The quiver algebra

Basic knowledge

Definition 1. Let be € and & two categories. A covariant functor F from € to 9 con-
sists ofamap F : Ob(€¢') — Ob(Z) and amap F : Homy(X,Y) — Homg(F(X),F(Y))
for X,Y € Ob(€¢) such that F(idx) = idpx) for every X € Ob(%’) and F(go f) =
F(g)o F(f) for all morphisms f,g for which go f is defined.

Definition 2. Let be F,F' : € — 2 two covariant functors between two categories 6, 9.
A natural transformation is a map ¢ : F — F' which assignes to every X € Ob(%¢) a
map @x : F(X) — F'(X) such that for every morphism f € Homy (X ,Y) we have:

@roF(f)=F'(f)opx
@ is called a natural isomorphism if ©x is an isomorphism ¥ X € Ob(%).

Definition 3. Two categories € and 9 are equivalent if there exists two functors F :
C — P and G: P — € such that F o G and G o F are natural isomorphic to the corre-
sponding identity functors.

Definition 4. Let be k a field and S a set. The free associative k-algebra with I over S
is the k-vector space k(S) spanned by the monomials in S (with multliplication given by
the concatenation of such monomials). We can think of it as the polynom algebra with
non-commutative variables (X;);cs.

The quiver algebra

Let be k an algebraically closed field and Q = (Q,,01,s,t) a fixed quiver. Let denote
s(a) (resp. t(a)) the source (resp. the target) of o € Q; in Qp.

Definition 5. The quiver algebra is the associative algebra kQ determined by the gen-
erators, e; where i € Qg and oo € Q| with the relations

e,z =e; Vi € Qo, €)X = Qegq) = & Vo € 01,
and all other products of generators are 0.

Proposition 1. The category of representaion of any quiver Q is equivalent to the cate-
gory of left kQ-modules.

Example 1. The algebra of the loop L is freely generated by . Furthermore, the
algebra of the r-loop L, (see Figure 1) is the free algebra k(Xy,....,X,) on the r arrows.



Example 2. The algebra of the r-arrow Kronecker quiver (see Figure 2) K, is the direct
sum of koy @ ... ko with ke; © ke .

Example 3. The algebra of the star shaped quiver S, (see Figure 3) is the direct sum of
the two-sided ideal ko & .... G ko with the subalgebra ke & .... B ke, 1.

Definition 6. A relation of a quiver Q is a subspace of kQ spanned by linear combi-
nations of paths having a common source and a common target, and of lenght at least

2.

Definition 7. The path algebra of a quiver with relation (Q,1) is the quotient algebra
kQ/I

Remark 1. Every algebra can be written as the quotient of a free algebra in a trivial
way. But while this point of view does not contain any information about the algebra
itself, representation theory of quivers can be used to study finite dimensional algebras
in detail.

Indeed, one can show that any finite dimensional basic algebra' can be written as a
quotient A = kQ/I, where kQ is the path algebra of some quiver Q and I is an ideal
contained in kQ>».
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Figure 1: The 2-loop L,
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Figure 2: The 2-arrow Kronecker quiver K,
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Figure 3: The quiver Sy

'Basic means, that A /radA is isomorphic to a direct sum of division algebras.



