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1. In coding theory, a linear code of length n is a linear subspace C of the vector space
Fn over the finite field F. The elements of C are called codewords. The weight of a
codeword v is the number of nonzero coordinates in v. The Hamming distance bet-
ween two codewords u and v is the number of coordinates in which they differ. The
distance of the code C is the minimum Hamming distance between any two distinct
codewords in C. Prove that the distance of the code C is equal to the minimum weight
of nonzero codewords in C.

2. Given a binary message x ∈ {0, 1}n of length n, the Hadamard code encodes the mes-
sage into a codeword Had(x), using an encoding function Had : {0, 1}n → {0, 1}2n .
This function is defined as follows

Had(x) =
(
〈x, y〉

)
y∈{0,1}n

,

where 〈x, y〉 denotes the inner product of two vectors x, y ∈ {0, 1}n modulo 2, i.e.,

〈x, y〉 =
n∑

i=1

xiyi (mod 2).

Prove that the Hadamard code is a linear code and compute its distance.

3. Let p be a prime number and n be a positive integer. One way to explicitly compute
the multiplicative inverse of an element a in a finite field F of size pn is as follows. We
know that F is isomorphic to the quotient ring Fp[X]/(q(X)), where Fp[X] denotes
the polynomial ring over the field Fp of integers modulo p, and q(X) ∈ Fp[X] is
an irreducible polynomial of degree n. Let a(X) ∈ Fp[X] be such that a ≡ a(X)
(mod q(X)). Because a 6= 0, the polynomial a(X) is not divisible by q(X), and since
q(X) is irreducible, we have gcd{a(X), q(X)} = 1. By the Euclidean algorithm,
there exist two polynomials r(X) and s(X) such that

a(X)r(X) + q(X)s(X) = 1. (1)

In particular, a(X) · r(X) ≡ 1 (mod q(X)), so (a)−1 ≡ r(X) (mod q(X)). Using
this algorithm, compute the inverse of the elements X + 1 and X

2
+ 1 in the field

F2[X]/(X3 +X + 1).

Bitte wenden!



4. Let Fq denote the unique field of size q = 2n, where n ≥ 1 is an integer number. Let
F : Fq → Fq × Fq be defined as F (x) = (x, x3).

(i) Show that if F (x1) + F (x2) = F (y1) + F (y2), where x1 6= x2 and y1 6= y2, then
{x1, x2} = {y1, y2}.

(ii) Compute explicitly the map F for n = 3 in the finite field F8 ' F2[X]/(X3 +
X + 1).

(iii) Using the map F computed above, construct an error-correcting code C ⊆ {0, 1}8
having 4 codewords that is able to correct at least 2 faulty bits.


