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Abstract

In this seminar presentation, we will introduce the categorical aspect of
quiver representation and introduce the indecomposable representations.
The latter play an important role in Gabriel’s Theorem, which allows
to determine the quivers with finitely many indecomposable representa-
tions. Next week we will connect indecomposable representations with
the initial cluster variables by a bijective map - a reason to start studying
indecomposable representations.

1 Quiver Representation

Definition 1 Let k be an algebraically closed field and Q = (Q0, Q1) be a finite
quiver without oriented cycles. A representation V of Q is a set of

• finite dimensional k-vector spaces Vi for each vertex i of Q

• linear maps Vα : Vi → Vj for each arrow α : i → j of Q

Example:

Let Q be the following quiver
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Definition 2 A morphism of a representation f : V → W (V, W representa-
tions of Q) is a collection of k-linear maps fi : Vi → Wi for each vertex i of Q
such that the square
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fi fj
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Wα

commutes for all arrows α : i → j of Q.

The composition of morphisms is defined in the natural way. Then, we
obtain the category of representations rep(Q).

Lemma 1 A morphism f : V → W of this category is an isomorphism if and
only if its components fi are invertible for all vertices i of Q0.

Example:

Let
V : V1

Vα−→ V2

be a representation of Q. By choosing basis in the spaces V1 and V2, we find an
isomorphism of representations.
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By abuse of notation, we denote A by the multiplication by a p × n matrix A.
We know that we have

PAQ =
(

Ir 0
0 0

)
=: Ir ⊕ 0

The matrices P and Q denote invertible matrices and r is the rank of A.
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Then, we get
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1r ⊕ 0

Lemma 2 Let Q be a finite quiver. Then repk(Q) is an abelian category.

Proof:
See lecture or [IA].
For more information about categories, please read Prof. Baur’s lecture notes
[KB]

1.0.1 Remark:

The direct sum V ⊕W is then the representation given by (V ⊕W )i = Vi⊕Wi

(componentwise) and (V ⊕W )α = Vα ⊕Wα for vertices i and arrows α of Q.

Example:

The above representation in normal form Ir ⊕ 0 is isomorphic to the direct
sum

(k 1→ k)r ⊕ (k 1→ 0)n−r ⊕ (0 1→ k)p−r

Definition 3 A subrepresentation V ′ of a representation V which is given by
a family of subspaces V ′

i ⊂ Vi, i ∈ Q0, such that the image of V ′
i under Vα is

contained in V ′
j for each arrow α : i → j of Q.

Definition 4 A sequence

0 → U → V → W → 0

of representations and morphisms is a short exact sequence if the sequence

0 → Ui → Vi → Wi → 0

is exact for each vertex i in Q. A sequence of representations and morphisms
between them is exact, if the image of one morphism is equal to the kernel of
the next.
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Definition 5 A representation V is simple if it is non-zero and if for each
subrepresentation V ′ of V we have V ′ = 0 or V/V ′ = 0. Equivalently a repre-
sentation is simple if it has exactly two subrepresentations.

Definition 6 A representation V is indecomposable if it is non zero and in
each decomposition V = V ′ ⊕ V ′′ we have V ′ = 0 or V ′′ = 0. Equivalently a
representation is indecomposable if it has exactly two direct factors.

1.0.2 Three Examples:

• The representations k → 0 and 0 → k are simple.

• The representation V = (k 1→ k) is not simple, because it has the non
trivial subrepresentation 0 → k

• But V = (k 1→ k) is indecomposable. Since each endomorphism f : V →
V is given by two equal components f1 = f2 such that the endomorphism
algebra of V is one-dimensional. If V was a direct sum V1 ⊕ V2 for two
non-zero subspaces, the endomorphism algebra of V would contain the
product of the endomorphism algebras V1 and V2 and thus would have at
least dimension 2.

Definition 7 A ring is called local, if the non-invertible elements form an ideal.

Unique Decomposition Theorem: 1 Let V be a representation.

• The representation V is indecomposable if and only if the endomorphism
algebra End(V ) is local.

• Each representation decomposes into a finite sum of indecomposable rep-
resentations. This decomposition is unique up to isomorphisms and per-
mutations.

For the proof, see Krause’s Script [KR] on pages 6 and 7.

2 Gabriel’s Theorem

As mentioned in the abstract, Gabriel’s theorem allows a characterization of
quivers with finitely many isomorphism classes of representations. First, a few
definitions are needed.

Definition 8 For any representation V , we can define the dimension vector

v = (dim(V1), dim(V2), . . . , dim(Vn))

For example, the dimension vector of a representation

kp → kr → ks

is simply v = (p, r, s).
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Definition 9 The Tits form is a quadratic form defined on the dimension vector
by

qQ(v) =
∑
i∈Q0

v2
i −

∑
α∈Q1

vs(α)vt(α)

Obviously, the Tits form is independent of the orientation of the arrows.

Definition 10 A quiver Q is representation-finite, if there are only finitely
many indecomposable representations up to isomorphism.

Definition 11 A vector v ∈ ZQα is called a root, if it satisfies

qQ(v) = 1

Definition 12 A root v = (v1, . . . , vn) is positive, if vi ≥ 0 for i ∈ {1, . . . , n}.

Gabriel’s Theorem: 1 Let Q be a connected quiver and k be an algebraically
closed field. Equivalent are:

1. Q is representation-finite

2. qQ is positive definite

3. The underlying graph is a simply laced Dynkin diagram ∆.

Moreover, the isomorphism classes of indecomposable representations can natu-
rally be mapped to the set of positive roots of the Tits form qQ.

The proof of iii → i and i → iii is long and requires reflection functors. If
interested, they can be found on page 290-292 of [IA]. The proofs of i → ii and
ii → iii are in [KW].
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