D-MATH Lineare Algebra und Numerische Mathematik HS 2013
Prof. R. Hiptmair

Problem Sheet 6

1. We have three metal alloys My, Ms and Ms, all of which are composed of copper, silver and
gold in different proportions. These percentages are given in the following table

Copper Silver Gold
M, 20 60 20
M, 70 10 20
Ms 50 50 0

Determine in which ratios should the alloys M7, My and M3 be mixed in order to create e a
fourth alloy which is formed out of 40% copper, 50% silver and 10% gold.

Hint: To solve this problem you will need to create and solve a linear system of the form
Ax = b, for some A and b.

2. Solve the following problems using Gaussian elimination.

1 3 -1
a) Let A= 2 5 -1
-3 -8 4
1. Find the rank of A.
2
2. Let b = 2 |. Find the solution of the system Ax = b, if the solution exists.
-10
1 -1 2
b) Consider a matrix A= |3 2 —1|, where k € R is a parameter.
E 5 —4
1. Find the rank of A, depending on the parameter k.
3
2. Let b= | 1 ]. Find the solution, if it exists, of the system Ax = b, depending on k.
1
1 m 1
c) Consider a matrix A= 1 1 1 , where m € R is a parameter.

m 1 m-—1

1. Find the rank of A, depending on m.

1
2. Let b= | m + 1 |. Find the solution, if it exists, of the system Ax = b, depending on
m

Bitte wenden!



3. Consider a tridiagonal, n x n matrix A, with entries as follows

ai7i+1:71 fOI'Z':L...,TlfL
aj; =2 fori=1,...,n,
aji—1 = —1 fori=2,...,n
1
a) Write down A for n = 4, take b = 8 and find the solution x of Ax = b.
1

b)

Create a MATLAB function

function x = SolverTridiag(b)

which takes as argument a column vector b, creates a tridiagonal matrix A as described
in part a), and returns the solution x of the system Ax = b. To solve the system, you can
use the backslash operator.

0
0

c) Let n € N be arbitrary, and take a vector b € R™ to be b = . Find the solution
0

n+1
x of the system Ax = b, with pen and paper.
d) Create a MATLAB function
function x = LoopSolverTridiag(b)

which takes asargument a column vector b, and computes the solution x of the system
Ax = b without creating the matrix A but by solving the system directly using loops (e.g.
for).

1 0 0 2 -1
. . 0 2 0 2 —4 . .
4. a) Consider a 4 x 4 matrix A = 00 3 2 and the vector b = e Find the solution
1 1 1 4 -3
x of the system Ax = b.
d1 C1
b) Consider an n X n matrix A = , that is, defined as follows
dn—l Cn—1
C1 Cn—1 Cn
a;;=d;, fori=1,...,n—1,
an; =¢;, fori=1,...,n,
aip =¢, fori=1,...,n
where d; # 0 for : =1,...,n — 1 and all other entries in the matrix are 0. When does the

linear system Ax = b admit a unique solution?

c) Create a MATLAB function

Siehe nichstes Blatt!



function x = SpecialSolver(d, c, b)

which takes as arguments column vectors ¢ and b, which are of equal length, and a column
vector d, which has one entry less than b and c. The return argument x should be the
solution of the system Ax = b, if such a solution exists. In order to solve the system create
a sparse matrix A, as described in part b) using vectors ¢ and d, and solve the system
using Gaussian eliminations.

5. Find the reduced row echelon form of the following general 2 x 2 linear system
a b T1\ _ bl
c d X2 o bg ’
where a,b, c,d, 1, x2,b; and by are real numbers. To do so use Gaussian eliminations.

Hint: You have to distinguish some cases.

6. For each of the following subsets of the set of all polynomials of degree less or equal than 7,
that is of P7, determine whether or not they are linearly independent in (P7,+,-)

a) Set {p1(z),p

2(2
b) Set {p1(2),pa(2), ps(x), pa(w)} where pi(z) = (z +1)(x — 1), pa(2) = x(z + 1), ps(z) =
(3 +1)(z* - 1) andp4( )=z-1

)
c) Set {pl( ), p2(2), p3(), pa (), p5(x)} where p1(z) = 2(z + 1), pa(x) = 2° + 3z + 1, p3(w) =
(22 +1)(2® +4),p4():73x+2x3+2andps(:r):x6+x5+x4+x3+x2+x+l.

Hint: Remember that one can define a mapping from a Basis of P; to R®, i.e. the mapping
{1,2,2%,...,27} — RS, that preserves all properties of the vector space and allows to reduce
calculations to R®. See also Section 2.1 and Section 3.2.3 from lectures.

), p3(x)} where py(z) = x(x — 1), po(z) = 2% — 2% + 1 and p3(x) = 2* + 22

7. Given a invertible matrix A € R™"™ n € N, and two arbitrary vectors u,v € R", assume that
1+viA lu+#0.
Show that it holds

N1 1 A luvTA?
(A+uv’ )" =A T vTA Ta
Hint: Try to understand what does it mean for a matrix to be the inverse of another matrix
using “Satz 3.6.B”. As soon as this is clear to you, in the remainder of the proof you only need
to apply the calculation rules for the matrix product “mechanically”. Important is that you
keep track of matrix products that reduce to a real number (and therefore commute with the
other terms).

8. We are given two bases, A, B, for R?

1 2\ /2 1 —1 —2
A= =1].13].13]%, B=X[2]|.[3].|7
2 7] \6 2 3 6

Bitte wenden!



a) Find the change of coordinates matrix S from basis A to B.

b) Determine the coordinates of the vector

1 2 2
v=2|-1]1+913]-8]3
2 7 6

with respect to the basis B.
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