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1. Since adapted processes with left-continuous paths are predictable (in particular pro-
gressively measurable)1, we are in the situation of Theorem 4.1 (Filipović: Term-
Structure Models) presented in the lecture. First of all, we bring the stochastic integral
to a form which is more convenient for calculations: There exists a k ≤ n such that
tk−1 < t ≤ tk and thus the stochastic integral can be rewritten as

(h •W )t =
n∑
i=1

ϕi(Wti∧t −Wti−1∧t)

=
k−1∑
i=1

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

).

a) Recognizing that h •W is a linear combination of compositions of continuous
functions, P-a.s. continuity of paths is immediate. In order to show that h •W is
a continuous-time martingale, we need to verify the following properties:

1. (h •W )t is adapted to the filtration (Ft)t≥0.
2. For all t ≥ 0 the stochastic integral (h •W )t is integrable, i.e.

E[|(h •W )t|] <∞.

3. For all 0 ≤ s < t <∞

E[(h •W )t|Fs] = (h •W )s, P− a.s.

Property 1. is immediate, it holds since Brownian motion is adapted to the gi-
ven filtration and by construction of h, where the ϕi, are in particular Fti−1

-
measurable.

1See for example: Brownian Motion and Stochastic Calculus script (2012) p.4.
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To show 2., consider

E[|(h •W )t|] =E[|
k−1∑
i=1

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|]

≤
k−1∑
i=1

E[|ϕi(Wti −Wti−1
)|] + E[|ϕk(Wt −Wtk−1

)|]

≤
k−1∑
i=1

(
E [|ϕi|2] E[|(Wti −Wti−1

)|2]
)1/2

+
(
E[|ϕk|2] E[|(Wt −Wtk−1

)|2]
)1/2

≤
k−1∑
i=1

(
E [|ϕi|2] E[|(Wti−ti−1

)|2]
)1/2

+
(
E[|ϕk|2] E[|(Wt−tk−1

)|2]
)1/2

≤
k−1∑
i=1

(
E [|ϕi|2] (ti − ti−1)

)1/2
+
(
E[|ϕk|2] (t− tk−1)

)1/2
<∞.

For 3. if tk−1 ≤ s < t ≤ tk the calculation is straightforward

E [(h •W )t|Fs] = E

[
k−1∑
i=1

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|Fs

]

=
k−1∑
i=1

ϕi(Wti −Wti−1
) + E

[
ϕk(Wt −Wtk−1

)|Fs
]

=
k−1∑
i=1

ϕi(Wti −Wti−1
) + ϕk(Ws −Wtk−1

)

= (h •W )s.

In case tl−1 ≤ s < tl < t for an l ≤ k − 1, we similarly have

E [(h •W )t|Fs] = E

[
k−1∑
i=1

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|Fs

]

=
l−1∑
i=1

ϕi(Wti −Wti−1
) + E

[
k−1∑
i=l

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|Fs

]
,

(1)
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where

E

[
k−1∑
i=l

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|Fs

]

=E

[
E

[
k−1∑
i=l

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|Ftl

]
|Fs

]

=E

[
ϕl(Wtl −Wtl−1

) + ϕl+1 E
[
Wtl+1

|Ftl
]︸ ︷︷ ︸

=Wtl

−ϕl+1Wtl+

+ E

[
k−1∑
i=l+2

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|Ftl

]
|Fs

]

=E

[
ϕl(Wtl −Wtl−1

) + 0 + ϕl+2 E
[
Wtl+2

|Ftl+1

]︸ ︷︷ ︸
=Wtl+1

−ϕl+2Wtl+1
+

+ E

[
E

[
k−1∑
i=l+3

ϕi(Wti −Wti−1
) + ϕk(Wt −Wtk−1

)|Ftl+1

]
|Ftl

]
|Fs

]
= . . .

=E
[
ϕl(Wtl −Wtl−1

)|Fs
]

= ϕlE [Wtl |Fs]− ϕlWtl−1
= ϕl(Ws −Wtl−1

).

Using this for the last term in (1) yields

E [(h •W )t|Fs] = (h •W )s

for the integral.

b)

E

[(∫ ∞
0

h(s)dWs

)2
]

=E

( n∑
i=1

ϕi(Wti −Wti−1
)

)2


=
n∑
i=1

n∑
j=1

E
[
ϕiϕj(Wti −Wti−1

)(Wtj −Wtj−1
)
]
,

(2)

where the summands with j < i (and i < j) vanish, since

E
[
ϕiϕj(Wti −Wti−1

)(Wtj −Wtj−1
)
]

=E
[
E
[
ϕiϕj(Wti −Wti−1

)(Wtj −Wtj−1
)|Fti−1

]]
=E[ϕiϕj(Wtj −Wtj−1

)(E
[
(Wti |Fti−1

]︸ ︷︷ ︸
=Wti−1

−Wti−1
)] = 0
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and for i = j

E
[
ϕ2
i (Wti −Wti−1

)2
]

=E
[
E
[
ϕ2
i (Wti −Wti−1

)2|Fti−1

]]
=E

[
ϕ2
iE
[
(Wti −Wti−1

)2|Fti−1

]]
=E

[
ϕ2
iE
[
(Wti −Wti−1

)2
]]

=E
[
ϕ2
iE
[
(Wti−ti−1

)2
]]

=E
[
ϕ2
i

]
(ti − ti−1),

therefore (2) simplifies to

n∑
i=1

E
[
ϕ2
i

]
(ti − ti−1) = E

[
n∑
i=1

|ϕi|2(ti − ti−1)

]
= E

[∫ ∞
0

|h(s)|2 s
]
.

2. a) To ease notation let’s assume X(0) = 0. Notice that if we know the form of the
stochastic exponential, i.e. that

Et(X) = eX(t)− 1
2
〈X,X〉t ,

then write out the bracket process using bilinearity,

〈X + Y,X + Y 〉 = 〈X,X〉+ 2〈X, Y 〉+ 〈Y, Y 〉

to find formally

Et(X)Et(Y ) =eX(t)− 1
2
〈X,X〉teY (t)− 1

2
〈Y,Y 〉t

=eX(t)+Y (t)− 1
2
〈X,X〉t− 1

2
〈Y,Y 〉t−〈X,Y 〉t+〈X,Y 〉t

=e(X+Y )(t)− 1
2
〈X+Y,X+Y 〉t+〈X,Y 〉t

=Et(X + Y )e〈X,Y 〉t .

If we characterize the stochastic exponential Et(Z) of an Itô process Z by its
property that it is the unique solution of the stochastic differential equation

dU(t) = U(t)dZ(t). (3)

Then we can show the statement by proceeding as follows:

E(X)E(Y )
i)
= E(X + Y + 〈X, Y 〉) ii)

= E(X + Y )e〈X,Y 〉.
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i) By the product rule

Et(X)Et(Y ) = E0(X)E0(Y ) +

∫ t

0

Es(X)Es(Y )dYs+

+

∫ t

0

Es(Y )Es(X)dXs + 〈E(X), E(Y )〉t

= E0(X)E0(Y ) +

∫ t

0

Es(X)Es(Y )d(X + Y )s

+ Et(X)Et(Y )〈X, Y 〉t.

Therefore, U(t) = (E(X)E(Y ))t satisfies (3) with Z = X + Y + 〈X, Y 〉.
ii) On the other hand, since e〈X,Y 〉 is of finite variation, the product rule applies

with vanishing quadratic variation term for

d
(
E(X + Y )e〈X,Y 〉

)
t

= E(X + Y )t de
〈X,Y 〉t + e〈X,Y 〉tdE(X + Y )t

= E(X + Y )te
〈X,Y 〉t d〈X, Y 〉t + e〈X,Y 〉tE(X + Y )t d(X + Y )t

= E(X + Y )te
〈X,Y 〉t d(X + Y + 〈X, Y 〉)t.

This proves that U(t) =
(
E(X + Y )e〈X,Y 〉

)
t

also solves (3) with
Z = X + Y + 〈X, Y 〉. By uniqueness therefore

(E(X)E(Y ))t =
(
E(X + Y )e〈X,Y 〉

)
t

as claimed.

3. a) Consider the function f(x, t) = xeλt. Itô’s formula applied to f yields

f(Xt, t) = X0e
λ0 +

∫ t

0

Xtλe
λsds+

∫ t

0

eλsdXs

= X0e
λ0 +

∫ t

0

Xtλe
λsds+

∫ t

0

eλsλ(ν −Xs)ds+

∫ t

0

eλsσdWs

= X0e
λ0 +

∫ t

0

eλsλνds+

∫ t

0

eλsσdWs

= X0e
λ0 + ν(eλt − 1) +

∫ t

0

eλsσdWs.

Now multiplying both sides by e−λt and inserting the initial value X0 = x P-a.s.
gives

f(Xt, t)e
−λt = Xt = xe−λt + ν(1− e−λt) +

∫ t

0

eλ(s−t)σdWs, t ≥ 0.
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b) To compute E[Xt] we first show that (
∫ t
0
σeλ(s−t)dWs)0≤t≤T is a (P,F)-martingale

on [0, T ] with mean 0. We notice that the integrand is predictable (it is conti-
nuous and adapted) and locally bounded. Therefore, the stochastic integral is a
local-martingale. Since

E
[∫ T

0

σ2e2λ(s−T )ds

]
=
σ2

2λ

(
1− e−2λT

)
<∞,

it is even a true martingale by Theorem 4.1/d). Thus,

E[XT ] = xe−λT + ν(1− e−λT ).

Moreover, using Itô’s isometry we have

Var[XT ] = E[(XT − E[XT ])2]

= E

[(
σ

∫ T

0

eλ(s−T )dWs

)2
]

= σ2 E
[∫ T

0

e2λ(s−T )ds

]
=

σ2

2λ

(
1− e−2λT

)
.

c) Applying the definition of Y τ recursively n times we have

Y τ
n = cτ

n−1∑
k=0

ϕkτ + ϕnτY0 + στ

n−1∑
k=0

ϕkτεn−k.

Inserting the values for cτ , ϕτ , στ and setting n = [t/τ ] yields

Y τ
[t/τ ] = νλτ

[t/τ ]−1∑
k=0

(1− λτ)k + (1− λτ)[t/τ ]x+ σ
√
τ

[t/τ ]−1∑
k=0

(1− λτ)kε[t/τ ]−k.

Hence,

E[Y τ
[t/τ ]] = νλτ

1− (1− λτ)[t/τ ]

1− (1− λτ)
+ x(1− λτ)[t/τ ]

→ ν(1− e−λt) + xe−λt as τ → 0

V ar[Y τ
[t/τ ]] = σ2τ

[t/τ ]−1∑
k=0

(1− λτ)2k

= σ2τ
1− (1− λτ)2[t/τ ]

1− (1− λτ)2

= σ21− (1− λτ)2[t/τ ]

2λ− λ2τ

→ σ2

2λ
(1− e−2λt) as τ → 0.
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4. a) Consider the partition 0 = t0 < . . . < ti = iT
n
< . . . < tn = T on the given time

horizon [0, T ] and the sequence

h̃n(s) := f(s)−
n∑
i=1

f(ti−1)I(ti−1,ti](s) s ∈ [0, T ].

Setting hn(s) = h̃n(s)I[0,T ](s), we extend the domain of definition to s ∈ [0,∞).
Then Dominated Convergence Theorem (cf. Theorem 4.1/e) of Filipović: Term-
Structure Models) is applicable: by continuity of f the boundedness requirements
are satisfied and also

lim
n→∞

hn(s) = 0

pointwise. It follows that∫ T

0

f(s)dWs = lim
n→∞

n∑
i=1

f
(
(i− 1)T

n

)(
WiT

n
−W(i−1)T

n

)
︸ ︷︷ ︸

Zn

in probablity.

For any n ≥ 0, the distribution is

Zn ∼ N
(
νn, σ

2
n

)
with νn = 0 and with σ2

n =
∑n

i=1

(
f((i− 1)T

n

)2 T
n

by independence of Brownian
motion increments. The characteristic functions of the normal random variables
Zn are therefore given by

ϕZn(t) = E[eitZn ] = eitνn−
1
2
σ2
nt

2

= e
1
2
σ2
nt

2

.

It holds furthermore that

σ2 := lim
n→∞

σ2
n = lim

n→∞

n∑
i=1

(
f
(
(i− 1)T

n

))2T
n

=

∫ T

0

(f(s))2ds.

Since the sequence of characteristic functions ϕZn(t) = e−
1
2
σ2
nt

2
converges point-

wise to the continuous function e−
1
2
σ2t2 , we can conclude by Lévy’s continui-

ty theorem that the sequence Zn converges in distribution to a random varia-
ble Z with characteristic function ϕZ(t) = e−

1
2
σ2t2 . Hereby we know that the

limit Z =
∫ T
0
f(s)dWs is normally distributed with mean zero and variance∫ T

0
(f(s))2ds, and the assertion∫ T

0

f(s)dWs ∼ N
(
0,

∫ T

0

(f(s))2ds
)

(4)

is proven. The result now follows immediately from Ex 2-3 b).
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b) Let µ̃T and σ̃2
T denote the expectation and variance of XT from Ex 2-3 b), then

E[X+
T ] =

∫ ∞
0

1√
2πσ̃2

ye−
(y−µ̃)2

2σ̃2 dy

=

∫ ∞
− µ̃
σ̃

1√
2π

(µ̃+ σ̃z)e−
z2

2 dz

= µ̃

(
1− Φ

(
− µ̃
σ̃

))
+

σ̃√
2π
e−

µ̃2

2σ̃2

= µ̃Φ

(
µ̃

σ̃

)
+

σ̃√
2π
e−

µ̃2

2σ̃2

where Φ(x) denotes the cumulative distribution function of a standard normal
random variable.

5. see OUprocess.m and CIR1.m

6. Matlab Files

1 f u n c t i o n OUprocess
2 % In t h i s e x e r c i s e we s i m u l a t e d N p a t h s o f a OU p r o c e s s
3 % dX_t = \ lambda ( \ nu−X_t ) d t + \ s igma dW_t , X_0 =x and

s i m u l a t e t h e
4 % e x p e c a t i o n o f X_1 , X_1 ^ 2 , X_1^+
5 t i c
6 %% parame te r i n p u t
7 % h o r i z o n
8 T=1;
9 % sample s i z e

10 Nsimu =10^5;
11 Nplo t =Nsimu ;
12 % g r i d p o i n t s
13 M=10^3;
14 % v o l a t i l i t y
15 s igma = 0 . 3 ;
16 lambda =1;
17 nu = 1 . 2 ;
18 x =1;
19 % t i m e s t e p
20 d t = T /M;
21
22 % t h e o r e t i c a l v a l u e f o r t h e e x p e c t a t i o n , second moment

and pos p a r t
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23 m u t i l d e = x∗exp(− lambda∗T ) + nu∗(1−exp(− lambda∗T ) ) ;
24 s i g m a t i l d e = s q r t ( s igma ^ 2 / ( 2∗ lambda ) ∗(1−exp (−2∗ lambda∗T ) )

) ;
25 t h e o r e t i c a l v a l u e e x p = m u t i l d e ;
26 t h e o r e t i c a l v a l u e s e c = s i g m a t i l d e ^2+ m u t i l d e ^ 2 ;
27 t h e o r e t i c a l v a l u e p o s = m u t i l d e ∗ normcdf ( m u t i l d e / s i g m a t i l d e )

+ s i g m a t i l d e / s q r t (2∗ pi ) ∗exp (−1/2∗ ( m u t i l d e / s i g m a t i l d e )
^2 ) ;

28 %% S i m u l a t i o n
29 % BM
30 BM = [ z e r o s ( 1 , Np lo t ) ; s q r t ( T /M) ∗cumsum ( randn (M, Nplo t ) ) ] ;
31 OU = [ x∗ ones ( 1 , Np lo t ) ; z e r o s (M, Nplo t ) ] ;
32 % t h e p r o c e s s X ^ ( b )
33 f o r i =1 :M
34 OU( i + 1 , : ) =OU( i , : ) + lambda ∗ ( nu−OU( i , : ) ) ∗ d t + sigma . ∗ (BM

( i + 1 , : )−BM( i , : ) ) ;
35 end
36
37 %p l o t t h e f i r s t 10 sample p a t h s
38 t i m e g r i d = 0 : d t : T ;
39 p l o t ( t i m e g r i d ,OU( : , 1 : 1 0 ) )
40
41 %compute s i m u l a t e d v a l u e
42 s i m u l a t e d v a l u e e x p = mean (OU( end , : ) ) ;
43 s i m u l a t e d v a l u e s e c = mean (OU( end , : ) . ^ 2 ) ;
44 s i m u l a t e d v a l u e p o s = mean ( s u b p l u s (OU( end , : ) ) ) ;
45
46 di sp ( ’ Exac t v a l u e s : E x p e c t a t i o n / 2 . Moment / pos . p a r t ’ )
47 di sp ( [ t h e o r e t i c a l v a l u e e x p ; t h e o r e t i c a l v a l u e s e c ;

t h e o r e t i c a l v a l u e p o s ] )
48 di sp ( ’ E s t i m a t e d v a l u e : E x p e c t a t i o n / 2 . Moment / pos . p a r t ’ )
49 di sp ( [ s i m u l a t e d v a l u e e x p ; s i m u l a t e d v a l u e s e c ;

s i m u l a t e d v a l u e p o s ] )
50
51 %e s t i m a t e d v a r i a n c e
52 %e s t v a r e x p= var (OU( end , : ) ) ;
53 %e s t v a r s e c = var (OU( end , : ) . ^ 2 ) ;
54 %e s t v a r p o s= var ( s u b p l u s (OU( end , : ) ) ) ;
55 % c o n f i d e n c e i n t e r v a l u s i n g CLT
56 %c f p l u s e x p=s i m u l a t e d v a l u e e x p +1.96∗ s q r t ( e s t v a r e x p / Nsimu ) ;
57 %c f m i n u s e x p=s i m u l a t e d v a l u e e x p −1.96∗ s q r t ( e s t v a r e x p / Nsimu )

;
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Abbildung 1: 10 sample paths of the OU process

58 %c f p l u s s e c =s i m u l a t e d v a l u e s e c +1.96∗ s q r t ( e s t v a r s e c / Nsimu ) ;
59 %c f m i n u s s e c=s i m u l a t e d v a l u e s e c −1.96∗ s q r t ( e s t v a r s e c / Nsimu )

;
60 %c f p l u s p o s=s i m u l a t e d v a l u e p o s +1.96∗ s q r t ( e s t v a r p o s / Nsimu ) ;
61 %c f m i n u s p o s=s i m u l a t e d v a l u e p o s −1.96∗ s q r t ( e s t v a r p o s / Nsimu )

;
62
63 %d i s p ( ’ C o n f i d e n c e i n t e r v a l : ’ )
64 %d i s p ( [ c fm inusexp , c f p l u s e x p ; c f m i n u s s e c , c f p l u s s e c ;

c fm inuspos , c f p l u s p o s ] )
65
66 t o c

7. Matlab Files

1 f u n c t i o n CIR1
2 % In t h i s e x e r c i s e we s i m u l a t e d N p a t h s o f a CIR p r o c e s s
3 % dX_t = \ lambda ( \ nu−X_t ) d t + \ s igma \ s q r t ( X_t ) dW_t ,

X_0 =x and s i m u l a t e t h e
4 % e x p e c a t i o n o f X_1 , X_1 ^ 2 , X_1^+
5 t i c
6 %% parame te r i n p u t
7 % h o r i z o n
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8 T=1;
9 % sample s i z e

10 Nsimu =10^5;
11 Nplo t =Nsimu ;
12 % g r i d p o i n t s
13 M=10^3;
14 % v o l a t i l i t y
15 lambda =1;
16 nu = 1 . 2 ;
17 s igma = 0 . 3 ;
18 x =1;
19 % t i m e s t e p
20 d t = T /M;
21
22 % Check t h e F e l l e r c o n d i t i o n
23 check = 2∗ lambda∗nu >= sigma ^ 2 ;
24 i f check == 1
25 di sp ( ’ F e l l e r c o n d i t i o n i s assumed ’ )
26 e l s e i f check ==0
27 di sp ( ’ F e l l e r c o n d i t i o n i s n o t s a t i s f i e d ’ )
28 end
29
30
31 % t h e o r e t i c a l v a l u e f o r t h e e x p e c t a t i o n , second moment

and pos p a r t
32 c o n s t c = 4∗ lambda / ( s igma ^2∗(1− exp(− lambda∗T ) ) ) ;
33 c o n s t v = 4∗ lambda∗nu / ( s igma ^2 ) ;
34 c o n s t l a m b d a = c o n s t c ∗x∗exp(− lambda∗T ) ;
35 % c o n s t c _ T ∗X_T i s non c e n t r a l c h i s qu are d i s t r i b u t e d (

c o n s t v , cons t l ambda )
36 % E ( non−c e n t r a l c h i s q u a r e d i s t r i b u t i o n ) = c o n s t v+

cons t l ambda ;
37 t h e o r e t i c a l v a l u e e x p = ( c o n s t v + c o n s t l a m b d a ) / c o n s t c ;
38 % or e q u i v a l e n t l y ,
39 %t h e o r e t i c a l v a l u e e x p = x∗ exp (− lambda∗T )+nu∗(1− exp (− lambda

∗T ) ) ;
40 % Var ( non−c e n t r a l c h i s q u a r e d i s t r i b u t i o n ) = 2( c o n s t v +2∗

cons t l ambda )
41 t h e o r e t i c a l v a l u e s e c = ( 2∗ ( c o n s t v +2∗ c o n s t l a m b d a ) +( c o n s t v +

c o n s t l a m b d a ) ^2 ) / ( c o n s t c ^2 ) ;
42 % or e q u i v a l e n t l y
43 %t h e o r e t i c a l v a l u e s e c = x∗ s igma ^ 2 / lambda ∗ ( exp (− lambda∗T )−

Bitte wenden!



exp (−2∗ lambda∗T ) )+nu∗ s igma ^ 2 / ( 2 ∗ lambda ) ∗(1− exp (− lambda
∗T ) ) ^2+ t h e o r e t i c a l v a l u e e x p ^ 2 ;

44 % Use n u m e r i c a l i n t e g r a t i o n t o o b t a i n a t h e o r e t i c a l
v a l u e

45 % S i n c e t h e F e l l e r c o n d i t i o n i s assumed , E[X^+_1 ] must
be e q u a l t o E[ X_1 ]

46 t h e o r e t i c a l v a l u e p o s = i n t e g r a l (@( x ) x . ∗ ncx2pdf ( x , cons tv ,
c o n s t l a m b d a ) , 0 , I n f ) / c o n s t c ;

47 %% S i m u l a t i o n
48 % BM
49 BM = [ z e r o s ( 1 , Np lo t ) ; s q r t ( T /M) ∗cumsum ( randn (M, Nplo t ) ) ] ;
50 CIR = [ x∗ ones ( 1 , Np lo t ) ; z e r o s (M, Nplo t ) ] ;
51 % t h e p r o c e s s X ^ ( b )
52 f o r i =1 :M
53 CIR ( i + 1 , : ) =CIR ( i , : ) + lambda ∗ ( nu−CIR ( i , : ) ) ∗ d t + sigma . ∗

s q r t ( CIR ( i , : ) ) . ∗ (BM( i + 1 , : )−BM( i , : ) ) ;
54 end
55
56 %p l o t t h e f i r s t 10 sample p a t h s
57 t i m e g r i d = 0 : d t : T ;
58 p l o t ( t i m e g r i d , CIR ( : , 1 : 1 0 ) )
59
60 %compute s i m u l a t e d v a l u e
61 s i m u l a t e d v a l u e e x p = mean ( CIR ( end , : ) ) ;
62 s i m u l a t e d v a l u e s e c = mean ( CIR ( end , : ) . ^ 2 ) ;
63 s i m u l a t e d v a l u e p o s = mean ( s u b p l u s ( CIR ( end , : ) ) ) ;
64
65 di sp ( ’ Exac t v a l u e s : E x p e c t a t i o n / 2 . Moment / pos . p a r t ’ )
66 di sp ( [ t h e o r e t i c a l v a l u e e x p ; t h e o r e t i c a l v a l u e s e c ;

t h e o r e t i c a l v a l u e p o s ] )
67 di sp ( ’ E s t i m a t e d v a l u e : E x p e c t a t i o n / 2 . Moment / pos . p a r t ’ )
68 di sp ( [ s i m u l a t e d v a l u e e x p ; s i m u l a t e d v a l u e s e c ;

s i m u l a t e d v a l u e p o s ] )
69
70 %e s t i m a t e d v a r i a n c e
71 %e s t v a r e x p= var ( CIR ( end , : ) ) ;
72 %e s t v a r s e c = var ( CIR ( end , : ) . ^ 2 ) ;
73 %e s t v a r p o s= var ( s u b p l u s ( CIR ( end , : ) ) ) ;
74 % c o n f i d e n c e i n t e r v a l u s i n g CLT
75 %c f p l u s e x p=s i m u l a t e d v a l u e e x p +1.96∗ s q r t ( e s t v a r e x p / Nsimu ) ;
76 %c f m i n u s e x p=s i m u l a t e d v a l u e e x p −1.96∗ s q r t ( e s t v a r e x p / Nsimu )

;

Siehe nächstes Blatt!
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Abbildung 2: 10 sample paths of the CIR process

77 %c f p l u s s e c =s i m u l a t e d v a l u e s e c +1.96∗ s q r t ( e s t v a r s e c / Nsimu ) ;
78 %c f m i n u s s e c=s i m u l a t e d v a l u e s e c −1.96∗ s q r t ( e s t v a r s e c / Nsimu )

;
79 %c f p l u s p o s=s i m u l a t e d v a l u e p o s +1.96∗ s q r t ( e s t v a r p o s / Nsimu ) ;
80 %c f m i n u s p o s=s i m u l a t e d v a l u e p o s −1.96∗ s q r t ( e s t v a r p o s / Nsimu )

;
81
82 %d i s p ( ’ C o n f i d e n c e i n t e r v a l : ’ )
83 %d i s p ( [ c fm inusexp , c f p l u s e x p ; c f m i n u s s e c , c f p l u s s e c ;

c fm inuspos , c f p l u s p o s ] )
84
85 t o c


