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1.

Interest Rate Theory
Solution Sheet 7

a) First we note that

PV(t)=X]=0

for both models. For the Merton Model, inserting the definition of V' and using
the independent increment property of Brownian motion yields

PV(T)< X|F] = P [V(t)e(“_UQ/2)(T_t)+"W(T)_"W(t) < nyt]

= Po(W(T) - W(t) <log(X/V(t)) = (n—0?/2)(T — t)|F]

= P [m/T —tZ <log(X/V(t)) — (u—0?/2)(T — t)} )

where Z denotes a standard normal random variable on R. Hence,
log(X/V(t)) — (u—0c?/2)(T —t
oI —t

Ty {@(00)21, ifV(t) < X,
D(—00) =0, if V(t) >

where ® denotes the cumulative distribution function of a standard normal ran-
dom variable.

For the Zhou model we know from the lecture that the conditional default proba-
bility can be written as:

PP, T) = PV(T) < X|F]
S <1og (X/V(£) —mn — (= 0*/2)(T — t))

Vet +a2(T —t)
-ty AT = t))n_

Xe
n!

2)

Since the sum uniform convergent on [¢t, 7] (as 0 < ®(z) < 1 for all z and the
sum is absolute convergent) we can pull the limit of 7" | ¢ inside the sum and
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b)

c)

obtain

P T) = lma XV D)~ = o?/2)(T = 1)
(T —1)

Tt Tt
B(oco) =1, if V(1) < X
®(—00) =0, if V(t) > X

Using the formula (1) we get

wotP(.1) = iage (SOOI =
imop”.7) = imoje )

0\/T
_ log(X/V(t)) — (1 —
B lil“IftlSO ( ovT —t )
(= 0?/2)oyT —t (10g(X/V( (n=0?/2)(T = ) 557
. o2(T — t)
— 0,

(1,2 R .
where p(z) = \/%6_7 denotes the probability density of the standard normal
distribution.

Similarly, using the formula (2) we have

ey o (08 (X/VE) = mn— (u = 0*/2)(T — )
171“I¢Itlan ®1) = %ita;;%@( Vno2+o2(T —t) >

AT =)

xe
n!

Again, since the sum is absolute convergent we may interchange the partial deri-
vative with the sum:

oD N log (X/V(t)) —mn — (p—0*/2)(T — 1)
I%Iftlan (t,T) = hmz%(?;fq)( )

Tt Vno?+o2(T —t)

=:f(T,n)

J/

ATy AT =1)"

o(f(T,n))0rf(T',n)e

ATty AT =)"

xXe

[e.9]

AT AT =)

n!

= lim
Tt
v n=0

+O(f(T,n))(=Ne

+O(f(T,n))e
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Since ¢ decays exponentially fast to zero the first summand can be neglected:
lim O pa(t.T) = —AD(f(2.0)) + 2(f(t, 1))A

= —Mvy<xy + 2(d)A
Al <xy + P(d) Ay <xy + P(d) ALy =x}
= AO(d) iy >xy + AP(—=d) [y (1)<xy-

2. From the lecture we know that the conditional default probability

3.

Qr > T|Fr) = e Jo Aedds, 3)
Hence,
Qlr>T) = E[Qlr>T|F]] =E [l 40)%]
Therefore, to conclude we have to check that

E [6_ Jr )\(s)ds] _ o~ AM)=B(T)A0)

Since the process A is assumed to be follow a CIR process we can apply the same
ideas as in the affine short rate chapter to compute E [e‘ Iy A(S)ds]. That is, we solve
the corresponding ODEs (cf. Ex 4-3):

0.2

OB, T) = 7B(t,T)Q—ﬁB(t,T)—L B(T,T) =0,

BAMT) = —bB(t,T), A(T,T)=0.

Indeed, the functions A and B given on the exercise sheet satisfy the above ODEs
which can be checked by insertion.

a) In the following expectations are taken under the measure (). Using Tower pro-
perty we have

r T
CO(T) _ e Jo T(S)dSH{T>T}i|
B T
- [e_ Jo O sy | F T”
r T
e~ fO T‘(S)ds E []I{T>T}’-FT:|]
-67 fOT(r(s)Jr)\(s))ds]

I
HE =B & =B &6

-6_ f()T(Co+(1+C1)7’(S))dsi| '
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b)

Following the same lines of reasoning as in the previous exercise (adapt the proof
of Lemma 5.1 and Proposition 5.2 in Filipovic’s book), the following two ODEs
have to be solved:

0.2

oB(t,T) = ?B(t, T - BB, T)— (1+c¢), B(T,T)=0,
@A(t, T) = —bB(t, T) — Cp, A(T, T) =0.
Again, the functions given on the exercise sheet satisfy the above ODE:s.

To verify the claim we first note that
Iirsry + 0lery = (1 = 6)lrry + 0.
Therefore, part a) yields

C(T) = (1-68)C%T)+6P(0,T).

We note that the zero-coupon bond price with partial recovery at default is given
by
CP(T) = C°(T) + 1I(T),

where
I(T)=E [e— I T(S)dsH{0<T§T}i|

is the unit price of the recovery at default given 0 < 7 < 7T'. Again with Tower
property and using the exponential distribution of 7 we get

(T) = E [E [e’ fo”<s)dS]I{O<TST}\FTH

T u u
|:/ (6_ Io r(s)dsA(u)e— Io A(s)ds) du]
0

E
T
- / E |:)\(u)€_ fou(r(s)+,\(5))d5:| du
0
/

T
B [Aue Feor0seron] g,
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With dominated convergence (since r is positive) we have

. dpf e
1"—01 du
Therefore,
T
Co
) = ( / 1+
0 1

o

e—A(u)—B(u)r(O) du — C1

_ @ E[ie i (r(s)+AGs ))ds:|

1+ C1 du
(&1
— E [_ 1 — JH ()4 A(s))ds ]
7o (co + (L+ci)r(u))e
_ _ %4 g [6— f0“<r<s>+x(s>>ds] _E [Clr(u)e— fo“(r<s>+x<s>>ds}
1+ C1
_ [ __ %4 [ — [ (r(s)+A(s )d}
( 1+ C1 * CO)

_E[ (w)e~J5 ) +A)ds ]

= ( ) E |:e_ fou(r(s)—l—)\(s))ds]
1+ C1

_F [)\() — [ (r(s)+A(s))d ]

T q
/ e~ AW-B(u du)
o du

T
_ / 0 A-BrO) gy L (=AM =B _ 1) |
0 1+ C1 1+ C1
4. a) With C; = Cy = & '(p) we have
p(X) = PIYi=1]X]

PWi(1) < Gi| X]

P [\/EX +/1— 07 < cp—l(p)]

o

o '(p) - \/_QX>
Viee )

Conditionally on X the Y; are independent Bernoulli variables with success pro-

bability p(X ), therefore

IP’[leyl,YQZ,yz}z/

e—x2/2
p(x)yﬁyz (1 _ p(x))nyryz

dz.
R vV 2

In the special case y; = y» = 1 we have

P = 1Y~ 1= [ p(a)

26

—z2/2 o1 _ 2 _22/2
dr = / d ( () \/@E) € dz.
V2T R Vv1—op 2
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b) Conditionally on X, the random variable L, has a Binomial distribution with
parameter vector (2, p(X)). Therefore

(1) [ e == Zae

P[L, < k] =

<.
B
=]

c¢) Matlab File

1 function empiricaldf

2% In this exercise we compute the emipirical
distribution function of L_2

3% in a homogeneous Bernoulli mixture model

4

5% set of parameters

6 mu=0.01;

7 sigma=0.2;

8 rtho=0.5;

9 VO=100;

10 D=90;

11

12 %% compute theoretical cdf

13% standardized face value of the debt

14 C= (log(D/V0) —(mu—sigma”2/2))/sigma;

15

16 % compute p(X)

17 jointdefault = @(x) normcdf ((C—sqrt(rho)xx)/sqrt(l—
rho));

18

19 % compute the theoretical pdf

20 integrand = @(x,1) jointdefault(x).?i.x(1—
jointdefault(x)).M(2—1).*normpdf(x);

21 temp = @(i) nchoosek(2,1).%x integral (@(x) integrand (
x,1i),—Inf Inf);

22

23

24 % possible values for i

25 grid=[0,1,2];

26 values=cumsum ([ temp (0) ,temp (1) ,temp(2)]) ;

27

28

29

30 %o compute empirical cdf
31 N= 1074;
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32% simulate X

33 draw = randn(1,N);

34

35% simulate Y_1 and Y_2

36 yldraw = binornd (1, jointdefault(draw));

37 y2draw = binornd (1, jointdefault(draw));

38 % compute L= Y_I1+Y_2

39 Ldraw = yldraw+y2draw;

40

41 %9 compute the empiricial distribution function
42 empirical=ecdf (Ldraw);

43

4 % plot the theoretical cdf and the empirical cdf
45 figure (1) ;

46 stairs (grid , values, 'rx—")

47 hold on;

48 stairs (grid ,empirical (2:end), g+—)

49 hold off;

50 end



