Prof. M. Struwe o ETH Zirich
D-MATH Calculus of Variations 6th October 2014

Problem Set 3

1. Strong Maximum Principle Let 2} C R" be a domain of classiC2 and let L be
the operator defined by Lu := — Y, ; -2 (aija%ju) + cu, where a¥ € C'(Q) and (a”(z)) is

symmetric, uniformly positive definite with respect to z € Q and ¢ € C°(Q), ¢ > 0, i.e. L is
uniformly elliptic.

Let u € C’l(Q) be a weak subsolution. Assume u < M on Jf) for some M > 0, hence u < M
on all of 2 by the weak maximum principle. Assume further u(zg) = M for some z, € Q.
Then conclude v = M in all of €.

2. Let L be as in exercise 1, where now ¢ € C°((Q) is arbitrary.

(a) Show that if u € H}(Q2) N CY(Q) satisfies Lu < 0 in Q, u < 0 in Q and u(zy) = 0 for
some g € €2, then u = 0.

(b) Is the analogue of exercise 3(b) from Problem Set 2 true in this case, i.e. do we again
have the estimates

sup|u| = sup|u|?
Q )

3. Consider the problem

—Au=u* inQ,
u=0 on 0f).

Assume uy, uy € H} () N CH(Q) are both solutions to this problem satisfying u; < us. Show
that either u; = uy or u; < ug everywhere.

4.  Assumme ) C R" is a bounded domain with smooth boundary. Let u € H}(2) N C?(Q)
solve

—Au=uuf? inQ,
u=20 on 0.

Assume that v > 0 in . Show that % cannot vanish on all of 0f).

Hand in the solution by 15th October 2014.


http://www.math.ethz.ch/education/bachelor/lectures/hs2014/math/cov/Serie2.pdf
http://www.math.ethz.ch/education/bachelor/lectures/hs2014/math/cov/Serie2.pdf

