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Exercise 2-1

Let (Q, 7, (Zt)elo,r), P) be a filtered probability space and S=(1,8}... ,Sf)te[o,;p] a general
continuous-time financial market with time horizon 7" > 0.

(a)

(b)

Show that if there exists an arbitrage opportunity

N
9= Z hkﬂ]]"'k—lﬂ'k]] € b€,
k=1

then there also exists a “one-step buy-and-hold” arbitrage opportunity J* = hly, ] € bE.

Assume that S is a semimartingale and satisfies NA. Prove that if ¢ € ©,4n satisfies
Gr(9) > —c P-a.s. for some ¢ > 0, then G () > —c P-a.s.

Exercise 2-2

Let (€,.Z,(Z1)iep,1); P) be a filtered probability space, 5 = (S',... 7S£i)te[0,T] a d-dimensional
semimartingale and Q ~ IP on %7 an equivalent probability measure.

(a)

(b)

Assume that Q is a separating measure for S. Show that if S is (locally) bounded, then Q
is an equivalent (local) martingale measure for S.

Hint: Consider suitable simple integrands.

Assume that @ is an equivalent o-martingale measure for S. Show that it is also an
equivalent separating measure.

Hint: Use the Ansel-Stricker theorem.

Now assume that d = 1, that (%;).c[o,7] is the natural (completed) filtration of S and that
S = (St)tejo,r) is of the form

g — 0 for0<t<T,
Tl x fort =T,

where X is normally distributed with mean g # 0 and variance o2 > 0. Show that in this
case the class Mg, of equivalent separating measures for S is strictly bigger than the class
M, of equivalent o-martingale measures for S.

Hint: Describe explicitly all adapted and predictable processes for the filtration (F).e(o,77-



Exercise 2-3

Let (Q, %, (F)k=0.1,P) be a filtered probability space and S = (1,54, ..., 5%),—01 a one-period
model. Assume that .7y = {0, Q}.

(a)

Show that the set
dQ . i .
Q:=¢Q~=Pon 7 : ap B bounded and Egq[|S}|] < oo foralli =1,...,d

is nonempty and convex.

Define the set
C = {Eq[ASi]: Q € O},
where Eq[AS;] is a shorthand notation for the vector (Eg[AS]], ... ,EQ[ASId])tT. Show
that if there exists ¥ € R? with 9z > 0 for all z € C, then ¥"AS; > 0 P-a.s.
Hint: Fix Q € Q, and for € € (0,1), define the function

pe = el giras, >0y + (1 — €)Ligras, <oy
and consider the limit lim._,0 Eq o9 ASy].

Show that S satisfies NA if and only if there exists Q =~ P on .#; with % bounded and
such that S is a Q-martingale, i.e., S* is a Q-martingale for each i = 1,...,d.

Hint: For “=" use without proof that if C is a nonempty convex subset of R? with 0 ¢ C,
then there exist ¥ € R? and zg € C such that 9¥"z > 0 for all z € C and 9" zy > 0.

Exercise 2-4

Let (0, 7, (Zt)iejo,1), P) be a filtered probability space. For an increasing, adapted, continuous

process A = (Ay)iejo.r) null at 0, define the o-finite measure P® A on (€2, P), where  := Qx (0, T]
and P denotes the predictable o-field, by

(a)

(b)

(P o A)N] = [/OT]IN(w,s)dAS} . Nep.

Let 41 and A? be increasing, adapted, continuous processes null at 0 with P® A! = P® A?
on (,P). Show that A! = A2

Hint: Show that A! — A? is a local martingale.

Let B and C be increasing, adapted, continuous processes null at 0. Show that there exist
a predictable process H € L(C') and N € P such that

t t t

Bt:/ HSdCSJr/ 15dBs, and / 15dCs =0, te][0,T].
0 0 0

Hint: Consider the Lebesgue decomposition of IP ® B with respect to P ® C.

Now let S = (Si)icpo,r] be a continuous semimartingale with canonical decomposition

S =Sy + M+ A, where M € Mg, . and A is adapted, continuous, of finite variation

and null at 0. Show that if S satisfies NA for 0-admissible strategies, then there exists a
predictable process H € L({M)) such that

t
At:/ H,d(M),, tel0,T).
0

In other words, this means that S satisfies the structure condition (SC”).

Hint: Write A = AT — A~, where AT and A~ are the positive and the negative variation
of A, respectively, use part (b) and argue by contradiction.



Exercise 2-5

Let (€2, #,P) be a probability space supporting a Brownian motion W = (W¢),c(o,1- Denote

by (ytw)te[o,l] the natural (completed) filtration of W. Let u = (pt)ejo,1) be a predictable

process with fol |us|ds < oo P-as. and [) u?ds < oo P-a.s. for all t € (0,1). Define the process
S = (St)te[o,l] by the SDE

dsS; = St(/,bt dt + th), So = sp > 0.

Moreover, define the process Z = (Z;);c[0,1) by the SDE

(a)

dZt == —Zt,ut th, ZO =1. (*)
Show that () has a unique strong solution, which is nonnegative. (Note that Z; can

become 0.)

Hint: Use that (x) has a unique strong solution on [0,¢] for fixed ¢ € (0,1) and that this
solution has an explicit formula. Paste these solutions together and use the supermartingale
convergence theorem.

Show that Z is the unique nonnegative local P-martingale for the filtration (ﬂtw)te[o,l]

with Zy = 1 such that ZS is also a local P-martingale for the filtration (L%,W)te[o,ly

Hint: Use the product formula and Itd’s representation theorem.

Suppose that Z is a true martingale. Show that the process S satisfies NA.

Hint: Define Q@ <« P on #; by dQ := Z;dP. Then show that if ¢ ¢ S > 0 P-a.s. for
¥ € Ouqm then ¥ @ S =0 under Q and use that Q ~ P on .%; for all ¢ € [0,1).

Show that S satisfies NFLVR if and only if Z is a true martingale with the additional
property that Z; > 0 P-a.s.

Hint: Use the fundamental theorem of asset pricing.

Assume that (p¢)sejo,1] is given by py = \/%]lﬂoﬂ], where 7 = inf{t € (0,1): Z; =2} A1

and where Z = (Zt)te[(),l] is the unique strong solution of the SDE

~ — 7 ~
a7, = Aw,, Zo=1.

Using the above results, show that S satisfies NA but fails NFLVR.




