D-MATH Lineare Algebra und Numerische Mathematik HS 2013
Prof. R. Hiptmair

Solutions - Problem Sheet 10

1. We want to find all solutions to the equation
aib' + asb?+ -+ a,b" =0 (1)

where ; € R for i = 1,...,n. Let us apply P to (1). We have

P (Zn: aibi> = zn: a;Pbi = 0. (2)
i=1 i=1

Since b? € ker(P) for i =7 +1,...,n we have
Pbi=0, fori=r+1,...,n.
Furthermore, since b’ € im(P) for i = 1,...,7 we have
Pbi =b’, fori=1,...,r
Combining those two facts we have that (2) is equivalent to
abl 4+ +a,b" =0

Since {b!,...,b"} is a basis of im(P) it is also a linearly independent set. Therefore a1 = ag =
... = a, = 0. This reduces (1) to

O‘r-f—lbrJrl + a7'+2br+2 +oF a’nbn =0.

Again, since {b"*1 ... b"} is a basis for ker(P) it is also a linearly independent set. Thus
Qpy1 = ... = a, = 0. In conclusion, we have o; = 0 for all ¢ = 1,...,n which means that
{bl,...,b"} is a linearly independent set.

Therefore, it is a set of n linearly independent vectors in a vector space of dimension n, so it is
a basis for V.
2. a) Let x,y € U and define z = x +y. We have
1 1 1 1
< 2 ,z>:< 2 ,x+y>:< 2 ,X>+< 2 7y>:0.
3 3 3 3

Therefore, x +y € U.
Take a € R and x € U and define z = ax. We have

1 1 1
< 2 7z>:< 2 ,ax>:a< 2 ,X>:0.
3 3 3

Therefore, ax € U and we have that U is indeed a subspace of V.
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b)

d)

Take an arbitrary x € U. Then

1
0:< 2 ,X>:x1+2x2+3$3:>x1=—2x2—33:3.
3

This means that

—25 — 3t
U:{XER3::U1:—2$2—3$3}: xeR?:x = S ,s,t € R
t
2 -3
={xeR®:x=s|1|+t| 0],s,teR
0 1
that is,
-2 -3
U = span 11,10
0 1
-2 -3
Since the set of vectors 11,10 is clearly linearly independent it is also a basis
0 1
for U
-2 -3 1
We will use Theorem 4.5.E. The set 11,10 is a basis for U while 1 is
0 1 1

a basis for W. Therefore,

-2 -3 1

By = 11,{0],11
0 1 1

is a basis for R? by Problem 1c). Theorem 4.5.E now tells us that with respect to By, the
matrix representation of our projection is

100
A=10 1 0
0 0 O

We will determine the matrix representation of the projection P in Cartesian cooridinates
by computing the change of basis. The first step is to write the elements of one basis as
the linear combination of the elements of the other basis. We have

1 ) ~3 1
0 :f% 1 7% 0 +é 1
0 0 1 1
0 ) _3 1
N T N A T
o/ 3\o 1 3\
0 ) _3 1
1 1 1
1 0 1 1
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which gives

_1 2 _1
¢ 3 12
S=|-%z —% =
I L
6 3 2
Since the other basis is the standard Cartesian basis, we have
-2 -3 1
R=|1 0 1
0 1 1
Now we have
5 1 _1
6 3
P=RAS=|-% 2 —%
D ST
6 32

a) The matrix BT B is symmetric, since
B'B)'=B"(B")" =B'B.
Therefore, the upper triangular part describes the whole matrix. Since an n X n matrix

has % entries in its upper triangular part, we have that there are 6 defining equations
for our a,b,c,d,e and f, because in our case n = 3.

b) Computing BTB = I we have
N1l 2
(1) 3 + 3 +e“ = ].7

| 1L
(i) —za— #¢=0,
(if}) J5b+ 5d— fe=0,
(iv) a® +c* =1,
(v) ab—cd =0,
(vi) B2 +d%+ f2 =1.
From (i) we have e = %; from (ii) we have a = c¢. Plugging this into (iv) we have

a=c= % From (v) we have b = d and (iii) then gives us f = 2b. Finally, plugging both
of those expressions in (vi) yields b =d = % and f = %.

4. Let us denote the elements of the Cartesian basis as follows

1 0 0
el = 0 y 62 = 1 s e3 = 0
0 0 1

Reflection about the plane {x7 = 2} is invariant to the elements of that plane. Thus,
Fi(e®) = e3. Also, we easily see Fi(e!) = e? and Fy(e?) = e! and the corresponding
matrix representation is

A=

S = O

10
0 0
0 1

For the map Fy the Section 4.6 of the lectures gives us (with ¢ = 7/4)

1 0 0
1 1
A= |0 T
O 5 &
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5.

6.

An analogous equation holds for F3. Rotating around the x5 axis leaves the vectors which
are on that axis unchanged, hence F3(e?) = e?. On the other hand we have

cos(m/6) — sin(7/6)
Fs(e') = 0 and Fs(e®) = 0
sin(7/6) cos(m/6)
Therefore

V3 o -1
2 2
A;=|0 1 0
1l 9 V3
2 2

h) Matrix representation of a linear map that is given as a composition of two other linear
maps is just a product of matrix representations of those two maps. Therefore, the matrix
representation of Fy o Fy is

0 1 0

1 1
A= 0 T

s 0

Similarly, for F3 o F5 we have

= of

AzAy =

N|—=

As in Problem 3, we compute AT A and equate it to I. By doing so we obtain the following
equations

From (vi) and (iii) we have ¢ = 0 while (ii) gives s = —r. Then (i) gives r = :t% and s = :F%-

: -1 o _ 1 4 =—-1 =21 ¢=
Hence,weeltherhaverfﬁ,sf ﬁ,t 0,orr 730 8 50 b 0.

a) It is sufficient to show that the corresponding matrix representations are orthogonal ma-
trices. We have

ATA=(I,—2uu’) (I —2uu’) = (I, — 2uu' )(I — 2uu') = I, — 4uu’ + 4u(u’u)u’

=1, —4uu’ +4ufufu’ =1I,.

Analogous equations hold for B. Hence, F and G are isometries.
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b) It is sufficient to find w # 0 such that Aw = w. We have

Aw = (I, — 2uu’)w = w — 2u(u' w)
Therefore, if we take w to be a vector such that u'w = 0 then Aw = w follows. Such non-
zero vectors do exist, for example, for u = <z) if we take w = <_xy> then u'w = 0 and

also w # 0 since ||w||= |lu||= 1. Furthermore, for &« € R we have A(aw) = aAw = aw.
Therefore, the space
_ -y
USpan{(m >},

where u = y) is a one-dimensional subspace of R? whose elements are mapped to

themselves, with respect to F. By analogy the same follows for G.

c) We can notice that Au = —u. Furthermore, we know that for all vectors orthogonal to u,
that is, all vectors w such that wTu = 0, Aw = w holds. Hence, F and G are reflection
about a line (containing the origin) of direction w

d) Since ||u||= ||v|]|=1 both u and v lie on the unit circle. Therefore, there exist ¢, ¥ € [0, 27]
such that
u= (Cf)s <‘0> and v = (CF)S 79) .
sin @ sin ¢

2 .
au’ — ( cos” ¢ cos.<p251n <p>.
cos psin g sin” ¢

We compute

Plugging this into the expression for A, and using trigonometric identities, we have
T T [—cos(2p) —sin(2¢p)
A=I-2uu = (— sin(2¢)  cos(2¢) )
An analogous expression holds for B, that is

—cos(29) — sin(219)> .

T o T —
B=1-2uu ( sin(29)  cos(299)

The matrix representation of the composition of those two maps is then just a product of
their corresponding matrix representations. Hence, we have

BA — (cos(?ﬁ) cos(2¢p) + sin(219) sin(2¢)  cos(219) sin(2¢) — sin(29) cos(2<p))
cos(2¢p) sin(29) — sin(2¢p) cos(2¢)  cos(29) cos(2¢) + sin(2¢) sin(2¢p)

_ [cos(20 —2¢) —sin(20 — 2¢p)
T \sin(29 — 2¢)  cos(2¢ — 2¢)

which is a rotation matrix through an angle 2(9 — ).

e) Since both F and G are reflections the resulting action is the reflection across two lines (in
R?) which is exactly a rotation for double the angle between those two lines.
7. Denote the vectors of the Cartesian basis of R3 by
1 0
el=|0], e&=(1], =0
0 1

0
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a) We have
[ul|*= cos® ¢ cos® ¥+sin® ¢ cos® I+sin® ¥ = (cos® ¢ + sin® ¢) cos® Y+sin® ¥ = cos® ¥+sin® 9 = 1.

b) We want to compute S, g€’ for i = 1,2, 3. Since e! and e? already lie in the plane x5 = 0,
we have that the first two components of their projections onto that plane are exactly their
first two entries. In other words

Syg(e!) = (é) and  Sy.9(e?) = (g)

In order to compute Sy »(e?) let us write e® as a linear combination of e', e? and u. This
can be done since the set {e!,e? u} is a basis for R3. We have

cospcosty | singcost , 1
j— e j—

0
0] = - - - .
1 sin 9 sin 9 sin 9

Now, the projection of e® onto the plane {z3 = 0} is the projection onto Span{e!,e?},
thus it simply means removing its component in the u direction. Therefore,

3 __cos ¢> cos ¥
S¢ﬁ(e ):: < mnﬁﬂgsﬁ>
T sind
and the matrix representation of S, with respect to Cartesian bases of R* and R? is
1 0 —cos d) cos 9
A= <O 1 _sinséﬁncgsﬂ .
sin ¥

d) We have seen in the lectures that a linear mapping maps lines to lines. Hence, plot is
sufficient since it only plots lines between given points.

e)|
function plottetshadow(A, phi, theta)

[\]

4 | 7/ Creating the matrix representation of our map
P = [1 0 -cos(phi)*cos(theta)/sin (theta);...
6 0 1 -sin(phi)*cos(theta)/sin (theta)];

8 |points = zeros(2,4);

/ Computing the projected points
10 |for i =1 : 4

points(:, i) = P*A(:,1i);
12 | end

14 | % Plotting

figure (1)
16 | hold on
for i = nchoosek(1:4, 2)°
18 plot ([points(1,i(1)) points(1,i(2))],

[points(2,i(1)) points(2,i(2))], ’k-’, ’LineWidth’, 2);
20 | end

22 | 7 Making the plot a bit nicer
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xlim ([min(points(1,:))-1, max(points(1,:))+1]);
24 | ylim ([min(points(2,:)) -1, max(points(2,:))+1]);

26 | 4 Alternative way to plot this would be to consecutively plot each of the
/% six edges of the projetion by writing its own plot function. Method used
28 | /# here achives that same effect with a for loop.

8. A tetrahedron will cast a triangular shadow if one if its edges is parallel to the u. That is
because if one if its edges is parallel to u then the projection will map the vertices which define
that edge onto a single point, rather than two distinct points.



