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1. Let D = BC1 (0) be the open unit disc, with its boundary parameterized by the curve γ(t) := e2πit,
t ∈ [0, 1). Let V be the space of holomorphic functions on D. Fix p ∈ [1,∞).

a) Consider the norm on V
‖f‖Ap(D) = ‖f‖Lp(D)

and call
{f ∈ V : ‖f‖Ap(D) <∞}

the Bergman space Ap(D). Show that for all z ∈ D the linear map Ez : f 7−→ f(z) is continuous.
More generally, show that if K ⊂ D is compact then

Ap(D) 3 f 7−→ f |K ∈ C(K)

is a bounded operator with respect to ‖·‖∞ on C(K). Conclude that Ap(D) is a Banach space.

b) Consider now

‖f‖Hp(D) = sup
0<r<1

(∫ 1

0

|f(rγ(t))|pdt
)1/p

.

and call
{f ∈ V : ‖f‖Hp(D) <∞}

the Hardy space Hp(D). Show once more that

Hp(D) 3 f 7−→ f |K ∈ C(K)

is a bounded operator.

Comment: One can show that f̃(t) = limr→1 f(rγ(t)) exists for almost all t, ‖f̃‖Lp(∂D) =
‖f‖Hp(D) and that in fact Lp(∂D) ' Hp(D). In particular, Hp(D) is a again a Banach space.

2. Let A be a unital Banach algebra.

a) Show that the subset of invertible elements A× is open in A.

b) Show that the “taking inverse” map on A×, x 7→ x−1 is continuous.

This shows that if V is a Banach space then

GL(V ) = {T ∈ B(V, V ) : T is bijective and T−1 is continuous}

is open with respect to the operator norm. Do you know an easy argument if V is finite dimensional?

3. Compute the operator norm of the continuous map f 7→ f when viewed as

a) a map from C1([0, 1]) with the C1-norm to C([0, 1]) with the sup-norm.

Please turn over!



b) a map from C([0, 1]) with the sup-norm to L1([0, 1], dx).

c) Compute the operator norm of the composition of the above maps.

d) Restrict the above maps to the subspace of functions f with f(0) = 0, and compute the operator
norm again.

4. Show that an inner product on an inner product space is jointly continuous with respect to the induced
norm: if limn vn = v and limn wn = w, then 〈vn, wn〉 → 〈v, w〉 as n→∞.


