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1. Note that

P (t, S)F (t;T, S) =
P (t, T )− P (t, S)

S − T
,

F (T, S) =
1

S − T

(
1

P (T, S)
− 1

)
.

We build a self-financing trading strategy with time t ≤ T cost

P (t, T )− P (t, S)

S − T
,

yielding the value F (T, S) at time S:

• At time t ≤ T buy one zero-coupon bond with maturity T at cost P (t, T ) and
sell one zero-coupon bond with maturity S at cost P (t, S).
Total cost at time t ≤ T : P (t, T )− P (t, S).

• At time T receive 1 dollar for the maturing zero-coupon bond.
Reinvest this 1 dollar to buy precisely 1

P (T,S)
bonds with maturity S.

• At time S we receive 1
P (T,S)

− 1.

Scaling the strategy with 1/(S − T ) yields the assertion.

2. For each i = 1, . . . , n we have

F (Ti−1, Ti) =
1

δ

(
1

P (Ti−1, Ti)
− 1

)
,
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which yields the cash flow at time Ti for each caplet

δ(F (Ti−1, Ti)− κ)+ = δ

(
1

δ

(
1

P (Ti−1, Ti)
− 1

)
− κ

)+

=

(
1

P (Ti−1, Ti)
− (1 + δκ)

)+

,

and hence, the time Ti−1 value of δ(F (Ti−1, Ti)− κ)+ paid out at Ti is given by

P (Ti−1, Ti)δ(F (Ti−1, Ti)− κ)+ = P (Ti−1, Ti)

(
1

P (Ti−1, Ti)
− (1 + δκ)

)+

= (1 + δκ)

(
1

1 + δκ
− P (Ti−1, Ti)

)+

.

This is (1 + δκ) times the cash-flow at date Ti−1 of a put option on a Ti-bond with
strike price 1

1+δκ and maturity Ti−1.

3. a) Applying the definition of the AR(1) process recursively N times we get

Xt = c+ ϕ(c+ ϕ ·Xt−2 + εt−1) + εt

= · · ·

= c ·
N−1∑
k=0

ϕk + ϕNXt−N +
N−1∑
k=0

ϕkεt−k.

Therefore, if X is stationary and has finite second moment, then

C(0) := V ar[Xt] = ϕ2NC(0) +
N−1∑
k=0

ϕk · σ2
ε (1)

which in turn implies that ϕ2 < 1. On the other hand, if we assume that |ϕ| < 1
holds. Then, by letting N →∞ we obtain

Xt = c ·
∞∑
k=0

ϕk +
∞∑
k=0

ϕkεt−k =
c

1− ϕ
+
∞∑
k=0

ϕkεt−k. (2)

Since the εt are assumed to be i.i.d, the stationarity follows.

b) The assertions are immediate consequences of (2) and (1).

c) Using Itô’s formula the SDE can be solved explicitly

Yt = y · exp(µt+ σWt − σ2t/2).
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Therefore, we have

E[Yt] = y · exp(µt),

V ar[Yt] = y2 exp(2µt)(exp(σ2t)− 1).

Since the right hand side diverges for t→∞, the process can not be stationary.

4. (i) see driftedBM.m, AR1.m, poissonprocess.m and compoundpoissonprocess.m

(ii) (a) We first show that E[eσWt ] = e
1
2
σ2t. Indeed,

E[eσWt ] =

∫ ∞
−∞

1√
2πt

e−
1
2t
x2 · eσxdx

=

∫
R

1√
2πt

e−
1
2t
((x−σt)2−σ2t2)dx

= e
1
2
σ2t.

Hence,
E[eX

(a)
1 ] = e3+4/2 = 148.41

(b) Using Question 3 we get

E[X
(b)
1 ] =

c

1− ϕ
= 0.5/(1− 0.6) = 1.25

(c) Apply the definition of expectation we have

E[eX
(c)
1 ] =

∞∑
k=0

e−λ
λk

k!
ek

= e−λ
∞∑
k=0

(λe)k

k!

= eλ(e−1).

Plugging in λ = 2 we get E[eX
(c)
1 ] = 31.08.

(d) For the compound Poisson process we have to condition on N1, i.e.,

E[eX
(d)
1 ] = E[E[eX

(c)
1 |N1]]

=
∞∑
k=0

E[eX
(c)
1 |Nt]P[N1 = k]

=
∞∑
k=0

e−λ
λk

k!
E[Πk

j=1e
Zj ]

= e−λ
∞∑
k=0

(λβ)k

k!

= eλ(β−1),
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where β = E[eZ1 ] = 0.5(e+ e−1). Plugging in λ = 2 we get E[eX
(d)
1 ] = 2.96.

5. see nelsonsiegel.m

6. Matlab Files

1 f u n c t i o n [ s i m u l a t e d v a l u e , t h e o r e t i c a l v a l u e ]= dr i f t edBM
2 % Matlab s i m u l a t i o n d r i f t e d BM X= 1+2 t +2W_t
3 t i c
4 %% parame te r i n p u t
5 % h o r i z o n
6 T=1;
7 % sample s i z e
8 Nplo t =10;
9 Nsimu =10^5;

10 % g r i d p o i n t s
11 M=10^3;
12 % v o l a t i l i t y
13 s igma =2;
14 d r i f t c o e f f =2 ;
15
16 % t h e o r e t i c a l v a l u e
17 t h e o r e t i c a l v a l u e = exp (1+ d r i f t c o e f f ∗T+sigma ^ 2 / 2∗T ) ;
18 %% S i m u l a t i o n
19 % BM
20 BM = [ z e r o s ( 1 , Np lo t ) ; s q r t ( T /M) ∗cumsum ( randn (M, Nplo t ) ) ] ;
21 % t h e p r o c e s s X ^ ( a )
22 t i m e g r i d = 0 : T /M: T ;
23 d r i f t = repmat ( t i m e g r i d ’ , 1 , Np lo t ) ;
24 Xa=1+ d r i f t c o e f f ∗ d r i f t +sigma ∗BM;
25
26 %p l o t t h e sample p a t h s
27 p l o t ( t i m e g r i d , Xa ( : , : ) )
28
29 %compute s i m u l a t e d v a l u e
30 n o r m a l r v = s q r t ( T ) ∗randn ( 1 , Nsimu ) ;
31 s i m u l a t e d v a l u e = mean ( exp (1+ d r i f t c o e f f ∗T+sigma ∗ n o r m a l r v ) )

;
32
33 %e s t i m a t e d v a r i a n c e
34 e s t v a r = v a r ( exp (1+ d r i f t c o e f f ∗T+sigma ∗ n o r m a l r v ) ) ;
35 % c o n f i d e n c e i n t e r v a l u s i n g CLT
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36 c f p l u s = s i m u l a t e d v a l u e +1.96∗ s q r t ( e s t v a r / Nsimu ) ;
37 c fminus = s i m u l a t e d v a l u e −1.96∗ s q r t ( e s t v a r / Nsimu ) ;
38
39 di sp ( ’ Exac t v a l u e : ’ )
40 di sp ( t h e o r e t i c a l v a l u e )
41 di sp ( ’ E s t i m a t e d v a l u e : ’ )
42 di sp ( s i m u l a t e d v a l u e )
43 di sp ( ’ C o n f i d e n c e i n t e r v a l : ’ )
44 di sp ( [ cfminus , c f p l u s ] )
45 t o c

1 f u n c t i o n [ s i m u l a t e d v a l u e , t h e o r e t i c a l v a l u e ]= AR1
2 % In t h i s e x e r c i s e we s i m u l a t e d N p a t h s o f a AR ( 1 )

p r o c e s s
3 % X_t = c+ \ v a r p h i X_ { t−1}+ \ v a r e p s i l o n _ t , \ v a r e p s i l o n _ t

~ i . i . d .
4 % N ( 0 , \ s igma ^ 2 )
5 t i c
6 %% parame te r i n p u t
7 % h o r i z o n
8 T=1;
9 % sample s i z e

10 Nsimu =10^5;
11 Nplo t =Nsimu ;
12 % g r i d p o i n t s
13 M=10^3;
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14 % v o l a t i l i t y s t d n r v = sigma
15 s t d n r v = s q r t ( 0 . 2 ) ;
16 c = 0 . 5 ;
17 p h i = 0 . 6 ;
18 AR0= 0 . 1 ;
19 % t i m e s t e p
20 d t = T /M;
21
22 % t h e o r e t i c a l v a l u e
23 t h e o r e t i c a l v a l u e = c /(1− p h i ) ;
24 %% S i m u l a t i o n
25 AR = [AR0∗ ones (M, Nplo t ) ] ;
26 % t h e p r o c e s s X ^ ( b )
27 f o r i =1 :M
28 AR( i + 1 , : ) =c+ p h i ∗AR( i , : ) + s t d n r v . ∗ randn ( 1 , Np lo t ) ;
29 end
30
31 %p l o t t h e f i r s t sample pa th
32 t i m e g r i d = 0 : d t : T ;
33 p l o t ( t i m e g r i d ,AR( : , 1 ) )
34
35 %compute s i m u l a t e d v a l u e
36 s i m u l a t e d v a l u e = mean (AR( end , : ) ) ;
37
38 %e s t i m a t e d v a r i a n c e
39 e s t v a r = v a r (AR( end , : ) ) ;
40 % c o n f i d e n c e i n t e r v a l u s i n g CLT
41 c f p l u s = s i m u l a t e d v a l u e +1.96∗ s q r t ( e s t v a r / Nsimu ) ;
42 c fminus = s i m u l a t e d v a l u e −1.96∗ s q r t ( e s t v a r / Nsimu ) ;
43
44 di sp ( ’ Exac t v a l u e : ’ )
45 di sp ( t h e o r e t i c a l v a l u e )
46 di sp ( ’ E s t i m a t e d v a l u e : ’ )
47 di sp ( s i m u l a t e d v a l u e )
48 di sp ( ’ C o n f i d e n c e i n t e r v a l : ’ )
49 di sp ( [ cfminus , c f p l u s ] )
50 t o c

1 f u n c t i o n [ s i m u l a t e d v a l u e , t h e o r e t i c a l v a l u e ]=
p o i s s o n p r o c e s s

2 % In t h i s e x e r c i s e we s i m u l a t e d 10 p a t h s o f P o i s s o n
p r o c e s s w i t h

3 % i t e n s i t y lambda=2
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5 %% parame te r i n p u t
6 % h o r i z o n
7 T=1;
8 % sample s i z e
9 Nplo t =10;

10 Nsimu =10^5;
11 % g r i d p o i n t s
12 M=10^3;
13 % i n t e n s i t y
14 lambda =2;
15
16 % t h e o r e t i c a l v a l u e
17 t h e o r e t i c a l v a l u e = exp ( lambda ∗ ( exp ( 1 ) −1) ) ;
18 %% S i m u l a t i o n
19 % method 1
20 f i g u r e ( 1 )
21 % number o f t o t a l jumps a t T
22 NT= p o i s s r n d ( lambda∗T , 1 , Np lo t ) ;
23 temp1= z e r o s ( max (NT) , Np lo t ) ;
24 f o r i =1 : Nplo t
25 %c o n d i t i o n on N_T , t h e jump t i m e s are o r d e r e d

u n i f o r m l l y d i s t r i b u t e d
26 temp1 ( 1 : NT( i ) , i ) = s o r t ( T∗rand ( 1 ,NT( i ) ) ) ;
27 s t a i r s ( [ 0 ; temp1 ( 1 : NT( i ) , i ) ] , ( 0 : NT( i ) ) ’ ) ;
28 hold on
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29 end
30 hold o f f
31
32 % method 2
33 PP = [ z e r o s ( 1 , Np lo t ) ; cumsum ( p o i s s r n d ( lambda∗T /M,M, Nplo t )

) ] ;
34 % t h e p r o c e s s X ^ ( c )
35 t i m e g r i d = 0 : T /M: T ;
36 Xc=PP ;
37
38 f i g u r e ( 2 )
39 %show t h e f i r s t 10 sample p a t h s
40 p l o t ( t i m e g r i d , Xc ( : , : ) )
41
42
43 %compute s i m u l a t e d v a l u e
44 p o i s s o n r v = p o i s s r n d ( lambda∗T , 1 , Nsimu ) ;
45 s i m u l a t e d v a l u e = mean ( exp ( p o i s s o n r v ) ) ;
46
47 %e s t i m a t e d v a r i a n c e
48 e s t v a r = v a r ( exp ( p o i s s o n r v ) ) ;
49 % c o n f i d e n c e i n t e r v a l u s i n g CLT
50 c f p l u s = s i m u l a t e d v a l u e +1.96∗ s q r t ( e s t v a r / Nsimu ) ;
51 c fminus = s i m u l a t e d v a l u e −1.96∗ s q r t ( e s t v a r / Nsimu ) ;
52
53 di sp ( ’ Exac t v a l u e : ’ )
54 di sp ( t h e o r e t i c a l v a l u e )
55 di sp ( ’ E s t i m a t e d v a l u e : ’ )
56 di sp ( s i m u l a t e d v a l u e )
57 di sp ( ’ C o n f i d e n c e i n t e r v a l : ’ )
58 di sp ( [ cfminus , c f p l u s ] )
59 t o c

1 f u n c t i o n [ s i m u l a t e d v a l u e , t h e o r e t i c a l v a l u e ]=
c o m p o u n d p o i s s o n p r o c e s s

2 % In t h i s e x e r c i s e we s i m u l a t e d 10 p a t h s o f compound
P o i s s o n p r o c e s s

3 % X ^ ( c ) _ t= \ sum_ { i =1}^ N_t Z_ i w i t h i t e n s i t y lambda=2 and
Z_i = 1/−1 w i t h

4 % prob =0.5
5 t i c
6 %% parame te r i n p u t
7 % h o r i z o n
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8 T=1;
9 % sample s i z e

10 Nplo t =10;
11 Nsimu =10^5;
12 % g r i d p o i n t s
13 M=10^3;
14 % i n t e n s i t y
15 lambda =2;
16 % e x p e c t i o n o f e ^Z
17 beta = 0 . 5 ∗ ( exp ( 1 ) +exp (−1) ) ;
18
19 % t h e o r e t i c a l v a l u e
20 t h e o r e t i c a l v a l u e = exp ( lambda∗T∗ ( beta −1) ) ;
21 %% S i m u l a t i o n
22 % compound p o i s s o n p r o c e s s
23 f i g u r e ( 1 )
24 % method 1
25 % number o f t o t a l jumps a t T
26 NT= p o i s s r n d ( lambda∗T , 1 , Np lo t ) ;
27 temp1= z e r o s ( max (NT) , Np lo t ) ;
28 f o r i =1 : Nplo t
29 %c o n d i t i o n on N_T , t h e jump t i m e s are o r d e r e d

u n i f o r m l l y d i s t r i b u t e d
30 temp1 ( 1 : NT( i ) , i ) = s o r t ( T∗rand ( 1 ,NT( i ) ) ) ;
31 % s i m u l a t e Z
32 s t a i r s ( [ 0 ; temp1 ( 1 : NT( i ) , i ) ] , cumsum ( [ 0 , 2∗ u n i d r n d ( 2 , 1 ,
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NT( i ) ) −3]) ’ )
33 hold on ;
34 end
35 hold o f f ;
36
37
38 % method 2
39 f i g u r e ( 2 )
40 CPP = [ z e r o s ( 1 , Np lo t ) ; cumsum ( p o i s s r n d ( lambda∗T /M,M, Nplo t

) . ∗ ( 2 ∗ u n i d r n d ( 2 ,M, Nplo t )−3) ) ] ;
41 % t h e p r o c e s s X ^ ( a )
42 t i m e g r i d = 0 : T /M: T ;
43 Xc=CPP ;
44
45 %show t h e f i r s t 10 sample p a t h s
46 p l o t ( t i m e g r i d , Xc ( : , 1 : 1 0 ) )
47
48 %compute s i m u l a t e d v a l u e
49 % t h e p o i s s o n p r o c e s s N
50 p o i s s o n r v = p o i s s r n d ( lambda∗T , 1 , Nsimu ) ;
51 maxN=max ( p o i s s o n r v ) ;
52 % t h e jump d i s t r i b u t i o n Z
53 b e r n o u l l i r v = 2∗ u n i d r n d ( 2 , maxN , Nsimu )−3;
54 % p l a c e h o l d e r
55 temp= z e r o s ( 1 , Nsimu ) ;
56 f o r i =1 :maxN
57 % we o n l y c o n s i d e r t h o s e numbers f o r which t h e

p o i s s o n p r o c e s s i s > 0
58 i n d e x = ( p o i s s o n r v >0) ;
59 temp ( i n d e x ) =temp ( i n d e x ) + b e r n o u l l i r v ( i , i n d e x ) ;
60 p o i s s o n r v ( i n d e x ) = p o i s s o n r v ( i n d e x )−1;
61 end
62 s i m u l a t e d v a l u e = mean ( exp ( temp ) ) ;
63
64
65 %e s t i m a t e d v a r i a n c e
66 e s t v a r = v a r ( exp ( temp ) ) ;
67 % c o n f i d e n c e i n t e r v a l u s i n g CLT
68 c f p l u s = s i m u l a t e d v a l u e +1.96∗ s q r t ( e s t v a r / Nsimu ) ;
69 c fminus = s i m u l a t e d v a l u e −1.96∗ s q r t ( e s t v a r / Nsimu ) ;
70
71 di sp ( ’ Exac t v a l u e : ’ )
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72 di sp ( t h e o r e t i c a l v a l u e )
73 di sp ( ’ E s t i m a t e d v a l u e : ’ )
74 di sp ( s i m u l a t e d v a l u e )
75 di sp ( ’ C o n f i d e n c e i n t e r v a l : ’ )
76 di sp ( [ cfminus , c f p l u s ] )
77 t o c

1 f u n c t i o n [ zop tns , zop t sv , r e s n s , r e s s v ]= n e l s o n s i e g e l
2 % Given a f i n i t e number o f bond p r i c e s we p l o t t h e

c a l i b r a t e d forward c u r v e
3 %u s i n g Ne lson S i e g e l f a m i l y / S v e n s s o n f a m i l y .
4
5 %% I n p u t
6 %p= [ n ∗1] bond p r i c e ; n = number o f bonds
7 % Table 3 . 2 f i r s t 3 bonds
8 %C= [ n∗N] CF m a t r i x ; N = number o f cash f l o w d a t e s ( e . g

. , coupon payments )
9 %T= [N∗1] payment t e n o r

10 p = [ 1 0 3 . 8 2 ; 1 0 6 . 0 4 ; 1 1 8 . 4 4 ] ;
11 C= z e r o s ( l e n g t h ( p ) ,1+3+6) ;
12 C( 3 , 1 ) = 6 . 1 2 5 ;
13 C( 1 , 2 ) =105;
14 C( 2 , 3 ) = 4 . 8 7 5 ;
15 C( 3 , 4 ) = 6 . 1 2 5 ;
16 C( 2 , 5 ) = 4 . 8 7 5 ;
17 C( 3 , 6 ) = 6 . 1 2 5 ;
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18 C( 2 , 7 ) = 1 0 4 . 8 7 5 ;
19 C( 3 , 8 ) = 6 . 1 2 5 ;
20 C( 3 , 9 ) = 6 . 1 2 5 ;
21 C( 3 , 1 0 ) = 1 0 6 . 1 2 5 ;
22
23 % number o f days be tween t o d a y 0 4 / 0 9 / 9 6 and t h e n e x t CF

d a t e
24 T = [ 2 2 ; 7 2 ; 1 3 7 ; 2 0 3 ; 3 1 8 ; 3 8 7 ; 5 0 2 ; 5 6 8 ; 7 5 2 ; 9 3 3 ] ;
25 % day c o u n t c o n v e n t i o n= a c t u a l / 365
26 T=T / 3 6 5 ;
27
28 %% O p t i m i z a t i o n
29 % bond p r i c e s d ( z ) u s i n g Nelson−S i e g e l A n s a t z
30 % z i s four−d i m e n s i o n a l
31 f u n n s = @( z , C) C∗ ( exp (−( z ( 1 ) ∗T+z ( 2 ) / z ( 4 ) ∗(1−exp(−z ( 4 ) ∗T )

)−z ( 3 ) / z ( 4 ) ∗T . ∗ exp(−z ( 4 ) ∗T ) +z ( 3 ) / ( z ( 4 ) ^2 ) ∗(1−exp(−z ( 4 )
∗T ) ) ) ) ) ;

32
33 % bond p r i c e s d ( z ) u s i n g S v e n s s o n A n s a t z
34 % z i s s i x−d i m e n s i o n a l
35 f u n s v = @( z , C) C∗ ( exp (−( z ( 1 ) ∗T+z ( 2 ) / z ( 5 ) ∗(1−exp(−z ( 5 ) ∗T )

)−z ( 3 ) / z ( 5 ) ∗T . ∗ exp(−z ( 5 ) ∗T ) +z ( 3 ) / ( z ( 5 ) ^2 ) ∗(1−exp(−z ( 5 )
∗T ) )−z ( 4 ) / z ( 6 ) ∗T .∗ exp(−z ( 6 ) ∗T ) +z ( 4 ) / ( z ( 6 ) ^2 ) ∗(1−exp(−z
( 6 ) ∗T ) ) ) ) ) ;

36
37 % n u m e r i c a l s e a r c h f o r t h e l e a s t squared problem
38 % min | | C∗d ( z ) − p | | ove r z
39
40 z0ns =0.05∗ ones ( 4 , 1 ) ;
41 z0sv =0 .1∗ ones ( 6 , 1 ) ;
42 [ zop tns , r e s n s ]= l s q c u r v e f i t (@( z , C) f u n n s ( z , C) , z0ns , C , p ) ;
43 [ zop t sv , r e s s v ]= l s q c u r v e f i t (@( z , C) f u n s v ( z , C) , z0sv , C , p ) ;
44
45
46 % p l o t t h e forward c u r v e
47 f i g u r e ( 1 )
48 t ime = 0 : 0 . 0 1 : T ( end ) ;
49 NSforward= z o p t n s ( 1 ) +( z o p t n s ( 2 ) + z o p t n s ( 3 ) ∗ t ime ) .∗ exp(−

z o p t n s ( 4 ) ∗ t ime ) ;
50 SVforward= z o p t s v ( 1 ) +( z o p t s v ( 2 ) + z o p t s v ( 3 ) ∗ t ime ) .∗ exp(−

z o p t s v ( 5 ) ∗ t ime ) + z o p t s v ( 4 ) ∗ t ime .∗ exp(− z o p t s v ( 6 ) ∗ t ime ) ;
51 p l o t ( t ime , NSforward , ’ r−’ , t ime , SVforward , ’b−’ )
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Nelson−Siegel

Svensson

52 l egend ( ’ Nelson−S i e g e l ’ , ’ Svensson ’ )
53 x l a b e l ( ’ t ime ’ )
54 y l a b e l ( ’ i n s t a n t a n e o u s f o r w a r d r a t e ’ )
55 t i t l e ( ’ c a l i b r a t e d f o r w a r d c u r v e −− t o d a y i s 0 4 / 0 9 / 9 6 ’ )
56 end


