D-MATH Modular Forms HS 15
Prof. Ozlem Imamoglu

Solutions 5

1. Let a := (a(n)),>; be a sequence of complex numbers. We say that the sequence a is mul-
tiplicative if a(mn) = a(m)a(n) for all coprime integers m,n (i.e. gcd(m,n) = 1 for all
m,n > 1). The sequence a is called completely multiplicative if a(mn) = a(m)a(n) holds in
general.

Let o, € R be such that

converges absolutely on the half plane of convergence H(a) := {s € C| Re(s) > 0,}.

a) Show that if a is multiplicative, then

a k
L(s) = [ [ o4

p k>0 p
forall s € H(a).

b) Show that if a is completely multiplicative, then

1
o=

forall s € H(a).

2. Let f R} — © be a continuous function such that f(y)y*~! € L'(R) for each
s€(a,f)y:={seC | a<Re(s) <}
the fundamental strip determined by o < 8 € R U oo. Its Mellin transform is defined by
M= [ 1w

forall s € (a, ).

a) Show that M(f) is well-defined and holomorphic.

Bitte wenden!



b) Prove the following identities for M (f) :

1 1
M(37(3)) ) = Mua-9)
TMUWNG) = M) losy)(s)

where v > 0.

3. Recall the Gamma function I'(s) = [;° e *¢*% defined for all s € C with Re(s) > 0. Prove
that

a) The function I'(s) can be analytically continued to the whole complex plane into a mero-
morphic function whose poles are exactly non-positive integers and satisfies the functio-
nal equation I'(s + 1) = I'(s).

b) Show that the meromorphic continuation satisfies I'(s) = >~ 7 kll]; + J; e vy dy
and conclude that Res(I', —n) = Gy

n!

¢) Prove the reflection formula I'(1 — s)I'(s) =
function of s.

and conclude that is an entire
Sln( s) ( T(s)

d) Compute I () and prove the duplication formula I'(s)I" (s + 3) = 23725\/2rr I'(2s).

e) Show that

M (e*yz) (s) = %F (;) for any s € H(0),
M <1 i’y) (s) = T(5)C(s) for any s € H(1).

4. a) Take a modular form f € M (T") with g-expansion f = > a(n)q". Let x be a character
mod p, where p is a prime, and set

Show that f, € My (To(p?), x?), i.e.

Fy(r2) = x(d)*(cz +d)* f(2).
Moreover, show that if f € S(T), then f, € Sp(Lo(p?), X?).

Siehe nichstes Blatt!



b) Given NV a positive integer, let wy := ( _1> . Show that wy normalizes I'g(N') and

that if f € My (To(N)), then

f‘wN — N*k/szk/Qf <_]‘>

N

Nz

is also in My (I'o(V)).

¢) Let f € Sk(T'), and let x be a character mod p. Show that fX]wpg = T(;f)Q fx» where
7(x) = G(1, x) denotes the Gauss sum.

5. Let again f € Si(I"), and let x be a Dirichlet character mod p. Set

L(f7Xa5) = ZM and A(f7X7S) = (p )sF(S)L(.ﬂXaS)‘

n 2
n>1

Prove the functional equation A(f, x, s) = ik%A(f, k—s,%).



