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Weihnachts-Serie
(Problem Set 12)
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1. Perturbation Theory. Let Ω ⊆ Rn be bounded and connected, 2 < p < 2∗ and

Ẽ : H1
0 (Ω)→ R

u 7→ 1
2

∫
Ω
|∇u|2 dx− 1

p

∫
Ω
|u|p dx−

∫
Ω
fu dx.

Let furthermore E(u) = 1
2(Ẽ(u) + Ẽ(−u)) be the symmetrised functional.

Let ϕ1, ϕ2, . . . be the L2-orthonormal eigenfunctions of −∆ with eigenvalues 0 < λ1 < λ2 ≤ . . .
and let

Xj = span{ϕ1, . . . , ϕj}
and

Γ = {h ∈ C0(H1
0 ;H1

0 ) | h(u) = −h(−u) and h(u) = u if max{Ẽ(u), Ẽ(−u)} < 0},
βj = inf

h∈Γ
sup
u∈Xj

E(h(u)).

(a) Assume we have βj < βj+1 for some j. Show that we can find a constant Cj such that if
‖f‖2 < Cj, then Ẽ attains a critical value > βj.

(b) Show that βj →∞ for j →∞, i.e. carry out the details of the proof in the lecture.

(c) Show that given any k ∈ N, there is a constant C̃k such that the equation{
−∆u = u|u|p−2 + f in Ω,

u = 0 on ∂Ω

has at least k solutions whenever ‖f‖2 ≤ C̃k.

Remark: In contrast to the Theorem shown in the lecture we may work with all subcritical
exponents 2 < p < 2∗ here.
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