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Solution 5-1

a) We first show that wu(¢,-) is increasing in z. Fix some arbitrary 0 < z; < x5 and an

admissible control process . We write Z;, = X 2’1’2 — Xﬁ’xl. Then the process Z satisfies
the SDE

dZs = Zsrds + ws((u — r)ds + odWy)], Z; = x9 —x1 > 0.
Thus Z, > 0 and X2 > X5™ for all s > ¢. Since U is increasing, we have U(X%‘Tl) <
U(Xélm) and thus u(t, z1) < u(t, z2).
To show concavity let 0 < x1,z2, A € [0,1] and 71, w2 be two admissible control processes.

We write x) = Az1 + (1 — A)zg. Also X5%i is the wealth process starting from x; at time
t and controlled by m;, where i € {1,2}. Set

A AXST I+ (1= A X"
: AXD™ 4 (1= N XD

By convexity of A, the process 7 lies in the admissibility class A. Moreover from the
linear dynamics of the wealth process, we see that X* = AX%%1 4 (1 — \) X%2 is governed
by

dX2 = XXrds + 70 ((n — r)ds + odWy)], s>t

Xt)‘ =T).
Therefore by the concavity of the utility function U,
UAXE™ + (1= N)Xp™) > A(XE™) + (1= WU (Xg™),
which implies that
u(Azy + (1 — N)xg) > AU (XE™) + (1 — \U(XE™).
Since 7! and 72 are arbitrary, we conclude that
u(Azy + (1 = Nzx2) > Au(zr) + (1 — Nu(za).
The dynamic programming principle is given as

u(t,x) = sup F {U(QX;E’LW)‘-E} )
TeEA

for 6 € [t,T] and the dynamic programming equation is
1
—uy(t, x) — sup {(:m“ +m(p —r)x)uy(t, x) + §x277202um(t, m)} =0
TEA

with the boundary condition (T, x) = U(x).



Solution 5-2

We are looking for a candidate solution of the form

w(t,z) = (1)U (x),

for some positive function ¢(t). Then observing zU’(z) = vU(z) and 22U"(z) = v(y — 1)U (),
we get,

/ 1 —
P(t) + 7 sup (T +m(p—r)+ §7r202(v - 1)> o(t) =0

and ¢(T) = 1. Then the candidate optimal control 7 is

1 [e—
=gy {r o wle ) 4 f =

so that
2

I 55 (n—r) v
o (r i ot ) < U T

Hence ¢(t) = exp(p(T — t)) and the candidate solution is w(t,x) = exp(p(T —t))U(x).

Solution 5-3

Since w € C12([0, T] x R), we have for all (¢,z) € [0,T] xR, 7 € A, s € [t,T] and any stopping
time 7 valued in [t, 00), by Ito’s formula

SAT
w(s AT, X5E) = w(t,z) + / we (£, X7°) X7 mpodW
t

SAT
- - 1 - -
+ / wy(f, X0%) + (r + mg(p — r) X7 wa (£, X77) + 50%3 X7 Pwee (£, X77)dE.
t

We choose .
Tn = inf {s >t: / lw, (t, th,fv)X?xWﬂ?df > n}
t

and observe that 7, 1 co. The stopped process { ;"™ wy(Z, Xg’z)ﬁfXg’made, t<s<T}is

then a martingale and by taking expectations we get
Elw(s A Tn, Xohr, )]

SAT _ 5 1 5 N
=w(t,z)+ E [ / we(f, X77) + (r + my(p — 1) X7 Twy (£, X77) + 502@2 (X7 P waa (£, X77)dE
t
Since w satisfies the HJB equation, we have for all w € A that

SAT
- - 1 - -
/ wif, XE%) (4 il — 1) XEPug (£, X)L 0P m2 X0 P (F, XE)d < 0,
t

and so
E[’LU(S N T, Xszn)] < w(ta JI)

Observe that for all ¢ € [0,7],
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since v < 1. Therefore,

|w(s A Toy Xspr, )| SC |1+ sup [ X572 | .
s€(t,T)

By assumption, the right-hand-side term is integrable. By applying the dominated convergence
theorem, as n — oo we obtain
B [u(s, X)) < w(t,2)

By continuity of w on [0, 7] xR, by sending s to T, we obtain by dominated convergence theorem
that
E [U(X;z)} < w(t,z)

for any m € A so that u(t,z) < w(t, z).
To have the converse inequality, we apply Ito to w, but this time we use the candidate optimal
control 7. Since

1
— wy(t,x) — sup {(mr +7(p —r)x)wy(t,x) + §x27rza2wm(t, az)}
TEA

2,2

= —w(t,z) — (zr + 7(p — r)z)wy(t, z) — %x #7202 w,e(t, ) = 0,
following the same steps as above we obtain
w(t,x) =F {w(s,Xﬁ’x)] < u(t,z),
where X represents the solution of the SDE
dX, = X, (rds + #t5((u — r)ds + odWy))

with the control 7. Thus w(t,z) = u(t,x) = FE [w(s,)ﬁgﬁ)} We conclude that w is the value

function v and 7 is the optimal control.

Exercise sheets and further information are also available on:
http://www.math.ethz.ch/education/bachelor/lectures/hs2015/math/mf/



