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1. Let X,Y be smooth vector fields and f, g smooth functions on a smooth manifold M .
Prove

rfX, gY s “ fgrX,Y s ` fpX ¨ gqY ´ gpY ¨ fqX.

2. Consider the ODE system

p‹q

"

d
dtxptq “ Xpxptqq, t P p0, T q,
xp0q “ x0

.

Prove: if X : Rn Ñ Rn is locally Lipschitz, then any two C1 solutions xptq, yptq P Rn

of p‹q agree. Hint: Find a differential inequality for |xptq ´ yptq|.

3. Let X P CkpTMq and let γ : p´T, T q Ñ M be a C1 integral curve of X. Show that γ
is Ck`1.

4. Let f : M Ñ N be smooth, X P C8pTMq, Y P C8pTNq.

Define the pushforward of X by f via

f˚pXqpqq :“ dff´1pqqpXpf
´1pqqq, q P Y

Define the pullback of Y by f via

f˚pY qppq :“ pdfpq
´1pY pfppqqq, p P X

(a) If f is bijective, f˚pXq is well defined. If f is a diffeomorphism, f˚pXq P C
8pTNq.

(b) If f is a local diffeomorphism, f˚pY q is well defined and lies in C8pTMq.

(c) Suppose f : M Ñ N and g : N Ñ P are diffeomorphisms. Show

f˚g˚ “ pg ˝ fq˚, g˚f˚ “ pg ˝ fq˚,

f˚f˚ “ idC8pTMq, pf´1q˚ “ f˚.

5. (Killing fields on R3) Given v P R3, define the vectorfields

Tvpxq :“ v, Rvpxq :“ v ˆ x, x P R3.

(a) Compute rTv, Tws, rTv, Rws, and rRv, Rws for v, w P R3.



(b) Set Ri :“ R B
Bxi

and Ti :“ T B
Bxi

and write explicitly all the relations

rRi, Rjs, rRi, Tjs, rTi, Tjs

for i, j “ 1, 2, 3 in terms of the vectorfields R1, R2, R3, T1, T2, T3. Note that the
system is closed.
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