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Prof. Brent Doran

Serie 5

Dihedral groups, permutation groups,
discrete subgroups of M2, group actions

1. Write an explicit embedding of the dihedral group Dn into the symmetric group
Sn.

2. Let us consider the subgroup H = {1, x5} in the dihedral group D10.

(a) Prove that H is normal in D10 and that D10/H is isomorphic to D5.

(b) Is D10 isomorphic to D5 ×H?

3. Determine the center of the dihedral group Dn.

4. What is the smallest n such that

(a) Z/p1p2Z embeds into Sn where p1 and p2 are two distinct primes? Hint: Z/
mnZ ∼= Z/mZ× Z/nZ.

(b) The dihedral group D15 embeds into Sn? Hint: write D15 as a semidirect
product.

5. What is the subgroup of O2 generated by two reflections in R2 about two lines of
angle 2π

n
?

6. Let G be a discrete group of isometry of the plane in which every element is
orientation preserving. Prove that the point group G is a cyclic group of rotations
and that there is a point p in the plane such that the set of group elements which
fix p is isomorphic to G. Restate this result in term of short exact sequences. Hint
Recall that any orientation preserving isometry of the plane is a rotation about
some point of the plane p.

7. Let us consider the pattern P in R2 of which a portion is drawn in the picture,
and that we assume that is invariant under the subgroup of translations of vectors
in Ze1. Let G be the group of isometries of P . Prove that the sequence
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1 // LG // G
π|G // G // 1

doesnt’t split.

8. Let G = GLn(R) act on the set V = Rn by left multiplication.

(a) Describe the decomposition of V into orbits for this action.

(b) What is the stabilizer of e1?

9. The group M2 of isometries of the plane acts on the set of lines in the plane.
Determine the stabilizer of a line.
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