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Exercise 5-1

Let (0, 7, (F1)iecpo,1); P) be a filtered probability space with Fo P-trivial and (.F).¢(o,7) satisfy-
ing the usual conditions, and let S = (S},..., Sii)te[o,T] be an R%valued semimartingale satisfy-

ing NFLVR. For z > 0, define the set C(z) as in the lecture. Moreover, let U : (0,00) — R be an
increasing and concave (utility) function, and suppose that u(z) := sup rec(,) E[U(f)] < oo for

some (and hence all) z > 0. Set UT(C(z)) := {U™(f) : f € C(x)}, and denote by LY (Fr; [0, x])
the space of all random variables taking values in [0, 00|, endowed with the topology of conver-
gence in probability.
(a) Fix z > 0. Show that C(x) is convex and closed in L% (Zr; [0, o0)).
Hint: If Fp is trivial and > 0, then for any f € LY (Zr) : f € C(x) if and only if
E[fh] < x for any h € D(1).

(b) Fix x > 0. Suppose that that Ut (C(x)) is uniformly integrable. Using only Lemma 6.2
in the lecture notes and part (a), show directly that there exists f* € C(z) such that

E[U(f")] = u(z).

(c) Suppose now that there exist a > 0 and b € (0,1) such that U*(z) < a(1 + ) for all
2 > 0 and an equivalent o-martingale measure Q ~ P on % for S such that <§%>_1 has
moments of all orders. Fix z > 0, and show that U*(C(x)) is uniformly integrable.

Hint: By using the growth assumption on U*, reduce the problem to showing that C(z) is
bounded in LP with p > 1 small enough. Then switch from P- to Q-expectations.



Exercise 5-2

Let (2, 7, (Ft)iecpo,1); P) be a filtered probability space with .Fo P-trivial and (%[0, satisfy-
ing the usual conditions and let S = (S}, ..., Sfl)te[o’ﬂ be an R%valued semimartingale satisfying
NFLVR. Assume that there exists a unique equivalent o-martingale measure Q ~ P on %7, i.e.,
the market (1,.5) is complete. Let U : (0,00) — R be a utility function as in the lecture. We
assume that u(z) < oo for some (and hence all) z € (0,00). We do not assume, however, that
AFE 1« (U) < 1. Define the functions J, I, u,j : (0,00) - R U {co} and the sets C(z) and D(z),
x,z > 0, as in the lecture.

(a) Fix z > 0. Show that

dQ
< z— IP-as.
h_ZdIP P-a.s. for all h € D(z),

where g% denotes the density of Q with respect to IP on %r. Deduce that

i) = int B = |1(-2 )]

where E[J(h)] := +oo if J*(h) ¢ L'(P).

Hint: Suppose that there is h € D(z) such that A := {h > zg } has P[A] > 0. Set
a := Q[A], and use that completeness of S is equlvalent to the predictable representation
property of S under Q to deduce that there exists H € L(S) such that 14 =a+ H e Sy.

(b) Let 2o :=inf{z > 0: j(2) < oo}. Show that the function j is in C'*(zg, 00) and satisfies

i) = E[jg (jf))], 2 € (20,00).

Hint: Apply the fundamental theorem of calculus to the function z — J (z%) and take
expectations.

(c) Set xg = lim,|,, —j'(2). Fix x € (0,2¢). Let z; € (20,00) be the unique number such
that —j’(2,) = x. Show that f*:=1T (zx dP) is the unique solution to the primal problem
u(z) = sup E[U(f)].
fecC(z)

Hint: Show that f* € C(x) using the hint in Ex 5-1 a) and part (a). Then use a Taylor
expansion and the strict concavity of U in (0, 0o) to argue that we have E[U(f)—U(f*)] <0
for all f € C(z) and that the inequality is an equality if and only if f = f* P-a.s.

Exercise 5-3

Let (£2,7,P) be a probability space supporting a Brownian motion W = (W}),c[o,7]- Denote
by (ﬁtw)te[oﬂ the natural (completed) filtration of W. Let ¢ > 0 and p,r € R. Consider the
undiscounted Black-Scholes market (S, 51) = (S0, §tl)te[0,T] given by the SDEs

dSY =rS%dt, Sy =1, and dS} =S} (udt+odW,), Sj=s>0.

Denote by S! := % the discounted stock price. Let U : (0,00) — R be defined by U(z) = ;x“f
where v € (—00,1) \ {0}. We consider the Merton problem of maximising expected utility from
final wealth (in units of S°), where we use the notation from the lecture.



(a) Using Exercise 5-2 (a) show that

, 1—ny _ v 1 v (p—r)?
= - — T .
j(2) S z  T=7 exp <2 =2 o , z€(0,00)

(b) Using Exercise 5-2 (c) show that f} := z& ( — = > where R = (Ry)¢cpo,) is given by

R; = Wy + E="t, is the unique solution to the primal problem

u(z) = sup E[U(f)], =€ (0,00).
feC(x)

(c) Deduce that f; = Vr(x,9%), where 9% = (9§ ),cp0,7] is given by

zr 1 pu—r 1 p—r
W = — E R, € (0, 00),
t Sil—r o2 (1—7 o )t ! ( OO)

and show that

v 1 — )2
u(z) = x—exp <2&WT> , x€(0,00).

Exercise 5-4

Let (€2, F,(F1)ico,1), P) be a filtered probability space satisfying the usual conditions and
S = (St)iejo,1) a real-valued continuous semimartingale. The set of all (tradeable) numéraires is

defined by
N = {1+19OS:19€L(S) and 1 +9JeS >0 P-as.}.

-supermartingale for all N € N.

A numéraire N*
(a) Show that if a numéraire portfolio exists, then it is unique.

(b) Show that if S satisfies the structure condition (SC), i.e., S = Sop+ M + X\ e (M), where

M € H>¢

0loc and A € L% (M), then the numéraire portfolio exists and is given by

N*=E(Ne ).

Hint: Show that Z := 1/N* is an equivalent local martingale deflator for S, i.e., a strictly
positive local P-martingale with Zy = 1 such that ZS is a local IP-martingale. Deduce that
Z(0 e S) is a local P-martingale for all ¥ € L(S) by applying the product formula twice.

Suppose for the rest of the question that the numéraire portfolio N* exists, and let 9* € L(S5)
be such that N* =1+ 1¢* e S.

(c) Set Sti= N* and §2 := . Show that for i = 1,2, P is a separating measure for St

Hint: Fix i € {1,2}. For 9" € ©aqm(5%), find ' > 0 and N* € A such that ¢ +ZZ'SZ Ni
and apply the definition of the numéraire portfoho To this end, show in a first step by

using the product formula twice that if 9" € L(S%), then there is ¥ € L(S) such that
V'8 Gi = U2S,

Remark One can also show that IP is a separating measure for (§ 1 §2) but this requires
vector stochastic integration.

(d) Using Exercises 2-2 (a) and 3-3 (b) deduce that S satisfies the structure condition (SC).



Exercise 5-5

Consider the setup and notation of Exercise 5-4. Set

¢ := sup E[log N7| € [0, o0], (%)
NeN
where [ [log Ny| := —oo if log™ Ny ¢ L'(PP). If £ < oo, then the unique optimiser of (x), if it

exists, is denoted by N'°8 and called the growth-optimal portfolio.

(a) Show that if the numéraire portfolio N* exists and ¢ < oo, then the growth optimal portfolio
exists and N'°8 = N*,

Hint: Use that logz > logy + 1 — y/z for all z,y > 0, because log is concave.

Suppose for the rest of the question that ¢ < oo and that the growth optimal portfolio N'°&
exists.

(b) Fix N € N. Show that
E

N-
lT =1
Np®
Hint: For e € (0,1), set N¢ := eN + (1 — ¢)N'*® € N and show that If [
Then let € | 0.

> 0.

Nlos_ ~Nj }

(c) Let 0 < s < T, A€ %, and N',N? € N with associated 9¥',92. Then the strategy of
switching from N1 to N? at time s on A is given by

’19 = ]l[[(]s]]'ﬂ +]l]]sT]] ( 7192 +]1Ac’191) .
Show that J € L(S) and N := 1+ e S € N with

N
N_]l[[Os]]N +]1]]5T]] (]IA N2+]lAcN>.

(d) Deduce that the numéraire portfolio exists and that N* = N8,

Hint: Fix N € N and 0 < s <t <T. Set A := {E[N;/N,°% | Z,] > N,/Ny*®} and consider
the numéraire N corresponding to the strategy of switching first from N8 to N at time s
on A and then back to N'°8 at time t on A. Then apply part (b) to N.



