Prof. M. Struwe o ETH Zirich
Calculus of Variations 10th December 2014

1. Perturbation Theory. Let (2 C R" be bounded and connected, 2 < p < 2* and

E: H}(Q) - R
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Let furthermore E(u) = (E(u) + E(—u)) be the symmetrised functional.

Let 1, @9, . .. be the L?-orthonormal eigenfunctions of —A with eigenvalues 0 < A} < Ay < ...
and let

Xj =span{p1, ..., ¢;}
and
I ={heC’HL HY) | h(u) = —h(—u) and h(u) = u if max{E(u), E(—u)} < 0},
Bj = inf sup E(h(u)).

UEXj

(a) Assume we have 3; < ;1 for some j. Show that we can find a constant C; such that if
| fll, < Cj, then E attains a critical value > f;.

(b) Show that 8; — oo for j — oo, i.e. carry out the details of the proof in the lecture.

(c) Show that given any k € N, there is a constant Cy such that the equation

~Au=ufuf' P+ f inQ,
u=20 on 0f)

has at least & solutions whenever || f|, < Cj.

Remark: In contrast to the Theorem shown in the lecture we may work with all subcritical
exponents 2 < p < 2* here.

Hand in the solution by 17th December 2014. Problem Set 12, page 1




