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Tom Ilmanen

Supplementary Exercise

1. (a) Define for o := (j,0) where j =1,...,n+1, 0 € {+,—} the sets

Uit .= 8" n {acj > 0}, Uh= = 8" n {acj < 0}.
Consider the maps

ot U - R

n-‘rl) j—1

— (acl,...,xj "+1)

(z!,...,2 Ll
Let Ay := {(¢*, U%)}. Show that it is an atlas on S™.

(b) Let Nt :=(0,0,...,0,1), N~ := (0,0,...,0,—1). Note that the two stereograpic

projections
w-i— . V+ ::Sn/{N"’_}—)Rn’ w_ VT o= Sn/{N_}—)Rn
defined by
" («1,... 2™t
wi (1'1’...7.%' +l):w7

are bijections. Show that A := {(y*, V*)} is an atlas on S™.
(c) Show that the two atlases are equivalent.

2. Let RP" := {lines through the origin in R"*!}. For p # 0 in R"*! let [p] be the line
through p and 0. Show that the map = : S™ — RP", 7(p) := [p] is smooth.

3. Let M be a set, A be an atlas on M, and A the associated maximal atlas. Show .4
and A induce the same topology on M, i.e. J4 = J .

4. Let (M, Anr), (N, Ax) be smooth manifolds. Recall the definition in class of an atlas
Anixn for the cartesian product M x N by the specification

AM><N = {(U X Va (¢7¢))|(U7¢) € AMa (M¢) € -AN}

(a) Verify Ayxn is an atlas and (M x N, Apyxn) is a smooth manifold. Is Apsxn
maximal?

(b) Prove the canonical projection maps
vy M xN—>M
an:MxN—>N
are smooth.



5. (a) Let M; be the configuration space of all triangles in the plane with side lengths
3, 4 and 5. What manifold is this?

(b) Let My be the configuration space of all equilateral triangles in the plane with
side length 1. What manifold is this?

6. The Mobius band M is the strip S := (0,3) x (0,1) identified with itself via the
equivalence relation characterized by

(.%,y) ~ (3:+2,1—y)

whenever the two points lie in S, that is, M := S/ ~. Give M the structure of a
smooth manifold by specifying an atlas consisting of two charts.

7. Let (M™, A), (N™,B) be smooth manifolds, f : M — N. Show: f is smooth at z in
some chart iff it is smooth in all charts, i.e. TFAE

(a) there exists charts (U,¢) € A, (V,4) € B and a open set W < U such that
zeW, f(W) <V, and

Yo fod yw): (W) S R" > R™,
is smooth.

(b) For all charts (U, ¢) € A, (V,v) € B with x € U, f(x) € V, there exists an open set
W < U such that x € W, f(W) < V, and

Yo fod s : (W) SR —R™,
is smooth.

8. Let M be a smooth manifold and ¢ : U — R" a chart for M. Let

0
(W) ETpM, ])EL]7 7::].,...,”
T py

be the coordinate vector fields on U induced by the chart 1. Prove that T),M is a
vector space with basis (a%) , ( 0 )p » by establishing

oz™

pp

(a) <5>
ozl Pﬂl” T\ oxn o

are linearly independent.

(a) prove that

(b) Prove that any X € T,M can be expressed as a linear combination of
(7), - (a)
ox! P T\ Oz P
(¢) Prove that any linear combination of

(9) <5>
ozl p,w’ "\ oxn o

)

lies in T, M.
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11.

12.
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16.

This completes the proof that T, M is a vector space with basis

7 o
et ) o )

. Let M be a smooth manifold with atlas Ay, = {(U, ¢)}.

(a) Construct a corresponding atlas Ary; = {(U, @)} for the tangent bundle T'M of
M (repeat the definition from class).

(b) Prove Arys is an atlas and (T'M, Aryr) is a smooth manifold.

Let M be a smooth manifold, and let D be the set UpearDp, where D), is the set of
orientations of T,M (a two-element set).

(a) Show that D naturally has the structure of a smooth manifold with a covering
map D — M of degree 2. D is called the orientation double cover of M.

(b) Show that an orientation of M corresponds to a continuous section of the covering
map D — M (that is, a map f : M — D such that f(p) € D, for each p).

(c¢) In particular, M is orientable if and only if D is diffeomorphic to the product
M x {0,1} (as covering space of M).

(d) Show that D is oriented in a natural way.

Let (M, Apr) be a smooth manifold. Let (V,Ay) be a submanifold of M. Let Jx
be the topology on M induced by Aps). Prove: the topology induced on N by Ay
(the atlas topology) coincide with the topology induced on N by Jj; (the subspace

topology).

(Continued form exercise sheet 3, exercise 3) Verify that the Veronese map f : RP? —
R, [z,y, 2] — (22 — 9%, xy, 22,y2) is an embedding.

(a) Show that D naturally has the structure of a smooth manifold with a covering
map D — M of degree 2. D is called the orientation double cover of M.

(b) Show that an orientation of M corresponds to a continuous section of the covering
map D — M (that is, a map f : M — D such that f(p) € D, for each p).

(c¢) In particular, M is orientable if and only if D is diffeomorphic to the product
M % {0,1} (as a covering space of M).

(d) Show that D is naturally oriented.
Find a function f : R — R such that the set of critical values is Q.
(a) Prove: if f: U < R" — f(U) < R" is a diffeomorphism, then
L((A)) = 0= L(A4) = 0
forall Ac U.

(b) Use (a) to construct a consistent definition of “sets of measure zero” in a (second-
countable) n-manifold.

(a) Describe the group Isom(T?).



(b) Describe the group Isom(R?).
17. Define exp : R™*"™ — R"*™ by
o0
exp(A4) = ) IZT
k=0
(a
(b
(c
(d

Prove exp is well defined and smooth.

Show d(exp(tA))/dt = Aexp(tA).

Show ¢ +— exp(tA) is a 1-parameter subgroup.

Show that exp |y is a diffeomorphism onto its image for some open set U 3 0.
Show exp is not in general a local diffeomorphism.

Show exp(A) € GL4(n,R) but exp : R"™*" — GL(n,R) is not surjective in
general.
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18. (The classical Lie Groups) Determine the Lie algebras of the following Lie groups (as
a vector space of n x n matrices) and compute their (real) dimensions:

(a) GL(n,R) = {A e M"™"(R) : det A # 0}.

(d) SO(n,R) ={AeO(n,R):det A=1}.
(e) GL(n,C)

(f

(g) Un) ={Ae GL(n,C): A*A =id}.
(h) SU(n) ={AeU(n,C):det A =1}.

Sp(n) = {A e GL(2n,Q) : A preserves the standard quaternionic hermitian form}.

Which of these Lie groups are compact, connected or have non-trivial center?



