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Chapter 1

Basics of Financial Markets

Lecture 2, September 26, 2011

The basic goal of this chapter is to develop the mathematical structure needed to study
the financial markets.
We assume that we are given the following objects.

e The probabilistic structure is described through a probability space (€2, F,P), where
as usual F = (F;)o<i<r is a filtration with usual conditions. We always think that
F describes information or events observable up to time t.

e Maturity or a time horizon 7" € (0,00). In continuous time models all times are
accepted as trading dates t € [0,7]. While, in discrete time models, only a finite
subset is accepted. The discrete models have the advantage of a simpler mathematical
structure. However, continuous models have a richer structure and more developed
mathematical tools.

Note that one can naturally embed discrete time models into continuous ones by
simply taking F and all processes piecewise constant.

e One asset is the bank account. We always use it as the denomination basis. Hence
its price is given by B; = 1, for all .

e There are d risky assets with price processes S* = (Sf)o<i<7, in units of the bank
account. Clearly, S is a R%valued stochastic process. S! is the price of the asset i
at time ¢, so S must be at least adapted to F.

The simplest example of the above structure is a discrete time model.
Example 1.1 Binomial model of Cox-Ross-Rubinstein. This is a discrete time
model with By = (1 + r)* and Sjy1/Sk has identically and independently distributed

values 1+ u, 1 4+ d with probabilities p and 1 — p. [ |

The second example coves almost all continuous time models. But the one dimensional
constant coefficient model is known as the Black & Scholes model.
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Example 1.2 Black Scholes Model. We assume that the bank account has a constant
interest rate r, so B; = e". There is only one stock and its price follows a geometric
Brownian motion (GBM) with constant mean return rate p and volatility o. Then,

. 2
Sy = So exp(cWy + (1 — %)t)

where W is a one dimensional Brownian motion. By discounting, B; := (B;/B;) = 1 and

Sy o
Sy = 2L = 8, = Sy exp(cW + (u —r — Z)t).
By 2

By an easy application of the Ito formula,
dSt = St ((,u - T‘)dt + O'th) .

More generally, one may utilize the It6 process model ,

St = 8; | bidt + > o dW}
j=1

with predictable processes b € R? and o € R?*"™. Models with non-deterministic coefficients
are known as stochastic volatility models. However, this generality may not be tractable.
Then, one may impose further structure on these processes.

]

We continue with a description of several important processes that will be repeatedly
used in our analysis.

e Trading strategy or dynamic portfolio is an adapted (sometimes predictable) stochas-
tic process ¢ = (¢t)o<t<T, With two components ¢ = (9,7). This process is chosen
by the investor and has the following interpretation. The real-valued process 7 is the
number of units of the bank account B held by the investor and ¢ is an R? process
whose i-th component 99} is the number of shares/units of asset i held at time .

e The value process V() = (Vi(¢))o<t<r is the marked-to-market value of the port-
folio at time ¢t. Hence,

Vi(p) = S 0L + il =0 - Sy + .

In financial markets with friction, this value may not be instantaneously achieved
in cash due to liquidity, transaction cost or tax reasons. These markets will be
considered only later in these notes.

We also remark that for the ease of notation, we mostly think of one risky asset (i.e.,

d = 1) and usually omit scalar products etc. (This is usually harmless.)

e Cost of a strategy. We motivate this definition through a piece-wise constant strate-
gies. Indeed, suppose that we keep a strategy ¢ constant between t and t + At and




only change it from ¢; to ¢rya¢ at time ¢. Then in the interval (¢,¢+ At] the cost of
this trading strategy is given by

Ct+At -C = (ipt+At - SOt) : (St, Bt)
?9t+At5t + Nerat — V¢S — e — UQt+At5t+At + §t+AtSt+At
= Vigar — Vi — Vepae(Seear — St).

Summing up and taking At small suggests the following as the natural definition for
cumulative cost process,

t
Cilp) = Vi) - / 9udSs, 0<t<T.
0

Clearly, the above definition requires the stochastic integral to be well defined. In
view of general results in stochastic processes S must be a semi-martingale and o
must be predictable in order to define this integral. See the Remark 1.3 below for a
discussion of this.

Ct(ip) is defined to be the total cost on [0, ¢] from trading according to .
We continue with a short remark about the measurability issues.

Remark 1.3 In discrete time, S is piecewise constant and the above integral reduces to
a sum. Only condition on ¢ is that stock holdings 9J; on (¢,t + At] must be determined at
begining at time ¢, to exclude insider or prophetic knowledge about S. This means that ¢
must be predictable with respect to F. However, we can adjust bank account at the end
t + At; so n is adapted to F. This is asymmetric because S is risky, while B is riskless.

In continuous time, we still impose that 9 is predictable and 7 is adapted. In addition
we want S to be semimartingale and ¥ to be S-integrable so that stochastic integral [ 9¥dS
is well defined and again semimartingale. (At least if S is continuous, we know sufficient
conditions for S-integrability.)

However, when S is a continuous, Ito process as in Example 1.2 and the filtration is
generated by this process, then one may get away with adapted strategies 9.

Finally, we remark that V(¢), C(¢) and [9dS are always R-valued. If ¢ and S are
R%-valued, J 9dS denotes vector stochastic integration, which may differ from

d
> / 9'dS".
=1

This difference can cause technical problems.
Definition 1.4 A strategy ¢ = (,n) is called self-financing if
C(p) =Co(p), ide. Cie)=Co(p) P—a.s.,Vt
Hence a self-financing strategy ¢, after initial outlay of Cy(p) = Vo(p) to set up

strategy, trading generates neither expenses nor surplus. Allowing any self- financing
strategy in a model is not a good idea. In fact, later we shall need additional restrictions.
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Lemma 1.5 A strategy ¢ = (¥, 1) is self-financing if and only if

V(g) = Vo) + / 9.

Indeed, there exists a bijection between self-financing strategies ¢ = (9,m) and the pairs
(Vo, ), where Vo € LY(Fy) and ¥ is predictable and S-integrable. Explicitly, Vo = Vo()
and

n="Vo+ [9dS -V 8. (1.0.1)
Moreover, if ¢ = (U,n) is self-financing, then n is also predictable.
Proof. We observe that
1. Cp) =V(p) - [0dS
2.n=V(p)—9v-S.

We now combine the two to arrive at (1.0.1).

To prove the predictability of 1, we recall that for RCLL process (a right continuous
process with left limits) Y = (Y)o<t<r, AY; := Y; — Y~ denotes jump at time t. From
the stochastic integration theory,

A ([9dS), =0y AS; =y Sy — 0y - -
By (1.0.1),
= Vo + [19udSy — V¢ - Sy

:‘/()+f0_19udSU+A(f19dS)t—l9tSt
=Vo+ Jy udSy — V- S

The second term is adapted and locally continuous, hence is predictable. In the third term
(S;-) is predictable by the same argument. Finally? by assumption.

Exercise: Do parts of Lemma refl.self-financing more explicitly in discrete time.

Remark 1.6 G(9) = [9dS = 0+ [9dS is by L1.1 value process of self-financing strategy
with initial capital V) = 0 and trading via ¢; cumulative gains/losses(depending on sign)
from 4.

Important implicit assumptions in our model setup are the following:

e One may trade continuously in time;

e Prices for buying and selling shares are both given by S. Hence there are no trans-
action costs and trading is frictionless

e ¥ is Re-valued. In other words, J4* can take arbitrary and even negative values. This
means no trading constraints (like e.g minimal lot size or integer number of units).
In particular, short sales (¢;' < 0) and borrowing (7; < 0) are allowed.



e Asset prices are exogenously given by fixed process S, do not react to trading strate-
gies. This means that our agents are small investors or price takers. As a result, the
book value V(¢) is also a reasonable as market / liquidation value.

Example 1.7 Take d = 1 and let S = W be a standard Brownian Motion. For simplicity,
work on [0,00]; (One could use time change to get to [0,7]). The stopping time 7 :=
inf{t > 0 | Wy = 1} has 7 < oo P-a.s.; so ¥ := (g 5 is predictable. Then, the self-financing
strategy with V5 = 0 and ¢ is given by

Goo(9) = [20udW, = Wy — Wy = 1.

So we start with zero initial capital and end up without intermediate surplus or expenses,
with final wealth 1. This is a money pump!
One problem with this strategy is its value process

Vi((0,9)) = [10,dSy = Winr = Wy

is unbounded from below. In other words, before ending up at 1, we might have to borrow
huge amounts of money!

If W™ > —a, then the martingale W7 is a supermartingale by Fatou’s Lemma and
bounded below. Hence it is closable from the right and we can apply stopping theorem to
conclude that

E[W,] = E[WZ] < E[WJ] = 0, (1.0.2)

which is false since W, = 1 P-a.s.
It is not important that S = W becomes negative; we can construct similar example
when S is a geometric Brownian motion.

With above setup, we can now formulate two central problems of hedging and of optimal
investment:

1. Given H € L°(Fr) — arandom payoff at time T — can we find a self-financing strategy
(Vb, ) such that Vp(¢) = H, P-a.s. (or perhaps Vr(p) > H, P-a.s.)? If yes, what is
(minimal) required initial capital V;?

2. Given an initial capital z, what is best investment strategy, i.e., which self-financing
strategy (z,1) produces the "best” final wealth Vi(¢) = x + fOT 9,dS, 7 Clearly
requires (subjective) criterion to compare different final wealths.
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Chapter 2

Arbitrage and martingale measures

Lecture 3, September 29, 2011

In a reasonable model for a financial market, we should not have a way of making
money from nothing. The goal of this section is to formalize this statement. So we need

(a) first to define “making money from nothing” or the notion of no-arbitrage mathemati-
cally,

(b) and then obtain necessary and sufficient conditions for this not to happen.

As always our ground model consists of a probability space (2, F,F,P) over [0,T] with
B =1 and S is adapted to F with values in R%. We also have a strategy, ¥, is such that

i . v is F-predictable,
ii . [9dS is well-defined.

Note that we have not made any assumptions on S yet. So the second assertion is very
hard and imprecise! We also assume that 9 is self-financing strategy. In view of Chapter
1, this is equivalent to

Gain-Loss process G¢(9) = fgﬁudsu VO<t<T.

In view of the Example 1.7 of Chapter 1, we impose an admissibility condition on this
strategy as well. Namely, there exists a constant a € R so that

Gi(9)>—a YO0<t<T, P-—a.s.

It is important to note that a may depend on . We also note that there are weaker
conditions, allowing random lower bound as well.

Definition 2.1 Let 0,4, be the set of all admissible strategies.

To summarize 9 is a

strategy < R%valued, predictable, S-integrable
admissible & Gr (V) > —a
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One may now ask what kind of portfolio processes are admissible. Essentially, there are
two classes of examples. First one is the class of simple strategies. For these the integration
is defined in an elementary way.

Indeed, we say that ¢ is a simple-strategy, denoted by be, if

79u = Z hiX(‘ri,l,n](u)
=1

where n € N deterministic, 0 < 79 < ... < 7, = T F-stopping times, for each i h' €
L>®(F,, ,,P,RY). Notice that for ¥ € be

t n
| 0udS = 3 W (Sr = S
0 i=1
Hence the stochastic integral is defined. In a discrete time model

be = {all bounded, R%valued, predictable 1's}.

In the second case, we assume that the stock process S is a semi-martingale. Then,
one can define [ 9,dS, for a large class of integrands. Moreover, we have a well-developed
theory of integration.

2.1 No-arbitrage conditions

A simple arbitrage opportunity is a strategy ¢ € be N Ouqp, Wwith a non-negative final
gains G (¢) > 0 which is strictly positive with positive probability. We may write this as

Gr(9) > 0,P—as. and P(Gr(¥)>0)>0 <« Gr(¥) e L2 (Fr)\{0},

where for a given o-algebra G, L'O(Q) is the set of all G measurable real-valued random
variables which are finite [P almost surely and L&(g) is the set of all P almost surely
non-negative elements in £°(G).

We are now in a position to define no-arbitrage precisely.

Definition 2.2 We say that a financial market satisfies the no-arbitrage condition with

. . . d .
elementary strategies and abbreviate it by (NAZI™ ) if

Gr(be®™) 0 LY (Fr) = {0}.

For a semimartingale S, we say that a financial market satisfies the no-arbitrage con-
dition and abbreviate it by (NA) if

G1(Oadm) N LY (Fr) = {0}.

In the definition of no-arbitrage, the choice of admissible strategies is very important.
In particular, he lower bound we impose is certainly important both in continuous and
infinite discrete time. We give the following example to illustrate this point.
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Example 2.3 (Doubling strategy) Consider an infinite discrete time model. Then,
{Sk}32, is a sequence of random variables.
Assume that there are € > 0 and § > 0 so that

P(Sk+1 = Sk + €[Fi) = 6, as.

Choose a self-financing strategy ¢ = (9g) given by J9 = 1. Hence, 1y = —Sy and Go(¢) =
0.
If S1 > Sy + €, then we set ¥, = 0 for all k> 1. This yields

e > € and Gg(9) > e > 0.
However, if S1 # Sy + €, then we choose 91 = 1 — (S1 — Sp)/e. Then,
G1(9) = (81— So) = Vi(9).
Now if Sy > 51 + €, then again we set ¥, = 0 for all k¥ > 2. This yields
G = G2(0) = (S1 — So) + 01(S2 — S1) > Yie+ (51 — Sp) =€

Also note that G < € in other cases
Let 7 be the stopping time given by

T = inf{k : S > Sp_1+e and Sj < Sj_l +€,V) < k}
Choose ¥ = 1 — G(¥) /e until 7 recursively so that on the event {7 =k + 1}
Git1 = Up(Sk41 — Sk) + Gi(¥) > Ve + G(V) > e

For 7 < k we set ¥, = 0. Hence,

Moreover, P(7 < oco) = 1. Hence this is arbitrage but there may not exist a uniform
lower bound. Namely,

Pa € R! so that G (9) > —a  VA!

We have the following sufficient condition.

Lemma 2.4 (Sufficient Condition) Suppose there erxists Q ~ P such that S is a local
Q-martingale, then both (NA) and (NAY™ ) both hold.

elem

Proof. Since S € M,.(Q) and Q =~ P, then by Girsanov Theorem S is semimartingale.
(This is a simple case of the general Girsanov Theorem but one needs the full power of the
theorem). Also it is clear that it suffices to prove (N A). Our goal is to show that

EQ[Gr(0)] <0 V0 € Ougm. (2.1.1)
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If this holds, we conclude that for any ¥ € Ouq,, with Gp(9) > 0, P-a.s., we also
have Gr(¥) > 0, Q-a.s.. Together with (2.1.1) this implies that Gr(J) = 0, Q-a.s., and
consequently Gr(J) = 0, P-a.s. This proves (NA).

We know that for ¥ € 044, G¢(9) = fg ¥, Sy is well-defined and G¢(¥) > —a for all
t € [0,7]. Then, by the Ansel-Stricker theorem, G(9) € M;,.(Q).

Since G(9) € Mjp:(Q) and G(¥) > —a, by Fatou’s lemma G(99) is a Q super-martingale,

E°[Gr(9)] < E%[Go(9)] = 0

Definition 2.5 For a given stock price process S on a filtered probability space (2, F,P)
and an equivalent (local) martingale measure denoted by E(L)MM is a probability measure
Q on the same filtered probability space satisfying

i. QP
ii. Sisa Q (local)- martingale.
We denote by P¢ the set of all EMM’s and by P . the set of all ELMM’s.

Restatement of Lemma 2.1:

Po.#£0 = (NA).

The important question is the converse. We quickly summarize several important facts
along this direction. facts.

1. Finite discrete time models are special and the converse is correct. We will prove
this in the chapter.

2. In general, the converse is not true. An example in infinite discrete time is given
below in Example 2.6.

3. To obtain a general result, one needs to strengthen the “no-arbitrage” conditions.
Indeed, as we have seen doubling strategies are key arbitrage constructions since
these constructions require infinite trading, we also need to exclude “bad limits” in
our definition of no-arbitrage. This goes under name "no-free-lunch-with-vanishing-
risk” (NFLVR). We refer to the papers and the recent book by F. Delbaen and
W. Schachermayer.

Example 2.6 (Counter-example in infinite discrete time) This is an example of a
financial market which has the the property (NA) but there is no ELM M.
The stock price process is generated by the recursive equation

Sn = Oop-1+ ﬁnYna

where {f,}’s are deterministic numbers which we choose as 3, = 37". {Y,}’s are P-
independent sequence with values in {—1,+1} and

P(Y, =+1) = %(1 + )
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and again {ay,}’s are deterministic and to be chosen.
F=F"=F"
Then an ELMM Q must satisfy Q(Y,, = +1) = 1/2. But by Williams 14.17 or by

Stromberg pages 192-193,
o0
Q=P < Z a2 < oo
n=1

So to work for a counterexample, we simply take {ay,}’s so that

Z a2 =00 = QLP
Then, there exist no ELMM for S.
We now proceed to prove that this model with appropriately chosen {3, }’s. Indeed,

5n:3_n:>/8n> Z 5]{?

k=n+1

Then for any m > n
m

(Y YiBe) = Y Y+ Bus1Vanr

S — S =

If Y,11 =1, then
[e.e] m m
Bui1tYos1 =Bnr1> Y B> D> B> Y, Yip

k=n+2 k=n-+2 k=n+2

A similar computation when Y, 11 = —1 yields that

sign[S,, — Sp] = signY, 11, Vm > n.
For ¥ = hx(y,;) with o, 7 F-stopping times,
Goo(¥) = h[S: — S,]

and
Goo(V) 20 & sign(hYnt1)x(a,) >0,
where A,, := {0 =n < 7} € F,,. But since Y;,11 is independent of F,, with values in {£1},

above is not possible. Hence we can not achieve arbitrage by trading strategies of the form
NAxm )~ (c.f., Delbaen & Schachermayer).
|

hX(o,7- But this is equivalent to (
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Lecture 4, October 3, 2011

2.2  One step Model

A very good reference for this material is the Chapter 1 in Follmer & Schied.
We assume that there d + 1 assets (B, S) € R! x R? as before.

Si(w) = (Si(w), ..., S{(w))

is the price of the assets if scenario w—occurs. This is a very general set-up and we do not
even assume S € LY(P, F).

In this simple setting a portfolio is a deterministic vector (n,9) € Rl x R?. At time
t = 1 the value of the portfolio is given by

Vi(n,d) =n+19- 51,

which is a F-mbl random variable. However, the cost of a portfolio is the deterministic
function

C(n,0) =Vo(n,9) =n+19-So

Self-financing in this context means there is no endowment put into the system at time
t = 1. Then a self-financing with zero initial cost means

n=—19-5
and
Vl(n,ﬁ) = U(ﬁ) =—9-Sg+9-5 =0 (Sl — So) = G(’lg)

The notion of arbitrage also simplifies. Indeed, an arbitrage opportunity is a determin-
istic vector, ¥ € R? satisfying

¥ (S1(w) —Sy) >0 P-almost every w,
and
P - (S1 — Sp) > 0) > 0.
Finally, Q is an equivalent martingale measure if Q ~ P, S € £}(Q, F) and
Eg(Si) =S8y Vi=1,..,d.
Notice that today’s price (or value) of any asset is simply obtained by averaging its future
values. Because of this Q is interpreted as a pricing operator and dQ/dP as a pricing

kernel.
In this simple market, we have the following result.

Theorem 2.7 Above one-step market is arbitrage free if and only if there exists a EMM.
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Proof. Sufficiency. Let Q be an EMM. Then for any ¢ € R?
E2(Y - (S1 — Sp)) = 0.
If 9 - (S; — Sp) is P-almost surely non-negative, it is so under Q as well. Then we have

EQ@® - (S; —So)) =0, and - (S; —Sy) >0
= Q- (51 —50)>0)=0
= P((J- (S1 — So) >0) =0.

So there is no arbitrage opportunity 9 € R<.
Necessity. Set Y := .57 — Sy. We first assume that

Y € LYP, F) < EF([Y]) < .
We now define a convex set of measures by
0 := {Q is a probability measure on (2, F), Q ~ P and dQ/dP is bounded}.
Then, & has two important properties,

i. O is convex;

ii. For any Q € 0, Y € £1(Q). This fact follows from

dQ dQ
Q —EP ~ = P
BY(Y)) = EF(¥] %) < |1 o BF(Y]) < co.
Finally, set
¢ ={E%Y) | Qe 0} c R

Then % is a convex set as it is the image of a linear map of a convex set. We need to show
that

Theorem 2.8 (Separating hyperplane theorem). Suppose € C R? is a convex, non-empty
set and po € €. Then there exists n € R? so that

n-(c—py) >0 VYee¥, and Fcg €€ >n-(c1 —po) > 0.
Moreover if inf |¢c — pg| > 0, then one may choose n so that in%n - (¢ —po) > 0.
ce

Proof. See for instance Follmer & Schied Appendix 1. [
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Assume 0 € €. Then, there exists ¥ € R? so that
Y-x>0 Vre?€ and 9-x9>0,
for some xg € ¢. This means that
E2W.-Y)>0 YQe & and EXW-Y)>0
for one Qg € 0. Since Qg =~ P we get
P(Y -9 > 0) > 0.

We claim that
E?W-Y)>0 VQed = 9-Y >0 P—a.s. (2.2.2)

Notice that (2.2.2) would imply that ¢ is an arbitrage opportunity and thus contra-
dicting our assumption. Hence 0 € ¥ and the theorem is proved.

Set A:={w:9Y Y (w) <0} and

on(@) == (1= )xalw) + xae():

Further set

P
Q"(B) = Elonxs)  yper

EF(pn)
or equivalently
dQ™ _  en
dP  EP(p,)’
Since ¢™ > 1/n for all n > 2, Q™ € &. Therefore,
0<EY(W.v)= Ep(l%)lap(%ﬁ Y).

We now use the dominated convergence theorem to obtain,

EF(9-Y xa) = ii& EX (0 - Y,) > 0.

Hence ¢ - Y > 0, P-a.s, proving (2.2.2). )
Now consider the general case when Y is not necessarily in £!(P). Define P by

ﬁ(“)zufw’ CZ[EP<1+1\81)]_1'

Then S € £'(P) and P ~ P. 3 .
No-arbitrage under P’ implies no-arbitrage under P. Hence there is Q = P and S is a
Q martingale. Moreover, dQ/dP is bounded. Consequently,

49 _ dgdP
dP  dP dP
is also bounded and @ ~ P. [
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Lecture 5, October 6, 2011

2.3 Multiperiod Models

We want to obtain a similar result as in one-step case. This can be done by induction.
However, in the previous proof Fy = {0, 2} and in induction this will be lost. So we first
redo the one step with a general Fy. See section 1.6 in Féllmer & Schied.

In this context, an arbitrage opportunity is a random Fo—mbl vector (n,9) € R x R?
so that

n+9-5<0, n+9-5>0, P-—a.s.,
and
P(n+v9-5 >0)>0.
We set

Y::Sl—SOGIR{d,
K :={9-Y |9is Fy —mbl}

to be the set of all possible gains. Recall that in the simpler one-step proof we simply worked
with ¢ = {EqY}.) With this notation, there is no arbitrage if and only if K N L% = {0},
where for any p,

LY :={X | X is F; —mbl and E| X’ <00,X > 0P —a.s.}
The necessary and sufficient condition for no-arbitrage is proved in the following theorem.
Theorem 2.9 (Thm 1.54 in F & S) The following are equivalent,
(a) KLY = {0},
(b) (Ko {-£%})nLy ={o},
(¢) There exists an equivalent martingale measure Q such that dQ/dP is bounded,

(d) There exists an equivalent martingale measure Q.

Proof. (d) = (a) done twice already. Also it is clear that (b) = (a) and (¢) = (d).
To prove (a) = (b), let Z € (K — £3) N LY. Then there is U > 0 random variable in
LY and 9 € LO(Fp) so that

Z=9-Y-U>0 P-a.s.
Hence
$-Y>U>0 P-—a.s.

But (a) implies that ¥ -Y =0 and U = 0.
So the only implication left to prove is (b) = (c). This is done in 3 steps.
We first assume that

EF(|So]), EF(|S1]) < oo. (2.3.3)
Set € := (K — L) N L.
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Lemma 2.10 (Lemma 1.58 in F & S) Assume that € is closed in L' and suppose that
¢ NLYL ={0}. Then for every nonzero F € LY, there exists Z}. € Z so that Ep(FZ}.) > 0,
where

Z={ZecL®F,P) : 0<Z<1, P(Z>0)>0 and E¥(ZW) <0 VW € €}.
Proof. Let B = {F} where F is given point in £ . Since F # 0,
BN€ =0.

Moreover, % is non-empty, convex and closed (by assumption). Thus, by Hahn-Banach
theorem (see Thm A.56 in F & S, for instance) there is a linear, continuous functional ¢
on L1(F1,P) so that

sup L(W) < L(F).
Wwee

Since the dual of (£')* = £, there exists Z € L®(P, F1) so that
UW) = [ZWdP = EF(ZzW), VYW € L'
Set Z5 = Z/||Z||00, then we have ||Z||s < 1. Therefore,
EY(WZp) <EBY(FZE) YW e €. (2.3.4)

We claim that above implies that Z7 € Z.
Proof of the claim: (Lemma 1.57 in F & S) For any A > 0 and W € ¥, we have
AW € €. Then, if there is Wy € € so that EF(WZ) > 0, then

supE¥ (W ZE) = 400
4

Hence

sup E¥ (W Z%) < 0.
Wew

Moreover, since 0 € ¢, EF(FZ%) > 0.
Set W := —x{zz<0}- Then W € & (this is the reason for working with ¢ = (K —
L£9)N L and not K N £'). Hence, by the construction of Z*,

EY(WZp) = — EP(Z;X{Z;@}) <0,
which implies that
P(Z} < 0) = 0.
We know that (2.3.4) excludes the possibility of Z}, = 0. Hence
P(Z% > 0) > 0.

Thus Z1 € Z. n
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For any Z € Z, set
_ EF(Zxa)

]P)Z(A) = EP(Z) 5 VA S F17

ie.,

dPz VA

AP T EF(Z)
Notice for any A € R and 9 € L>®(Q, Fo, P;R9),
W:=X-(51—-5)=X-Ye¥
Hence,
E¥(ZpW) = AEF(Z30-Y) <0 VAER.
Since this holds for every A € R (not only A > 0) we conclude that
EF(Z(9-Y) =0 V9e€L®F,P), = E2(0.Y)=0.

This implies that S is a Pz martingale.

Moreover, Py ~ P if Z > 0 almost surely. For this we need to show, there exist Z € Z
so that P(Z = 0) = 0.

We will first show that there exists Z* € Z that is a maximizer for the following

maximization problem, Set

c:=sup P{Z > 0}).
Zez

Choose Z™ € Z so that P(Z™ > 0) — ¢ and define

o0
7% = ZQ’"Z” = Z*c Z exercise.

n=1

Then
{Z* >0} = U{Z” >0} (since all Z™ > 0)
and P(Z* > 0) = c.
Now suppose that P(Z* =0) =1—¢ > 0. Let
F = x{z—oy € L} and F # 0.
Then, as in Lemma 2.10, there exists Z7 so that
EF(Z: F)>0= P{Z:>0n{Z*=0})>0.
Then,
1
]P’({§(Z* +Zp) >0} =P(Z*>0)+P{F>0}Nn{Z"=0}) >c

This contradicts with the fact that ¢ the supremum. Hence ¢ must be equal to one and
the martingale measure Q := Pz« is equivalent to P.
Thus (b) = (c) is proved under the additional assumptions,
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(a) So, Sy € ,Cl,
(b) € is closed.

We remove the first assumption as in the previous section. Indeed, let P be defined by

dP .
-5 = c(1+ 1S +[S1])

and proceed as in the Fy = {0, Q} case.

Remark 2.11 In fact in the above we have proved the following useful theorem.

Theorem 2.12 (Kreps-Yan) Suppose € is a closed, convex cone in L' satisfying
€D —LY and €N LL = {0}
Then there is Z* € L so that Z* >0, a.s, and E(WZ*) <0 for all W € €.

In the next lecture we prove the closedness of 4. However, this is a subtle property
and we give the next example to illustrate this point.

Example 2.13 This example illustrates that to prove the closedness of € = (K—ﬁ[_)i_)ﬂﬁl,
the assumption that ¢’ N L1 = {0} is needed.

Indeed, let P be the Lebesgue measure on [0,1] = €, F; be the Borel o-algebra,
Fo=10,9},d=1and Y(w) = S1(w) — Sp = w. Note that

K:={0Y(w)|9eRY} ccl

So (K —L3)nLY 2K 2{0}.
On the other hand

¢ =(K—Ly)nL £

See F & S (or exercise) for the strict inclusion. However, we will show that € = L.
Indeed, let F € £ be arbitrary and set

F, = (FT A nxay — F
Then,
EF(|F — Ful) = fo/"F*(@)dw + [}, X(p+ony P do.
Hence, F,, — F in £'. Moreover,
F, < (FT A n)x[%ﬂ S XLy < anX[%M < n?Y (w).

Hence,
F, =n*Y (w) — (n’Y(w) — F,) € K — LY.

Summarizing, for any arbitrary F € L', we constructed a sequence F,, € ¥ and F,
converges to F. Therefore, the closure of % is the whole £'. Since € # L', we conclude
that it is not closed.

So care is needed. ]



2.3 Multiperiod Models 21

Lecture 6, October 10, 2011

Claim: Assume that ¢’ N L1 = {0}, then ¥ is closed.
Proof of the claim:
Suppose W,, € € converges to W in £' and almost surely. Then,

Wn,=¢&,-Y -U,

for some &, € LO(Fo,P), U, > 0 and U,, € LO(F,P).
Step 1. We show that
}P’(liniinf én| = +00) = 0.

Indeed, set
L . . o o gn
A = {liminf |£,| = +o0}, bn =0,
|&nl
and when &, = 0 then we arbitrarily set én := 1. Then, there exists an Fy measurable

subsequence ¢, so that
éo‘m(w) —f(w) P—as., we

(See Lemma 1.63 in F & S). We use this convergence to conclude

Us,, : W, .
OSXA’§ ZXA(fam'Y—’lS |)—>XA§-Y P—a.s.
Since x4 £-Y € K and since, by assumption, Kﬁﬁg = {0}, we conclude that x4 f-Y = 0.

Hence, x4 = 0 unless é -Y = 0. In general, we need to decompose the space in an obvious
manner (See Lemma 1.65 in F & S) to conclude that x4 = 0. Hence,

liminf |£,] < o0 P—a.s.,
n—oo

and there is 0, (possibly different than the above) so that &,,, — £ almost surely. Then,

We,, =0 - Y = Uy, = W
=>Us, =Ws,+&,, Y = W+ Y =U
=W=¢Y-UeK-LY
=% = (K- L%)nLis closed in £!

We refer to F & S (end of chapter 1), for several useful comments on closure of those
types of sets.

We now continue by proving the general N-step no-arbitrage theorem. The general
structure is as follows,

We now assume that S, ...S7 are given as R? valued random variables.. To simplify
we assume that

Fo =1{0,9} and Fr = F.
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Definition 2.14 : A self-financing strategy (Vp,?) is an arbitrage opportunity if.
VW<0, Vp>0 P—as. P(Vp>0)>0

We start with an easy observation whose proof is left as an exercise (or see Proposition
511in F & S).

Lemma 2.15 An arbitrage opportunity exists if and only if there exists t € {1,...,T} and
n € LO(F_1) so that

n- (S —5-1)>0 P—a.s.
and
P(n- (St — St—1) > 0) > 0.
We are now ready to prove the theorem.

Theorem 2.16 (Thm 5.17 in F& S) The model admits no arbitrage opportunities if
and only if there exists an EMM, Q with a bounded dQ/dP.

Proof. Sufficiency has been proved. For necessity, set
Ki:={n- (5= Si-1) | n € L2(F-1)}

Above lemma implies that K; N LY (F;) = {0}, for all ¢ = 1,...,7. Then, we first use
Theorem 2.9 at ¢t =T to obtain Qp ~ P so that

% € L2(Fr) and ET(Sp — Sp_y|Fr_1) =0.

Towards a proof by induction, assume that for ¢ < T" a probability measure Q441 ~ P with
the following property is constructed,

EQ1(Sy, — Sp_1|Fr1) =0, t+1<k<T.

Now, since Q;11 ~ P, we have K;11 N £?+1(.7:t+1, Q¢+1) = {0} as well. We now apply
Theorem 2.9 again at time ¢t with Q1 instead of P, to obtain an J; measurable density
Z; so that

dQq

- dQs 41

Z e L2(F) and E%(S, —S,_1|Fi_1) =0.

Then, clearly 40 40, dQ
¢ ¢ t+1
dP  dQuyq dP

For k >t + 1, using the F; measurability of Z;, we directly calculate that,

€ L™,

EQu+1((Sy, — Sk—1)Zt| Fr—1)
E@t“(Zt\}—k—l)
= E%1(S), — Sj_1|Fi—1) = 0.

E%(Sg — Sk—1|Fr_1)
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The above theorem called “Dalang-Morton-Willinger” Theorem. “Equivalent martin-
gale measures and no-arbitrage in stochastic securities market models, Stochastics and
Stochastics Reports, 29. 185-201,1990.”

Continuous time:
No arbitrage-condition (NA) was stated as

GT(@adm) N 'C(—)i- = {0}7
< (GT(@adm) - ﬁ(-)&-) NL>N ‘C(—)f— = {0}7
& €N LY = {0} where € := (G(Ouam) — L) N L>.

However, for a general necessary and sufficient conditions, one needs to generalize
both the no-arbitrage condition and also relax the martingale property. We start with a
generalization of the definition of no-arbitrage.

Definition 2.17 A semimartingale S has the no free lunch with vanishing risk (NFLVR)

property if
7" n £ ={0} closure inL>(P, Fr)).

We also recall that convergence in £V is convergence in probability, i.e., & — & in
L£°(P) means that for every e > 0,

lm P, &> ) = 0.

Proposition 2.18 For S a semimartingale, the following are equivalent:
1. S has the no free lunch with vanishing risk property;
2. For any gn, = Gr(9y,) € G1(Odm) with

Gr(9n) =0 L = Gr(9,) — 0 in LY

3. S satisfies (NA) and the set
G' = {G7r (V) : V€ Ougm, G.(¥9) > —1}
is bounded in LV, i.e.,
lim  sup P(|lg| > n) =0;

n—infty geGL

4. S satisfies (NA) and for any e, > 0 converging to zero and vV, satisfying G (V") >
—¢&n, we have Gr(9") — 0 in L.

Next we recall a definition from stochastic processes.

Definition 2.19 A R%valued process X is called a o—martingale under (P, %), if X =
JWdM for an R?-valued local martingale M and an R-valued predictable, M —integrable
process ¥ with ¥ > 0.

In general,
Martingales C Local Mart. C o-Mart.
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Remark 2.20 Any o—martingale X that is uniformly bounded from below by a deter-
ministic constant is a local martingale. (A result of Ansel-Stricker).

Theorem 2.21 (Fundamental Theorem of Asset Pricing, Dalbean & Schachermayer 94-98
Math. Ann.) For a semi-martingale S = (St)o<i<r, TFAE:

1. S satisfies (NFLVR);

2. S admits an equivalent separating measure Q, i.e., Q = P and

EQ[Gr(9)] <0, Y9I € Ougm;

3. S admits an equivalent o-martingale measure Q, i.e, Q ~ P, and S is a Q o-
martingale.

Proof. 3) = 1) as before.

1) = 2) : (NFLVR) = € = (Gr(Ouam) — LY) N L>® is weak-star closed. Then,
by Kreps-Yan we construct the separating measure. But the weak-star closure proof is
demanding.

2) = 1): If S is locally bounded, easy. In general, the separating measure need not to
be o-martingale. But a density argument is used to complete the proof.



Chapter 3

Black & Scholes Theory

Lecture 7, October 13, 2011
by Mario Sikic

In this section, we consider the classical Black & Scholes model. In this model, the
stock price process is taken to be a geometric Brownian motion.
The basic references are:

1. F. Black, M. Scholes. The pricing of options and corporate liabilities. Journal of
Political Economy, 81:637—654, 1976.

2. R. Merton. An intertemporal capital asset pricing model. Fconometrica, 41:867-888,
1973.

Merton and Scholes received Nobel prize for their work in 1997. Black died two years
before that in 1995.

3.1 Basic model

To define the model, set the finite horizon 7' < oo and a probabilty space (2, F, P) on
which there is a Brownian motion (W¢)cpo,77- We use the filtration (F¢).cjo,7) generated
by our Brownian motion W, augmented to satisfy the usual conditions under P.

Black—Scholes market model includes two assets: a riskless asset (Bt)te[o,T} and a risky

asset (gt)te[o,T}- The model is described with the following equations

dét = Bﬂ“dt
dgt = S't(,udt + O'th) (311)

under the historical probability measure P. We denote the initial values to be Sy and By.
We call r the risk-free interest rate, u is the drift, and o > 0 the volatility. We choose
these parameters to be constant. Solve this equation to obtain an explicit formulas for the
processes

Bt = B() €Tt

- o2
S; = Sy eoWet =)t (3.1.2)
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Claim 1 The Black—Scholes market model is arbitrage free.

Proof. No-arbitrage condition is defined in discounted terms. The discounted processes
are given with

o .2
S, = St/Bt =Sy eaWtJr(,u*TfT)t
By =1.

Recall that the process My = exp(cW; — %Qt) is a martingale for any constant ¢ > 0.
The idea is now to transform our discounted stock price process to get it into the form
above. So, rearange the formula for the stock price as follows

2
~ ~ —T o
St:SOGXp(O'(Wt—FIuO_ t)_?t)

By Girsanov theorem, there exists an equivalent measure ) ~ P under which the process
Wi = Wy + £="t is a Brownian motion. Measure @ is defined via the density process

e R )

o

t

Or, equivalently, the Radon—Nikodym derivative of the measure change is given by

d —7r — )2
92 a2 U0,

- 2
L . . . —9 ¢+ .
So, under the measure @ the process W is a Brownian motion and Soe”V*~2? is a mar-

tingale. So, ) is an equivalent martingale measure for the discounted stock price process.

"
Note 2 We call the quantity A = = the market price of risk.
It6 representation theorem:
Every random variable F' € L'(F})Y, Q) admits a unique representation:
T
F:E%ﬂ+/mmm Q —a.s. (3.1.3)
0

with a process H € L% (W), such that (H - W), is a martingale on [0,T]. (So, H is a
predictable process, for which there is a sequence of stopping times 7,, ' T" such that for

cach n we have E[[]" H2dt] < c0).

Consequently, every local P martingale N (with respect to Brownian filtration) is of
the form

t
M:%+/H@% (3.1.4)
0

for some H € L% _(W).
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Claim 3 The equivalent martingale measure (), defined as above, with the density

ths(—“_rw)

g

t

is unique.

Proof. Let Q' be a measure equivalent to P, and write the density process Z; = £(L');. The
process L' is a unique P-local martingale starting at zero and defined with L} = f(f Zigng.
This is well defined, since Zj is strictly greater than 0 P-a.s. for all ¢ € [0, 7] simultaneously.
Note that since Z’ and L’ are local martingales under the Brownian filtration, they have
continuous versions. Use Itd representation theorem under P which gives a process Hg
such that

t
Lt:/ H,dWs.
0

Now, assume that the discounted stock price process (S;) is a Q" martingale. By Bayes
rule, the process (Z;5;) is a local P martingale. Hence, we calculate (under the measure

P)

d(ZS)) = ZldS; + SydZ, + d{(Z', Sy);
= ZéSt(/,L — T)dt + Z;/StO'th + Sthth + Zt/HtStO'd<W>t
= Z;St(U + Ht)th + Zt/StJ(Ht + )\)dt

Now, the left hand side is a local martingale, so also
t
At = / ZéStO’(Ht + )\)dt
0

is a local martingale of finite variation, starting at zero. We conclude that A; = 0. Since
ZiSyo > 0, we conclude that Hy = —\. n

3.2 Market completeness
Definition 4 Let (gt)te[O,T] be a market model. We say that the market S is complete

if every (reasonable) contingent claim X € L°(Fr) is replicable, i.e. there exist an initial
wealth Vy and a strategy ¥ such that the final wealth is

T
Vi(p) = Vo + / 9,dS, = X.
0

Claim 5 The Black-Scholes market model is complete, in the sense that every contingent
claim X, such that X/B; is bounded from below and in L'(Q, Fr) is replicable.

Proof. Let 9 be a strategy (position in stock). We can write the dynamics of the discounted
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wealth process

d(l) B (7Y

B/ B B?
1 = Vi—9S =, Vi o=
= —[0,dS; + ——LdB,) — =L dB;
B B, B2

1 - ~
= = [06Si0dWs + 9:Si(n — )]
t

’l9t51t0'

d(W; + At)

where we have used that the position in bond is 7y = (V4 —ﬁtgt) / B, by the wealth equation.
We got that the discounted wealth process is a @) local martingale.

Let the Fp measurable random variable X be as defined in the statement of the claim.
Under @, It6 theorem gives us a representation of the random variable X /BT of the
following form

X - T .
— = E9[X/Br] + / H,dWs,
Br 0

such that the process fOT H,dW, is a martingale. So, if we define a strategy as follows,

H:B
0 = — =,

we get that the value process exactly replicates the claim X/ B, in the discounted market
model.

Let’s show that this strategy also replicates the claim X in the undiscounted market
model. Write the dynamics of the undiscounted value process

dVy = 0,dS; + r(V; — 0,5,)dt
= rVidt + 04S;0dWy + 948y (u — r)dt
= rVidt + 04 Siod(Wi + At) (3.2.5)

And solve it to get

t
V, = et [VO n / e*”ﬁtstadws}
0

t
= B [E + / Uy

By Jo

So, using Vy = By E?[X/Br] and strategy () as defined above replicates the claim X.
What we still need to show is that the strategy ¢ defined above is admissible, i.e. that
the wealth process is uniformly bounded below. Let a € R be such that X/ Br > a P-as.
The discounted value process is a continuous martingale, replicates the claim X/ By, and

starts at EQ [X/ BT] > a. Hence, the entire discounted value process has to be greater than
a. Since the process B is uniformly bounded, the conclusion follows. [

éjdm} .
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3.3 Pricing and hedging of European claims

An European contingent claim X is a claim of the form X = g(Sr) for some measurable
function g.
In the proof of the claim above, we showed that the discounted value process is a @)
martingale. Write that as follows
VrB
-9 ] i
t

Note that, since we have the process S explicitely given, we can calculate the above con-
ditional expectation

Vi = EQe 7T g(8))| A
= EQ [e—T(T—t)g(Sft GU(WT—Wz)+(/L—L22)(T—t)) |‘Ft]

Now, take into account that W is an F Brownian motion, i.e. that (Wp — W) L F.
Calculate

o2
V, = EQ [e—r(T—t)g(seU(WT—Wt)+(,ﬂ—7)(T—t))] — U(t, St(w)),

s=8;(w)
for a measurable function v. In the above expectation, we now pass to the Brownian
motion Wy under (). Writting the function v out
o(t, 5) = B9 {e—mm) g(seWr=W+(=5) (=) )]
efr(Tft)

V2T Rg

This last integral can be shown to be smooth on (0,7") x R for a nice enough contingent
claim.

Assume now that v is a sufficiently smooth function. It gives the value as a function
of the stock price and time, and we know its dynamics. Use now the Itd formula

(Seammr—éw—t)) e~ dy,

d’U(t, S’t) = Ut(t, St)dt + ’Us(t, S’t)ds’t + §U55(t, S’t)d<g>t
~ ~ ~ ~ ~ 0'252 ~
= Ut(t, St)dt + ’Us(t, St)StO'th + Us(t, St)St/Ldt + TUSS (t, St)dt
~ ~ ~ 0'282 ~ ~ ~
= ’Ut(t, St) + Us(t, St)St,u + Tvss(t, St)} dt + vg (t, St)StO'th

Compare this with the dynamics of the wealth process (3.2.5)
dvy = [rV, + 19,55}(,11 —r)]dt + 9o dW,
to get from the dW term

ﬁt = ’Us(t, St) (336)
and from the dt term
2.2
v + VST + %vss =rv (3.3.7)

given that v(T,-) = g(-). This last equation called the Black-Scholes PDE.
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3.4 The Feynman—Kac approach

We can, alternatively, arive at the same equation for the process v using the Feynman—

Kac formula.

Feynman—Kac formula:
If v(t, s) is a sufficiently smooth solution to the PDE

vy + pusvs + %02321)58 —rv=20 on (0,7) x R,
o(T,) =g()  on R,
then the function v is given by
o(t,s) =E|e " T Dg(5E5)at |,
where

dBt = Bﬂ“dt
dgt = S't(udt + O'th).

We use the Feynman—-Kac formula under the equivalent martingale measure.

Proposition 6 Let v be the sufficiently smooth solution to the Feynman—-Kac PDE. Then

the strategy, given with
Vy = vs(t, St)

hedges the contingent claim g(gt), and is called the delta hedge.
Note 7 The greeks are:

o delta: vg

e gamma: Vg

e theta: vy

e rho: v,

e vega: Vg

3.5 Examples

FEuropean call option. An european call option is a financial instrument with payoff at
maturity given with g(z) = (x — K)™. The number K is called strike, and T is maturity.

So, in this case we have
e—r(T—t)

2 +
e - 7 seoUVT—t+(r=%)(T—t) _ K> o
V2T R (

v(t,s) =

2

y?dy
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Proceeding with direct calculation, we get the celebrated Black—Scholes formula:

v(t,s) = s®(dy) — Ke " T=Dd(dy) (3.5.11)
where
d o8 <W> * 37 @9 (3.5.12)
12 = oVT —t s
and
) L[ =
Z2) = — e 2 dx. 3.5.13
(2) ,%[m (3.5.13)

One can show that the function v defined above is smooth for ¢ 7 T'. The hedging strategy
is the delta hedge ¥, = vs(t, S;), where

vs(t,s) = ®(dy).

Digital option. The digital option is a contingent claim with the payoff X =1 (Si>K)
We calculate the value process directly

Vi = EQ [e—r(T—t)1{§t>K} ’.7:,5]
= T IQ[G,er W= W= )T 5 |7,
= T TQ[S,eWr=TO+r=5)T=0) 5 k|7

_ e—r(T—t)Q[SGJ(WT—Wt)—F(r—”—;)(T—t) > K|

s=8;(w)
N “ K o?
— efr(Tft)Q[a(WT — W) > log o (r— 7)(T — tms:ét(w)
i log % + (r = %)(T' — 1)
__—r(T—t) K 2 .
=€ Q[§ < /T —¢ Hs:St(w)
. 2
_ g [log R4 (r—5)T- t)y
ovT —t

where £ is a standard normal random variable. The delta hedge is in this case given with

(3.5.14)

o ey rlog St 4 (r = )T —t) 1
B = vy(t, §) = IO [ R E py, ]Stam’

where ¢ = @' is the density of the standard normal random variable.

3.6 Binomial tree approximation

For the binomial model, we saw that the value process evolves as

v(kAt,s) = e_mt%[v((k + 1At s(1 4 oVAL)) +v((k + 1)At, s(1 — oVAL))]
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Expand the right hand side of this equation into its Taylor series around the point (s, t)
o(t,s) ~ (1— rAt)% [
v(t, s) + ve(t, s) At + vg(t, 8)soV AL + %1)555202At+
v(t,s) + v (t, s) At — vs(t, s)soV At + %’USSSZO'ZAt}

1
= (1 =rAt)v(t,s) + (1 — rAt) |v(t,s) + 50353202] At



Chapter 4

Quantile hedging

Lectures 8 and 9, October 17 and 20, 2011
by Erdinc Akyildirim

4.1 Introduction

e The problem of pricing and hedging of contingent claims is well understood in the
context of arbitrage-free models which are complete. In such models every contingent
claim is attainable, i.e., it can be replicated by a self-financing trading strategy. The
cost of replication defines the price of the claim, and it can be computed as the
expectation of the claim under the unique equivalent martingale measure.

e In an incomplete market the equivalent martingale measure is no longer unique,
and not every contingent claim is attainable. There is an interval of arbitrage-
free prices, given by the expected values under the different equivalent martingale
measures. It is still possible to stay on the safe side by using a "superhedging”
strategy, cf. El Karoui and Quenez (1995) and Karatzas (1997). The cost of carrying
out such a strategy is given by the supremum of the expected values over all equivalent
martingale measures. But in some situations the cost of superhedging can be too
high from a practical point of view.

e What if the investor is unwilling to put up the initial amount of capital required
by a perfect hedging or superhedging strategy?” What is the maximal probability
of a successful hedge the investor can achieve with a given smaller amount? Equiv-
alently one can ask how much initial capital an investor can save by accepting a
certain shortfall probability, i.e., by being willing to take the risk of having to supply
additional capital at maturity in, e.g., 1% of the cases.

4.2 The Complete Market Case

4.2.1 Formulation of the problem

e We assume that the discounted price process of the underlying is given as a semi-
martingale X = (Xy);c[o,m) on a probability space (€2, F,P) with filtration (F).c[o,1]
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Let P denote the set of all equivalent martingale measures. We assume absence of
arbitrage in the sense that P # ().

A self-financing strategy is defined by an initial capital V5 and by a predictable
process ¢ which serves as an integrand for the semi-martingale X. Such a strategy
(Vo, &) will be called admissible if the resulting value process V' defined by

t
Vt:V0+/§SdXS Vte[0,T], P—a.s (4.2.1)
0

satisfies
Vi>0 Vtel0,T], P —a.s. (4.2.2)

In the complete case there is a unique equivalent martingale measure P* ~ P

Consider a contingent claim given by a Fp-measurable, nonnegative random variable
H such that H € L'(P*)

Completeness implies that there exists a perfect hedge, i.e., a predictable process €7
such that

——
H

t
E*[H | F] = E*[H] —|—/ efax, Vt€[0,T], P —a.s (4.2.3)
0
0
where E* denotes expectation with respect to P*

Thus the claim can be replicated by the self-financing trading strategy (Ho,&M).
This assumes, of course, that we are ready to allocate the required initial capital

Ho = E*[H].

But what if the investor is unwilling or unable to put up the initial capital Hy? What
is the best hedge the investor can achieve with a given smaller amount m < Hy 7 As
our optimality criterion we take the probability that the hedge is successful. Thus
we are looking for an admissible strategy (Vp, &) such that

T
PlVp > H|=P [Vg —1—/ £sdXs > H] = max (4.2.4)
0
under the constraint

Vo < m. (4.2.5)

4.3 Maximizing the probability of success

Let us call the set A = {Vp > H} the “success set” corresponding to the admissible

strategy (Vo, ).
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Proposition 1 Let P* denote the unique equivalent martingale measure in a complete
market. Assume that A € F; maximizes the probability P(A) among all sets A € Fp
satisfying the constraint

E*[H -14] <m. (4.3.6)

Let £ denote the replicating strategy for the knock-out (KO) option H* = H -1;. Then

(m, &%) solves the optimization problem defined by (4.2.4) and (4.2.5), and A coincides
almost surely with the success set of (m,£*).

Proof.

e Let V be the value process of any admissible strategy (Vp, §) such that Vy < m. The
success set for this strategy is denoted by A = {Vp > H}. Therefore, we know that
on the set A

T
Vr =V +/ £,dXs > H, (4.3.7)
0

which is equivalent to
Vi-142> H-14. (4.3.8)

e Since (Vp,€) is an admissible strategy, we know that Vp > 0. If we take w ¢ A
then Vp > 0 = H-14. But if we take w € A then by definition of A we have
Vr > H = H -14. These together yield

Vr > H - 1a. (4.3.9)
= E*[Vp| > E*[H - 14]. (4.3.10)

e X; is a martingale under P*, hence it is a local martingale under P*. Then by a
result of Ansel and Stricker Theorem, V; is also a local martingale. We also know that
every local martingale which is bounded from below is a super-martingale. Hence V4
is a super-martingale under P* which by definition gives

Vo > E*[Vy] (4.3.11)

e Using the assumption Vj < m with (4.3.10) and (4.3.11) gives
E*[H -14] < E*[Vr] < Vp < m. (4.3.12)

e The above inequality shows that the success set A corresponding to (Vj, ) satisfies
the constraint (4.3.6) and thus by the maximality of P(A) we get

P(A) < P(A). (4.3.13)
e Now we claim that any trading strategy with (Vo,£*) with E*[H -1;] < Vo <m is
optimal. We first have to show that this strategy is admissible.
Vo > E*[H - 14] (by assumption)

<:>Vo+/§st > E*[H - 1] /gst

& Vi = E'[H-1;] F
& Vi >0 (Since H is a non-negative payoff, H-1; >0, )

From here it follows that (Vp,£*) is admissible.
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o Let A* ={V; > H} ={, + fg €XdXs > H} be the success set corresponding to
(Vo, £*) then we want to show that A* = A P — a.s.

o P(A*) < P(A) follows from (4.3.13).
e Let’s show the other side of the equality i.e. P(A) < P(A*).
Vo > E*[H - 1] (by assumption)
<:>Vo+/ &dX, > B [H -1, / £ dX,
& Vo—i-/ EdXs > H -1,
< Vi > ;I 14

and the last inequality follows from

H-1;=FE'[H-1;|Fr]=E'[H-1; /fst (4.3.14)

e Let w e A, then Vj + fOT £¥dX, > H, which implies w € A* = {V}} > H} and hence

AC A" = P(A) < P(AY)

o Therefore, any trading strategy (Vp,&*) with E*[H - 1;] < Vo < m is optimal. In
particular, (m,£*) is optimal.

Our next goal is the construction of the optimal success set A, whose existence was
assumed in the Proposition (1). This problem is solved by using the Neyman-Pearson
lemma.

Neyman-Pearson Lemma Take P and Q two probability measures on ({2, F). If
there exists A°

dpP
A® = {dQ > c} for some ¢ > 0 (4.3.15)

such that Q(A) < Q(A%) VA € Fr , then P(A) < P(A%) VA e Fr.

e Now define a new measure @ by

aQ H H
b= B - (4.3.16)
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e The constraint (4.3.6) can now be written as

e Define the level
c :mf{czO\Q[dQ>c-E[H]]§a}. (4.3.17)
and the corresponding set

Aoz{flg>c*-E*[H]}:{;]i >c*-H} (4.3.18)

Theorem 1 If the set A satisfies Q(A) = « then the optimal strategy solving the opti-
mization problem (4.2.4) and (4.2.5) is given by (m, £*), where £* is the replicating strategy
of the knock-out option H* = H - 1;.

Proof. We know that P and @) are dominated by the equivalent martingale measure P*

and that A is of the form
A= dr >c - H
~lapr 7€ '

Using the Neyman-Pearson Lemma, P(A4) < P(A) holds for all sets A € Fr such that
Q(A) < Q(A). Using that Q(A) = a which means that the constraint E[H -1;] = m is
satisfied in Proposition (1), then the proof follows from the proposition. [

4.4 Quantile hedging in the Black-Scholes model

e In the standard Black-Scholes model with constant volatility o > 0, the underlying
price process is given by a geometric Brownian Motion

1
= X = Xopexp <0Wt + (1 — 202)15) (4.4.20)

where W is a Wiener process under P and p is a constant. For simplicity we set the
interest rate equal to zero.

e The unique equivalent martingale measure is then given by

apr* Lopo H
= ——(= - = . 4.4.21
T —ow (5P - L) (4.21)
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e The process W, defined by

W =W, + gt (4.4.22)

is a standard Brownian motion under P* and
dX; = oX dWy (4.4.23)
= X, = Xgexp (JWt* - ;&) (4.4.24)

e For quantile hedging, we want to (or can ) pay an initial capital Vy which is smaller
than the Black-Scholes price Hy. The optimal strategy is to replicate the knock-out
option H - 14, where the set A is of the form A = {% > const - H }.

©w
Claim: Cﬁ% = const - X;"i2

Proof:

Xyt =z eXP(—p(UWT + (1 — 5) T))

m 2
=17 exp(—%WT - %T + %T)

N 2 2
-5 Iz Lp L p Iz
= Ty 2 'eXp(—gWT— §§T—§§T+ §T)
— Lp? u 1 p?
= $0 o2 . exp(—iﬁT + ET) . eXp(—;WT — §§T) .
P
dP
Therefore, it follows that
dP* 1 -4
_ X o (4.4.25)

where [ is constant since p, o, T and X are all constants. This leads to

dP
A—{m>const-H}

N
={B-X3* > const - H}
©
={X7* >\ -H},
where A is chosen such that E*[H - 14] = Vj.

4.5 FEuropean Call Option Example

e A European call H = (X7 — K)™ can be hedged perfectly if we use the initial capital

Hy=FE*[H] =0 - ®(dy) — K - (d_), where (4.5.26)
1 K 1
= — log(—) £ —oVvT. 4.5.2
de=——"7% og( )+ 5oV (4.5.27)
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We distinguish two cases:

4.5.1 Case 1: m < ¢?

If m < o2 then X:? is a concave function.

As it is clear from the figure above the success set A = {X£° > \(Xr — K)*}
corresponds to the set A = { X7 < ¢}, where c is the intersection point of two curves.
By using the expression for X, we have

1
A= {Xoexp(cWyp — §U2T) <c}

log(~&) + i02T
— vy < TR

= {W7 < b}.

We can also express ¢ interms of b.

. log(4-) + 20T

g

c 1
& ob=log(—) + =o?T
o og(xo)—i-Qa

c 1
& — = b— —o*1
- exp(o 50 )

1
c=xo-exp(ob— 502T) (4.5.28)

Claim: The modified option H - 14 can be written as a combination of two call
options and one binary option as follows

Proof:

Let w € A which means that X7(w) < ¢. For the left hand side, we see that
H 14 = H since w € A. For the right hand side,

(Xr = K)" = (Xr =)' = (e = K)l{x;5q = H,
~—_———
H 0 0

so equation (4.5.29) is true.
Now, let w ¢ A then X7 (w) > c. For the left hand side, H - 14 = 0 since w ¢ A. For
the right hand side, we observe that X7 (w) > ¢ = Xr(w) > K

(X7 —K)" — (Xr —¢)" — (c— K)lixp5e) =
(XT—K)—(XT_C)_(C_K):O’
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so (4.5.29) is fulfilled. Thus, the claim holds in general.

Using equation (4.5.29), we can now compute the quantile hedging price for the
option H, i.e. we compute Vy = E*[H - 14] by replacing H - 14 by (4.5.29).

B*(Xy - K)*] =0 (d}) — K - B(d_)

. —log(gfo) —log(:-) 1
E[(XT—c)ﬂ—xO‘@( T ﬁ) c‘<I><U\/T—2J\/T>

1
2
(4.5.28) - < —b+ O‘T> ( >

E*[(C— K)l{XT>c}] = (C— K)P [XT > C

=(c—K)P*[xo-e oWi—30°T 5 q]

log(%) + 202T
= (c— K)P* |Wj > 8a) 2
g
N0, lo + 30°T
Wi :(OT)(C_K)(1_¢< g(z5) >)
a\f

== K02 ( )= -0 (1)

If we put everything together, we get the quantile hedging price for the call option.

V‘):‘/Ijo’q’(de)_K"I’(d—)—ﬂfo*I’<w>+c-<1><\;%>+(K—C)<I><\;;>

:x0.<p(d+)—K-<I>(d—)—xo"I’(_l)j/;j’)+K'@<\;;)

Given V|, we can find b from the above equation. Then we can compute the success
probability given by P(W7. < b).

Equivalently, given the shortfall probability €, we can find the minimum capital
required for the quantile hedging. We know that A = {W7} < b} and that W} ~
N(2T,T) under P. So

P(A) = P(Wi <b)=® <b :/g > . (4.5.30)

Now assume that P(A) =1 —e. Then (4.5.30) = b= VT - & (1 —¢) + 27T.

Example 1 Consider a call option with T = 0.25, ¢ = 0.3, u = 0.08, zg = 100 and
K =110, we can compute the values for the rate %

e | 001|005 0.1

\%
75 | 0.89 1 0.59 | 0.34

The table shows that e.g. if we accept a shortfall probability of 5% then we can
reduce our initial capital by 41%. These are only some spesific values for £. See the
following graph for the continuum of shortfall probabilities.
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4.5.2 Case 2: m > o?
If m > 02 then Xj? is a convex function.
Because P(A) < 1 holds, the success set A is of the form
A= {XT < Cl} U {XT > CQ} (4.5.31)
={Wr < b1} U{Wr > bs}, (4.5.32)
where ¢1 and cs are the two intersection points marked in Figure 4.3. From
1, we know that
log( &) + 22T
;= g(zo) 2 and therefore, ¢; = xg - eobi=30°T (4.5.33)
o
The constant A is determined by the condition E*[H - 14] = V. We know that
) ()
PA=d| —— |+ ——=— ). 4.5.34
w-e (27 T (550

Claim: The knock-out option H - 14 can be written as a sum of three call options and

two binary options as follows
H-1p=(Xr—K)" = (Xr—a)" — (a0 — K)lixgpoey + (X0 —2)T 4 (2 — K)Lixp500)

Proof:

(4.5.35)

Let w € A then X7 (w) < ¢1 or Xp(w) > co. For the left hand side, H - 14 = H since

w e A.

For the right hand side, we distinguish two cases: The first case is Xp(w) < ¢; which

implies X7(w) < c2. Hence,

(X —K)" = (X7 —c1)" —(e1 = K)xp5ey + (X1 — )T+ (2 = K) (x50} = H,
—————

H 0 0 0

0

s0 (4.5.35) is correct. The second case is X7 (w) > co which implies X7 (w) > ¢1. Therefore,

(X —K)" = (Xp —c1)" = (e1 = K)l{xyne) + (X0 —c2) " + (2 — K)l{x,500)

:(XT—K)—(XT—Cl)—(Cl—K)-i-(XT—CQ)-i-(CQ—K):H.
Hence, the claim is true for all w € A.

Step 2

Now, let w ¢ A. This means that Xr(w) > ¢; and X7(w) < co. For the left hand side, we

see that H - 14 = 0 since w ¢ A.

For the right hand side, we observe that if Xp(w) > ¢, also Xp(w) > K holds.

Therefore, we have

(Xr—K)" = (Xp—c1))" — (¢ = K)lxpsey + (X7 — )" 4 (2 — K)1{x;500}
———

0
=Xr—K)-(Xr—c1)— (a1 —K)+0+0=0,

0

C
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0 (4.5.35) is also true for w ¢ A.
Using the equation (4.5.35), now we can determine the quantile hedging price for the
call option.

E*[(Xr — K)*) = 20 B(d) — K - ®(d-)

Bl(er ~ B xyo] = (1~ K2 (21
E*[(Xr — c2)*] = o - (W) ey D <?/l;>
El(ea = B xyo] = (2~ 02 (2

If we now put these results together, we have the quantile hedging price for the call
option, which is equal to

() (3 o ()
:mo-q>(d+)K-@(d)x0-¢(w>+1{-q>(j%>
e (B57) w0 )

Given Vi we can not find by and by explicitly but we can find them numerically and
then we can compute the success probability.
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Chapter 5
Pricing and Hedging

Lecture 10, October 24, 2011

In this chapter, given a financial model (S;)o<i<7, (2, F,P), we consider the question
of pricing and hedging a given financial instrument H. In general, H is a Fr measurable
random variable. So we would like “infer” the price (or the value) of H given the stock
price processes. Implicity, we assume that S is all we know about the market. Simple case

would be if
H= Z ;S
then
value(H) at time t = Z ; S}

But if H is a nonlinear function of (S7), then the question is more difficult. Moreover, if
F 2 F9 and if H € F but not F°-mbl, then the question is really probabilistic.

5.1 One step model with finite ()

In this market,

Q = {wl, ...,wK} .7:0 = {,Q}, fl = 29.
S() = (Sl,...sd), Sl = (Sl(w),...,Sd(w)).

Set
AZJ :Sl(w]), Z:17’d, ]:1,,K
We have proved (NA) is equivalent to the existence of a EM M Q,

Q - (Q(Wl), ceey @(WK)) = (917 ceey QK)
It is then easy to verify that S is a Q-martingale iff

K
So =E%8; & 5" =E%(S'()) = ZSi(Wj)Q(W = wj) = ZAiija
i=1

< s = Aq
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Hence, given A € R¥*X s € RY, there is no arbitrage iff there exists ¢ € R¥ so that
s=Agand e X (& 0<¢; <1,Y ¢ =1).

A general H € LO(F)) is simply H = (H(w1), ..., H(wk)) =: (h1, ..., hr) € RE. Then H is
a linear combination of Sy if and only if

d d
Hw)=> a;S'(w),Yw < hj=Y oS5 (w)
=1 =1

d
-~ hj = ZO@'AU & h= ATOé
=1

So let
A= {H(wj) = hj and h = AT« for some a € R4} = Range of(AT).
Now, if H € A, then H = " ;S and by no arbitrage,
value(H) = Y0, 8" = o - S.

In this case, “hedging” is also very simple. Indeed, instead of buying and holding H,
we simply buy and hold o shares of the i*" stock. We call such claims attainable as they
can be obtained by trading the underlying stocks.

Definition 5.1 A market is complete if all random variables are attainable.

We summarize the above simple discussion in the following.
Lemma 5.2 In this one step model,
1. there is no-arbitrage if and only of there is ¢ € XX so that s = Agq,
2. it is complete if and only if Range(AT )= RE.
Simple linear algebra yields that
dim(Range(AT)) < min{d, K}.
So if the market is complete, then

K <min{d,K} & K <d
& # of sources of risk < # of tradables.

If, however, (N A) holds and d > K, then there is A = (A1, ..., \y) € R¥\{0} so that
ATA=0 = XA-s=X-Ag=q-ATXx=0.

Also

d
(AT)\)]' = Z)\zS’(w]) =\ Sl(w]') = 0.
i=1
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Hence the gain vector

(S1—5) - A=0Vw & {Si(wj) —s}j=1,..K C R? linearly dependent;
& Jig s.b. (S0(w) = 8) = > @(Si(w) — §f)  Vw;

iio
& effective tradables is less than d.

We make the assumption that (S; — s)’s are not linearly dependent. Then,

(NA)=d< K

(complete) = d > K b= d=K

We summarize the above discussions in the following,

H attainable & H = Z)\iSi

& value(H) = Y NS = > \EX(S))
& value(H) = EQ(H)

Moreover, ¢/ = EQ (X{wj y) is called the market price of risk.

5.2 Finite discrete time

We now repeat the one-step argument in finite discrete time.

Definition 5.3 H € LY (Fr) is attainable if there exists a self-financing, admissible strat-
egy (Vo, V) satisfying Vp(9) = H,P-a.s. This strategy is called the hedging portfolio.
A market ((St)i=o,...7,F, P) is called complete if every H € ﬁgr(]-"T) is attainable.

We summarize these definitions in the following result.

Proposition 5.4 Suppose Fy is trivial. Then, the following are equivalent.
(a) (S,F,P) is complete,

(b) For every H € LY. (Fr), there exists an F-predictable, S-integrable, R%-valued ¥ and a
constant Hy such that

T
H=Hy+ fOT’ﬁudSu = Hy+ 219@(52 — Sifl), P—a.s.,
=1

Gi(9) = [39,dS, > —c(9) P — a.s.,
where ¢(9) is a deterministic constant.

Proof. There is nothing to prove. All above statements follow directly from definitions. m
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Recall that P¢ := {Q ~ P, S is a Q-martingale}. Then, in finite discrete time NA <
Pe 0

Theorem 5.5 Suppose Fo = {0,Q} and (NA) holds. For H € LY (Fr), the following are
equivalent,

(a) H is attainable;

(b) sup EQ(H) < oo and the supremum is attained,
Qepe

(¢c) EQH) =EY (H) < oo for every Q,Q e Pe.

This is an intuitive result. Indeed, if H is attained then its value is given by the initial
value of the hedging portfolio. So the price of an attainable claim is well defined. On the
other hand for any martingale measure Q, the expected value EQ(H) is a possible price.
However, since the price is well defined, one expects that all expected values are the same
for an attainable claim.

Proof. (a) = (c) : Since H is attainable,

H=Hy+ [T0,dS, and G(¥) = [T0,dS, > —c(¥).
Then, for any Q € P¢, G(¥) is a Q-martingale and
E%(H) = Hy, ¥Q € P*.

(c) = (b) is clear.
(b) = (a). Define
Uy := esssup EQ(H|Fy).
QePe
(We give the definition of the essential supremum after the proof.) Since H > 0, U > 0
for all k. Also, since JFy is trivial, the essential supremum at k£ = 0 is simply the supremum
and by hypothesis (b), there exists Q* € P€ so that

Uy = sup EQ(H)=EY (H) < cc.
QePe

We now claim that {Uy}r—=0,... 7 is a Q-supermartingale for each Q € P¢. We postpone the
proof of this claim and continue with the original proof. Then, the uniform decomposition
(or optional decomposition) theorem ! (also it will be stated and proved later), there are an
adapted, non-decreasing process C' with C, = 0 and a predictable, S-integrable, R%-valued
process 9 such that

k
Up =Up + 2191'(51 — Si—1) — Ck.

i=1

In general, a supermartingale can be decomposed into a martingale and a non-decreasing process,i.e.,
U = M — C and C is predictable. But then M may not be a stochastic integral. This is the case if M is a
Po-FB martingale but here we have completeness. So the fact that the market is complete is crucial even
in discrete time.
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Hence,
Up+ [9dS=U+C >0,

and (Up, V) is admissible. Moreover, Ur = H as H is Fr-measurable. So H would be
attainable if we can show that C' = 0 P-almost surely. This is equivalent (since C' is
non-decreasing) to Cp = 0 P-almost surely. We directly calculate that

EQ(Ur + C) = EX(Uy + [9dS) < Up.

(Here we use Ansel-Stricker to conclude that any stochastic integral bounded from below
is a supermartingale. With a bit more work it can be shown to be a martingale but we do
not need it here.) Hence,

Uy > sup EQ(Ur + C7) > EY (Ur + Cp) = E¥ (Ur) + EY (Cr)
Qepe

:Uo-l-EQ*(CT)
SEY(Cr)<0 = Cr=0 Q" —as.=>Cr=0,P—a.s.

In the above proof, we used the essential supremum and the uniform Dob-Meyer de-
composition of super-martingales. We discuss these below.

Lecture 11, October 27, 2011

Essential supremum.

The question is as follows. We are given a family of random variables {Y*}yca; i.e.,
for each \ € A,

YA (Q,F) = (R,B).

We are also given measure p on (2, F). Then, the essential supremum of (YA) AcA IS an
F-measurable function Y satisfying,

i Y is of F-measurable,
i Y >Y* pas., VA €A,
iii if Z is a F-mbl and Z > Y p-a.s., for every A € A, then

Z2>2Y, u—a.s.

The existence of the essential supremum is proved below under the assumption of upward
directedness. Indeed, we say that the family (Y*)ea is upward directed if for any Ay, Ay €
A there exists A € A so that

YM v YR < YA W — a.s.
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Lemma 5.6 Suppose (Q, F, ) is o-finite and that the family {Y*}xca is upward directed.
Then,

Y = esssup YA
A€A

exists and is unique upto p-a.s., equivalences. Moreover, there is a sequence Yy := Y so
that

Y1 2 Y, p—a.s., and lim Y, =supY, =Y, u—a.s.
n—o0 n
Proof. Choose any continuous, strictly increasing function ¢ : R — (—1,1) (i.e. ¢(x) =
x/1+ |x]). Set

o= supfgo(Y/\)d,u <1.
A€A

Then, there exists a sequence An € A so that
o= Iim/cp(Yj‘”)du.

By upward-directedness, for each n there are A\, so that A\ = 5\1 and

Y, o= Y™ > max{YM, .. YMIVY,_1, n=23,..

Then Y,4+1 > Y, and
o = sup [p(Yz, )dp.
Set
Y :=supVY,.
n
We claim that Y is an essential supremum. Indeed, if u(Y* —Y > §) > 0 for some A € A,
then choose a sequence Y,, by Y| > Y, V Y2,
Yo> Yo VYN VY, 1, n=2, ..
Then on A := {Y* -Y >4}, Y,, = Y*. Hence,
¢(Yn) 2 o(Yn)xae + (Y +8)xa

and

lim [o(Yyn)dp > a4 [(p(Y +6) = o(Y))xadu > a.
Since this clearly contradicts with the fact that « is the supremum, we conclude that
Y > Y p-as., for every A € A.

If Z is another F-mbl function that is Z > Y* p-a.s. for A € A, then
Z>Y" u—as. Vn
=7Z>supY"=Y pu—as.

Uniqueness: Suppose Y, Z both satisfy the conditions of an essential supremum. Then,
Y >Zand Z >Y p-as.. Hence Y = Z p-a.s. [
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Remark 5.7 In general, esssup Y exists even if Y? is not upward directed. But in
AEA
that we can not construct an increasing sequence of Y),’s, which is extremely useful in

applications.

Super-martingale property of the essential supremum

This claim is postponed in the above proof which we complete now.
We start with a computational Lemma that will be used several times in the proof. We
use the notation with any measure P,

EF(H) := BP (H|F,).
Lemma 5.8 For two measures Q and K on (Q, F) and A € F;, define
P(B) := EXQ(B|F)xa + K(B|F)xacl, B € Fr.
Then, P is a probability measure satisfying,

1.

~

(B) =Q(B), VB € F.
2. B¥(Z) = EYER(Z)xa + EX(Z)x ac], for every Z € L.

E?[E?(Z)XA +EX(Z2)xac], for every Z € L= and s < t.

—~ —~ —~
N
SN—
I

Z) =B Z)xa +EX(Z)x e, for every Z € L.

5. EX(2) =E2(Z)xa + EX(Z)x ac, for every Z € L> and s < t,

6. If S is a martingale under both Q and K and it is also a P martingale.

Proof. The item one is clear from the definition.

2. By definition, it holds for all Z in the form Z = yp. the general case follows from
a direct approximation argument.
3. We need to check that

E°(2Y) = EF |V B2 (EX(Z)xa + EF (Z)xac) |,
for every Y € L>(Fs). We calculate directly that
EF(ZY) = E9EQ(ZY)xa + EE(ZY)xal]
Since Y is F; measurable and also since P = Q on F; and F; C F3, we have
EF(ZY) = E© [E? (E?(ZY)XA +E£<(ZY)XAC>}
B2 [y B2 (EY(2)xa + Ef (Z)xac )]
~ EP [Y EQ (E?(Z)XA +EE<(Z)XAC)] :

4 This follows immediately from the previous step.
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5. Again let Y € £°°(Fg). Then using the previous step,
E°(2Y) = E2[EX(ZY)xa +EF(Z2Y)xa]
= E9[E? (EX(2Y)) xa + B (BX(2Y)) ya
= EQ[EY (EXZY)xa +ES(ZY)xac) xa
+Ef (E;@(ZY)XA + E]E(ZY)XAc> XAC]

— EC :Ef (E;@(ZY)XA + E]E(ZY)XACH

= B |YE{ (BA(Z)xa +EE(Z)xac )|
= B[V (BAZ)xa + EE(Z)xa )|

6. This follows from the previous steps.
|

We now prove the supermartingale property used in the proof of attainable claims. We
restate the result and prove it.

Lemma 5.9 Let P¢ be the set of all equivalent martingale measures. and H € Eg_(fT).
Set
U 1= ess sup gepe EC[H].

Assume that Uy is finite. Then, U is a Q supermartingale for every Q € P°€.

Proof. We complete it in several steps.
1. First we prove that the family {EQ(H|F;) : Q € P¢} is upward-directed. Indeed
let Q,IP € P¢ and set

A= {(EY(H|F,) > B (H|F)} € Fe.
Define Q on Fr by
Q(B) := EU[E®(xp|F)xa + E (x5l F)xacl, VB € Fr.
By the previous lemma, Q € P¢. Moreover,

EQ(H|F,) = EX[H|Fi]xa + EF(H|F)xac
= max{EQ(H|F,),EF (H|F)}.

2. Therefore essential supremum exists and is given as a limit. Hence, for any Q € P°
and k,

E%(Ups1|Fe) = lim E(E®" (H|Fioi1)| Fr).
We claim that there exists a sequence {Q,} C P¢ such that

EQ(EY(Z| Fo)|Fi) = E® (2| F), VZ € L®(Fr). (5.2.1)
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When this sequence constructed, then

B2 (U] Fil] = lim ERE [H|Fpya]| Fil

= lim E@[H|F]
n—o0

< ess sup E@[H\}'k] = Uy
QePe

Hence, (U,) is a Q-supermartingale.
3. In this step we prove the claim (5.2.1). Indeed, for given Q,K € P¢ we define Q by

Q(B) = EQEX[xp|F]] & EQ[Z] = EQ[EP[Z|F, ).

We again use the previous lame but A being equal to the empty set. Hence, Q € P¢. =

So the important steps in the discrete time problem are,

1. definition of essential supremum and it is not specific to discrete time;

2. supermartingale property of the essential supremum and it also generalizes easily;
3. optional decomposition, this also generalizes but no easily.

We will do optional decomposition in the discrete time in its full generality.
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Lecture 12, October 31, 2011

5.3 Optional (or uniform Doob) decomposition

We start with the usual decomposition in discrete time and point out the differences.

Lemma 5.10 Suppose that and adapted process (Uy)k=o,...T 15 a Q-supermartingale. Then
Up =Up + My, — Cy,

where Cy, is a predictable, non-decreasing process with Co = 0 and M is a Q-martingale.

Proof. Set,

C1 = Uy — E[U4] >0,
My =Uy + Cq, Vy =VUy.

Then,
]E[Vl] == %7
hence is a one-step martingale. We proceed as this by setting

Cri1 = Ck, + Uy — EQ(Up41| %)
Mk+1 - Uk+1 + Ck+17 k= 1727 7T -1

Then, C has the desired properties, and

EQ(Mpi1|Fi) = EQUps1|Fr) + [Cr + Up, — EQ(Ups1 | Fi)]
=Cr+ U
= M.

However, in general M may not be a stochastic integral. Simply take 7' = 1, ) =
[—1,1], P =uniform and S;(w) = w, Sp = 0. Then, S is a P-martingale. Also, any process
M (w) is a P-martingale if and only if,

0= /ilM(x)dx

and this does not necessarily imply that M (x) is linear in z, which would mean integral
representation. But in this model there are many equivalent martingale measures. Indeed
Q is an EMM iff (dQ/dz)(x) := Z%(z) satisfies

1 1
/ ZQ(z)zdr =0, / ZQx)dz =1, Z%x) > 0.
-1 -1

If M is a martingale with respect to all EMM’s, that is a very strong condition: fl_lM(:U)ZQ (z)dx

0. Then, one may conclude that M is linear.
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Theorem 5.11 (Theorem 7.5, in F&S) For an adapted, non-negative process U (in
discrete time), the following are equivalent,

(a) U is a P¢-supermartingale,

(b) There ezists an adapted non-decreasing process C' with Cy = 0 and a predictable process
¥ so that

t
Ui =Uy+ Z’L%(Sz — Sz’—l) —Cy, P—a.s., Vt=1,..,T.
=1

Proof. (b) = (a) is easy.
(a) = (b): We need to show that for each ¢,

U — U1 =V - (St — Si—1) — Ry, (5.3.2)
for some ¥ € LY(F;—1) and R € L9 (F;). As in the no-arbitrage theorem, we set
Ki:={9-Y, : 9 L%F_1)}and V; = S; — S;_1.
Then, (5.3.2) is equivalent to
Ui — U1 € Ky — L5 (Fy).

Without loss of generality, we assume P € P¢. Then, U; — Uy € L1(F;) and hence, we
need to show that

U — Ui € Z:= (Kt — ﬁ?,_(ft)) N [,1(./—"15)
Suppose, for a contraposition argument, that
Ut - Ut—l € Z.

Since P¢ # (), no-arbitrage holds. Therefore, Z is closed. By the separation argument of
Hahn-Banach, there exists Z € £L>°(F;) so that

o = sup EF[ZW] < E¥[Z(U; — U;_1)] :== 6 < oo.
Wez

Since Z is a cone, & = 0. We now proceed as in Lemma 1.5.7 of F & S, that implies that
Z >0, P-a.s. and

E¥(ZY|Fio1) = E¥(Z(S; — S;_1)|Fio1) =0, P —a.s.
Now, for 0 < e <« 1, set Z€:= Z + €. Then, for W € Z
W =9Y = E¥(ZW) = EF (ZW) + E¥ (W) < EF (ZW) < 0.
Also,

EX([Z¢(U; — U_1)] E¥[Z(U; — Uy_1)] + €EX (Uy — Us_y)
= S+ eEX (U, —Uy)

5/2,

IN
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provided that € > 0 is sufficiently small. So without loss of generality, we may assume that
Z > ¢, P-a.s. for some e > 0. Set
dP z
Zy1 :=EF[Z|Fi d— = :
-1 [Z|Fi-1], an P70

Note that ¢ is a fixed time point. We claim that P € P¢. Indeed,

P

dP

A

= Pk = EF [Z’fk] .
t—1

Tk

Since Z is Fiy-measurable, for k > ¢,

VA
Pk = Pt = Zt—l’
and for k < ¢
Z
o = EF [IEP [ |]-“t_1] |.]-“k] =1.
Zi—1
Moreover,

% A
J :=EF[Sk — Sp—1|Fr—1] = EF [Zztl(Sk - Sk—l)fk:—l} :

For k > t, (Z/Z;—1) is F; measurable and F; C Fj_1. Hence,

Z
J = 7 E"(Sk — Se—1/Fr-1) = 0.
t—1
For k <t
P P Z
J=E [E (Z(Sk - Sk1)|]:t—1> |]:k1}
t—1
P P Z
=E [(Sk — Sk—l)E <Z |]:t—1) |~Fk—1:| =0
t—1
Ifk=t
1 p
J = 7 E [(St — St—l)Z’]:t—l] = O,
t—1

by the construction of Z. Hence P e P¢. Since P e P, U is a I@’—martingale and

0> EP[EP(U; — U1 |Fio1) Zer] = EF[(Us — Us—1) Zs—1]
=E¥[(U; — Ui1)Z] = 6.

This is a contradiction.
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We have the following simple corollary to the characterization of attainable claims.

Theorem 5.12 Assume (NA). Then (S,F) is complete if and only if P¢ is a singleton.

Proof. 2) = 1) : For any H € LY (Fr), the map EX(H) as Q € P¢ is trivially constant and
our previous result applies.

1) = 2) : Fix A € Fr. Since H := x4 is attainable, there is an admissible portfolio
(Vb, ) so that

T
0

where 1} is a real number (Fy is trivial) and by admissibility there is ¢ so that
Gv) = /ﬁdS > —c.

Then, for any Q € P,
Q4) =E%4 =V, VQEeP.

So in finite discrete time

(NA) & P°#£0,
(N A) + completeness < P°¢ = {P*}.

Continuous time:

The continuos time version was proved by D. Kramkov in 1996. In the case of Brownian
filtration proof is easier and was known. Kramov’s proof is, however, more general. The
structure of the proof is similar to the discrete time version and uses may results and ideas
from the fundamental paper of Delbaen & Schachermayer on no-arbitrage. Here we only
give the statement.

Theorem 5.13 (Kramkov, PTRF 105,459-479,1996.) Let (V;)i>0 be a non-negative
process. Then, V' is a supermartingale for every equivalent local martingale measure, if
and only f there are a S-integrable predictable process H and an adapted process C' so that

t
Vi=W +/ H,dS, — Cy;, Vt>,P.a.s.
0
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Chapter 6
Super-replication

Lecture 13, November 3, 2011, Thursday

As before we assume that (2, F,[P) and S on [0,7] are given and Fy is trivial. We set P°¢
to be the set of all ELMM’s and we assume P€ # (). Recall

P40 NFLVR
P#0«< NFLVRand S > 0.

6.1 Seller’s Price

We fix a payoff H € L9 (Fr). The smallest cost to the sells which carries zero risk is
defined by

septer (H) :=inf{Vp e R | V) + fTﬂudSu > H P —a.s. for some ¥ € Ouqp}
=inf{Vo € R | H—Vy € Gr(Opam) — L%}

In the above definition, proving that infimum is indeed a minimum is a difficult question.

Lemma 6.1 For any H € £9r(]-"T),

HselleT(H) > sup EQ [H]
QePpe

Proof. Suppose Vj + fTﬂudSu > H P-a.s. Since ¥ € Ouqp,, for any Q € P¢, fTﬁudSu is a

local martingale. Hence, we have

EQ[H] < Vi + EQ[Gr(9)] < V.
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For ¢t € [0, 7] set

U == esssup EX(H|F) = Uy = sup EQ(H).
QePe QeP!

Proposition 6.2 If Uy < oo, then U is a P¢-supermartingale.
Proof. Fix Q € P and set,

Z:={Z : Z:jg for some R € P® and Z; =1 Vs < t}
dR
={Z : Z:@ for some R € P and Q = R on F;}
Zt]\%/u R dR e
={Z : Z, = ZF where Z,' = E, a0 , Re Pl

The final equality was proved in detail in discrete time. Same proof would also work in
continuous time (exercise!)
Using the above, we rewrite the essential supremum as follows,

R
U; : = esssup EF(H) = esssup E?[H%]
RePe RePe Z;
= ess sup E? [HZ7].
ZEZ

It is straightforward to check that the family
{(EQ[HZy) : Z € 2}
is upward-directed. Hence, there exists {Z"}7°, C Z; so that
EX[HZY 1 Uy
This implies that
59U = lim EXEPIH 23] for s <
= lim EJ[HZ})

<esssup EQ[HZy] since Z" € Z, C Z,
Z€Zs

=Us,.
]

Now we may use the uniform Doob-Meyer Decomposition. Hence, there are ¥ € O 44,
C adapted, non-decreasing, Cy = 0 such that

U:Uo+/19dS—C.
SinceC’TECb:Oand UT:H,

T
U0+/ 9dS, =Ur+Cr=H+Cr > H.
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Hence, the initial condition Uy is super-replicating. So we have proved that

Uy = sup EQ[H] > HseZZET(H)‘
Qepe

Since we have already proved the opposite inequality, we conclude that they are equal. We
state this in the following theorem

Theorem 6.3 (ElKaroui & Quenez) Suppose that Fo is trivial and the set P€ is non-
empty. Then, for any H € L°) (Fr),

Hseller<H) = Sup EQ [H]
QePe

Moreover, if Ugeyer(H) is finite, then the above supremum is achieved and there exists a
superhedging admissible strategy.

6.2 Buyer’s price

Hbuy(H) L= _Hsell(_H)
=

= —sup E¥(—H) = inf EQH).
@e}i (—H) o, (H)

This implies that we have a no-arbitrage price interval,
[y (H), e (H)] = [inf EQ(H),sup EQ(H)].

The above discussion also implies that the theorem that we have proved in finite discrete
time also generalizes to continuous time. We first recall the definition.

Definition 6.4 We call H € £} (Fr) attainable if
1. H= Hy+ Gr(9) for some Hy € R, ¥ € Ougm;
2. There exists Q" € P¢ such that G (V) is a Q" -martingale.
Then, we have the following continuous time extension.
Lemma 6.5 H € £9L is attainable if and only if

sup EQ(H) =EY (H) < 0o for some Q* € PC.

QePpe
Proof. =: EQ(H) = Hy and EQ(H) < Hy, for every Q € P°.
<: Let U; be as before (i.e. = esssup ...). Then, by uniform decomposition, there

exists (Vp, ) so that
Ut:V(H—/ﬁdSu—C.

Hence,

T
EQ(H) =V, + E¢ [/ 9dS — CT} vQ € P
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6.3 Portfolio Constraints

Lecture 14, November 7, Tuesday



Chapter 7

American Options.

Lecture 15, November 10, Thursday

As usual (2,F, P) on [0,T] given, and P¢ = is non-empty.

For a European option we need £ € Fr mbl r.v., e.g. € = (S — K)*. The holder
of an American option, however, can exercise at any stopping time 7 € [0,7]. Hence, we
need a payoff process cadlag U = (Uy)o<t<r > 0, e.g. Uy = (S’t - K)*t.

Let % r be the set of all stopping times in [¢, 7. Intuitively the selling price at time
t is given by

Vi :=esssup X{th}EQ[Ur|-7:t]
QePpe
TEA0,1]

= ess sup EQ[U;| Fi).
QeP*
TE:V[LT]

Proposition 7.1 Assume Fy is trivial and Vo < oo. Then, V is a P¢-supermartingale.
Moreover, V is the smallest cadlag processes with this property: if V' is a cadlag process
so that V' is a P¢-supermartingale and V' > U, then V' > V.

Proof. Introduce (fix Q € P¢)
dR
Zy={7| Z:@forsome ReP®and Z, =1onue€|0,t}

Then, as before

Vi = esssup EQ[U, Z, | F).
ZEZy
T€<5ﬂ[t7T]

Again using upward-directedness, we find a sequence (Z™, 7™). To prove upward-directedness,
for any (Z%,7%),i=1,2 set
A= {EX(ZLUL) > EX(Z2U2)),

T1 - T1 T2 T T2

and
Ti=TIXA+ T XA € Spry and 7= Z'xa+ ZPxac € 2.
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Then,

EZZ UL VENZLUL,) = BE [(2),U7))xa] + B2 (Z2,U2,)xac]
= E2[U, Z,].

Hence, there is a sequence Z,, so that

V,=1limE2[U" Z"] (monotone limit).

ntoo Tn " Tn
We use this to compute,
EJV,] = lmEEI[UF 27 |
— lmEQ[UL 2]

IN

V.
Note that
EQ[V:] = EQV,] <V < o0.

We have proved that V is a P°-supermartingale.

Minimality of V. Let V/ be a P°-supermartingale. The, for any Q € P¢,t and 7 € )

V! >EQU)] = V! >esssup EQU;] =V,
Q, v

In the second step , we used the cadlag property. Indeed, V/ > U, for every t and it is
cadlag. Then, we also have V! > U, for every stopping time 7. This is an important point!

Regularity of V. Note that F; is right continuous and complete and Q € P¢’s are equivalent
to each other. Therefore, a cadlag version can be constructed. Idea here is by backward
supermartingale techniques

lim E¥
fim By €,

exists. We declare this as the cadlag version. Of course one needs to prove that this limit
is a version of the original process. n

In what follows, we always work with this cadlag version. We know that then V is the
smallest in the class

1. V is cadlag,
2. Vis PC-supermartingale,
3. V>U.

Let Igepe-(U) be the superreplication cost of (Uy), i.e.,

M,y (U) :=inf{Vp €R : 39 € Oy s.t. Vo + G(¥) > U}
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Notice that since U is cadlag (by assumption) and G(¥) is cadlag (by construction) we
conclude that

Vo + GT(ﬂ) >U, as.,
for any 7 € Sy 17

Theorem 7.2 Assume P¢ # 0, Fy is trivial and Vo < co. Then,

Hsel(U) = sSup EQ[U‘I‘] = VO-
QEPE,TE,S/}[OYT]

Moreover, there exists ¥ € Ogqp, so that
Vo+GW) >U.

Proof. Since V is a P-supermartingale by optional decomposition theorem, there are
¥ € Ougm and an adapted, non-decreasing C' with Cy = 0 so that

VZVo—i-G(ﬁ)—C.
By definition V>U , hence
Vo+GW)=V+C>U+C>U

This proves the second statement. To prove the first statement, suppose that for some
¥ € Oupgm and = € R,

x4+ G(9) > U.
Then, for any Q € P¢, G(¥) is a Q-local martingale and for any 7 € A 11,
z > E%z + G, (9)) > EXU,).

Since this holds for every Q € P¢, 7 € Sy 1) and for every z from which we can super-
replicate,

Hsel(U) > sup EQ(UT) = VO-
QePe
T€:§ﬂ[07T]

Since the second statement proves the opposite inequality this completes the proof. [

Interpretation. Set x = Vi and ¥ € Ou4,, be as in the second part of the theorem. Hence,
t+GW) =V’ > U,

So the seller is always safe and may even profit if option is exercised at an non-optimal 7
with

r+G-(v)—-U; > 0.

Exercise time. The holder should exercise at a time

v, - U,
Otherwise he would receive U, $’s for something worth V» $’s. Then, we may define

™ i=inf{t€[0,T] : Vi=U},
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7.1 Markov structure
Consider the standard Black & Scholes case,
dgt = S't(udt + O'th), dét = TBtdt, U; = (p(gt>
The option value is given by

Vi :=-esssup E¥ o(S,).
TE:V[t,T]

We know that under the risk neutral measure Q*

dS; = Si(rdt + cdW}),

where
Wi =W+ ut, Q*-Brownian motion.
o
Then,
Vt = U(t, gt);
where
Vit,y) ==  sup EY [p(¥r)e "0 |V =y
TE,S”[tyT]
dY, = Yi(rdt+ cdW;). (7.1.1)

Lemma 7.3 V is the unique solution of
1w € Wp2((0,T) x (0,00)), 0<uv(t,y) <y.
2. v(t,0) =0, Vtel0,T], (true but not really needed).
8. min{—v; + v — ryvy — 0%yvy, ; v(t,y) —e(y)} =0, Vte(0,T),y>0.
4. v(T,y) = varphi(y), Y y=>0.

Note that WH22°(Q) = {v, %, %Z, % € L>(Q)}.
Proof. Set

J(t,y, 1) = EQ*( varphi(Y})x{tST})

Let v be a solution as above. Then, Ito’s rule can be applied locally. Fix (¢,y) and
consider an open set 1, such that

(t,y) 2y CVUpy1 C (0,T) x (0,00)
and

Jn = (0,7) x (0,00)
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Let Y¥* be the solution of (7.1.1) with initial data Y* = y. Let 7, be the exit time
of Y¥! f rom 99,,. Then, by the Ito formula, for any 7 € A1)

e " y(1,, Y5) = v(t,y) + [T e D oy — o 4+ Loldu+ [T )dW,
where 7, := 7,, A 7. Hence,
v(t,y) = EY [e7 "M Dy(7,,, Y, ) — ftT"e_T(“_t) [vy — rv + Lo]du].

By the partial differential equation,

(vg —rv+ Lo)(t,y) <0, v>(K—1v),
and

o(t,y) > EY [~ n o (r,, ;)
> EY [64(7/\%”4)80(};}/,\;”)]’ Vn and 7 € S 7).
We may let n 1 oo to conclude that any solution v satisfies
v >V = value function.
The other inequality is proved by choosing 7 appropriately. Set
¢ = {(t\y) : o(t"y) > o) b

It is an open set.
(1) If (t,y) € € choose T =t. Then,

v(t,y) = ¢(y) <V(ty).
(2) If (t,y) € €, then choose T to be the exit time from %. Then, for t' € [t, 7],

(ve —rv+ L)', Yy) =0 a.s.,

and

o(t,y) = E¥ [ u(r,, Y, ).
Now

limov(r,, Ys,) =v(1,Ys,) = o(Y7,)
and

0 <v(m,Yr,) <Yz,
so by dominated convergence,

v(t,y) = E¥ (e 7T 0p(Y7)) < Vit y).
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Lecture 16, November 14, Tuesday
Existence: In the literature this is known as
(i) obstacle problem:

min{—Au, u— ¢} =0, ze€d CR"

(ii) Stefan problem:
min{u; — Ugz, u} = 0.

This is a model for solid to liquid phase transition. The solution u is the temperature
and the freezing temperature is normalized to zero,

Regularity:
W12 is the best regularity. Indeed, consider a one-dimensional problem, with f(z) =
1 — 22 and

min{—ug,, u—f} =0 0<z<2, u(2)=0.
Let xy € (0,2) be such that
Uz On (20,2), u(xzg) = f(zo), u(2)=0.
Then
S(wo)

2—.TUO

u(z) = f(zo) —

= f(wo)

(z — o) = f(zo0) [1 -

x—wo] 2—z

2—1’0 2—.2?0

The “minimality” of u implies the smooth fit. Namely at xq, u/'(z9) = f'(x0). This implies
that

1

= - = f = -2
Fl@o)5— - [ (@o) 0
= (1-22) = —2x0(2—x0) = —4xo + 22
= 325—4dxo—1 = 0

= =z = (2+£./(7)/3<2.
We can check that u solves the equation but

u’(xg) =0, u"(a:a) = f"(zo) = —2.

7.2 Example: American call option.

Suppose P = {Q*} and S = S/E is a true Q*-martingale. Consider U; := (gt - K)t,
0 <t <T. Then, we claim that if B; is increasing, then

- o |[(Sp = Kt
‘/t:BtEQ [(ST~ ) ‘Ft
Br

Ur

= BEY
Br

| Ft

)
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which means that the American call is not more valuable than the European call.

Proof. This essentially uses that S is a Q*-martingale and (z — K)™ is convex, and that
a convex function of a martingale is a submartingale. More precisely, assume that B is
increasing. Then

7, K\ K\*
q_(57_~) 2<ST—~> for 7 € S 1.
B, B; By 7

By the Jensen’s inequality,

Jr
&m > (E@* [ST — IfyftD
B, By

K\" U
= (St—~> :g
By By

So ﬁ/B is a Q*-submartingale. Hence,

EQ

> B—T for 7 € S 1,

T

and so the esssup over 7 is obviously attained for 7 = T'. (This reflects the fact that one
should never stop a submartingale, since it grows on average.) n

Put options. Since (K — x)* is also convex, one might expect an analogous for the Amer-

ican put option. If B = 1, this is correct. But if B is really increasing (i.e., interest
rates are positive), then an American put option is typically worth strictly more than the
corresponding Furopean put option.

Exercise: Show that in binomial model with r > 0, V{™ > VU for all sufficiently large K.

Lecture 17, November 17, Thursday

No Class.
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Chapter 8

Jump Markov processes.

Lectures 18-19, November 21, 24
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Jump Markov processes.




Chapter 9

Merton Problem

This is a classical problem in optimal investment and consumption. We assume that
the financial market consists of one risk and one non-risky asset. The returns are given by,

dSt = St[Tdt + U(/\dt + th)]
dBt = BtTdt.

If this investor (or the representative agent) chooses to invest m; shares of her wealth
in the stock and consumes at a rate of C}, then ther welath, or equivalently tne marked-
to-market value of her portfolio, evolves according to

dY; = Yi[rdt + mo(Mdt + dW;)] — Cdt.
We call (7,C) € Aganm if it is adapted to the Brownian filtration and satisfies
1) fgﬂ'gdu < 00 fgCudu < oo, P-—a.s., Vt>0,
2) Y >0, P—a.s.,Vt>0.

Then, her goal is to maximize her utility from consumption given by

ﬂ%mcy:E/ e PUCydt, Yo=v,
0

where
U:[0,00) >R

is a utility function, i.e. a non-decreasing and concave function.

Remark 9.1 It is better to define

ct = Y.
Then (7,¢) € Aggm at any y > 0 implies that (7, ¢) € Augm for any other initial point.
Indeed

Yy,ﬂ',C — EYy/vﬂ-vc
/
Y

for any y,3/ > 0. So Y¥™¢ > 0 iff Y¥"™¢ > 0 and

t Yt !
JocuYdu = ?focuyqf/ du.
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Set

v(y) = inf  J(y,m, c
(y) otd (y,m,c)

An important class of utility functions are the so-called CRRA class,

1
Ule) == 1701*“Y for¢c>0,v#0, y<1. (or =lInc)
-
Then, it is straigtforward to show that
J(ay,m,¢) =V J(y,m,¢) V(m c) € Agam and a > 0.

Hence,
v(ay) = o' Tu(y),= v(y) =y u(1).

9.1 Dynamic Programming

In this section, we formally derive a partial differential equation satisfied by the value
function. This derivation holds for all utility functions. However in the case of a CRRA
utility, then one can solve this differential equation explicitly.

We start with the dynamic programming principle. For any stopping time 6 > 0,

6
v(y) = inf E [ / e PU (e Vy)dt + e PPU(Yy) | -
0
We now obtain, by the Ito rule,
0 2
e Pu(Yy) = v(y) + / e P—Bu + Yi(rv' + mo ') + %ﬂfYtzv” — ¢ Yp'|dt + "martingale”
0

Ignoring the technical details, we take § = h < 1, substitute the Ito calculation into the
dynamic programming principle and take the expectation. The result is, and

1 b 2
0 = sup Eﬁ / e PU—Bu 4 Y (r + mo X — ¢;) + Yf%wfv” + U(ctYy)]dt.
0
Now, formal passage to the limit as h tends to zero yields,
2
Bv + inf [—(ro)A\yv' — l(mf)2y2v"] + sup[(ey)v' — U(cy)] — rv'y = 0.
TeR! 2 >0

The above is the dynamic programming equation for this optimization problem. It holds
for every utility function. However, in the case of a power utility, the value function has
the simple form,

: T—= A yl_v.
-7

Then, using the dynamic programming equation, we can solve for the constant A explicetly.

Indeed,
~9 . . I
7 —r} + inf <Ac— — () 7)} =0.
e>0 1—7

u(y) =y (1) =

yt= {A [(1 f ~ - ir%f(—frA +

|2
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We directly calculate that

A A )\2
Tr=n'c== & 7m*=—, and min value=——,
Y oy 2y

—1

= Ai%, and min value = —LAWT — _LAP%.
L -y 1—7x
Hence,
2
B _ _w Y iy
(L—=7) 2y] 1-~n

In summary,

A 1 1= 2
= — c*:Aizf}/( b —7"—)\).
oy v \(1=9) 2y

Theorem 9.2 The value function and the optimal portfolio and the consumption rates are
given as above.

Proof. Straightforward use of Ito’s rule and the dynamic programming equation. We
outline the proof quickly.
First, we note that the value function is finite if and only if

A2 (1—7)
5 .

B>r(l—v)+

The dynamic programming equation implies that for any consumption process ¢; and
any T,

1 1 1
f + §7r202(1 —y)—TAo —1r+c > ;(ct)VZ.

Let Y be the wealth process correspinding to an arbitrary strategy c;, 7. then,

A Vi) A
d(e_ﬂty(y%)v) < €_ﬂt(qut)dt + 6_’&;(}/},)7‘7@th7

or equivalently

A t Y.)? A t A
e P (V) + / epuled) g —(Yo)" + / e (Y, Ty d W, 22
v 0 v Y 0 Y
Z:Nt
Observe that N; is a local martingale, EN; < 0. Hence,
t Y
lim E e*ﬁuwdu < é(yb)’Y
t—o00 0 ’y "}/

A
= Joime) < ()"

To prove the optimality of 7* and ¢* we observe that all the inequalitiesin the above
calculation are euqlaities when we use the cosntant rate ¢* and 7*. [
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9.2 Utility Indifference Price

Definition 9.3 Given £ € Ly mbl and x € RT, p € R is the marginal utility indifference
price if

w(z) > BU(z — Ap+ [T0,dS, + A) VI € Ougm, A € R.
For a fixed = A (say = 1), the utility indifference price py of A shares is given by

uw(z) = sup EU(z—p)+E&+ fTﬁudu)
19€®otd7n

The idea is that the investor is indifferent to buying it for p and holding it or not.
It is not clear that the marginal price exists.

Lemma 9.4 Suppose that there exists a unique martingale measure Q, i.e. M = {Q}.
Then, for every & € L (Fr), the marginal utility indifference price is equal to the classical
Black-Schole sprice,

pP% =EQ[¢.

Proof.
Under the assumptions we know that there exists 92 € ©4gm, so that

¢ =pPS[To55as,.
Now let ¥ € Ouq4,, be arbitrary. Then,
z =P 4 A6+ [T9,dS, = 2 + [T (0, + N0E%)dS,,.

Since ¥ + MBS € 44, we conclude. n

So the interesting stuff is when not complete or when 92% & ©,4,,. But this price is
dependent and the price for fix A is also A and x dependent.
Suppose that a maximizer ¥* exists, i.e.

w(z) =EU(z + [T9%dS,).
By definition of the marginal price p,

EU(z + [T95dS,) > BU(x — A\p+ A6 + [1095dS,), A€R.

=H(A)

Hence A — H () is maximized at the origin:

E[U' (2 + [T95dS.)( — p)] =0

d U’ Ty*ds,
= =0 Ghln = L

dpP

Therefore the utility indifference prices chooses an equaivalent martingale measure Q.
Another technical point left out aboveis the following: How do we know that the price
exists and unique 7
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Set

a(z, \) =  sup EU(z + [T 9,dS, + A€).
adm

Price p should satisfy
a(z — Ap, A) < u(z) = a(z,0).
Lemma 9.5 4 s jointly concave in x and A.

Proof. (xi,\;) — (&, \) is the mid-point. Choose ¥ be an e-maximizer, and set ¥ be again
the mid point. Then,

2
_ _ 1 A A _
EU(z + [T9,dS, + X¢) > 5 > EU(a' + [T91,dS, + N€).
=1

Convex analysis implies that

u(xz,0) = {(z1,22) : u(a, <u(x,0) + z1(x" —x) + 22X, Vo', N}
8A ~ /)\/ ~ / )\/ vl}\/

We know (by Hahn-Banach) that 9@ # (. Let z = (21,22) € 0u(x,0). Set p = 2 if
z1 # 0. Then,

w(x — Ap, \) < a(z,0) — Apz1 + Az = u(x,0) = u(z)

Note that since U is strictly increasing, we expect u, # 0. But there may be non-
uniqueness.
Remarks.

1. Marginal definition is useful in the incomplete case to single out a EMM as the
pricing kernel. Note that Q in above is independent of £&. This makes the result
useful.

2. There are other ways of choosing a EM M

(a) Minimizing entropy (Schweizer);
(b) Good deal bounds.

3. In the frictional cases, the marginal utility price is most of the time given by the B.S
price.

9.3 Optimal wealth process

v ([ 2 amy)| -1

A2 A
=Y ((r + 5~ KY)dt + th> :
Y Y
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where
1— A2
K=t D).
¥ o \1—=n 2y
Then,
A 1A2 2?2
Yt:yexp<Wt—2t—|—(T—|——K*)t>.
gl 29 gl
The important quantity is,
1\2 N3 (1—7) A2
Q=—-—F+r+———+r + (1=
272 v ( )2’v2
8 r A2
=——+ -+ ——5C1+29+ 1 -7
4 (1)
B r A A2
=——+ -+ 55 ==(5+r—0).
sy e =0 )

Lemma 9.6 Y;* = ypexp (%Wt - %(5 —-r— Ajﬂ)

Proof.
We directly calculate that the density of the risk neutral measure
dQ
Zy=—
TP
solves

dZy = Z,[-AdWy] = Z, = e Wim3t,
Notice that
e PU (") = const. e PL(Y) Y
= const. exp(—AW; — rt — é)\Qt)
= const. e Z,.

We also directly calculate that

e PU(c*Yy") = constant exp (ﬂ_’yfy))\Wt - (1;’7)(5 - )\2)75 - ﬁt) .

A
2
Hence,
2

—~)2 —
E[e*BtU(C*Y;*)] = const. exp <(1 ;) At — (1 5 v) (B—r— %)t — /3t>

2y

oo (A0 2 XY,

This is integrable as
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Lemma 9.7
V' (y) = Ay~7 = EU'(¢*Y;)e Ple™ it

Proof. We have calculated that

e AU (¢*Y}*) = cons. " Z;.
Hence,

E(e AU’ (¢*Y;")) = cons. €.
We need to check that constant= y~7A. Indeed,

constant =y, " (¢*)77 = yO_V(A_%)_7 =y, A
]

Now consider a general utility function U. We would like to extend these two observa-
tions that

1. v'(y) = E[U'(C})e %],V stopping time ¥ > 0
2. v'(y)So = E[U'(C})e PV Sy].

Hence,

is the state price density.
We assume that there exists a maximizer, given y € (0, 00)

(m*, ") € Awam
so that

J(y, 7%, c") = maXE/ e PU(c* Y )dt = v(y)
0

where U is a general utility function on [0, c0).
Lemma 9.8

V' (y) = Ee*werﬁU’(C*Yg)
for every 9.

Proof. Since Aggqm does not depend on the initial condition, for y¢ = y + €, we consider
the strategies

(i) for t € [0,9]: want

Yf — }/t* + 66”
TYF =mY,, Cf=Cf (C=cY),
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(ii) for ¢ > 9+ h want
Yo=Y, m=m, O =G,
(iii) for t € [9,9 + hl,
Cf = Cf + e
Ve =¥ et Y
Yy =Y,
For e > 0, (7%,C%) € Auam as YF > Y, , Then,

oy +2) > Iy + e, &)

= w > %[J(y-}-g,of’ﬂ-g) — J(y, C*,?T*)]
1 I+h €
_ / e~ Bt [U(Cz‘ 4 7ert) —U(Cy)| dt
e J h

lim vy +e) = vly) > limlim(...) = Ee ?Ye™ U’ (¢*Yy).
10 > 10 €10

For € < 0, we define
U =0ATE
where 7¢ is the time Y;* +ee™ = 0. We know that ¢ 1 9 and the above calculation proves
the result. L]
On [0, 7] define an equivalent measure Q7 by

dQT _ —(B=r)Tyr1(, %y * & _—rt
— | = UlcrYr), Si=e "5
dp
Lemma 9.9 On [0,T], (St)te[O,T] is a QT -martingale.
Proof. We only show that

S() = 67“EQ [St]

Some calculation with initial endowment of y + £S5y. We simply buy ¢ shares of the
stock in addition to our optimal portfolio starting from y. Then assume €Sy in the time
interval [0,9 + h] as above. Same calculation yield,

V'(y)So = EU'(c3Yy) Spe !
E [U'(c;Yy)e (BP0 6,]
= Sy= /
v'(y)

= EQ(S_TﬁSﬁ).




9.4 Utility Maximization-Dual Approach

81

Above calculations use
1. existence of an optimal control;

2. dYVt == (}/t - ZtSt)’f’dt + thSt.

On the other hand, the fact that r is constant not important and the form of dS is not

important either.
Conclusion. In general with E [ Uydt and dB = rydB;

dQ / 1
— |5 =U (Y]
d]P)‘]:t t(ct t )'U/(y)Bt

is a risk neutral measure.

9.4 Utility Maximization-Dual Approach
1. We look at it in incomplete market with no friction.
2. We look at the simpler problem with no consumption.

We always assume that

M = set of all equivalent local mart. measures # ().

The probelm is to maximize
T
EU(x + / Uy dSy,)

over all ¥ € ©.44,, < integrable, predictable, satisfying

/ U,dS, > —C.
We assume that the utility function
U:R—RU{—o0}

(a) increasing,

(b) concave, strict on {U :> —o0o},

(c) differentiable on {U :> —oc},

U'(c0) = 0.
Two cases are different.

i.U=—00on (—00,0)and U'(0) = oo

x
eg. Ux)= 1

ii . U'(—o0) =00 and U > —o0 everywhere.

eg. Ulx)=1—e "
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9.4.1 Arrow-Debrue case: Finite probability and complete
the setup is
(St)i=o,.. 75 Q= {w1,...,wn}, Fo={0,9}, Fr=2"

We assume that
3Q : Q(wn) >0,

and S is a Q-martinagale.
First considet the complete case M¢ = {Q}. Then,

N
maximize EU(Xr7) = anU(fn) = u(x)
n=1

subject to &, = z + ([T HdS)(w)
SEY%, =) qén ==,
and p, = P(wy). So set
C(z) := {¢ € L°(Fr) : E¥% <}

Our problem is

N
maximize U (&)
V; (P)

such that Z qnén < T.
Since £ = (&1, ...,&n) € R™ we use a Lagrange multiplier and define
L&, o bnny) = D _paU(&) = YO nén — )
dn
= an[U(gn) - y;fn] +yz, y e RY

Set
¥(y) == sup L({,y)
R
¢(&) :=infL(&,y) for £ € dom(U).
y>0
Fact.
sup  $(§) = u(x)
¢edom(U)
= sup Z QnU(gn)
cedom(v)
Z‘hfn§$
Proof. Note that
I e if > qnén >
¢(§) a {anU(fn) if ZQngn <z
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We expect that
u(z) = sup inf L(,y) = sup ¢(§)
g v>0 3
Iso) = inf L = inf
(also) Inf sup &) inf Y(y)
We study o first:
1. We need to consider

maximize U(§) — yq—nf over £ € R.

n

Pn

dP
=EPV (de> +yx

=v(y)

Y(y) = En:an <yq”> +yz

Theorem 9.10

Xre?(x)

Then,

1. w and v are conjugate to each other, i.e.,

u(z) = sup {v(y) — yx}
y=>0

v(y) = sup  {u(zr) —yzx};
zedom(U)

2. Mazimizer X} € € (x) exists and is unique and

Xp=1(2) & Uxh) =y 2 (=)

and y* > 0 is given by

3. u/(x) = B[U'(X3)] & v/(y) = B2V (y & )]
v/ (z) = E[U'(X5)X7] & yv'(y) = By g5V (v 55)]-
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Note that V' (conjugate of U) satisfies

V'(0) = lim V'(y) = —oo,
y40

V(0) =limV(y) = U(0)
y40
V' is strictly convex on (0, 00)
Case 1: limy 0 V(y) = U(0), limy0o V'(y) = 0;
Case 2: limy ;o0 V(y) = 00, limy o V'(y) = o0.
Examples are,

o U(x)=Inz (x >0), V(y)=—-Ilny—1,

[e3

e Ulx)=% (a<lz>0), V(y)=L2ysT;

o U(x) = —e;m reR, V(y = %(ln(y) —1)y>0.

Proof. Fix © €dom(U) then there is y(x) > 0 so that

$(3(0) = iy (EplV (1 52) + a1

Now consider the map

§ = L(&,4(x)) = EpU(E) — §(x)(Eq(§) — =)

It has a unique maximum &(= £(z)) € RN and

Then,

w(ite) = min (B"V(50) + 4

d
= mip sup EP[U() - ydfgﬂ +yz

=min sup L(¢,y) = sup L(¢, §(z)) = L(E, §(x)).
v>0 ¢ 3

Easy to show that 3 ¢ué, = = = = EPU(E) = u(x)
li/r;%{v(y) +yz} =v(y(z)) + g(x)z (definitionofv)

= BV () ) + gla)a
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Also
. 0
0=12"(y(z)) = a*[”(l/) + 2] ly=g(x)
Y
Also for any t € R

u(z +1) < v(g()) + §(x)(x + 1)

with an equality at t=0. So differentiate with respect to t to get

L dQ dQ

N3E) i) TE = U@

(i) u/(z) =g(x) = EP(Q($)%) = EPU'(€). Others proved similarly.

e Incomplete market

EpU(X7) = > pnU(&,) is maximized over all

Eo, [ Xr] =>q7é <z VQm e M

M:{Q:(q1a-'-aQn) : an:]-a O§Qn§17 E]%Sm:SN}

Note that M is a convex, bounded subset of R" and it is a polytope as it defined

through finitely manu kinear equations. Hence,

M = E{621) () Qm}

We now define

= pUEn) = > m IEQTén—x]

m=1

=> " |U Z mq” &n| + 2> _nm)
Set §
o= g y=> tm QY =) Q"
Redefine

L(X7,Q,y) = Ep(U(X7)) — yEQ(Xr — )

<:>L€yq an< gn _qufn)‘Fny q:(ql,...

. qn) €

M
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Again
U(y, Q) = sup L&y, Q)
N
= anv(%) + yx
n=1 n
0y) = ot $(3.Q)
v(y) == inf > p,V <yzn> => pV (y, 4 (y)>
Then,

e Conclusion.

u(x) = sup FEU(Xrp); =€ domU
Xre?(z)
dQ
= inf F —
v(y) dnf, [V <ydp>} y>0
1. w and v are conjugate to each other;
2. Xr(z) and Q(y) exists and
Q(y) T

Again a unique martingale measure is chosen by this procedure.

e Continuous Time.

zU'(z)

Assume lim
oo

<1 (asymptotic elasticity < 1)

xU'(2)

case 2 lim >1

r]—o00

Assume domU = R

Min-max theorems are central to reasoning.

e The oco-dimensional version of thm : (Ekeland and Temam ’76)
E, F be a pair of locally convex vector spaces in duality.

C CE, D CF are convex sets, L : C x D — R concave on C', convex on D and has
some semi-continuity. If C'/D compact/complete, then 3 ¢ € C, 7 € D so that

L(§,7) =sup inf L(&n) = inf sup L(&,7).
¢ec neD

In our application
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L(X7,Q) = EpU(X1) — yEQ(XT) + Yy
Xr >0 Fp-mbl and Q € M9, Set
C(z) ={Xr € L%Fr) : X; >0, Xy <x+ [H,dS,}

= {XT : EQ(XT) < x, VQ S Mq(S)}

dQn
)

D:={YreL'Fr) : Yr>0 3Q, e M? Yr< lim
Then
XreC«& Ep(XrYr)<1 VYpeD
We also have (bipolar thm)
|Yr €D < Ep(XrYr) <1 VXp€C!

Then continue with the usual convex analysis. Note that the existence of Q € MY is
no longer guaranteed.



