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1. a) By Girsanov’s Theorem WQ(t) = W (t)−
∫ t

0
γ(s)ds is a Q− Brownian motion,

hence

dr(t) = b(t)dt+ σ(t)dWt

= (b(t) + σ(t)γ(t)) dt+ σ(t)dWQ(t).

b) By definition the discounted bond price P (t, T )/B(t) is a Q− martingale. Using
the Itô’s representation theorem under a change of probability (cf. Continuous
Time Stochastic Control and Optimization with Financial Application, Huyen
Pham Theorem 1.2.14), there exists a function ψ(·, T ) ∈ L such that

P (t, T )

B(t)
= P (0, T ) +

∫ t

0

ψ(s)dWQ(s).

To get the desired dynamics of P (t, T ) we again apply Itô’s formula

dP (t, T ) = d

(
B(t) · P (t, T )

B(t)

)
= P (t, T )r(t)dt+ ψ(t)B(t)dWQ(t).

Since the bond price P (t, T ) > 0 we can define v(t, T ) := ψ(t)B(t)/P (t, T )
and get

dP (t, T )

P (t, T )
= r(t)dt+ v(t, T )dWQ(t).

c) Again using Itô’s formula we get

d

(
P (t, T )

B(t)

)
=

1

B(t)
dP (t, T )− P (t, T )

B(t)2
dB(t)

=

(
P (t, T )

B(t)

)(
v(·, T )dWQ(t) + r(t)dt− r(t)dt

)
=

(
P (t, T )

B(t)

)
v(·, T )dWQ(t).

Put differently,
P (t, T )

B(t)
= P (0, T )E

(
v(·, T ) •WQ

)
t
.
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2. Note that by definition it holds

r(s) = r(t)eβ(s−t) +
b

β
(eβ(s−t) − 1) + σeβs

∫ s

t

e−βudW (u), for 0 ≤ t < s. (1)

In order to show that the integral is normally distributed, the idea is to use the stocha-
stic Fubini theorem1 and apply Ex 2-4, i.e.,∫ T

0

f(s)dW (s) ∼ N
(
0,

∫ T

0

(f(s))2ds
)
.

for any T > 0 and any deterministic function

f : [0, T ] −→ R ∈ C0([0, T ]).

In concrete terms,∫ T

t

r(s)ds = r(t)

∫ T

t

eβ(s−t)ds+
b

β

∫ T

t

(eβ(s−t) − 1)ds+ σ

∫ T

t

∫ s

t

eβ(s−u)dW (u)ds,

=
r(t)

β
(eβ(T−t) − 1) +

b

β2
(eβ(T−t) − 1)− b(T − t)

β
+ σ

∫ T

t

∫ T

u

eβ(s−u)dsdW (u),

=
r(t)

β
(eβ(T−t) − 1) +

b

β2
(eβ(T−t) − 1− β(T − t)) +

σ

β

∫ T

t

(eβ(T−u) − 1)dW (u).

The first two terms on the right hand side are Ft measurable, while the last term is
independent of Ft and is normally distributed with mean 0 and variance Σt. To find
the variance Σ2

t we use Itô’s Isometry

Σ2
t =

σ2

β2

∫ T

t

(eβ(T−t)−1)2ds

=
σ2

β2

∫ T

t

(e2β(T−t)−1 − 2eβ(T−s) + 1)ds

=
σ2

β2

(
− 1

2β
(1− e2β(T−t)) +

2

β
(1− eβ(T−t)) + (T − t)

)
=
σ2(−4eβ(T−t) + e2β(T−t) + 2β(T − t) + 3)

2β3
.

1The stochastic Fubini Theorem is applicable, since

∫ T

t

(∫ T

t

|eβ(s−u)|2du

)1/2

ds <∞ a.s.
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Putting everything together, we get

P (t, T ) = E
[
e−

∫ T
t r(s)ds

∣∣∣Ft]
= E

[
e
−
(
r(t)
β

(eβ(T−t)−1)+ b
β2

(eβ(T−t)−1−β(T−t))
)
e−

σ
β

∫ T
t (eβ(T−u)−1)dW (u)

∣∣∣Ft]
= e

−
(
r(t)
β

(eβ(T−t)−1)+ b
β2

(eβ(T−t)−1−β(T−t))
)
e

1
2

Σ2
t

= exp

(
− r(t)

β

(
eβ(T−t) − 1

)
− b

β2

(
eβ(T−t) − 1− β(T − t)

)
+

σ2

4β3

(
e2β(T−t) − 4eβ(T−t) + 2β(T − t) + 3

))
.

3. a) Applying Itô’s formula to M(t) = F (t, r(t))e−
∫ t
0 r(s)ds and setting the drift equal

to zero, the term-structure equation associated to the Vasiček model is

∂tF (t, r) + (b+ βr(t)) ∂rF (t, r) +
1

2
σ2∂rrF (t, r)− r(t)F (t, r) = 0. (2)

b) Since the drift-, and diffusion terms of the driving Ornstein-Uhlenbeck process
in the Vasiček model are of the affine form as in (5.7) of Proposition 5.2, it is a
reasonable guess that the Vasiček model provides an affine term structure. The-
refore, we assume that there exist smooth deterministic functions A and B such
that

F (t, r;T ) ≡ e−A(t,T )−B(t,T )r. (3)

This guess is verified, if it is possible to choose these functions A and B such
that they satisfy2

∂tA(t, T ) =
1

2
σ2B2(t, T )− bB(t, T ), (4)

∂tB(t, T ) =− βB(t, T )− 1, (5)

with terminal condition

A(T, T ) = 0 and B(T, T ) = 0,

since then Proposition 5.2 yields that the associated model indeed provides an
affine term structure. By (3), the term-structure equation (2) becomes

F (t, r) (∂tA(t, T )− r(t)∂tB(t, T ))− (b+ βr(t))F (t, r)B(t, T )

+
1

2
σ2F (t, r)B(t, T )2 − F (t, r)r(t) = 0

2(5.8) and (5.9) of Proposition 5.2 for the Vasiček model.
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for any 0 ≤ t ≤ T and r(t). Since F (t, r) > 0, we can simplify the above to(
∂tA(t, T )− bB(t, T ) + 1

2
σ2B(t, T )2

)
+ r(t) (∂tB(t, T )− βB(t, T )− 1) = 0.

The above holds for all 0 ≤ t ≤ T and r(t) if and only if A and B satisfy both
equations (4) and (5). Equation (5) yields

B(t, T ) =
1

β

(
eβ(T−t) − 1

)
, (6)

where the terminal condition B(T, T ) = 0 holds. From equation (5) we find

A(T, T )− A(t, T ) =

∫ T

t

∂sA(s, T )ds

=

∫ T

t

(
1

2
σ2B2(s, T )− bB(s, T )

)
ds.

Using the expression (6) for the integrand at t ≤ s < T , the above becomes

1

2
σ2

∫ T

t

B2(t, T )ds− b
∫ T

t

B(t, T )ds

=
σ2

4β3

(
e2β(T−t) − 1− 4eβ(T−t) + 4 + 2β(T − t)

)
− b

β2

(
eβ(T−t) − 1− β(T − t)

)
.

Together with the terminal condition A(T, T ) = 0, which follows from (6) we
obtain

A(t, T ) =− σ2

4β3

(
e2β(T−t) − 4eβ(T−t) + 2β(T − t) + 3

)
+

b

β2

(
eβ(T−t) − 1− β(T − t)

)
.

(7)

Hence, in fact the Vasiček model provides an affine term stucture (3), with func-
tions B and A as in (6) and (7).

c) To verify the martingale property we check that

EQ
[∫ T

0

|∂rF (t, r(t))e−
∫ t
0 r(u)duσ(t, r(t))|2dt

]
<∞.

Inserting the affine solution (2) we have to verify that

EQ
[∫ T

0

| −B(t, T )e−A(t,T )−B(t,T )r(t)e−
∫ t
0 r(u)duσ|2dt

]
<∞.
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Since the functions A(·, T ) and B(·, T ) are both continuous and hence bounded
on the compact interval [0, T ], up to a constant term we have to show that

EQ
[∫ T

0

e−2·B(t,T )r(t)e−2
∫ t
0 r(u)dudt

]
<∞. (8)

Recall that r(t) is OU process and hence is normally distributed (cf. Ex 2-4). We
denote its mean and variance by µ̃(t) and σ̃2(t), respectively. Moreover, in Ex
4-2 we have shown that

∫ t
0
r(u)du is also normally distributed and let us denote

its mean and variance by µ(t) and σ2(t), respectively. Consequently, we have

EQ
[
ekr(t)

]
= ekµ̃(t)+ k2

2
σ̃2(t), for k ∈ R,

EQ
[
ek
∫ t
0 r(u)du

]
= ekµ(t)+ k2

2
σ2(t), for k ∈ R.

Now, applying Tonelli’s theorem and Cauchy Schwarz inequality we get

EQ
[∫ T

0

e−2B(t,T )r(t)e−2
∫ t
0 r(u)dudt

]
=

∫ T

0

EQ
[
e−2B(t,T )r(t)e−2

∫ t
0 r(u)du

]
dt

≤
∫ T

0

(
EQ [e−4B(t,T )r(t)

]
EQ
[
e−4

∫ t
0 r(u)du

])1/2

dt

=

∫ T

0

e
1
2(−4B(t,T )µ̃(t)+8B(t,T )2σ̃2(t)−4µ(t)+8σ2(t))dt

< ∞,

since the functions µ̃(t), σ̃(t), µ(t), σ(t) are all continuous.

4. Matlab File

1 f u n c t i o n [ va luepde , v a l u e d i s , valuemc ]= b o n d v a s i c e k
2 % In t h i s e x e r c i s e we compute t h e bond p r i c e a t t i m e 0

i n a V a s i c e k
3 % s h o r t r a t e model
4 t i c
5 %% parame te r i n p u t
6 % h o r i z o n
7 T=10;
8 % sample s i z e
9 Nsimu =10^5;

10 Nplo t =Nsimu ;
11 % g r i d p o i n t s
12 M=10^3;
13 % v o l a t i l i t y
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14 s igma = 0 . 0 4 ;
15 beta =−0.86;
16 b = 0 . 0 8 ;
17 % mean r e v e r s i o n speed = lambda=−b e t a
18 lambda=−beta ;
19 % mean r e v e r s i o n l e v e l = nu=−b / b e t a
20 nu=−b / beta ;
21 % i n i t i a l v a l u e = r_0
22 r0 = 0 . 0 8 ;
23 % t i m e s t e p
24 d t = T /M;
25
26 %% A n a l y t i c a l approach
27 AT= sigma ^2∗ (4∗ exp ( beta ∗T )−exp (2∗ beta ∗T )−2∗beta ∗T−3) / ( 4 ∗

beta ^3 ) +b ∗ ( exp ( beta ∗T )−1−beta ∗T ) / ( beta ^2 ) ;
28 BT= ( exp ( beta ∗T )−1) / beta ;
29 v a l u e p d e =exp(−AT−BT∗ r0 ) ;
30
31 %% D i s t r i b u t i o n approach
32 mu0= r0 / beta ∗ ( exp ( beta ∗T )−1)+b / ( beta ^2 ) ∗ ( exp ( beta ∗T )−1−

beta ∗T ) ;
33 s igma0sq = sigma ^ 2 / ( 2∗ beta ^3 ) ∗(−4∗exp ( beta ∗T ) +exp (2∗ beta ∗

T ) +2∗ beta ∗T+3) ;
34
35 % g e n e r a t e Nsimu∗ s t a n d a r d normal random v a r i a b l e s
36 s t d n o r m a l = randn ( 1 , Nsimu ) ;
37 v a l u e d i s = mean ( exp(−mu0+ s q r t ( s igma0sq ) ∗ s t d n o r m a l ) ) ;
38
39
40 %% Monte Car lo approach
41 % BM
42 BM = [ z e r o s ( 1 , Np lo t ) ; s q r t ( T /M) ∗cumsum ( randn (M, Nplo t ) ) ] ;
43 OU = [ r0 ∗ ones ( 1 , Np lo t ) ; z e r o s (M, Nplo t ) ] ;
44 % E u l e r Maruyama Scheme
45 f o r i =1 :M
46 OU( i + 1 , : ) =OU( i , : ) + lambda ∗ ( nu−OU( i , : ) ) ∗ d t + sigma . ∗ (BM

( i + 1 , : )−BM( i , : ) ) ;
47 end
48
49 i n t e g r a l = z e r o s ( 1 , Nsimu ) ;
50 i n t g r i d = 0 : d t : T ;
51 f o r j = 1 : Nsimu
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52 % use t r a p e z o i d a l r u l e
53 i n t e g r a l ( j ) = t rapz ( i n t g r i d ,OU( : , j ) ) ;
54 end
55 % t a k e t h e e x p e c t a t i o n
56 valuemc= mean ( exp(− i n t e g r a l ) ) ;
57 t o c


