Prof. M. Struwe o ETH Zirich
D-MATH Calculus of Variations 30th September 2014

Problem Set 1

1.  (This exercise will be solved in the first exercise class.)

Let p € (1,00), 2 C R" a bounded domain, f € L*(2) and define the functional
1 1
E:LP(QNHYQ) - R, urs / §]Vu|2 + —|ul’ + fudz.
Q p

Show that E € C'(LP(Q) N H*()).
2. Let p € (1,0), 2 C R" a bounded domain, n > 2, f € L*) and define the

functional

1 1
E: HY(Q) — RU {£o0}, u s /Q S Vul & Jul’ + fudr.

For which p is E € C*(H(Q))?

3. Let Q C R” be bounded and let f: Q x R x R™, (z,q,p) — f(x,q,p) be a smooth
function. Define the functional

E:CYQ) =R, urs /Qf(:(:,u(:z:),Vu(x))dx

Suppose u € C*(Q) N C%(Q) is a minimizer of £ with respect to compactly supported
variations in the sense that E(u) < E(u + ¢) for all ¢ € C1(Q).

(a) Show that for this minimizing u the Euler-Lagrange equation holds:
0
(8]{, ,u(x), Vu(:c))) =0.

(b) Let a: @ x RxR" — R" and b: 2 x R x R" — R be smooth functions. Derive sufficient
conditions on a and b such that

a n
g T =

—div(a(z,u(x), Vu(z))) + b(z,u(z), Vu(x)) =0

is the Euler-Lagrange equation of a functional as defined above.

Hand in the solution by 1st October 2014



