Prof. M. Struwe o ETH Zirich
D-MATH Calculus of Variations 10th November 2014

Problem Set 8

1. Prasenzaufgabe. Let (2 C R” be a bounded domain and 2 < p < 2*. Consider the
functional

E: H(Q) >R
1 1
U5 /Q|Vu(x)|2 dx — p/Q|u(a7)|p dr.
We have already seen that F € C'(HJ(€2)) and that E satisfies the Palais-Smale condition.
Let u € Hg(Q) with ||ull, = 1 satisfy
2 2 _.

IVall; = JQIEHV“HQ = Q,
where

M :={v € Hy(Q) | ||v]], = 1}.
(a) Let

I = {y € C°([0,1]; H5(Q)) | 7(0) = 0, E(+(1)) < 0}.

Show that for each v € I' there is some 0 < s, < 1 such that for w = ~(s,) we have the
property

(dE(w),w) =0,
which is equivalent to the condition

2
IVwlly = flwll; = 0.

(b) Let v € M. Compute sup FE(\v).

0<A<o0

(c) Prove the identity

sup E(Au) = inf sup E(y(s)) =: 5.

0<A<00 7€l 0<s<1

(d) Let u € Kg, where K3 = {u € H}(Q) | E(u) = 3, dE(u) = 0}. Show that @ := % € M

[[ull,
satisfies

112
IVal; = a.
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2. Cerami. Let X be a Banach space and F € C'(X). Let 8 € R and § > 0 and define as
in the lecture the Cerami-neighbourhoods

0

NS¢ = X | |E(u) — s, ||[dE <
5,6 {UE || (u) 6|< 7“ (u)|X < 1+HUHX

1.

We want to find a flow similar to the pseudo-gradient flow in Lemma 2.2.1. from the lecture.
Therefore proceed as follows:

(a) Find a vectorfield & X — X, where X = {u € X | dE(u) # 0}, satisfying for all
ue X:

[eu)llx <1+ llullx
(B (), () > 3 [dB @)y (1 + )

(b) Assume N, BC s = (. Define a vector field e: X — X by multiplying é“ with an appropriate
cut-off function. Let ®: X x R — X be defined by

0
{ 22 ) = e((u,1))
O (u,0) = u.

Show that the trajectories of ¢ exist for all times.

(c) Complete the proof by finding € > 0 such that ®(Es,.,1) C Es_. and by proving that
t — E(®(u,t)) is non-increasing.
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