Differential Geometry
D-MATH, HS 2014

Tom Ilmanen

Exercise Sheet 9

1. Let X,Y be smooth vector fields and f, g smooth functions on a smooth manifold M.
Prove

[fX,9Y] = fg[X. Y]+ f(X-9)Y —g(Y - [)X.
2. Consider the ODE system

. dr(t) = X(a(t), te(0,T),
() { ;(0) =z

Prove: if X: R” — R" is locally Lipschitz, then any two C solutions z(t), y(t) € R"
of (x) agree. Hint: Find a differential inequality for |z(t) — y(t)|.

3. Let X € C¥(TM) and let v: (=T, T) — M be a C" integral curve of X. Show that
is CF+1,

4. Let f: M — N be smooth, X € C*(TM),Y € C*(TN).
Define the pushforward of X by f via
f*(X)(Q) = dff_l(q)(X(f_l(Q))a qeyY

Define the pullback of Y by f via
FY)) = (dfp) (Y (f(p), peX
(a) If f is bijective, fx(X) is well defined. If f is a diffeomorphism, f.(X) € C®(TN).
(b) If f is a local diffeomorphism, f*(Y") is well defined and lies in C*(TM).
(¢) Suppose f: M — N and g : N — P are diffeomorphisms. Show

ffg" = (g0 )" gufs = (g0 s
f*fe = idooerary, (7 = fe

5. (Killing fields on R3) Given v € R3, define the vectorfields

T,(z) :=v, Ry(z):=vxz xecR>

(a) Compute [T, Ty], [Ty, Ru], and [R,, Ry] for v,w € R3.



(b) Set R;:= R o and T; :=T » and write explicitly all the relations

ox,; ox,;
[R’i7Rj]v [RivTjL [THTJ]
for 4,5 = 1,2,3 in terms of the vectorfields Ry, Ro, R3,T1,T5,13. Note that the
system is closed.

Due on Wednesday December 3 (resp. Friday December 5)



