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n = |Q0| Q
〈−,−〉 : Zn × Zn → Z

〈x, y〉 := 〈x, y〉Q =
∑

i∈Q0

xiyi −
∑

α∈Q1

xs(α)yt(α).

(−,−) Zn

(x, y) := 〈x, y〉 + 〈y, x〉 .
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σi : Zn → Zn σi(x) := x − 2
(x, ei)

(ei, ei)
ei

ei i Zn
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Zn σi ◦ σi = IdZn
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ϕ : X → X ′
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i : Rep(Q, K) → Rep(σiQ, K)



Y := S+
i (X) Y = ((Yi), (Yα))i∈Q0,α∈Q1

σiQ (Yi)i∈Q0

Yj = Xj i '= j

Yi = Ker



ξ :
⊕

α∈Q1
t(α)=i

Xs(α) −→ Xi





ξ = (Xα) Xα t(α) = i

Yα α Q t(α) '= i
Yα := Xα t(α) = i Yα : Yi → Ys(α) = Xs(α)

Yi
ξ̌

↪→
⊕

α∈Q1
t(α)=i

Xs(α)
pr−→ Xs(α)

pr Xs(α)

ϕ : X → X ′

S+
i ψ := S+

i (ϕ) ψ : Y → Y ′

ψj = ϕj j '= i ψi : Yi → Y ′
i

(ϕs(α)) :
⊕

α∈Q1
t(α)=i

Xs(α) −→
⊕

α∈Q1
t(α)=i

X ′
s(α).

i Q

S−
i : Rep(Q, K) → Rep(σiQ, K)

Y := S−
i (X) Y =

((Yi), (Yα))i∈Q0,α∈Q1 σiQ
(Yi)i∈Q0 Yj = Xj i '= j

Yi = Coker



ξ : Xi −→
⊕

α∈Q1
s(α)=i

Xt(α)





ξ = (Xα) Xα s(α) = i



Yα α Q s(α) '= i
Yα := Xα s(α) = i Yα : Yt(α) = Xt(α) → Yi

Xt(α)
i

↪→
⊕

α∈Q1
s(α)=i

Xt(α)
ξ̌−→ Yi

i ξ̌ Yi =
Coker(ξ)

ψ := S−
i (ϕ) ϕ

ψj = ϕj j '= i ψi : Yi → Y ′
i

(ϕt(α)) :
⊕

α∈Q1
s(α)=i

Xt(α) −→
⊕

α∈Q1
s(α)=i

X ′
t(α).
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Xj =

{
K j = 1
0 else

Xα = 0 α
S+

2 : Rep(Q, K) → Rep(σ2Q, K)

1 2 3
σ2Q

• S+
2 (X1) = K = Y1

• S+
2 (X2) = ξ, ξ :

⊕
α∈Q1
s(α)=i

Xs(α) = K
⊕

0 → 0 = X2

ξ = K = Y2

• S+
2 (X3) = 0 = Y3

i Q

ιiX : S−
i S+

i X → X

(ιiX)j = idXj j '= i (ιiX)i

(S−
i S+

i X)i = ξ̌ ∼= ξ → Xi.



1 2 3
Q

Q X1 = 0 X2 = K2

X3 = K X1 → X2

X3 → X2 i2X
S+

2

1 2 3
σ2Q

• S+
2 X1 = X1

• S+
2 X2 = ξ ξ : K

⊕
0 → K2 S+

2 X2 = 0

• S+
2 X3 = X3

S−
2

• S−
2 S+

2 X1 = S−
2 X1 = X1

• S−
2 S+

2 X2 = ξ ξ : 0 → K
⊕

0 S−
2 S+

2 X2 = K

• S−
2 S+

2 X3 = S−
2 X3 = X3

i Q

πiX : X → S+
i S−

i X

(πiX)j = idXj j '= i (πiX)i

Xi → ξ ∼= ξ̂ = (S+
i S−

i X)i.

S+
i S−

i S±
i idX = idS±

i

X S±
i (φψ) = (S±

i φ)(S±
i ψ) φ : X → Y

ψ : Y → Z

X, X ′ Q i
S±

i (X
⊕

X ′) = S±
i X

⊕
S±

i X ′

X = (S−
i S+

i X)
⊕

ιiX X = (S+
i S−

i X)
⊕

πiX
ιiX = 0 S+

i X = σi( X)
πiX = 0 S−

i X = σi(dimX)



S−
2 S+

2 Q

• S−
2 (Y1) = K = X1

• S−
2 (Y2) = ξ, ξ : Yi = K → K

⊕
0 =

⊕
α∈Q1
t(α)=i

Yt(α)

ξ = 0 = X3

• S−
2 (Y3) = 0 = X3

ξ = 0

σ2( X) = X − 2( (X), e2)

(e2, e2)
e2

=
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
1
0
0



 − 2(〈 X, e2〉 + 〈e2, X〉)
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e2

=




1
0
0


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1
0
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0
1
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
〉
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1
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1
0
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〉
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1
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0
1
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
〉
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1
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


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
1
0
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

 − −1 + 0
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
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0
1
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


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1
1
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
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2 X


