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Exercise 2-1. Consider a financial market (S°, S') with time horizon T' > 2 consisting of a bank
account and one stock defined on a probability space (€2, F,P). Assume that S§ =1 and S} >0
P-a.s. for all k=0, ..., T. Fix thresholds 0 < £ < 1 < u and define

o:=inf{k=0,....,T: S} <(}AT, (1)
ri=inf{k=0,...,T: S} >u} AT, (2)

where we agree that inf ) = +o0o. Moreover, for k =0, ..., T define
19k = 1{g<kg.,-} . (3)

Finally define the filtration F = (Fi)g<p<p by Fo = {0,Q}, and Fj = o ({S}, i< k}).
(a) Show that o and 7 are stopping times, i.e. that for all k =0, ..., T, we have

{o <k}, {r <k} eF. (4)

(b) Show that 9 is a real-valued predictable process with 9y = 9; = 0.

(c) Construct ¢ such that ¢ := (¢, 9) is a self-financing strategy with V;() = 0 and derive a
formula for the (discounted) value process V() only involving the discounted stock price S*
and the stopping times o and 7.

(d) Describe the trading strategy ¢ in words.

Exercise 2-2. Consider a financial market (SO, S 1) given by the following trees, where the num-
bers beside the branches denote transition probabilities:

. 1 L sl — s (14 7)(1+7)

3 (14 u)(1+ 2u)
1+u<
(14 u)(1+2d)
3 (14+d)(1 4 u)
1+d<
(1+d)(1+4d)

Intuitively, this means that the volatility of S increases after a stock price increase in the first
period. Assume that u, » > 0 and —0.5 < d < 0.

N

N

(a) Construct for this setup a multiplicative model consisting of a probability space (Q2, F,P),
a filtration F = (Fk)k=0,1,2, two random variables Y; and Y, and two adapted stochastic

processes 5% and S! such that 5',% = H§:1 Y; for k=0,1,2.

(b) For which values of u and d are Y; and Y5 uncorrelated?
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(¢) For which values of u and d are Y; and Y5 independent?

(d) For which values of u, r and d is the discounted stock process S a P-martingale?

Exercise 2-3. Let (50,51) be an i.4.d. returns model with T = 3 and assume that 5’3 =
1. Moreover, assume that r = 0.01 and that logY} is two-sided exponentially distributed with
parameter A € (0,00), i.e. the probability distribution function (pdf) of logY; is given by f(y) =
%exp(f/\\yD, y € R. Define o, 7, ¥ and ¢ as in Exercise 2-1 and let £ = 0.5 and u = 1.5.

(a) For A =2, calculate P[0 = 1] and P [r = 2].
(b) Show that the trading strategy ¢ is admissible for all A € (0, 00) and that the trading strategy

— is not admissible for any A € (0, 00).
Hint. You may use that Vj(¢) = S}, — S, for k=0,...,3.

c¢) For whic € (0,00) 1s the discounted stock price a P-martingale!
F hich A € (0 is the di d k price S! a P ingale?

Exercise 2-4. Consider the market of Exercise Assume, that the interest rate r is equal to

0, the riskless asset’s value is therefore S,g =1, V0 < k <T, and that the price of the risky asset

follows a binomial model : .

St=st=11v
i=1
where the (Y;),;<p are i.i.d. random variables taking values in {1 + ya,1 + y,}, the two values
having probability %
Let T = 100, yg = —0.1, yo = 0.1, u = 1.2, [ = 0.9.
Use the software R to simulate the following :

(a) a path of the risky asset price,

(b) for this path, the corresponding self-financing strategy defined in Exercise c),

(c) the value process of this strategy.
)

(d) Finally plot these different processes on the same graph.
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