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Exercise 12-1. The aim of this exercise is to use a relation between American and European
contingent claims to compute the price of an American option.

Let (Ω,F ,P,F = (Ft)t∈[0,T ]) be a filtered probability space, on which exists a Brownian motion
W . We consider a Bachelier market model with two assets :

S0
t ≡ 1,

S1
t = S1

0 + σWt,

and we define the process Xt,x by Xt,x
s = x+ σ (Ws −Wt) for s ∈ [t, T ]. It is the price process of

the risky asset given that its price at t is x.
Let g be a measurable function such that g

(
S1
t

)
is in L1 for all t ∈ [0, T ]. We consider the

European contingent claim with payoff g (ST ) at time T . Define

u (x, t) = E [g (x+ σ (WT −Wt))] .

Assume that u is a continuous function of its arguments.
The price process V of the European option with terminal payoff g(S1

T ) is then given by (see
Exercise 9-3):

Ṽt = u
(
S1
0 + σWt, t

)
.

Define

vg(x) = inf
s∈[0,T ]

u (x, s) .

We assume that the infimum is attained at a point that we call t(x), and that the function x 7→ t(x)
is continuous.

We consider now the American option with payoff process U , defined as Ut = vg
(
S1
t

)
. Let

Ct := {x ∈ R | t(x) > t} be the continuation region of the option at time t. For x ∈ Ct the price
of the American option at time t is given by :

Vt = sup
τ∈Tt,T

E

[
vg

(
X
t,S1

0+σWt
τ

)
| Ft

]
,

where Tt,T is the set of stopping times that takes value in [t, T ].

(a) Prove that the process Z = (u (Xt,x
s , s))t6s6T is a martingale under P.

(b) Prove that: supτ∈Tt,T E [vg (Xt,x
τ ) | Ft] 6 u(x, t)

Hint. Use part a.

(c) Prove that for x ∈ Ct, the following holds: supτ∈Tt,T E [vg (Xt,x
τ ) | Ft] > u(t, x).

Hint. Define the stopping time τ̃ = inf{s ∈ [t, T ] | s = t(Xx,t
s )}∧T . You don’t have to prove

that it is a stopping time.

(d) Let g : x 7→ x4− 10x2 + 5. Find vg, and compute the price of the American contingent claim
with payoff process vg

(
S1
t

)
.

Please see next page!
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Exercise 12-2. Let W = (Wt)t≥0 = (W 1
t ,W

2
t , . . . ,W

m
t )t≥0 be an Rm-valued Brownian motion

defined on some probability space (Ω,F ,P).

(a) Show that for k 6= ` the process W kW ` is a martingale.

(b) Conclude that [W k,W `]t = δk`t, for t ≥ 0, and k, ` ∈ {1, . . . ,m}.

Exercise 12-3. Let (Ω,F ,P,F = (Ft)t∈[0,T ]) be a filtered probability space and consider two

independent Brownian motions W 1 = (W 1
t )t∈[0,T ] and W 2 = (W 2

t )t∈[0,T ]. Let S̃1 = (S̃1
t )t∈[0,T ] and

S̃2 = (S̃2
t )t∈[0,T ] be two undiscounted stock price processes with the following dymanics

dS̃1
t = S̃1

t (µ1 dt+ σ1 dB1
t ), S̃1

0 > 0,

dS̃2
t = S̃2

t (µ2 dt+ σ2 dB2
t ), S̃2

0 > 0,

where B1 = W 1, B2 = αW 1 +
√

1− α2W 2, for some α ∈ [0, 1), µ1, µ2 ∈ R and σ1, σ2 > 0.

(a) Apply Itô’s formula to X1 := S̃2

S̃1
and X2 := S̃1

S̃2
.

Remark. Since S̃1 and S̃2 have continuous trajectories and satisfy S̃1
t , S̃

2
t > 0 for all t ∈ [0, T ]

P-a.s., we can choose each of them as numéraire.

(b) For β1, β2 ∈ R, define the continuous (P,F)-martingale L(β1,β2) := β1W
1 + β2W

2.

We define the stochastic exponential E (X) as follows:

E (X)t := exp

(
Xt −X0 −

1

2
〈X〉t

)
Show that for all β1, β2 ∈ R the stochastic exponential Z(β1,β2) := E(L(β1,β2)) is a (P,F)-
martingale on [0, T ].

Hint. You can use the following facts: a continuous process integrated with respect to a con-
tinuous martingale is a local martingale, a nonnegative local martingale is a supermartingale,
and a supermartingale with constant expectation is a true martingale.

The two following questions can be left out. They are a bit more involved mathematically,
but are a nice exercise for the use of Girsanov’s theorem.

(c)∗∗ For β1, β2 ∈ R, define by dQ(β1,β2) = Z
(β1,β2)
T dP a probability measure Q(β1,β2) which is

equivalent to P on FT . Fix β1, β2 ∈ R. Using Girsanov’s theorem (Theorem 6.2.3 in the

lecture notes), show that the two processes W̃ 1
t := W 1

t −β1t and W̃ 2
t := W 2

t −β2t, t ∈ [0, T ],
are local (Q(β1,β2),F)-martingales. Conclude that

B̃1 := W̃ 1 and B̃2
t := B2

t − (αβ1 +
√

1− α2β2)t, t ∈ [0, T ],

are local (Q(β1,β2),F)-martingales as well.

Remark. One can show that W̃ 1 and W̃ 2 are independent Brownian motions under Q(β1,β2)

and correspondingly that B̃1 and B̃2 are correlated Brownian motions under Q(β1,β2).

(d)∗∗ What conditions on β1, β2 ∈ Rmake the procesX1 respectivelyX2 a (Q(β1,β2),F)-martingale?

Exercise 12-4. Let T > 0 denote a fixed time horizon and let W = (Wt)t∈[0,T ] be a Brownian
motion on some probability space (Ω,F ,P). Let F = (Ft)t∈[0,T ] be the filtration generated by W
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and augmented by the P-nullsets in σ(Ws; 0 ≤ s ≤ T ). Consider the Black–Scholes model, where

the undiscounted bank account price process S̃0 = (S̃0
t )t∈[0,T ] and the undiscounted stock price

process S̃1 = (S̃1
t )t∈[0,T ] are given by

dS̃0
t

S̃0
t

= r dt and
dS̃1

t

S̃1
t

= µdt+ σ dWt ,

where r, µ ∈ R and σ > 0 as well as S̃0
0 = 1 and S̃1

0 > 0. Denote by Q∗ the unique equivalent

martingale measure for S1 := S̃1/S̃0 on FT .

(a) Hedge the square option, i.e., find (V0, ϑ) such that

V0 +

∫ T

0

ϑu dS1
u =

(S̃1
T )2

S̃0
T

.

Hint. Look for a representation result under Q∗, not under P.

The formula E
[
euX

]
= e

1
2u

2σ2

for X ∼ N (0, σ2) and u ∈ R may be useful.

(b) Hedge the inverted option, i.e., find (V 0, ϑ) such that

V 0 +

∫ T

0

ϑu dS1
u =

1

S̃0
T S̃

1
T

.

For further information please see
www.math.ethz.ch/education/bachelor/lectures/hs2014/math/mff/ and

www.math.ethz.ch/assistant_groups/gr3/praesenz .
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