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Solution 12

1. Perturbation Theory.

(a) Fix the notation as follows:
Bj = inf sup E(h(u)),

0; = inf sup E(h(u)),

hEFuer
X ={v+tpjn lveX;, t >0},
0; = Inf sup E(h(u)),

+
uGXj+1

X = H(9).

We want to apply Theorem 2.6.2. from the lecture. E satisfies (P.-S.)s for every 5 € R and
for W = X, w* = ¢, conditions i) to iii) from the Theorem are satisfied. So the only thing
left to show is 07 > 9;, then there is a critical value 77 > 47, which will be > j;, as we will
see in the calculations below. The calculations will mostly follow the proof of Theorem 2.6.3.

Claim 1. For all € > 0 and every j, there is a constant B = B¢, j) such that |3; — J;| <,
whenever || f]|, < B.

Proof. Choose h € I' such that sup,cx, E(h(u)) < 8; + 5.

We can find a radius R > 0 such that for all v € X; with ||U”Hg > R it holds E(u) < 0
uniformly for all f with || f]|, < 1. As X is finite dimensional, there is a constant L such

that h(Bﬁj(O)) C B{¥(0), again for all f with ||f||, < 1. Then we can estimate:

d; < sup E(h(u)) = sup  E(h(u))
ueX; ueX;,FE(u)>0

< sup  E(h(u) + [[flLl[A(u)ll,
weX;,E(u)>0 5:6)

&
< B+ 5+ HfHQL@,

2
[Vl
0#veCE@ |lull;

starting with £ we get 5, — d; < e for all || f||, < Ba(e,j) and then we just need to take
B = min{ By, By}. .

where \; = . When choosing Bi(e,j) = 2L\€m we get 0; — 3; < € and

This claim first of all implies that for || f|, < B (M, J) it holds

Bi+ 5
5j<]T]H'
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Now we want to show 07 > LQBJ“ for || f||, small enough, then we are done.

Assume h € T is such that sup E(h(u)) < 0; + &, where £ > 0 is a number which will be

+
ueXjt1

determined later.

Claim 2. We may assume that sup E(h(u)) is attained in

+
uer+1

N = {u € Hy(Q) | [dE@)ll g+ + [dE(=w)ll s < 12]1fll 51}

in the sense of sup FE(h(u)) = sup E(v).

+
UEXj+1 veEN

Proof. Let é be the p.g.v.f. for £ as in Theorem 2.5.1. and set

e(v) = —7(max{E(v), E(~v)})n(v)é(v),

with 7 € C*(R), 7(s) = 1if s > £, 7 € [0,1] and 7(s) = 0 if s < 0. n even with n(v) =1 for
vg N,n(v) = 0 for [dE()] - + [dE(=0)|[ -2 < 8[| fll -1

Then similar to the lecture, for all v € N with max{FE(v), E(—v)} > € we have
~(dE(v), e(v)) = (dE(v) - [, &(v))
1
2 SlldE@)| = I fl
1 . -
> 1 (l4E@)| + [4E(=o)l| - 8] £1)
> [I£II

So taking large enough t, we will get that ®(-,¢) o h satisfies the claim, because else we would
fall below level 47. O]

We can then estimate:

8> sup E(h(u)) — ¢
uex
> sup E(h(u)) — sup|E(v) — BE(—v)| — ¢
uEXj_H ~ ZJEN,
min{E(v),E(—v)}<8;41+E

> 0j41 — & = 2| flly sup|lv]l,.
VEN,

min{E(v),E(—v)}<8j41+¢

Claim 3. For all v € N with min{F(u), E(—u)} < d;41 + £ there is a constant A = A(€, §)
such that

lull, < A

uniformly for all || f||, < B(1,j).
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Proof. We can assume w.l.o.g. E(u) < 6,11 + &, because ||—ul| = |ul|.

On one hand we have

p
PE(u) = (dE(u),u) = S [[Vully = [lpll, = [Vull; + ull,

_p—2

2 2
IVl = ol

On the other hand

pE(u) — (dE(u), u) = pE(u) + p / fudz — (dE(u),u) — (f,u)

< pE(u) — (dE(u),u) + cr|[ull,[l £,

< p(0j+1 + &) + 12[| fll[ull + erf|ull,B

< p(Bjt1 + 14 &) +12|ul[,B + e l|ull,B
< 3+ csllull

where ¢y depends on j and £. These two inequalities combined we get

collullzyy < ea+ callull .,

from which we get a bound on |[|ul| 3> Which then gives a bound for l|wll,- O

Inserting this, we get:

07 = 041 — & — 2[|f1l,A

S 5j+12+ B; ’

if we let & = M and then let C;, the bound on || f||, be the smaller of the numbers
B(w,j + 1) as in Claim 1 or the number needed to have 2| f]|,A < M

(b) Let p > 0, h € . Call Y; = span{g;, ¢;ji1,...} and S, = {u € Hj() | ||“||H3 = p}
as in the lecture. Lemma 2.6.1. tells us that y(h(X;) NS, NY;) > 1, so in particular
h(X;) NS, NY; # 0. This implies that for every h € T', the image of X; under A has to

intersect with S, N'Y}, so it holds

sup E(h(u)) > inf  E(u)

ueX; ueYj,|lull=p
for all h € T', so also

o> inf E(u
bi = weY;,jlul=p ()

= f; >sup inf  E(u).
p>0 ueYj[[ull=p
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To calculate F(u) = l||u||i,é - %||u||§, we use the interpolation formula with r» = n(1 — £) =

2
p— @ and get

lully < flullzflu

p—r
¥

1 _r
= E(u) > §p2 — O\ 2P,

_1
where we used [lull, < A; 2”“”H& for all u € Y, and ||u

g < S’1||u||Hé, where S is the
Sobolev constant.

To compute the supremum over all p we differentiate w.r.t. p and get that the supremum is
attained at p = C~')\J2 =2 Inserting this we get

r

6]' > C())\]I-)_2 .

r
p—2

Note that the exponent is positive for 2 < p < 2*, so this tends to oo for j — oo.

To get more precise estimates, we can use Weyl’s law, which tells that N (z) ~ 22, where N(z)
is the number of eigenvalues (with multiplicity) smaller than z, i.e. N(z) = |{j | \; < 2}/,
from which follows \; ~ j%. Inserting this:

L 2r 2 4
ﬁj > c1)ne-2) = ¢y jne-2) — 0.

(c) Choose J = J(k) € N such that at least k of the 7} (see part (a)) are different for
3=1,2,...,J. Then set C‘k = (Y.
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