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1. Exponential, Logarithm and Injectivity Radius on the Sphere

a) Prove that the exponential and the logarithm function on Sm for p, q ∈ Sm
and r ∈ TpSm with p 6= q and r 6= 0 are

expp(r) = cos(‖r‖2)p+ sin(‖r‖2)
‖r‖2

r and

logp(q) = arccos(〈p, q〉)√
1− 〈p, q〉2

(q − 〈p, q〉p) .

b) What is the injectivity radius on Sm?

2. Derivative of Squared Distance Function
LetM be a Riemannian submanifold of Rn and d : M×M→ R≥0 its distance
function. The square of the the distance function will play an important role
for defining approximations of manifold-valued functions. In this exercise we will
compute the derivative of the squared distance function. Let a ∈ M, r the
injectivity radius of a, y ∈ M with d(a, y) < r, γ : [0, 1] → M a smooth curve
with γ(0) = y and d(γ(t), a) < r for all t ∈ [0, 1]. Furthermore let c : [0, 1]2 →M
be defined by

c(s, t) := expa(s loga(γ(t))).
Denote

c′ := d

ds
c(s, t) and ċ := d

dt
c(s, t).

a) Show that
d

dt

∫ 1

0
〈c′(s, t), c′(s, t)〉ds = 2〈ċ(1, t), c′(1, t)〉

b) Conclude that
d

dt
d(a, γ(t))2 = −2〈γ̇(t), logγ(t)(a)〉

and
grad d(a, y)2 = −2 logy(a)

Bitte wenden!



where for a function f : M→ R and x ∈M we define grad f as the unique
element such that

〈grad f, ξ〉 = Df [ξ]

for all ξ ∈ TxM.

c) Determine where the function y 7→ d(a, y) is differentiable and compute the
gradient.

3. Riemannian Quotient Manifold
LetM be a Riemannian manifold with Riemannian metric g, ∼ a regular equi-
valence relation andM =M/ ∼. We choose the horizontal space Hx at x ∈M
as the orthogonal complement of the vertical space Vx. For x = π(x), ξx ∈ TxM
let ξx be the horizontal lift at x. If, for every x ∈M and every ξx, ζx ∈ TxM the
expression gx(ξx, ζx) does not depend on x ∈ π−1(x), then

gx(ξx, ζx) := gx(ξx, ζx)

defines a Riemannian metric onM. Consider now the Riemannian metric

gY (Z1, Z2) = trace((Y TY )−1ZT
1 Z2)

on Rn×p
∗ . Show that g induces a Riemannian metric on Rn×p

∗ /GLp.
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