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Exercise 5-1. Consider the trinomial model with parameters

T=2r=4%, ya = —12%, ym = 1%, y. = 10%.

Find all equivalent martingale measures for %

Hint. Describe the equivalent martingale measures in terms of transition probabilities.

Exercise 5-2. Let (Q,F,P,F = (Fi)k=o,...,7) be a filtered probability space and S = (Sk)g=0,...,7
a discounted price process. Show that the following are equivalent:

(a) S satisfies (NA).

(b) For each k = 0, ... , T — 1, the one-period market (S, Sg+1) on (, Fri1, P, (Fk, Frr1))
satisfies (NA).

Give an economic interpretation of this result.
Hint. Prove the contraposition of the direction ‘ = ’. Argue via induction on T'.

Exercise 5-3. Let (§ 0, S 1) be an arbitrage-free financial market with time horizon T and assume
that the bond satisfies SY = (14 7)* for k =0, ..., T with r > 0. Denote the set of all equivalent
martingale measures for S! by P.(S'). Fix K > 0 and let k € {1,...,T}. The payoff of a European
call option on S with strike K and maturity % is denoted by C’,f and given by

CkE = (gli - K)+ )
whereas the payoff an Asian call option on S with strike K and maturity k is denoted by C’,f and

given by
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(a) Fix Q € P.(S'). Show that the function {1,...,T} — RT, k— Eg {%—’5} is increasing.
k
Hint. Use Jensen’s inequality for conditional expectations.

(b) Fix Q € P.(S'). Show that for all k =1, ..., T we have
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(c) Fix Q € P.(S). Deduce that for all k =1, ..., T we have
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Please see next page!



Mathematical Foundations For Finance

Exercise 5-4. We want to check ”experimentally” that the European call price is an increasing
function of the claim maturity, as well as the last inequality of Exercise Let us consider a
binomial model, with v = —d = 0.01, r = 0, S§ = S} = 100 and maturity 7" = 100. The unique
risk-neutral probability in this model is the probability measure that assigns a probability of % to
both the up and the down moves. The returns (Y;’s) are here independent.

(a) Simulate the discounted price process and the payoff of these two options: the Asian option
with maturity 7" = 100 and strike K = 100, and the European option with same maturity
and strike.

(b) To check the formula of Exercise [5-3|a) and ¢) simulate these two options payoffs at maturity
100 000 times, and compute their experimental mean. For the European option plot the
curve of the experimental mean payoff as a function of maturity.
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