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1. Hodge ∗-Operator. Recall from the lecture that we defined the Hodge ∗-operator on
Rn by

∗ 1 = dx1 ∧ dx2 ∧ . . . ∧ dxn,

∗(a · b) = a ∧ ∗ b, for k-forms a, b,

where for a = ∑
1≤i1<...<ik≤n ai1,...,ik

dxi1 ∧. . .∧dxik and b = ∑
1≤i1<...<ik≤n bi1,...,ik

dxi1∧. . .∧dxik

the inner product is

a · b =
∑

1≤i1<...<ik≤n

ai1,...,ik
bi1,...,ik

.

Define the Hodge differential d∗ as d∗ω = ∗ d ∗ω and the Hodge Laplacian as ∆ = d∗d+dd∗.

(a) Let u ∈ W 1,n(Ω;Rn), where Ω ⊆ Rn. Show that ∗ det(du) = du1 ∧ . . . ∧ dun.

(b) Let a = ∑n
i=1 ai dxi be a 1-form. Show that d∗a equals the divergence of the corresponding

vector field (a1, . . . , an) : Ω→ Rn.

(c) Let f ∈ C∞(Ω). Show that (d∗d + dd∗)f = div∇f , the usual Laplacian of f .

2. Area Functional. Let Ω ⊆ Rn be a bounded domain. Consider the functional

E : W 1,1(Ω)→ R

u 7→
∫

Ω

√
1 + |∇u(x)|2 − 1 dx.

The Gateaux derivative of E is given by

dE(u)v =
∫

Ω

∇u(x) · ∇v(x)√
1 + |∇u(x)|2

dx.

(a) Show that E is not Fréchet differentiable at any u0 ∈ W 1,1(Ω).

(b) Show that the map

W 1,1(Ω)→ (W 1,1(Ω))∗

u 7→ dE(u)

is not continuous.
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