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Exercise 2-1

Let © be the class of self-financing strategies, and ©, be the class of admissible self-financing
strategies. We call Type 1 arbitrage opportunity an admissible strategy 8 = (6°,0',....0%) € O,
st. Vo(0) =0, V() > 0 as. foralte T:={0,1,...T} and P(Vp(d) > 0) > 0, and Type
2 arbitrage opportunity a self-financing strategy 0 € © s.t. V4(0) = 0, Vp(f) > 0 a.s. and
P(Vp(0) > 0) > 0. Show that the existence of Type 2 arbitrage opportunity implies existence
of Type 1 arbitrage opportunity.

Exercise 2-2
Assume that the stock price process S = (Sy,)n>1 is given by

Sn = Oop-1+ BnYna n > 1a
So € R,

where Y;, are independent random variables with P(Y;, = +1) = 1422 and P(Y,, = —1) = =22,
and 0 < ap, B <1,n > 1.

a) Show that if 8, > > 72 41 Bk, for every n > 1, then S does not admit simple arbitrage.
b) Show that there exists a local martingale measure @) equivalent to P if and only if
Yo ak < oo
Exercise 2-3

Let p be a probability measure on Ry such that [zdu(z) = 1. Show that there exists a
martingale measure on Q := C ([0, 7])|w,=1 With a marginal p at T.

Exercise 2-4
Let W = (W})ier, be a standard R?valued Brownian motion, and w a twice continuously

differentiable function. Assume that the value of a stock is S = w(W). Show that S is a
continuous local martingale for every initial price configuration Sy € R? if and only if Aw = 0.



Recall the following definitions. Let p and v be probability measures on R. We say that u
is less than v in the convex order, denoted <., if

[ o< [ oo

for all convex ¢ : R — R4. A coupling of probability measures p and v is a probability measure
on R? having p and v as its marginal distributions.

Exercise 2-5
Show that, for two probability measures p and v with finite first moments,
1% <ex U

is equivalent to
© and v admit a martingale coupling.
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