —$2"B(t)|.)( —X| < Clxy — :cz]ﬁ(t)

and finally for all t € [0,T) it holds that u®(-,t) is quasi-Lipschitz continu-
ous, i.e., there exists some constant L > 0 such that for all 1, x5 € R? it
holds that

sup [u(z1,1) — (22, 8)| < L|wol[llzr — 22 (1 = log™ (Jz1 — 2])), (3.50)
0<t<T

where log™ (a) =log(a) for a € (0,1) and log™ (a) =0 for a > 1.
Proof Lemma and its proof can be found in [MB02, Lemma 8.1-8.2].00

Now, we observe that by definition, for all x € R? it holds that

t
X" — x| = |X.(a,t) —a| = / u(X(a,s),s)ds
0

€

< CT,

where the last inequality follows from the uniform bound ({3.47)).
It follows that for all ¢t € [0,77], the family of reverse flow maps (X ") is

uniformly bounded. Furthermore, Lemma [3.21| can be used to show that
the family (X*) is also equicontinuous on the set {z: |z| < R} x [0,T],

where R > 0 is a constant.
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

Similarly, the family of Lagrangian trajectories X' can also be shown to be
equicontinuous on the set {a: || < R} x [0,7]. Thus, we can apply the
Arzela-Ascoli theorem to obtain the existence of a subsequence (X ") such
that

X x) = X () uniformly on {z: |z| < R} x [0,T].

We can now define the solution vorticity w as w(z, t) = wo(X~'(z)) and the
solution velocity u as u = K *w, with K given by ({3.41)).

Next, we claim that for all ¢ € [0, T] the reverse flow map X ~!(¢) is measure-
preserving from R? to R? and for all ¢ € [0, 7] and all f € L'(R?) it holds
that

/R2 f(X () do = . f(x)dx.

Proof (Sketch) First, let f € CO(R?). Then the dominated convergence
theorem implies that for all £ € [0, 7] it holds that

/R @) de =t [ p( @) de = [ f@yde 350

e/ —0 R2

Using the fact that C!(R?) is dense in L'(R?) completes the proof for the
second part of the claim. Furthermore, the Reisz representation theorem
for measures can be used to prove that for all ¢ € [0,7] the reverse flow
map X ~!(¢) is also measure-preserving from R? to R2. O

We will now use the above claim to show that for all ¢ € [0, T it holds that
w (-, t) = w(-,t) in L' and u€ (-, t) — u(-,t) locally uniformly in space.
Observe that for all ¢ € [0, 7] it holds that
lim (| (-, 1) = w(-, )|z = i Jlo§ (X7 = wo(X ™)z
=0 e —0
< Tim [l (X2) = wo( ) 1o
=0

N J/

=T
+ lim J|wo (X2 — wo(X 7|11
g0 _
—7
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

The term T can be simplified using Equation (3.51)):

Ty =lim [ |w§ (X1 —wo(XY)| de = lim / |ws () — wo(x)| dz

e’—0 R2 e’—0

=0.

Furthermore, since wy € L*(R?) by hypothesis, there exists a sequence of
continuous functions {w§},en: R? — R such that

S

lwo — wi |t <

Thus, we can also simplify the term 75 as follows:

Ty = lim [|wo(X") — wo(X ™) || g1 < L [Jwo(X2") — wi (X7
e’ —0 e’ —0

€ €

+ lim JJog (A7) — wy (A7) e
e/ —0

€

+ lim [Jwf (X7 — wo(X 7Y 11-
e/ —0
Note that Equation (3.51]) clearly implies that

I,I%HWO(X%) wy (X7 ) = lim flwo —wglle <

3=

lim ||wg (X7 —wo(X M|z = lim |lwi — wollrr <
e =0 e =0

Furthermore, the function wy is continuous by hypothesis and therefore
for all ¢t € [0,7] it holds that wf(X,") — wi(X ") point-wise. Thus, the
dominated convergence theorem implies that for all ¢ € [0, 7] it holds that

lim ||wg (X_t) - wg(z\f_t)HLl =0.

e/ —0
Hence, we conclude that taking the limit n — oo, we obtain

TQZO.

Therefore, we have shown that limg_q ||w (-, ) — w(-,t)||z2 = T4 + Tp = 0.

We next show that u (-, ¢) — u(-,t) locally uniformly in space. To this end,
let p € C5°(R?) be a cutoff function defined by Equation (3.48)), let § > 0
and let ps € C5°(R?) be the function with the property that for all z € R?

ps(x) = p(*/s).
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

By definition of the solution velocity u and the approximate velocities (u),
for all ¢t € [0, 7] it holds that

clu (z,t) — u(z, t)| = ‘K * (wgl (X (2)) — wO(X_t(x))>’

<w0 (X “z)) — wg(é\,’_t(az))>

-~

=

((1 — p(g)K) * (wgl (XETt(x)) — wp (X‘%x)))

N J/

~~
=1

J/

+

It then follows that there exists some constant C' > 0 such that
I = |ps K+ (w0 (X" (@)) = wo(X () ) |
< s K (o () e + oo (X 1 )

< 2lfo] / p5(2) K (2)] da
|| <26

§C’/ lz| "t dz < C6
|x| <26

Similarly, it also follows that
- ‘ —ps) K (wgl (X () — wo (X_t(x))) ’
< N = ps) K || e flwg (X ") — wo(X )|

lwf(Xe") = wo(X )

IN
Q

0
Equation (3.51) therefore implies that for all ¢ € [0,77] it holds that

' O !
lu (z,t) —u(z,t)| < CH+ EHWG (1) —w(- 0)|| -

Next, given any 7 > 0, we pick § = 5. We have previously shown that

lim ||w® (-, 1) — w(-,t)||r = 0.

e/—0

Hence, we can pick some ¢, > 0 such that for all ¢ € (0, €] it holds that

(- 8) = (-, Ol < 6%
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

Hence, for any n > 0 there exists €y > 0 such that for all ¢ € (0, €], it holds

/

|u6 ('7t) - u('?ﬂ‘ <,
and therefore u (-, t) — u(-,t) locally uniformly in space.

Step 3:

To recap, we have shown that (w, u) is the limit of a suitable subsequence of
approximate solution (w¢, uel) and the limit is obtained in the L'-sense for
the vorticity and locally uniformly in space for the velocity. This classifica-
tion of the convergence allows us to conclude convergence of the non-linear
term wu¢ as we will show below.

In order to complete the proof, we must demonstrate that (w, ) is indeed a
solution to the vorticity-stream function formulation of the incompressible
Euler equations (3.41)).

Since, (w®,u¢) is a weak solution to IVP (3.41)) with mollified initial data
wg , for all test functions ¢ € C*([0,T]; C§(R?)) it holds that

qb(:r,T)we/(x,T) dx — gb(x 0)wg ( ) dx

//R (60 + u’'(-V)) dadt.

Taking the limit ¢ — 0, we obtain

RQ

lim [ ¢(z, T)wS (2, T)de — lim | é(z,0)w () de
€—=0 Jr2 e—>0 R2

J/ J/

-~

=Ty

,TQ
= lim / / (¢ + u V)¢) dxdt .
e/ =0 R2

-~

=T

Since for all t € [0,7], w(-,t) — w(-,t) in the L'-sense, it follows that
Ty =lim [ ¢z, T (z,T)de = [ ¢z, T)w(x,T)dz,
€—=0 Jp2 R2

and similarly
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Finally, the term T3 can be written as

T
T; = lim / / w (¢ +u (-V)¢) dadt
R2

e’—0 0

T
= lim/ / w ¢tdxdt+hm/ / )dxdt
¢=0Jo Jr? R?
:[1

v
=I

Again, using the fact that for all ¢ € [0, T, w¢ (-,t) — w(-, ) in the L'-sense,
the term I; reduces to

T / T
lim/ / w® Oy dxdt:/ / waoy dadt,
€=0Jo Jr2 o Jr?

and using the fact that for all ¢ € [0,7] it holds that w® (-,t) — w(-,t) in
the L'-sense and u (-, ) — u(-,t) locally uniformly in space we obtain

I, = lim/ / dxdt / / w(u( dxdt.
e’ —0 R2 R2

Combining these limits together, we obtain that (w,u) satisfies Equation
(3.43), and therefore (w,u) is indeed a weak solution of the vorticity-stream
function formulation of the incompressible Euler equations . The
proof is thus complete. U

Remark 3.22 For more details on Theorem as well as proofs of the
potential theory estimates we have used, the reader can consult [MB02, The-
orem 8.1].

We conclude this section by presenting a final theorem on the uniqueness of
weak solutions to the vorticity-stream function formulation of the incom-

pressible Euler equations ({3.41)).

Theorem 3.23 Let wy € L3°(R?) be a function with the property that there
exists some constant Ry > 0 such that

suppwo C {z: [z] < Ro}.
Then the weak solution (w,u), w € L*([0,00); LF(R?)) of the vorticity-

stream function formulation of the incompressible Fuler equations (13.41))
with initial datum wq is unique.
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

Proof We follow the proof presented by V. I. Yudovich in 1963 [Yud63].
We will use the following lemma, which is based on the Calderon-Zygmund
potential theory estimate:

Lemma 3.24 Let T > 0, let R: [0,T] — R and let w(-,t) € L(R?) be
a weak solution at time t € [0,T] to the vorticity-stream function formu-
lation of the incompressible Fuler equations (3.41) such that suppw(-,t) C

{z: |x| < R(t)}. Then there ezists a constant C' > 0 such that for all
p € (1,00) it holds that

IVu(, )l < C(llwoll = )p- (3.52)

Proof Lemma and its proof can be found in [MB02, Lemma 8.3]. O

We begin the proof by showing first that any weak solution w satisfying the
hypothesis of Theorem also satisfies for all ¢ € [0,T7:

/RQw(x,t) iz = /R wo(w) da.

To this end, note that any solution w(-,¢) € L' N L* has uniformly bounded
velocity u(-,t) = K xw(-,t). Indeed, there exists some constant C' > 0 such
that for all ¢ € [0,7] it holds that

[ul; D)z < Clljwol [l (3.53)

Furthermore, since the initial vorticity flows under the action of the La-
grangian trajectories, which are volume preserving, it follows that there
exists an increasing, bounded function R: [0,7] — R such that for all
t € [0,77] it holds that

suppw(-,t) C {z: |z| < R(t)}.

Moreover, since w is a weak solution, by definition for all test function
¢ € C'([0,T); C}(R?)) it holds that

oz, T)w(z, T) dx — . ¢(z,0)w(z,0) dz

- /oT /R2 w (s +u(-V)¢) dadt.

RQ

In particular, we may pick a test function ¢ such that ¢(x,t) = 0 for all
t € (0,7] and all |z| < R(T). Substituting this test function ¢ in the
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3.3. Weak Solutions of the 2-D Incompressible Euler Equations

above equation, we obtain that the right-hand side is zero and thus for all

t € [0,7] it holds that
/ w(z,t)dr = / wo(x) dz,
R2 R?

and this proves the claim.

Next, let (w1, u1), (w2, uz) be two weak solutions of the IVP (3.41]) with
the same initial datum wy € LF(R?) such that suppwy C {x: |z| < Ro}
for some Ry > 0 and with associated pressure fields P, and P, respectively.
Then the velocities {u; } ;-1 » satisfy the velocity pressure formulation of the
incompressible Euler equations in the sense of distributions:

0
ot T (- V) = =Vp,

We now define u* = u; — ug. Since for all ¢ € [0,7] and 7 = 1,2 it holds
that suppw;(-,t) C {x: |z| < R;(T)}, we can use an asymptotic expansion
of the kernel K to obtain

C _
uj(x,t) = m/ﬂ@ w;(y,t) dy+(9(\:v[ 2) for |z| > 2R;(T),

where C' > 0 is some constant.

It therefore follows that

o) = (/le(y,t)dy—/Rle(y,t)dy) +0(|z[7?)

R

— iz, t) = % (/R2 woly) dy — /n@ wo(y) dy) +0(|2[7?)
~ O(|2]7%).

Thus, we obtain that u* = u; — us has finite energy F at all time ¢ € [0, T:

E(t) = |u* (2, t)|* dw < oo.
R2

Next, we observe that the function u* also satisfies

uf + (ug - V)u* + (u* - Viug = =V (P, — BPy),
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in the sense of distributions. Moreover, taking the inner product with the
function u* of the above equation and integrating by parts yields for all
te0,T]:

1 d *12 7 * * : *
——FE(t) — lw**divuy + | (u* - V)ug-ude = | (P — Py)divu”.
2dt R2 R2

R2
Using the fact that the velocities {u;};—1 2 are divergence free together with
Holder’s inequality we obtain that for all p € (1, 00) it holds that

1
—iE(t) < 2/ [u*|*|Vuy| dx
R2

2dt
1—1/p
| 2P
<2 9uals [ 1)
RQ

2(p—1)

< 2 Vgl o o DI ()

Finally, we can apply (3.52)) from Lemma together with the fact that
the velocities {u; } -1 2 are uniformly bounded to obtain that for all ¢ € [0, 7]
it holds that

d .
ZE) < pME(t)' =7, (3.54)

where M = C’(]|w0]|Lw)||wo||2L/§o, with C' begin a constant that depends on
[lwoll zos -

It can now be checked that the maximal solution to the differential inequal-
ity is given by

E(t) = (Mt)?,
and therefore we must have for all ¢ € [0, 7]

E(t) < E(t).

Let us consider an interval [0, 7*] such that MT* < % Then, clearly for all
t € [0,77] it holds that

1
lim F(t) < lim — =0,

p—>00 p—oo 2P

so that E(t) = 0 on the interval [0,7*]. The final step is to iterate this
argument to conclude that E(t) = 0 on the interval [0, T]. Thus, we must
have u; = uy and therefore w; = wy. Hence, the proof is complete. O
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4  Numerical methods

In this chapter, we introduce some basic numerical method of the approxi-
mation of solutions for the Navier-Stokes equations (NSE) and for the Euler
equations (EE).

There are four widely used types of numerical methods for the solution of
NSE and Euler equations:

e Finite difference/finite volume methods (FD/FVM) (see [section 4.3)):

— based on Velocity /Pressure formulation (cf. [KL66l, [Cho68, BCG89]);
— based on Vorticity/Stream-function formulation (cf. [LT97]);

e Finite element methods (FEM) (cf. [TemO1l, (GR86, [Glo03]), which
will not be treated in the following lecture notes;

e (Fourier) spectral methods: based on approximations of the Euler/NSE
in Fourier space, will e considered in (cf. [GO81l IBT15]);

e Particle-trajectory methods (vortex methods) (cf. [MBO02]), solving
the ODE arising from the discretization based on the Lagrangian for-
mulation of NSE. Those methods will not be threaded in this lecture
notes.

We will concentrate our attention to spectral methods (section 4.1)) and
finite difference methods (section 4.3)).

When approximating the NSE, the following difficulties arise:

e The nonlinear term greatly affects stability of the scheme and is gen-
erally the main difficulty in analysing the numerical approximations.

e The constraint divu = 0 and the term Vp generally have a strong
impact on performance of the scheme. Treatment of boundaries for
this terms is usually difficult. Pressure has no physical role, and
generally must be somehow removed.
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4.1.1

4.1. (Fourier) spectral methods

e Being time dependant, the NSE require suitable time-stepping algo-
rithms, with obvious implications for efficiency and stability.

(Fourier) spectral methods

In the following, we let u € LPL2(T%)¢, d = 2,3, where T? := [0,1)¢
denotes the d-dimensional torus. We fix a time interval I := [0,T], T > 0.
The idea is to rewrite the function u using a Fourier expansion, and use the
properties of such expansion to approximate the Euler/NSE equations.

Basic Fourier theory

We briefly recall some basic definition and property of Fourier series.

Theorem 4.1 The functions
or(r) = e*™** ¢ [2(T% C),Vk € Z° (4.1)

define an orthonormal basis (ONB) for L2(T%; C), relative to the standard

inner product (g, f) = folf(x)g(x)*dac, i.e. (pr,or) = Okp and px span
L2(T% C). We will call the basis functions ¢y, the k-th Fourier modes.

Proof Exercise. U

Definition 4.2 If u € C([0,T], L*(T% C)¢), we can write the Fourier ex-
pansion

u(a,t) =Y i(t)pp(z), Vt € [0,T],2 € T, (4.2)

kezd

where define the Fourier coefficients as
g (t) := {pp,u(-,t)) € C*Vk € Z% t € [0,T), (4.3)

Remark 4.3 More in general, spectral methods could be defined for a dif-
ferent ONB ;..

Armed with this knowledge, it is natural to truncate the Fourier expansion
to a finite set of modes, and investigate the convergence of the truncated
series.
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Definition 4.4 Let K > 0. We define the truncated Fourier expansion of
u as the function defined by

Prclu(a,t)) = 3 an(t)oula). (4.4)

kez?
|k| <K

Remark 4.5 The convergence of the series as K — oo has to be considered
carefully.

1. For d > 1, the choice of the “shape” of the truncation has an impact
on the behaviour of the convergence of the series. Convergence results
may differ if we choose a different norm in |k| < K (e.g. mazimum
norm).

2. In 1D, if u € C°(T)N BV(T), BV(T) := {u | V(u) < oo} is the space
of functions with bounded variation, then converges absolutely.
Recall that V(u) = supp 321, .. ep |u(@iv1) — u(z;)|, where P is a
partition of T.

3. If u € BV(T), then (4.4) converges pointwise to the average of the
Jump values:

Py (u)(z) — lim M+ lim uy) (4.5)

y—xT~ 2 y—xt 2
(the limits exists but may differ).

4. In general, u € C°(T) doesn’t imply that the Fourier series converges
pointwise.

5. The most comprehensive notion of convergence for Fourier series is
therefore (strong) L* convergence which also holds in multi-d:

|lu — Pg(u)]| — 0. (4.6)

This is the notion of convergence of interest to us.

From now on, we will consider convergence in L2. We have the following
theorem:

Theorem 4.6 Let u € L?(T?), then the following holds:

1. Parseval identity: [lul;2 = [[{@k}teezall2 (20
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2 Pr(Wll e < llull > and flu = Pr(u)ll 2 = 0;

3. @ are also a orthogonal basis for H*(T?), equipped with the standard
inner product (-,-) ys. In particular, also the Parseval equality holds
i this case;

4 Nlu—= Pr(u)llgr < CK™ ||u|

sy VS>>

5. |lu— Pre(u)]| oo < CK27%|u|

d
Hs \V/S>§

Proof 1. No proof. Notice

0 < Jlu— Pr()|* < fJull* = > [{pw,u) .

kezd
|k| <K

This gives Bessel’s inequality:

2 112
[all™ = ]2 -

2. We have

<gok,u— PK(U)> = U — Uy = O,V|/{7| < K.

Hence,
L oa 1 2 1 2

0= (Pr(u),u=Pr(u) =g ul” = 5 [Px(@" = 5 llu = Pr(u)]".
This implies:

1P (@)]* = [full* = flu = Prc()|* < [Jul|*.
Moreover,

lu = Pe(@)|* = ) Wewuw)l?,

kezd
|k|>K

which converges as tail of converging sequence.

3. No proof.

134



4.1. (Fourier) spectral methods

4. Ford =1. If u € H*(T). Then:

CRIPESS / DPuDpyda

p<s

1
=) (—1)¢ / uD% " dx
0
1
- (—1)d(2m'k)2p/ g dx
0

=) (=1 2mik)* (o, u) 2

p<s

which implies the coefficients are the same. Hence,

|u — P (u HHS =

kezd
|k|>K

= ) g (2m) >k

kezd p<s
|k|>K

> (2m)? Y K Y i
p<s kezd
|k|>K

= (2m)* Y K ||lu — Prc(u)|[30

p<s
> CK™ ||lu— Py (u)|fo
This implies the claim.
5. Using Sobolev inequality for r = g:
[ = Prc(u)l[ oo < Cllu— P ()|l fr < K™ |lul . - O

Point 3) implies the so called spectral convergence: as long as the function
is smooth enough (in Sobolev norms), the convergence is faster than any
polynomial.

4.1.2 Discrete Fourier transform

Remember, we would like compute the Fourier coefficients of a function
u(t) € L*(T?)4:

Uk (t) = (pk, u(-, 1)) = /1 or(r)dr € C*, VkeZ4te[0,T]. (4.7
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On a computer, it is common to introduce the discretization T4, of the torus
T¢ as T% = ~(Z/NZ)%, for N = 2K + 1 and evaluate the integral at this
points:

iy = Y u(z)pe(r) €CY VEeZ' te(0,T]. (4.8)

d
z€T%,

We will call 4y, the discrete Fourier coefficients. Clearly, in general, uy, # .
However, one can quantify the error made by this discretization.

Lemma 4.7 We have:

=t =Y gy, VK <K (4.9)
lez\{0}

This error is called aliasing error.

Definition 4.8 We define the pseudo-spectral approximation:

s = W) g 2= s = Pac(w)ll s + || Pac() = W)y, 5> 0

-~
—. s —_ El
=T5 —:A3,

Since involves only high modes of u, one can prove that the aliasing
error is similar to the truncation error.

We have
A < CTy.. (4.10)

Namely, the spectral convergence is retained when using discrete Fourier
transform.

Spectral approximation on NSE

Our goal is to approximate the NSE. We will consider the formulation (we
set zero forcing):

up + div(u ® u) + Vp = vAu, (4.11a)
divu = 0, (4.11b)
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or, applying the Leray projection (notice, in periodic settings [A,P] = 0):
u + Pldiv(u @ u)] + vAu.
Write a solution u(t) = Y, ., Uk (t)px. Notice:
o uy =y zally)ior;
o Au=D) ) 7a WAy =2 cpa— (27 |k’>2 Uk Pr;
Pu =3 cpa wPor =3 ) cpa <'&k - T,';—é%> Pk
V=3 ren fiVy, = > kezd 27ik fipr;

divu = Zkezd ﬁk div P = ZkeZd 2mik - ﬁk@k

Inserting the expansion into and comparing component-wise:

(i )e(t) + Bi(t) + ikpr(t) = —vk (1) (4.12)
ik - Gy =0 (4.13)

or, equivalently, using [4.1.3}

(tig)e(t) + (Bk(t) - %k) = —vk*i,(t) (4.14)

where {ék}k is the Fourier spectrum of u ® u, i.e. By, = (@)k Notice
that the second equation is easier to treat, since the pressure and divergence-
free constraint are completely removed from the equations. As long as
we are able to compute the spectrum of u ® u, equation amounts to a
infinitely dimensional ODE, which can be easily approximated using Fourier
truncation and a standard ODE integrator.

Nonlinear term

We start by a simple computation:

UR U= (Z ﬁksﬂk> & (Z fbk%) = Z (U @ Upr) Prtir

kezd kezd kezd

= Y (i@ W)ps

kezd
JH=Fk
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le.
W= Y _ i, @i, (4.15)
jH=k
and the same holds for a discrete approximation P (u):
(Px(u) @ Px(u))s = Y ; @y, VkeZ (4.16)
jH=k

Notice that, in general, new non-zero modes are introduced. In practice,

this introduces a global coupling of the modes in the ODE (4.12)) and (4.14]).
While it is still possible to to solve those ODEs, it is unpractical to do so. Of-

—

ten a pseudo spectral approzimation is used to compute (Pg(u) ® Pg(u))y.

Pseudo spectral technique

The idea of pseudo spectral approximations is the following:

e differentiation/Leray projection is easy to do in Fourier space, and
amounts to multiplication by some factor depending on the mode k;

e products are easy in time space but amount to convolution in Fourier
space, therefore products are performed in Fourier space;

e sums are always easy to compute and are performed in either space.

Algorithm 1 Pseudo-spectral method for nonlinear term.

Input: Coefficients uy for |k| < K

Output: Coefficients @y, ~ (u ® )y for |k| < K
Compute the value at grid points u(x) using DFT~!
Compute the product w(z) = u(z) ® u(z)
Compute the Fourier coefficients w;, of w using DFT

The complexity of this algorithm is the same as the one of a discrete Fourier
transform. Generally, a discrete Fourier transform can be performed in
O(K log(K)) operations, therefore this algorithm is relatively cheap.

Notice, however, that, in general, wy # wy,.
Theorem 4.9 The pseudo-spectral technique introduces the error:
Wy, — Wy, = E Uy @ Upr,
k' 4k =k+IN

LANLAENLS

for |l| < 1,1 € 7%\ {0}.
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Proof

Wg = Z w(z)p_k

xET%
= > u(z) @ u(w)p-y
wET%
— E ( E ﬂk’@k’) ® ( E ﬂk"@k”) gpfk
iL"ET(]i\, k! €74 k' c7d
et E (’llk/ ® ﬂku)gpk/gpkugpfk
xGT%
k’,k‘”EZd
= E ('E[/k./ ® ’&k//) E (10k’/+k:”7k
k”,k”EZd IET(I{,
= E (ﬁkl ® ’&k//) E gpk/_,_ku_k
k’,k’”EZd IET%
= E (ﬂk’ ® ﬁk//)_
Lk k" €710
k'+k"=k+IN

Here, we used:

1 k=IN,lez!
Zsﬁkz(ﬂf)z :

0 otherwise
zET%

Notice that, if |k|, [K'| ,|k"| < K, we have |k’ + k" — k| < 3K = 3(N —1).
Hence |I| < 1. O

This error is also named aliasing error. Notice the similarity with the alias-
ing error above. This error may become quite visible when approximating
the NSE, leading to temporal instabilities and spurious oscillations. Even if
in practice such errors decays fast as the number of modes is increased, one
generally seeks to remove this error to improve the stability of the scheme.

De-aliasing technique

The aliasing effect of the non-linear term can be removed with a simple
modification of the pseudo-spectral methods, with cost-effective techniques.
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4.1. (Fourier) spectral methods

Zero-padding

The simplest method to completely remove aliasing errors is to compute
products using the pseudo-spectral technique after extending the number
of modes by setting them to zero. This method is called 3/2-rule (or 2/3-
rule). The name will become clearer later.

The idea is based on: let K’ > K then
w=Y dppr =Y Uk (4.17)
kezd kezd
where

U k|l < K
g =0 W<E <k (4.18)
0  otherwise

Algorithm 2 3/2-rule for de-aliasing nonlinear term.
Input: Coefficients 4y, for k| < K
Output: Cocfficients @, ~ (v ® )y, for |k| < K
Extend the spectrum of @) to size K’ with zeros
Compute the value at grid points u(x) using DFT~!
Compute the product w(z) = u(z) ® u(z)
Compute the Fourier coeflicients wj, of w using DFT
Compute w by reducing the spectrum removing all modes > K.

Proposition 4.10 For K' > %(K — %) the aliasing error is completely
removed, i.e. W), — W,V |k| < K.

Proof We have

Ty — W= Y Ty @,
k' +k"=k+IN’
K]k | <K
but since 2(1+ K') > K, |k + k" — k| <3K <2(1+ K') = N". O

It is also possible to consider an improved de-aliasing technique by consid-
ering a smooth cutoff of high frequencies, i.e. @), = oty for

1 |k] < 2K
op = Ikl < Yk < K’ (4.19)
0 |k >K

and smooth between %K and K.
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Frequency shift

The general idea of frequency shift is to compute the values of the function
at u(x + A), where A is a small perturbation. This has the benefit of not
introducing extra memory requirement, but is generally more expensive and
less used than the zero-padding technique.

4.1.7 Euler equations and spectral viscosity

If v = 0 and the solution u of the Euler equations lacks smoothness, the
appearance of spurious oscillations (also known as Gibbs phenomenon) in
solutions approximated with spectral methods may pollute the result. In
order to mitigate such effects, it is possible to introduce a small numerical
viscosity that becomes smaller as the number of modes is increased. This
type of numerical viscosity is termed spectral viscosity, since it is generally
chosen to be smaller for higher spectral modes. The Euler equations with
spectral viscosity becomes:

(i) + By, = SV i) (4.20)
An example of spectral viscosity [BT15] of order r, for r» > 1 is:
SV (] = —Ko <@) i, o(z) = max {o, 2 — i} S 21
K N
Notice:

> SViier|| < CK'GT0720)

k<K

Z UrPr

k<K

(4.22)

Hs H"

4.1.8 Convergence of spectral methods for NSE

One can prove that, in the semi-discrete case, the spectral methods converge
to the solutions of NSE, provided sufficient smoothness of the solutions is

available. The convergence is spectral. For instance, we have the following
theorem (pf. in [BT15]).

Theorem 4.11 (Convergence of spectral methods) Let v = 0, and
consider with 2-de-aliasing rule. Let u € L*([0,T],C*™(T)) be a
solution of the Euler equations with initial data ug. Then. the approximated
solution ug, with K > 0 converges to u in L{°L2. Moreover,

1
lure(t) = ull 2 < CeAIrav= ( o]

9 1
2 Hs T+ = [l oo s ) -

(4.23)
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4.2. Time-stepping

Notes on implementation and complexity

In this section, we give a few remarks on spectral methods for NSE and EE.

In general a DFT can be done in O(Nlog(N)), N being the number of
modes. A fast algorithm is the Cooley-Tukey algorithm, which is available
for 2% modes. In general, it is possible to have efficient FFTs for number
of modes that are factorizable with small primes (e.g. N = 2°3°5°7¢). The
prime factorization of the modes has a large impact on the efficiency of
the DFT. When choosing a number of modes for the de-aliasing rule, it is
convenient to pad the spectrum to a power of 2 or to a number with small
prime factors.

In this context, the resulting Fourier transform is actually a real Fourier
transform (i.e. the time space is real). This implies that the Fourier coeffi-
cients i, € C? satisfy the relation @, = @_;" and therefore is only necessary
to store and compute half of the spectrum.

How the DFT is implemented and how the data is stored in the memory
has a large impact on the performance of the numerical method.

The total complexity of the scheme, assuming we discretize in time
using a standard explicit Runge-Kutta scheme (which implies that each
time-step consists of a small, constant number of DFT), is O(M N log(N)),
where M is the number of steps chosen (cf. next section to more in-depth
discussion on the choice of M).

A multi-dimensional DFT can be efficiently performed in parallel, consid-
ering the tensor-structure of the formula for the coefficients:

=Y T N ety (), (4.24)
x1€MZ/KT. 24€hZ/ KT
Time-stepping

So far, we completely ignored the temporal discretization of the NSE equa-
tions. If we consider the periodic setting, the absence of boundaries makes
it easy to discretize the equations in time.

Explicit time-stepping

For a fully explicit discretization, one could use any flavour of Runge-Kutta

method. Rewriting equation (4.20]), one obtains:

uy = L(u), (4.25)
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and, after spatial discretization, one obtains a system of ODEs, which can be
integrated in time using any form of Runge-Kutta method. Of particular
interest are the so called Strong Stability Preserving Runge-Kutta (SSP
RK) methods |[GST01], which are often employed when treating systems of
conservation laws. This class methods have strong stability properties for
linear ODEs and may effectively be used fo approximate NSE, especially
when v << 1. In this case, a time stepping restriction has to be imposed
in order to ensure stability of the scheme. As an example, a second order
SSP method is:

ut = u" + AL(u™),

1
u"t = §(u” +ut + AtL(ul)).

A third order method is:
ut = u" + AyL(u™),
1
u? = Z(3u“ +u' 4+ AtL(u')),

1
u"tt = g(u” + 2u® + 2AtL(u?)).

Implicit time-stepping

It is well-known that explicit time-integrations suffer of conditional stability
and necessitate of time-stepping restrictions in order to ensure stability.

Sometimes, one wishes to approximate long time-behaviour of NSE, T" >>
1. Additionally, one may want to compute steady-state solutions to NSE,
by means of pseudo-time stepping (i.e. solving for T'= 00). In this
cases, it is often advisable to employ implicit or semi-implicit time-stepping
procedures.

It is generally common to discretize the time considering each term individ-
ually: the viscosity term is generally treated implicitly (avoiding restrictive
time-step sizes), whilst the nonlinear term is treated explicitly (avoiding
the necessity of solving non-linear systems).

Viscous term

Consider, for the moment, the momentum equation without nonlinear
term. Doing so, one obtains a simple system of decoupled heat equations:

u = vAu (4.26)
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For this equation, it is well known that implicit methods are stable and
very effective in approximating the equation. The solution of the system
arising from the implicit discretization is generally easy to perform and
many efficient methods exist. Moreover, the spectral methods induce a
completely decoupled system of equations, which is trivial to solve.

In general a good (low-order) way to approximate the heat equation (4.26)
is to employ implicit mid-point (which, in this setting, is equal to Crank-
Nicolson discretization) or the implicit Euler method:

n+1 n

u — U 14
T = §A<Un+1 + Un>
unJrl —um
= vAu"
At

Notice how both schemes are unconditionally L?-stable (exercise: multiply
by u™t! + u™ resp. u™!).

The nonlinear term

We now consider the nonlinear term alone, and remove the pressure from
the equation, we obtain the equation:

u = (u-V)u) (4.27)

It is possible to discretize the system implicitly, e.g. with a second order
discretization:
wtt —ur 1
n+1 n+1 n n

— =—((u""" -V + (" -V)")),
o = (Y ()

utt —yn 1

T — Z((un+1 4 un) . V)(un+1 4 un))
The resulting system (after application of some spatial discretization) be-
comes a nonlinear system of equations, which has to be solved with expen-
sive iterative methods (e.g. a fixed point iteration). On the other hand, one
could explicitly discretize the equation. The advantage of discretizing the
term explicitly is that no system has to be solved (we will see the benefits

of explicit evaluation of this term in the finite difference section).

Finite difference projection methods

Whilst spectral methods are an efficient, accurate, and easy to implement
approximations for PDEs, it is obvious from the discussion above that the
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treatment of more complex flows, such as a flow with boundaries, or a irreg-
ular flows, is very difficult, if not impossible, using solely spectral methods.
An efficient and simple alternative to spectral methods are finite difference
and finite volume methods.

Overview of finite difference methods

Again, let us rewrite the Navier-Stokes equations in velocity-pressure form
augmented with boundary conditions. For v > 0 and Q C R%

ug +div(u ® u) + Vp = vAu, on Q x [0,7] (4.28)
divu =0, (4.29)

ulogo =0, on IQ x [0,T] (4.30)

u(+,0) = uy. (4.31)

In the case of Euler equations, we will impose the boundary condition
uloa -n =0, on dQ x[0,T] (4.32)

where 7 is the outward unit normal vector.

In this section, we will consider, for simplicity, the 2d Navier-Stokes on the
domain [0,1]* =: Q. We fix a number N> N > 0 and let h := 1/N. With
this domain, we discretize the solution using piecewise constant functions,
and write, by abuse of notation, uj; := u(w,;,t"), where z;; = (ih +
h/2,jh+h/2) € Q and t™ = nAt for a fixed At > 0. On dimensions d # 2 all
definitions remain analogous. The idea of finite difference approximations
is to replace all spatial and temporal derivatives with difference quotients.

In the previous sections, we have seen that the NSE equation can be rewrit-
ten in many different equivalent formulations (notably the velocity-pressure
form and the vorticity form). Moreover, we have seen how the nonlinear
term, due to divergence free constraint, can be written in many different,
equivalent forms. However, applying a finite difference scheme to differ-
ent equations may yeld a completely different discretization with different
properties.

Example 4.12 In 1d, let us consider the term (u?), = 2uu,. If we approz-
imate the first term and the second term directly using central differences:

2 .2
Ui — U — Uy

j—1 Uj1
A

A notable issue with finite differences is that there is no chain rule.

(u?), ~ L~ Quay,.
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As justification for the next section, we will consider some simplification to

NSE.

Every form of NSE we have seen contains a nonlinear term, similar to e.g.
div(u @ u), (u - V)u, (u - V)w + (w - V)u. A prototypical equation for this
term is the linear advection equation in 1D:

U = AUy

A simple way to discretize this equation with finite differences is using
forward in time/central in space schemes:

1
u”+ —u" . an+1 — Uj—1

At 2h

However, applying stability analysis to this equation (e.g. Von Neumann
stability analysis), clearly shows that this discretization is unconditionally
unstable. A common solution to this problem is to upwind the discretiza-
tion, based on the sign of the advection velocity a. The upwind scheme
is:

utt —u et 0> 0

At aw a < 0.
If we apply Von Neumann stability analysis to this equation, we obtain the
stability condition:

At < —. (4.33)

a
This condition is generally termed CFL condition (after Courant-Friedrichs-
Lewy). In the context of Navier stokes equations, one could say that a =
|u|| . Assuming the velocity remains bounded, one has the condition

At ~ Ax.

On the other hand, if one considers the NSE without nonlinearity, and
considers the viscous term alone, one has the heat equation:

Uy = vVAu
A common approximation for this equation is:

umtl — B VujH + 2u; + ujq

At h?
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Applying stability analysis to this equation, one obtains the much more
restrictive:

2
AtS%A_x

- (4.34)

Y

which, in turn, implies, At ~ Az?2. It is therefore clear that, at low Reynolds
number (v >> 1), this discretization quickly becomes unaffordable.

For this reason, the viscosity is generally treated implicitly.

Naive implementation

Let we write the NSE in the projected form:

u; + Pdiv(u ® u) = vPAu, on Q x [0,7] (4.35)
ulogn =0, on 02 x [0, (4.36)
u(+,0) = up. (4.37)

A naive scheme approximating the NSE would approximate each operator
using finite differences and using, e.g. Crank-Nicolson time integration:

un—l—l _ U2
A7 + P divh (w2 @ untY?) = pPh APy 2 (4.38)
where
o /2 = “"HT’“”, is the time average;

o (Dhu); ;= “#Litizbi g the central difference;

® 2h
o (D) ; = =t s the backward difference;
o (D) ; = "t g the forward difference;
1. :
o Vi := (Dgu, DZU) , is the central gradient;

o divhu:= DMy + Dguz, is the central divergence;

o AMy := DI DIlFu + Dl DlFu, is the standard 5-points Laplace
operator;

o Py = u—V"(A") 1 div" u, is the standard 5-points Laplace operator;
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In principle, it is possible to solve the big non-linear system arising from
this discretization. Note, however, that there are many problems with this
approach. Notice

e the system (4.38) is unstable, since we used a centered approximation
of div(u ® u);

e since computing P involves solving a linear system, the solution of
(4.38) is very expensive, since one has to solve a system inside a non-
linear solver.

e since div" V" # A", in general, we have that Div"P"u # 0, unless a
different type of finite difference approximations is used;

e the treatment of boundaries for this system (in particular for P" is
difficult.

We seek methods to improve the stability and efficiency of the finite differ-
ence approximation. This will be done by rethinking the way we treat the
spatial discretization, as well as the way we treat the temporal discretiza-
tion.

Projection methods

Projection methods where introduced in [Cho68, 7] if the ’60. Improved ver-
sions can be found e.g. in [Van86, [ABS96, BCG89]. The basic idea is still
widely used today in many common CFD solvers. The projection methods
are also called fractional step methods or pressure correction methods. The
basis of projection methods is operator splitting in time, to decouple the
evolution phase (where viscosity and convection are considered), from the
incompressibility phase (equivalently the pressure phase). This greatly re-
duces the cost of the solution to a solution of an advection-diffusion equation
and a Poisson equation.

The basic idea is the following:

Step 1, prediction : compute a prediction of the velocity u™!, called
w1 using the advection diffusion equation , and without en-
forcing the incompressibility condition (4.29). The pressure is treated
explicitly, using an old (best-possible) value for the pressure or com-
pletely removing the pressure term. Without spatial discretization,
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this results in:
u*,n+1 —u”

=vA (u") + [(u" - V)u"]. (4.39)

At

Step 2, correction (or projection) : using the Hodge-Helmholtz de-
composition, the velocity (a priori non divergence-free) is projected
onto the space of divergence-free velocities, whilst the gradient part
is used to correct the values for the pressure:

u"t = Pyt (4.40)

Remark 4.13 As we have seen, it is common to treat the advection part
explicitly and the wviscosity part implicitly. This results in the prediction
system being a linear system of equations, which can be seen as a heat
equation with forcing. Therefore, it is possible to efficiently solve this system
using common linear algebra techniques. The correction phase involves the
approximation of the Leray projection, which may be efficiently done with
the solution of a Poisson equation.

Remark 4.14 The treatment of the boundaries for the projection method is
delicate. In the prediction phase (4.39)) we enforce Dirichlet boundaries for
the velocity (u*""sq = 0). However, in the projection phase, we use the
Hodge-Helmholtz decomposition, which imposes the no-slip boundary condi-
tion u" g0 -m = 0. This results in projection methods having larger errors
on the boundary. This has the additional consequence that the pressure
computed by means of the projection method has no real physical meaning
and should only be considered as a Lagrange multiplier.

MAC Scheme

The MAC scheme (Marker-and-cell), introduced in [HW65] for moving sur-
faces, is based on the observation that the components of the velocity need
not be placed at the cell centers, i.e. at the same coordinates as the pres-
sure. If the coordinates for the points where the components of the velocity
are chosen appropriately, then many finite difference methods become more
stable and with additional properties.

The idea is that the velocity is stored only in its normal component, and it
is placed at the edge of the cells. For instance, on Cartesian grids, the first
component u; of the velocity is located at the point @;y1/2; := (hi, hj +
1/2h) and is denoted (u1);11/2,;. Similarly, the second component of the
velocity is denoted (u2); j4+1 /2 and is placed at the center of horizontal edges.
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(UQ)i,j+1/2
Dij, Wi Di,j (ul)i+1/2,j
(a) Collocated grid (b) MAC grid

Figure 4.1: On the left, a collocated grid, where all quantities are positioned at
cell centers, on the right, the MAC positioning, where the velocity components
are placed at the edges.

With a velocity defined with the MAC scheme, it is easy to compute the
divergence as a central difference located at the cell centers:

U )i j — \U1)i—1/2,5 U2)i,5 — \U2)i,5— .
(u)ivjag — (Un)iziyzg | (U2)igere = (Wa)ig1y2 (div u)i

h h

and, similarly, the gradient of cell centered quantities, can be defined as an
adjoint operator on the velocity coordinates:

Uit1,j = Ui 5 L

~ h P— ..

Vu = Ui, j41—Us,5 | ~° (v u)w
h

divu ~

such that the standard 5-points Laplace A" = div? V". Is is then natural
to define the Leray projection as: Id — V"(A")~!div" from cell centre to
cell centers. The treatment of the nonlinearity is done in the following way:

(42)i41/2,5(01)i41/2,5—(02)i—1/2,;(01)i—1/2, + (ﬂ2)?,j+1*(ﬁ2)?,j

(ﬂ1)12+1,j_(ﬂ1)z2,j + (ﬁl)i,j+1/2(ﬁ2)i,j+1/2—(ﬁl)i,j—l/z(ﬁ2)i,j—1/2
divu ® u =~ h ,

h h
where
() = (Ul)i+1/2,j + (ul)i—1/2,j (iia)i; = (ul)i,jH/Q + (ul)i,j—l/z
1, . 2 , i : 2 7
I Ui T ()i 9 Ui )i,j + (u1).—
(Ul)i+1/2,j+1/2 = ( 1) J+1 ; ( 1) )] 1;(“2)i+1/2,j+1/2 — ( 1) ,j+1 . ( 1) J 1‘

The viscosity is approximated using:

N (u1)ivs2,; + (U1)ig1/2,5 + (W1)im1/2,5 n (u2)i 372 + (U2)ij1/2 + (U2)ij—1/2

A
Y 2h oh
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Upwind BCG scheme

The following scheme is due to Bell, Colella and Glaz [BCG89|, and is a
second order finite difference method, which uses all the techniques seen
so far. It exploits an implicit time-stepping for the treatment of the vis-
cosity, a second order explicit reconstruction for the nonlinear term, and
the pressure is decoupled from the momentum equation using a projection.
The treatment of the nonlinearity borrows techniques from finite volume
methods for conservation laws.

Time discretization and splitting

Using a projection method, the 2 steps of this scheme are:

e the prediction is done treating the viscosity implicitly, and using a
second order in time reconstruction of the nonlinear term. An old
value of the pressure is used, which is obtained in the correction step.
The initial pressure at n = 0 may be set to zero. Given u", a prediction
u* ! for u™t is given by:

u*7n+1 —un

_ w12 Y snt+l . n ) n+1/2
A7 Vp + 2A (u u™) + [(u- V)ul :

The nonlinear term [(u - V)u]"*'/2 is explicitly computed from u"
alone and will be specified later. Notice how this equation amounts
to the solution of an heat equation, which is linear and can be done
efficiently, provided the nonlinear term is available.

e in the correction step, the Hodge-Helmholtz decomposition is applied
to usn L

u*,n+1 —un un+1 —un
At = A +Vq, dive"™=0

Vpn+1/2 _ vq + vpn—l/Z.

Notice how many different flavours of projection can be used:

e velocity increment:

u =" L AV, dive™™t =0
vpn+1/2 _ Vq + Vpn—l/Z‘
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—t=0
DR N t=1
"""""" 1+
—& -2 -1 1 2
1
Figure 4.2: .

e pressure increment:

w "t =" 4 AV, dive"™T =0

pn+1/2 =g +pn71/2.

e pressure update:

W = M AtV Y2 dive™ T =0

All those methods are equivalent without spatial discretization, but become
different once all operators are discretized.

Space discretization

The viscous term can be approximated using a standard centered Laplace
operator. The main difficulty arises from the nonlinear term. We want to
approximate (u-V)u at t = t"!/? given the velocity u; at the cell centres
and at time ¢". This is done in 6 steps:

1. reconstruct the derivatives u, and u, as piecewise constant functions

inside each cell using centered differences, e.g. (uy), ~ ===k,
This, however, introduces new extreme points for w, which is not
desirable, since this introduces unwanted oscillations in the solution.

Therefore, we perform step 2:

2. limiting: the slopes reconstructed in this way are “limited”, s.t. no
new extrema is introduced:

(Dyuy);j = minmod( D"y, maxmod (2D~ uy, 2D uy)),
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where
X |$| < |y‘ )
minmod(z,y) =<y |z| > |y|,

[0 sign(x) # sign(y),
x|z >yl
maxmod(z,y) =<y |z| <y,

[0 sign(z) # sign(y).

All other derivatives are obtained similarly.

. time derivatives: the next step is to approximate the time derivative
u;. We approximate u; at the cell centers using:

u = P(vAu — (u-V)u) = vAu — (u- V)u+ Vp"~ 2,

— AU — (1) (u1) g + (u2)(ur), iz
-8 ((ul)(UQ)x + (uz)(ug)y) +Vp ,

where we use the derivative D,u; and D, us computed in the previous
step ([2]) to approximate (u1), and (uz),. For stability reasons, we use:

- {(D;um,j

(Dyuy)ij = +a(l— %Ui,j)(DZul)i,j, (u2)i; >0,
e (Dyu1);; +

(1= £tvi;)(Druy)ij,  (un)iy <0,

N N|=

for the approximation of (v ), (and analogously for (u2),). Let us call
this approximation D;u.

. extrapolation: from the values of u and its derivatives at t" and at the
cell centres, we want to obtain the values of u at t"*/2 and located
at the edges, this is done using Taylor approximation:

n h At
u =l — S (D)} + = (D)

i—1/2, i 9 9
h At

Rn+1/2 n n n

uz‘+1/2,g/‘ = U+ E(DCEU)’L] + T(Dtu)m‘
n h At

up g = s = (D)l + S (D)
h At

Tn+1/2 n n n

“m‘+1/é = U + E(Dy“)i,j + T(Dt“)i,j
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Tyn+1/2
Uit1/2,5
L,n+1/2 n Rn+1/2
Uit1/2, Uij  Yiv1y2,)
> [ ] [ ]
B,n+1/2
it1/2,5

Figure 4.3: From the value of u at t" at the cell centre, the value of u at ¢"+1/2
at the edges is extrapolated using Taylor approximation. Four values (6 in 3D)
are reconstructed and placed at the mid-point of the edge.

5. solve Riemann problem: at this stage, we have values of u at ¢"+1/2

located at the edges (cf. |[Figure 4.3). For each edge there are two
values, reconstructed from the two adjacent cells. Looking at the

problem in a one-dimensional way (as example, for a vertical edge),
one may view this as a Riemann problem, with the following data:

ut oz < o,
Uo(x) = on(x) = {U T > T (441)

where xg is the x coordinate of the edge. If we assume that the velocity
at this stage is already divergence-free and there is no viscosity in for
this problem, we can view the governing equations as:

(w1)e = wi(u1)y + uz(ur)y, (4.42)
(ug)r = w1 (u2)y + uz(uz),y. (4.43)

At the cells interface, we can view this problem as having the values
of the velocity to be constant along the edge, e.g. (uz), = 0 for a
vertical edge. Therefore, we obtain the following equation:

(u1)e = w1 (ur)y (4.44)
(u2)e = ui(u2)s (4.45)

Notice, how the first equation is the so called Burgers’ equation, whilst
the second equation is a linear advection equation with advection
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—t=0 —t=0
ol || t=1 N t=1
u u
—_—.... | —_—
—3 -2 -1 1 2 3-3 -2 -1 12 3
—1 —1
(a) Burgers’ equation for Hy(x) (b) Burgers’ equation for Hy(—x)
t=20 —1t=0
) t=1 ol =1
" 1
a a
— 1
3 -2 -1 12 3-3 —2 -1 12 3
—1 —1
(c) Linear advection for Hy(x) (d) Linear advection for Hy(—x)

Figure 4.4: Solutions of two types of Riemann problem encountered at the inter-
face of the cell for two equations: Burgers’ equation and linear advection equa-
tion. The choice of the velocity ut1/2 at the edges is dictated by the solution of
the corresponding Riemann problem.

velocity u;. The first equation is completely decoupled, whilst the
second equation requires the solution of the first equation in order to
retrieve the advection speed. shows all Riemann problems
and solutions that occur when solving this decoupled system. This
justifies the following reconstruction for the components (here only
for a vertical edge, we drop temporal and spatial indices, since all
quantities are evaluated at the same location):

ut ul > 0,ul +uff >0
u =140  uluf <0 . (4.46)

ult  otherwise.
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and
uy (t1)it1/2,; > 0
uL uR
<u2)i+1/2,j = % (ul)i+1/27j =0 . (447)
ug (u1)is1/25 < 0.

The same reconstruction can be performed also for horizontal edges.

. compute the non-linear term: at this stage, we have u"*t1/2 defined on
edges of the cell. One can use finite differences to finally compute the
non-linear term:

n+1/2 n+1/2  n+1/2 n+1/2
(0 V]2 (1)1 /oy + (W) 2 Wit oy & U)o,
' 2 h

n+1/2 n+1/2  n+1/2 n+l)2
( 2>i,j+1/2 + (u2)i,j+1/2 Ui iv1) — Yij-1/2

2 h

+

With this, the definition of the scheme is complete. The resulting
scheme is numerically second order accurate in absence of boundaries.
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Results from Functional Analysis

In this appendix, we include some fundamental results from functional anal-
ysis that are used throughout these lecture notes. Most of these results can
be found in any standard text on functional analysis and the theory of
partial differential equations such as, for example, [Eval(, Chapter 5] and
[Fol13l Chapter 4] but for the sake of completeness, we present them here.

Sobolev Inequalities

Theorem A.1 (Gagliardo-Nirenberg-Sobolev Inequality) Letd € N,
let p € [1,d), let u € CL(RY) and let p* = dd—i. Then there ezists some con-
stant C'= C(p,d) such that

[ull e < ClIVul|ze.

Proof A detailed proof of this theorem can, e.g., be found in [Eval0l, Sec-
tion 5.6.1]. ]

In the case of functions defined on bounded domains, we also have the
following result:

Theorem A.2 (Poincaré Inequality) Let d € N, let p € [1,d), let Q C

R? be a bounded, open set, let u € Wol’p(ﬂ) and let p* = ddTp. Then for each

q € [1,p*], there exists some constant C' = C(p,d,, q) such that
[ull Loy < CllVullLe(e)-

Proof A detailed proof of this theorem can, e.g., be found in [Eval(Q, Sec-
tion 5.6.1]. ]
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Theorem A.3 (Gagliardo-Nirenberg Interpolation Inequality) Letd, m €

N, let 1 <gq,r <oo, letu: R =R and let « € R and j € N be such that

1 j+ 1 m +1—&
- = = —— — |
p d r d q ’

and also

<a<l

3 |u.

Then there ezists some constant C' = C(m,d, j,q,r, «) such that
IV7ull e < CIV™ullg: - Jlull 2.
We have the following two exceptional cases:

(i) If1 <r < oo and m—j— % €N, then the inequality only holds for
f—}; <a<l.

(i) If 7 =0, rm < d, ¢ = 00, one needs in addition that u tends to zero
at infinity or u € LP(RY) for some finite p > 0.

Proof This theorem and its proof can be found in [Nir59]. O

The following special case of Theorem is particularly useful and is used
repeatedly in these lecture notes:

Theorem A.4 (Ladyzhenskaya’s Inequality) Let d € {2,3}, let Q C
R? be a Lipschitz domain and let u: @ — R be a function that vanishes on
the boundary 0. Then there exists some constant C = C(Q) such that

1 1
d=2 = |lullLs < Cllullz: - [Vullz.,

1 3
d=3 = |Jullps < Cllullz. - [Vl .-

Proof This theorem and its proof can be found in [Lad5§]. O

We conclude this section by stating a result on the Holder continuity of
certain weakly differentiable functions.
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Theorem A.5 (Morrey’s Inequality) Let d,p € N such that n < p <
0o, let v =1 — % and let v € CYR?). Then there exists some constant
C = C(d,p) such that

[ullcor < Cllullwra.

Proof A detailed proof of this theorem can, e.g., be found in [Eval0l, Sec-
tion 5.6.2]. O

We remark that Theorem [A 5l also holds for functions defined on a bounded
domain.

Results on Compactness

We begin by defining the notion of weak convergence and weak™ conver-
gence.

Definition A.6 (Weak Convergence) Let V be a Banach space, let V*
denote its dual space, let f € V and let {fmn}men CV be a sequence with
the property that for all linear functionals ¢ € V* it holds that

lim (fin, ) = ([, 9).

m—00

Then we say that the sequence { fy,}men converges in the weak sense to f
and we write f,, — f.

Remark A.7 Consider the setting of the above definition, let 1 <
and let Q be a set such that V = LP(Q). Then, V* = (LP(Q))" =

1,1 _
where;+a—1.

Thus, the sequence { fu }men C LP() converges weakly to f € LP(Q) if for
all p € L9(Q) it holds that

p < 00
L(€2),

li o dr = dx.
1mﬂf¢.ﬂ:/ﬁf¢x

m—r0o0

Definition A.8 (Weak* Convergence) LetV be a Banach space, let V*
denote its dual space, let ¢ € V* and let {¢m, tmen C V* be a sequence with
the property that for all f € V it holds that

i {f, 6u) = (1. 9).

Then we say that the sequence { ¢, tmen converges in the weak™ sense to ¢
and we write ¢, — ¢.
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Remark A.9 Ifthe Banach space V' is reflezive, i.e., V.= V** the notions
of weak convergence and weak™® convergence coincide.

The notion of weak and weak™® convergence allows us to state the following
important theorem from functional analysis:

Theorem A.10 (Banach-Alaoglu Theorem) LetV be a normed vector
space and let V* denote its dual space. Then the unit closed ball B* = {¢ €
V*: |ollve < 1} in the dual space V* is compact with respect to the weak™
topology.

Proof A detailed proof of this theorem can, e.g., be found in [Fol13, The-
orem 5.18]. O

Corollary A.11 Let V be a normed vector space, let V* denote its dual
space and let {¢m tmen C V* be a bounded sequence. Then there exists some

¢ € V* and a subsequence {pmy tren such that ¢, — ¢.

In other words, every bounded sequence in the dual space of a normed vector
space contains a subsequence that converges in the weak™ sense.

Corollary A.12 Let V be a reflexive Banach space, let V* denote its dual
space and let { fo}men C V' be a bounded sequence. Then there exists some
f €V and a subsequence { fmitren such that fr,, — f.

In other words, every bounded sequence in a reflexive Banach space contains
a subsequence that converges in the weak sense.

A partial converse to Corollary also exists:

Theorem A.13 (Boundedness of Weakly Convergent Sequences) Let
d>2letl1 <p<oo,let QCRY let fe LP(Q) and let {fm}men be a
sequence of functions with the property that

fm = 1.
Then the sequence { fim}men s bounded in LP(Q2) and it holds that
I Fll(0) < i inf [ £ 100
Furthermore, if 1 < p < 0o, f, — f in LP(2) and

1Fllzo@) = T [| finllzr @),
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then it holds that

lim /Q () — f(x)|pdx)’1’ —0.

m—ro0
Thus, the sequence { fum }men converges in the strong LP sense to f.

Proof This theorem is, for instance, stated in [Eva90, Theorem 1.1.1]. The
proof follows from an application of the uniform boundedness principle.

As the following example shows, weak convergence is a weaker notion than
strong convergence. In particular, let f,, — f in some LP(R) space and let
g: R — R be a general non-linear function. Then it does not necessarily
hold that g(f,,) — g(f) as m — oo.

Example A.14 Let a > 0, let {fin}men: [0,1] = R be a sequence of func-
tions such that for all x € [0,1] and for all m € N it holds that

£(2) a forze 27 (j+1)27™)  withj=0,2,4,...,2m =2,
m\T) =
—a forxz € [j27m, (j+1)27™) withj=1,3,5,...,2™ —1,

and let g: R — R, g(x) = 2.

Then, clearly lim,, o0 g(fr) = f2 = a®. On the other hand, the sequence

{fin}men is bounded in the space LP([0,1]) for every p € [1,00). It holds
that f, — f=0in L”([O, 1]) for every p € [1,00).

The preceding example indicates that we require some additional compact-
ness condition in order to guarantee convergence in the case of non-linear
functions.

Theorem A.15 (Arzela-Ascoli Theorem) Let X be a compact Haus-
dorff space, let (Y, d) be a complete metric space, let C(X,Y’) denote the set
of continuous functions from X toY and let . C C(X,Y) be a set with
the property that

o 7% is uniformly, totally bounded, i.e., there exists a totally bounded
set Z CY such that for all f € F, f(X) C Z, and

e .7 is equicontinuous in the sense that for all x € X and for all € > 0
there exists a neighbourhood U of x such that for all ¥ € U and for
all f € .F it holds that d(f(z), f(Z)) <e.
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Then, .Z is a compact subset of C(X,Y) with respect to the uniform topol-
09y.

Proof A detailed proof can, for instance, be obtained by slightly modifying
the proof stated in [Foll3l Theorem 4.44]. O

The Gagliardo-Nirenberg-Sobolev Inequality implies that the Sobolev
space WHP(Q) is embedded in the space LP () for 1 < p < n,p* = d%).
It turns out that for 1 < ¢ < p*, this embedding is in fact a compact

embedding.

Theorem A.16 (Rellich-Kondrachov Compactness Theorem) Letd €

N, let p € [1,d), let p* = dedp and let  C R? be an open, bounded set with
continuously differentiable boundary 02. Then, for all ¢ € [1,p*) it holds
that

WhP(Q) cc LY(Q).
In particular, since p* > p and p* — o0 asp — d, for all p € [1,00] it holds
that

WhP(Q) cc LP(Q).

Proof A detailed proof of this theorem can, for example, be found in
[Eval0l, Section 5.7]. O

Theorem A.17 (Aubin-Lions Lemma) Let X C Y C Z be separable
Banach spaces such that the embedding X C Y s compact and the embed-
ding Y C Z is continuous, let T > 0, let 1 < p,q < oo and let {u, }nen be
a sequence of functions such that

{tn}nen is uniformly bounded in LP (O,T;X) (A1)
{u} }nen is uniformly bounded in L7 (O,T; Z), (A2)

where ul, = Oy, denotes the derivative with respect to t € [0,T]. Then the
sequence {un }nen 1s strongly pre-compact in LP (0, T Y).

Consider the setting of Theorem [A.17] The Aubin-Lions lemma then im-
plies in particular that the sequence {u,,}men has a strongly convergent
subsequence in L (O, T, Y).

Proof Our proof requires use of the following lemma:
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Lemma A.18 Let X C Y C Z be separable Banach spaces such that the
embedding X C Y is compact and the embedding Y C Z is continuous.
Then for all 6 > 0 there exists some constant Cs > 0 such that for all
x € X it holds that

zlly < éllzllx + Csllzl 2

Proof The proof, which is based arguing by contradiction, is left as an
exercise. U

Let {u,}nen be a sequence that satisfies the hypotheses . It follows
from the Banach-Alaoglu theorem that there exists a subsequence
{tn, tren C LP(O,T; X) and u € L”(O,T; X) such that wu,, P20y in
Lr (0, T X ) Throughout the remainder of this proof, we will use a simple
relabelling to denote the subsequence {u,, }ren as {u, fnen-

Without loss of generality we can prove that the sequence {u, — u},en =
{vn }nen converges to 0 in the strong L?(0,7;Y) sense.

Note that Morrey’s inequality implies that the set ) given by
Y={yel’(0,T;X): 0y e L0, T;2)},
is continuously embedded in the space C' ( [0, T7; ) Thus, there exists a

constant C' such that for all n € N and for all ¢ € [0, 7] it holds that

[on(t)]lz < C.

By the Lebesgue dominated convergence theorem, this implies that it is
sufficient to show that for a.e. ¢ € [0,7] the sequence v,(t) — 0 in Z as
n — oo.

Once again without loss of generality, we let ¢ = 0. Then for all n € N it
holds that

:_</ o (t)dt — // det

=a, + b,.

Moreover, for all n € N we can rewrite b, as

by = —= /8(3 W (B)dt.

S
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Thus, given any € > 0, we can choose s > 0 such that for all n € N it holds
that

1ballz < / ()7 dt <
0

N

Since v, — 0 weakly in X as n — oo, a, — 0 strongly in Z thanks to
the compact embedding X CC Y and the continuous embedding ¥ C Z.
Furthermore, for this fixed s, the sequence {a,}nen converges weakly to 0
as n — oo. Due to the compact embedding of X C Y and the continuous
embedding Y C Z, it follows that the sequence {a,}nen also converges
strongly to 0 in Z as n — oo. Therefore, for sufficiently large n it holds
that ||a,||z < §. We conclude that for ¢ € [0,T7] it holds that

lim v,(t) =0 strongly in Z.

n—oo

Hence v, — 0 in C([0,T]; Z). Since [0,7] is bounded also v, — 0 in
LP(0,T; 7).

We now claim that this is sufficient to show that {v, },eny — 0 in the strong
Lr (O,T; Y) sense. Indeed, Lemma implies that for all § > 0 there
exists some constant Cs > 0 such that for all n € N it holds that

[vnllze vy < 0llvnllLeo.rx) + Csllvallzoo,1:2)-

Since {vy fnen is uniformly bounded in L?((0,T; X)), it follows that for all
n € N it holds that

lvnllze0rvy < C6 + Cs||vp|| Lr0,7:2)-
Passing to the limit n — oo we obtain

limsup v || Lo o,rv) < CO. O

n—o0

Since § can be chosen arbitrarily small, this proves the claim. Hence v, — 0
in LP(0,7;Y).

Miscellaneous Results

The following proposition will be used in Chapter [2|
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Proposition A.19 Let d € {2,3}, let Q C R be an open, bounded Lips-
chitz domain, and let f € H=Y(Q;RY) be a function with the property that
for all v € V it holds that {f,v) = 0. Then, there ezists some scalar field
p € L*(Q) with the property that

f=Vp.
Proof This result is a consequence of Proposition 1.1 and Proposition 1.2
in [Tem01, Chapter 1]. See also Remark 1.4 [Tem01, Chapter 1]. O

The following theorem is one of the fundamental tools for proving existence
and uniqueness of solutions to the variational formulation of certain types
of elliptic partial differential equations.

Theorem A.20 (Lax-Milgram Lemma) Let H be a real Hilbert space,
leta: HxH — R be a continuous and coercive bilinear form and let £: H —
R be a bounded linear functional. Then there exists a unique element u € H
with the property that for all v € H it holds that

a(u,v) = £(v).

Proof The proof relies on the Riesz Representation theorem for Hilbert
spaces. A detailed proof can, e.g., be found in [Eval(, Section 6.2.1] O

Theorem A.21 Let d € N, let ¢ > d, let Q C R? satisfy an exterior
cone condition at each point of the boundary 990, let ¢ € CO(0Q), let g €
L7(Q), ff € LYQ),(i = 1,...,d) and let a?,b',c' e(i,j = 1,...,d) be
measurable functions with the property that there exists A\ > 0 such that for
all ¢ € R? it holds that

d

> ai(@)€g; > MeP,

ij=1
with the property that there exists A,v > 0 such that for all x € €2

d d

> lab (@) < A% ATy (D' @)P + 1 @)P) + A e(@)] < V2,

i,j=1 i=1

and with the property that for all i € {1,...,d} and for all non-negative
test functions v € C3(Q) it holds that

/Q (e(@)o(x) — b ()dpw(x)) dz < 0.
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Then, the generalised Dirichlet problem given by

d d d
Lu := Z (81( Z a” (z)0ju + b'(z)u) + c%x)(?,u) +e(r)u =g+ Z O;f" on Q,

i=1 j=1 i=1

u=¢ on 052,
is uniquely solvable and moreover, the solution u € H} () N C°(Q).

Proof This theorem and its proof can be found in [GTI15, Chapter 8, The-
orem 8.30] O
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Basic Notation

Throughout these lecture notes, the following basic notation will be used.

Notation B.1 (Partial derivatives) For a function f :[0,T]xQ — R™,
Q C RY, m €N, we may use the notation

of
L =, f
ot
to denote the partial deriwatives with respect to time and
0
/ =0, f=0f 1i=1,...,d,
8@»
to denote the partial derivatives with respect to x;, 1 =1,...,d.

Definition B.2 (Divergence of a Vector Field) Let d € N, let Q C
Re, let f:= (f1, fo, .- fa): xR, — R be a smooth vector field. Then we
denote by div f € R the mapping given by

d

: df;
div f = ; 9z,

and we call this mapping the divergence of f.

Definition B.3 (Divergence of a Tensor) Let d € N, let Q@ C R?, let
f={fij}tii=1..a: QxR — R be a smooth tensor. Then we denote by
div f € R? the mapping given by

F—~d  9f1.:7]
Zi:l a;i

Zd Ofa,i
. i=1 Ox;
div f = ' ,

and we call this mapping the divergence of f.
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We remark that we are using identical notation for the divergence of both
vectors and tensors; the distinction will be clear based on the context.

Definition B.4 (Gradient of a Scalar Field) Let d € N, let Q C R¢,
let f: Q xR, — R be a smooth scalar field. Then we denote by Vf € R?
the mapping given by

o7 T
Ox1

of
Oxo

af
| 9z |

and we call this mapping the gradient of f.

Definition B.5 (Gradient of a Vector Field) Let d € N, let Q2 C R¢,
let f:= (fi,fo .- fa): Q@ x Ry — R4 be a smooth vector field. Then we
denote by Vf € RY the mapping given by

aft oft
o1 T Oxg
9fa Afa
o1 Tt Oxg

and we call this mapping the gradient of f.
We remark once again that we are using identical notation for the gradient of
both scalars and vectors; the distinction will be clear based on the context.

Definition B.6 (Laplacian of a Scalar Field) Let d € N, let Q C R¢,
let f: A xRy — R be a smooth scalar field. Then we denote by Af the
mapping given by

and we call this mapping the Laplacian of f.

Definition B.7 (Laplacian of a Vector Field) Let d € N, let Q C RY,
let f = (fi,fo ... f1): Q xRy — R? be a smooth vector field. Then we
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denote by Af the mapping given by

_Zd 82f1 -
=1 81?
Zd 32f2
i=1 (9:1:12
Af = _ :

S G
i=1 9z?

L i -

and we call this mapping the Laplacian of f.

Once more we are using identical notation for the Laplacian of both scalars
and vectors; the distinction will be clear based on the context.

Definition B.8 (Product of Vector Gradients) Let d € N, let Q C
Re, let f = (f1, fo, .- f2): QxR = R% and g := (91, 92,..-94): QxR —
R? be two smooth vector fields. Then we denote by Vf : Vg the mapping

given by
d d

af; dg;
KR
j=1 i=

If f =g, we may write Vf : Vf = |Vf].

169



Bibliography

[ABS96] Ann S. Almgren, John B. Bell, and William G. Szymczak. A Nu-
merical Method for the Incompressible Navier—Stokes Equations
Based on an Approximate Projection. SIAM J. Sci. Comput.,
17(2):358-369, March 1996.

[BCG89|] John B. Bell, Phillip Colella, and Harland M. Glaz. A second-
order projection method for the incompressible navier-stokes equa-
tions. Journal of Computational Physics, 85(2):257-283, 1989.

[BKM84] J. Thomas Beale, Tosio Kato, and Andrew Majda. Remarks on
the breakdown of smooth solutions for the 3-d euler equations.
Communications in Mathematical Physics, 94(1):61-66, 1984.

[BT15] Claude Bardos and Eitan Tadmor. Stability and spectral conver-
gence of Fourier method for nonlinear problems: on the shortcom-
ings of the

2/3
2/3 de-aliasing method. Numerische Mathematik, 129(4):749, 2015.

[Cho68] A.J. Chorin. Numerical solution of incompressible flow problems.
Stud. Num. Anal, 2:64, 1968.

[CKN82] Luis Caffarelli, Robert Kohn, and Louis Nirenberg. Partial reg-
ularity of suitable weak solutions of the navier-stokes equations.
Communications on Pure and Applied Mathematics, 35(6):771—
831, 1982.

[Con13] John B. Conway. A Course in Functional Analysis, volume 96.
Springer Science & Business Media, 2013.

[ESS03] Luis Escauriaza, Grigorii Aleksandrovich Seregin, and Vladimir
Sverak. L --solutions of the navier-stokes equations and backward
uniqueness. Russian Mathematical Surveys, 58(2):211, 2003.

170



Bibliography

[Eva90] Lawrence C. Evans. Weak convergence methods for nonlinear par-
tial differential equations. American Mathematical Society, 1990.

[EvalO] Lawrence C. Evans. Partial Differential Equations. American
Mathematical Society, 2010.

[Fed14] Herbert Federer. Geometric Measure Theory. Springer, 2014.

[Fef06] Charles L. Fefferman. Existence and smoothness of the Navier-
Stokes equation. The millennium prize problems, pages 57-67,
2006.

[FK64] Hiroshi Fujita and Tosio Kato. On the navier-stokes initial
value problem. i. Archive for Rational Mechanics and Analysis,
16(4):269-315, 1964.

[Fol13] Gerald B. Folland. Real analysis: Modern techniques and their
applications. John Wiley & Sons, 2013.

[Glo03] Roland Glowinski. Finite element methods for incompressible vis-
cous flow. Handbook of numerical analysis, 9:3-1176, 2003.

[GO81] David Gottlieb and Steven A. Orszag. Numerical analysis of spec-
tral methods. Number 26 in Regional conference series in ap-
plied mathematics. Society for Industrial and Applied Mathemat-
ics, Philadelphia, Pa., 2. print edition, 1981.

[GR86] Vivette Girault and Pierre-Arnaud Raviart. Finite element meth-
ods for Navier-Stokes equations: theory and algorithms. NASA
STI/Recon Technical Report A, 87:52227, 1986.

[GSTO01] Sigal Gottlieb, Chi-Wang Shu, and Eitan Tadmor. Strong
Stability-Preserving High-Order Time Discretization Methods.
SIAM Rev, 43:89-112, 2001.

[GT15] David Gilbarg and Neil S. Trudinger. Elliptic Partial Differential
Equations of Second Order. Springer, 2015.

[Har82] Philip Hartman. Ordinary Differential Equations. Birkhéuser,
Boston, 1982.

[Hop51] Heinz Hopf. Uber die Anfangswertaufgabe fiir die hydrodynamis-
chen Grundgleichungen. Mathematische Nachrichten, 4:213-231,
1951.

171



Bibliography

[HW65] Francis H. Harlow and J. Eddie Welch. Numerical Calculation of
Time-Dependent Viscous Incompressible Flow of Fluid with Free
Surface. Physics of Fluids, 8(12):2182-2189, 1965.

[Kat84] Tosio Kato. Strong [P-solutions of the navier-stokes equation in R™,
with applications to weak solutions. Mathematische Zeitschrift,
187(4):471-480, 1984.

[KL66] A. Krzhivitski and O. A. Ladyzhenskaya. A grid method for the
Navier-Stokes equations. Soviet Physics Dokl., 11:212-213, 1966.

[Lad58] O. A. Ladyzenskaya. Solution “in the large” to the boundary-value
problem for the Navier-Stokes equations in two space variables. So-
viet Physics. Dokl., 123 (3):1128-1131 (427-429 Dokl. Akad. Nauk
SSSR), 1958.

[Ler34] Jean Leray. Sur le mouvement d’un liquide visqueux emplissant
Iespace. Acta mathematica, 63:193-248, 1934.

[Lio69] Jacques-Louis Lions. Quelques Méthodes de Résolution des Prob-
lemes auz Limites Non Linéaires, volume 31. Dunod, Paris, 1969.

[LL72] Gerasimos E. Ladas and Vangipuram Lakshmikantham. Differen-
tial Equations in Abstract Spaces. Elsevier, 1972.

[LT97] Doron Levy and Eitan Tadmor. Non-oscillatory central schemes
for the incompressible 2-D Euler equations. Mathematical Research
Letters, 4:321-340, 1997.

[MB02] Andrew J. Majda and Andrea L. Bertozzi. Vorticity and Incom-
pressible Flow, volume 27. Cambridge University Press, 2002.

[Nir59] Louis Nirenberg. On elliptic partial differential equations. An-
nali della Scuola Normale Superiore di Pisa-Classe di Scienze,
13(2):115-162, 1950.

[Sch77] Vladimir Scheffer. Hausdorff measure and the navier-stokes equa-
tions. Communications in Mathematical Physics, 55(2):97-112,
1977.

[Ser62] James Serrin. On the interior regularity of weak solutions of the
navier-stokes equations. Archive for Rational Mechanics and Anal-
ysis, 9(1):187-195, 1962.

172



Bibliography

[Spi65] Michael Spivak. Calculus on manifolds, volume 1. WA Benjamin
New York, 1965.

[Str88] Michael Struwe. On partial regularity results for the navier-stokes
equations. Communications on Pure and Applied Mathematics,
41(4):437-458, 1988.

[SvW86] Hermann Sohr and Wolf von Wahl. On the regularity of the pres-
sure of weak solutions of navier-stokes equations. Archiv der Math-
ematik, 46(5):428-439, 1986.

[Tem01] Roger Temam. Navier-Stokes Equations: Theory and numerical
analysis, volume 343. American Mathematical Society, 2001.

[Van86] JJIM Van Kan. A second-order accurate pressure-correction
scheme for viscous incompressible flow. SIAM Journal on Scientific
and Statistical Computing, 7(3):870-891, 1986.

[Yud63] V. I. Yudovich. Non-stationary flow of an ideal incompressible lig-
uid. USSR Computational Mathematics and Mathematical Physics,
3(6):1407-1456, 1963.

173



	Fundamental Equations of Fluid Dynamics
	Eulerian Description
	Lagrangian Description
	Reynolds Transport Theorem
	Conservation Laws
	Conservation of Mass
	Conservation of Momentum
	Conservation of Energy

	Limiting Regime I: Inviscid Limit
	Limiting Regime II: Incompressible Limit

	The Incompressible Navier-Stokes Equations
	Formal Calculations
	Energy
	Pressure
	Vorticity

	Leray-Hopf Solutions
	Hodge Decomposition and Leray Projector
	The Stokes Equations
	Leray-Hopf Solutions of the Incompressible Navier-Stokes Equations
	Uniqueness of Leray-Hopf Solutions
	Results on Time-Continuity
	Regularity of Leray-Hopf Solutions in 2D

	Caffarelli-Kohn-Nirenberg Blow-up Result
	Mild Solutions to the Incompressible Navier-Stokes Equations
	Blow-up Criteria for Mild Solutions


	The Incompressible Euler Equations
	Vorticity-Stream function formulation of the incompressible Euler equations
	Vorticity-Stream function formulation in 2-D
	Periodic Boundary Conditions in 2-D
	Vorticity-Stream function formulation in 3-D

	Lagrangian Reformulation of the Incompressible Euler Equations
	Classical Solutions to the Incompressible Euler Equations
	Global Existence of Classical Solutions

	Weak Solutions of the 2-D Incompressible Euler Equations

	Numerical methods
	(Fourier) spectral methods
	Basic Fourier theory
	Discrete Fourier transform
	Spectral approximation on NSE
	Nonlinear term
	Pseudo spectral technique
	De-aliasing technique
	Euler equations and spectral viscosity
	Convergence of spectral methods for NSE
	Notes on implementation and complexity

	Time-stepping
	Explicit time-stepping
	Implicit time-stepping

	Finite difference projection methods
	Overview of finite difference methods
	Naive implementation
	Projection methods
	MAC Scheme
	Upwind BCG scheme


	Results from Functional Analysis
	Sobolev Inequalities
	Results on Compactness
	Miscellaneous Results

	Basic Notation
	Bibliography

