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Exercise 4-1
Consider a financial market with a constant interest rate r and a risky asset whose discounted

price process follows a Merton-type jump diffusion, that is,

dS;

5 = (b —r)dt + ocdWy +dJy, Sy >0,
tf

where J is a compensated compound Poisson process with jumps AJ > 0 and independent of
W, and v, o are constant. More precisely,

Nt

Je= (Yi—1),

k=1

where N is a Poisson process with intensity A and Y; > 1 are integrable i.i.d. random variables
with m := E[Y7]. The filtration is F = F">/. Show that the process S can be expressed as

S; =Sy exp(f(t),

where X is a Lévy process.

Exercise 4-2

Consider a stock price model based on a 2-dimensional Brownian motion (W,W’) in its own
filtration, where 1-dimensional stock price follows

dSt = Mtdt + Utth

and py = p(t, S¢,Y:) and oy = o(t, Sy, Yy) are determined by continuous functions depending on
the diffusion Y which follows

dY;, = b(t, Y,)dt + a(t, Y;)dB,,
Yo = vo.

Here B is a correlated Brownian motion: B, = pW; + /1 — p?W/ for some constant p € (0, 1).
We assume that the function £ is uniformly bounded. The process Y is often called stochastic
factor in this context.

a) Show that d (B, W), = pdt and d (S,Y), = a(t,Y;)o(t, S, Y3)pdt.
b) What is the general form of the density process of an ELMM @ for S?

¢) Find the dynamics of S and Y under such a measure; that is give stochastic differential
equations for these processes involving only Brownian motions under (), not under P.



Exercise 4-3

Let (€2, F, (F)iefo,), P) be a filtered probability space with Fo P-trivial and (F)g[o,7) satisfying
the usual conditions, and let S = (S}, ..., Std)te[O,T] be an R%valued semimartingale satisfying

NFLVR. Denote by Lg_(Q,}" , P) the space of all random variables taking values in [0, 00|, en-
dowed with the topology of convergence in probability. For x > 0 and y > 0, define the sets

C(x) :={Xr € LY(Q,F,P): Xr <z + (H - S)r for admissible H}
D(y) := yD(1) == yD = y{Yy € LL(Q, F,P) : E[XrY7] < 1VXr € C(1)}.

Moreover, let U :]0,00[— R be an increasing and concave (utility) function, and suppose that

i= SUPy,ec(z) E[U(XT)] < 00 for some (and hence all) 2 > 0. Set U (C(z)) := {U*(X7) :

Xr € C(:L')}

a)

b)

Fix z > 0. Show that C(z) is convex and closed in LY (2, F, P).
Hint: Use the fact that Xp € L9 (Q, F, P) is in C(z) if and only if supy,.ep E[X7Yr] < 2.

Fix z > 0. Suppose that that UT(C(x)) is uniformly integrable. Show that there exists
X € C(x) such that E[U(X)] = u(z).

Hint: Part (a) and Komlos’ Lemma.
Suppose now that there exist @ > 0 and 0 < b < 1 such that U*(z) < a(1 + 2°) for all

dpP
moments of all orders. Fix z > 0, and show that U*(C(z)) is uniformly integrable.

-1
x > 0 and an equivalent g-martingale measure () ~ P on F for S such that (@) has

Hint: By using the growth assumption on U, reduce the problem to showing that C(z)
is bounded in L? with p > 1 small enough. Then switch from P to Q.



Exercise 4-4

Let (€2, F, (F)iefo,r), P) be a filtered probability space with Fo P-trivial and (F)g[o,7) satisfying
the usual conditions and let S = (S}, ... ,Sf)te[oﬂ be an R%-valued semimartingale satisfying
NFLVR. Assume that there exists a unique equivalent o-martingale measure Q ~ P on Fr, i.e.,
the market (1,95) is complete. Let U :]0, 00o[— R be an increasing differentiable strictly concave
utility function such that
U'(0) :=limU’(z) = oo.
z)0

Define the functions u, V,v and I on ]0, oo[ as in the lecture and the sets C(z) and D(y), z,y > 0
as in the previous exercise. We assume that u(x) < oo for some (and hence all) z €]0, oo.

a) Fix y > 0. Show that

d
2 < y£ P-a.s. for all z € D(y),

where % denotes the density of @@ with respect to P on F. Deduce that
dQ
= inf E[V =FE\|V
o) =_int EVE]=£ v (s52)].
where E[V(2)] := oo if V*(2) ¢ LY(P).

Hint: Suppose that there is z € D(y) such that A := {z > ydg} has P[A] > 0. Set a :=
Q[A], and use that completeness of S is equivalent to the predictable representation property
of S under @ to deduce that there exists an admissible H such that 14 = a+ (H - S)7.

b) Let yo := inf{y > 0: v(y) < co}. Show that the function v is in C'(]yo, oo[) and satisfies

v (y) = [dgv( dg)], Y €]yo, o0l

Hint: Apply the fundamental theorem of calculus to the function y — V' (y%) and take
expectations.

c) Set xg := limy,,, —v'(y). Fix x €]0,z0[. Let y, €]yo, co[ be the unique number such that
—v'(y,) = z. Show that X:=1 (yx dP) is the unique solution to the primal problem

u(z) = sup E[U(X)].
XeC(x)

Hint: Show that X € C(x) using part (a). Then use a Taylor expansion and the strict
concavity of U in |0, oo[ to argue that we have E[U(X) — U(X)] <0 for all X € C(z) and
that the inequality is an equality if and only if X = X P-a.s..



Exercise 4-5

Let (€2, F, P) be a probability space supporting a Brownian motion W = (W}),c[o,7]- Denote
by (]:tW)te[O’T] the natural (completed) filtration of W. Let o > 0 and u,r € R. Consider the
undiscounted Black-Scholes market (S°, %) = (59, S’v;)te[O’T} given by the SDEs

dS? = rS0dt, S§=1, and dS} = S} (udt+odW;), Si=s>0.

Denote by St := % the discounted stock price. Let U :]0,00[— R be defined by U(x) = %:U”’,
where 7y €] — oo, 1[\{0}.
)

a) Using part (a) of previous exercise show that

1—vy _ 2 1 v (p—r)?
o= - T 0 .
v(y) = Sy e (2(1_7)2 g ;Y €J0,00]

b) Using part (c) of previous exercise show that X := z& (1 5 e ) where R = (R¢)e(o,7)

is given by R; = W; + £==t, is the unique solution to the primal problem

u(z) = sup E[U(X)], =z €]0,00].
XeC(x)

¢) Deduce that )?x is the terminal wealth gained from the initial capital z trading according
to 67, where 0% = (0 );c(0,1) is given by

e @ 1 p—r 1 p—r
et_Stl—’y = 5(1_7 > R>t, x €]0, 0o,

and show that

a7 1 v (p—r)?

Exercise sheets and further information are also available on:
http://www.math.ethz.ch/education/bachelor/lectures/hs2015/math/mf/



