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Solutions Exercise Sheet 1

Exercise 1

Let G1 and G4 be topological groups. Show that a homomorphism h : G; — G4
is continuous if and only if it is continuous at the identity e € G;.

SOLUTION:

One direction is trivial, namely, if h is continuous then it’s obviously contin-
uous at e.

Now for the reverse direction. Assume h is continuous at e. Choose some
open set U C G3. We want to show that its preimage under h is open also. If
h=1(U) = () we are done. If not then choose some f(z) € U with x € G;. We
have that:

A=Y (U) = zh™H(U,)

where U, = h(z~1)U. To see this, we observe the following sequence of equiva-

lences: m € h=Y(U) <=> h(m) € U <=> h(z~'m) = h(z=1)h(m) € h(z=1)U =
U, <=>a2"'m € h1(U.) <=> m € zh=*(U,). Hence h=1(U) = zh=1(U,).

Since translation functions on topological groups are homeomorphisms we have

that U, is open in Gg and contains h(e) = eg,, hence h™1(U,) is open in G by

hypothesis. Thus zh~(U,) = h=1(U) is open and we are done.

Exercise 2

(a) Let A be a closed subgroup of (R, +). Show that either
(i) A= {0},

(i) A = aZ for some o € Ry, or
(i) A=R.
SOLUTION:

If A = 0 there is nothing to show. Otherwise, consider Ay = ANR<( and
A_=ANR.o=—-A;. Let a =inf(Ay). Since A is closed, o € A.

If a > 0, we claim A = aZ. Obviously it’s enough to show Ay = aZxg.
Pick x > 0,2 € A. By construction > «. Since na goes to co as n goes
to oo, we get that there exists a maximal m € Z~ such that ma < x and
(m+ 1)a > x. But since a € A, we get that ma € A and so z — ma € A.
Since 0 < z — ma < «a, we conclude by minimality of a that 0 = z — ma
(otherwise it would be a positive element of A strictly smaller than «).
Hence, Ay C aZ~( and obviously aZ~y € A;. Thus, conclusion follows.

If @ =0, we claim A = R. Obviously it’s enough to show A, = Ryq. Pick
any ¢ > 0,2 € R. Pick any € > 0. Set £, = min(e,z) > 0. Since o = 0
there exists y € A with 0 < y < e,. As before, choose m the maximal
natural number for which my < z < (m + 1)y. Set y; = my. As before
yp € Aand 0 <z —y <y < e, < e. So for every € > 0 we can find
a point y; € A at most € away from x. But this means that x is a limit
point of A and since A is closed, the conclusion follows.
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(b) How many subgroups of (R,+) are there?
SOLUTION:

Let M be the set of all subgroups of R. R is a Q-vector space in a natural
way. Set B to be a Q-basis of R. Define the function s : 28 — M by
mapping S +— span(S). Notice that this is well defined since every Q-
subspace of R is also a subgroup. Moreover, this function is injective since
B is a basis. Hence [25| < |M|. Obviously |M| < |2%| since every subgroup
is also a subset.

Let’s show |B| = |R|.

For i € N define X; = {z € R: 2z = \ywy + ... + Ajz; for some \; € Qg
and x; € B} with Xy = 0. It is easy to see that X; form a partition of
R. Moreover, it is also easy to see that | X;| =[Q X ... xQxB x ... x B
where Q is multiplied with itself ¢ times and the same with B.

We will invoke the following standard lemma in set theory. if X, Y are two
sets such that X is countable and Y is infinite then | X x Y| = [Y| and
Y xY|=[Y].

Using the lemma we get that |X;| = |B|. Since R is a countable disjoint
union of the X;s we get that |R| = [N xB| = |B|.

We conclude that |[M| = 2F

Exercise 3

Let X be a compact Hausdorff topological space. Show that Homeo(X) is a
topological group when equipped with the compact-open topology.

SOLUTION:

Set G = Homeo(X) and let m : G x G — G be the multiplication (com-
position) map and i : G — G be the "taking inverse" map. We have to show
that these are continuous with respect to the compact-open topology.

Notice that i~}(V(K,U) = V(K¢,U®) (K compact and U open). Indeed,
we have the following sequence of equivalences: f € i~ }(V(K,U)) <=> i(f) €
V(K,U) <=> f~! € V(K,U) <=> f7YK) Cc U <=> K C f(U) <=>
fU) Cc K¢ <=> f(U°) C K° <=> f € V(U K°). In this sequence we have
used the fact that f is bijective is order to get that complements of images
are images of complements. The fact that X is compact and Hausdorff implies
that in X compactness is the same as closedness. Hence K° is open and U° is
compact. Thus indeed 4 is continuous.

Let’s show that m is continuous. It is enough to show that m=1(V(K,U)) is
open for every compact K and open U. If this preimage is empty then we are
done. If it is not, it is enough to show that for every point y = (f,g) in this
preimage there exists an open set V,, C m~1(V(K,U)) with y € V;,. Then it will
follow trivially that the preimage is the union of such V,, and thus open.

So pick y = (f,g9) € m Y (V(K,U)). We have that f(g(K)) C U. Hence
g(K) C f~1(U). Recall that since X is compact and Hausdorff, closedness and
compactness are equivalent. In particular g(K) is closed. Since f is a homeomor-
phism, we have that f~1(U°) is also closed and also disjoint from g(K). Again,
since X is compact and Hausdorff, it is also normal. Hence, we can separate
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g(K) and f~1(U°) with two disjoint open sets Uy, Us such that g(K) C U; and
Y (U®) C Uy. Set K; = US. We have that

g(K)c Ui C K1 C f71(U)

Notice that K is closed and thus compact. Also notice that by construction
feV(Ky,U)and g € V(K,Uy). So (f,g9) € V(K1,U) x V(K,Uy). Set Viq) =
V(K1,U)xV (K, U;) and notice that this set is open. Moreover, if (', g') € V(4 1)
then ¢’ € V(K,U;) and f' € V(K3,U). Hence /(K1) C U and ¢'(K) C U;. This
implies that f'(¢/(K)) C f(Uy) C f'(K1) C U. Thus V(s C m™ Y (V(K,U))
and we are done.

Exercise 4

Show that Homeo(S 1) with the compact-open topology is not locally compact.

SOLUTION:

Set G = Homeo(S'). It is enough to show that id € G has no compact
neighborhood. Assume the contrary. Then there exists K compact and U open
with K C U such that V(K,U) C K with K compact. Since S' is a metric space,
it follows that the compact-open topology on G coincides with the topology given
by compact convergence, or (equivalently) the topology induced by the uniform
metric on compact subsets of S*. Since S' is compact itself, this gives that the
compact topology on G is given by the uniform metric

du(f,9) = sup d(f(z),g(x))

zeS?!

where d is the standard metric on S*.

Because our goal is to show that id has no compact neighborhood, we want
construct small linear perturbations of id. For simplicity we identify S with
the interval [0, 1] with the identification 0 ~ 1. Choose a sequence 1 > &, > 0
such that e, converges to 0. Define the following sequence of functions:

;v—}—l—% for ngg%

2r — e, for ﬁgxgen
fn(z): 2

T for ¢, <x<1-¢,

1
§(x+1—6n) for 1—e, <a2<1

It is easy to check that f,, are well defined homeomorphisms of S'. we dis-
tinguish two cases.

(a) K = S* in which case U = K = S* since K € U C S*. But then
V(K,U) =G and K = G we get that G is compact so f,, must containt a
converging subsequence with respect to the d,, metric.

(b) K # S! in which case, since K is closed, there exists a point z¢ and an
open interval around x( disjoint of K. After translation by xg of K, U
and of the f,s we may assume zy = 0. But notice that the f,, = id on the
interval [, 1 —¢&,]. So for n big enough, the f,s land in V(K,U) and thus
in K. So again we get that the f,;s must contain a converging subsequence
with respect to the d,, norm.
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In either case we obtain a converging subsequence of the f,s. Pick such a sub-
sequence and denote with f its limit. It is obvious that f,, must converge to f
pointwise also. But the f,s converge pointwise to id. Since X is Hausdorff, we
get that f = id. However notice that

du(fn,id) = d(f(0),0) =1 -5 >

N

_ £
2

Hence no subsequence of the f,s can converge uniformly to ¢d. Thus we reached a
contradiction that arose from the fact that we assumed G to be locally compact.
The conclusion follows.



