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Partial derivative

Definition

Let d € N, @ = (g, ..., aq) € N§ be a multi index with
absolute value |a] = a3 +...+ag and x = (xq,...,xq) € R
For u a real valued function which is sufficiently smooth, the
partial derivative is given by

o= () ()l
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o Let k € Ny and k € (0,1).

Ck"(Q): = {u: Q — R |D*u is Holder continuous

with exponent «}.

@ The associated norm is

| DI*lu(x) — DI*lu(y) |
lull crny: = [lul] cra)+ sup
o) () Mz_:kweﬂ’x#y x—y T
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Lipschitz domain

Simplest case:
There exists a function v : R™* — R such that

Q:={x R | xqy < () forall x = (xq,...,x4_1) € R}

Definition
When - is Lipschitz, then 2 is said to be a Lipschitz
hypograph with boundary

0N =:T:={x€RY| xg = () for all x € RY}.
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Lipschitz domain

Definition
An open set Q C R?. d > 2 is a Lipschitz domain if [ is
compact and if there exist finite families {W;} and {Q,} such
that:
@ {W;} is a finite open cover of I, that is W; C R? is open
forall ie Nand ' C U;W,.
@ Each Q; can be transformed into a Lipschitz hypograph
by a rigid motion
© For all i € N the equality W,NQ2 = W, N Q.

@ The local representation of the boundary I is in general
not unique.
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Example of a non-lipschitz domain

Figure: Example of a non-lipschitz domain in 2D.
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Definition

[°¢: = {u:Q — R| uis locally integrable }.

That means, u is integrable with respect to any bounded
closed subset K of Q.

Remark

A function u: Q — R € LP(Q) is not, in general, in L;(Q).
On the other hand, u € L;(Q) implies that u € LP<(Q).

/u(x)dx < 00 = /u(x)dx <00, YK CQ.
Q K




Let @ = (0,1) and u(x) = £. We have

1 1

1
/u(x)dx = Iim/ldx = limIn (—) = 00.
e—0 X e—0 €

0 €

@ That implies u ¢ L;1(9).
Let K =[a,b] C (0,1) with0 < a< b < 1. Then

/u(x)dx:/bédx: In (g) < 0.

a

o That implies u € LP<(Q).
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General Partial Derivative

A function u € L'¢(2) has a generalized partial derivative
w.r.t. x;, if there exists v € L°(Q) such that

/v(x)gp(x)dx =— / u(x)%gp(x)dx, for all ¢ € G5°(9).

Q Q

The GPD is denoted by %U(X)Z = v(x).

We define the space of test functions by C5°(Q2): = 2(Q).
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Convergence in

Let {(Pn}nEN c Q.

{@n} converges to ¢ in 2(Q) if
Q@ JK C Q compact subset such that supp ¢, C K,Vn € N
@ Do, —— D%p,Va € N9.

Icge

Definition
A complex valued continuous linear map T : Z(Q2) — C is
called a distribution. T is continuous if

lim T(pn) = T(y),

n—oo

for any {¢n}ren which converges to ¢ in 2(Q).
The set of all distributions is denoted by 2'(Q).
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Distribution

Let T € 2'(Q). Its partial derivative w.r.t x;, 1 </ <d, in
the sense of distribution is

0; T(p) = —T(0ip), forall p € 2(9Q)

For a function u € L?(Q) we define the distribution

/u x)dx, for ¢ € 2(Q).
Q
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Example of derivative in the sense of distribution

Let v(x) = sign(x) € L?([—1,1]) and compute its derivative
in the sense of distribution.

[ 2 sante)stogin =~ [ sign) - ploex = 20),

1
for all p € 2(Q).

We obtain

——sign(x) = 20y € Z'(Q).
X
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Example of derivative in the sense of distribution

SOBOLEV SPACES
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Let k € Ny, the Sobolev space is defined as

WA(Q): = C=(Q) @,

p

The norm is given by
1
_ ) (SsdllDully o) for 1< p < o0,

HUHWPk(Q)
maxjq|<k||Dul[ 1. (0), for p = oo.

k

; —ooron Ml
Wi(Q): = CR(Q) @,
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Sobolev spaces can be define for all s € R.
@ For 0 <s, with s =k + r, k € Ng and x € (0,1), the

norm is
1

e (s L

where

|Du(x) — D*(y)|?
= 5 2

|a|=k
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—Ss

q

@ Fors<0and 1< p< oo, W;(Q)::(W
%—l—%’:l. The norm is

(Q))l where

u.,v
llwse— wp 9L
; Vs

VEW *(Q),v#£0 W (Q)
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The Sobolev space W;(2) admits an inner-product
@ Fors=ke Ny

(U, V)i _Z/Da )D%v(x)dx

la|<k

@ For s =k + r with k € (0,1) and k € Ny

(U, viws): = (u, V>Wk(fz)+

(Du( “u(y))(Dv(x) — D?v(y))
2 / / |x — y|ren ey

|laf=k
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Tempered distribution
We define the space of rapidly decreasing functions
S(RY) = {p € C(RY) | [lpllxs< oo},

where

lollis= sup (x|* +1) Y [D%(x)| < oo, for all k,I € No.
xER4

o</
The space of tempered distributions S'(R?) is

S'(RY):={T :S(RY) — C| T complex valued cont. lin. map}
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Tempered distribution

e For s € IR, the Bessel potential operator 7° : S(R?) — R

is given by
| @it

for u € S(RY).
(T°T)): = T(T%p), forall p € S(RY).
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The Sobolev space over R? is defined as
HS(R?): = {v € S'(RY) | T°v € L,(R?)}, for all s € R.

The norm is

2 mdys = 1 2)519(€)2d€.
M = [ (1 + €Y IoORE
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Relation between and spaces

Theorem

For all s € R, we have the following relation
H*(RY) = W5 (R?).
Let Q be a bounded domain in RY,
H(Q): = {v = ta | ¥ € H(R)},

the norm is given by

[V|He(0): = inf ||l s (rey-

veHs(RY), 7=V
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Relation between and spaces

Definition

£s Fooron e ysiay. - Fooron e
HE(Q): = G (Q) 7 H3(Q): = Go()

m

A
o
-
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Relation between and spaces

Let Q € RY be a Lipschitz domain. For s > 0 we have
H5(Q) c H3(Q).
Moreover,

H5(Q) = H3(Q) fors ¢ {

N| o1

3
R

Y J

N —

H(Q) = [H(Q)', H(Q) = [A~(Q)]
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Relation between and spaces

For s < 0, we define H5(I'): = (H~%(T"))’ with the norm

_ <U, V>F
= sup ——
0veH () |[VI[H-s(r)

||U| Hs(r):
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Espace de Fréchet

The Sobolev spaces over a bounded domain € R allow us
to define the Fréchet space

Hoe(Q): = {v € Z'(Q) [Ivm(e)< +o0
for all bounded B C Q},

and the space

Hclomp(Q): ={ve2'(Q)|ve HI(Q),V has compact support}

Remark
We see that H.,. (Q) C HL ().

comp
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Sobolev Embedding Theorem

Theorem (Sobolev Embedding Theorem.)

Let Q be an open subset of R? with a lipschitz continuous
boundary. The following continuous embedding holds

e Foralls € R, H*T1(Q) C H(Q).
o For k € Ny, if2(k — m) > d, then H*(Q) c C™(Q).
@ Foralls e R, if

d
d<sforp=1 —<sforp>1
p

then W;(2) C C(Q2)
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Sobolev Embedding Theorem

Our goal is to study the continuity of function in Sobolev
space.
Take m = 0.
Q Ifd=1,2(k—0)>1isvalidVk > 1.
o We have H'(Q) c C°(Q).
o Moreover, as H**1(Q) c HX(Q),

H(Q) ¢ HX(Q) c ... c HY(Q) c C°(Q).

Q Ifd=2 is HY(Q) c C%Q)?
e No,
HY(Q) ¢ CO(Q)!

o We have _
H?(Q) c C%(Q).
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Trace Theorem

@ We recall the interior trace operator

Yp: =t C(Q) — C(09).

Theorem (Trace Theorem.)

Let Q be a Ck~Y1-domain. For < s < k the interior trace
operator

vo : HS(Q) — H*2(I),

where ypv : = vr, is bounded. There exists Ct > 0 such that

Iovll o3 0y = Crlivlime for all v e HH(Q).

e For a lipschitz domain €, put kK = 1.
vp : H5(Q) — H2(Q) for s € (3,1]. That is true for
13
s€(33)
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Inverse Trace Theorem

Theorem (Inverse Trace Theorem.)

The trace operator ~yp : H*(2) — HS*%(F) has a continuous
right inverse operator

E:H7:() — H(Q)

satisfying (yp o E)(w) = w for all w € H*~2(T). There exists
a constant C; > 0 such that

lEwlle@< Cillwl,omy gy for all w € HT2(T).
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Inverse Trace Theorem

® vp : H(Q) — H*2(I') is surjective and its continuous
right inverse £ : H*2(T') — H*(Q) is injective.

@ With the two last Theorems, we can redefine the Sobolev
space H*(IN).

@ For s > 0. H*(I') can be seen as the space of traces of
Het2(Q).

@ The interest of fractional Sobolev spaces comes from the
use of the Green's theorems in BEM.
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Green's Theorem

© For u € H*(Q) and v € H'(RQ), the first Green’s formula
s
Oou
(B, v} = ~(V6, V)a + (o0t 70v)im
© For u,v € H*(Q), the second Green's formula is

ou 0
(Au,v)g—(Av,u)qg = (’yD8 YDV >aﬂ—<’YDav,’YDU>
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Fundamental solution

Let us consider a scalar partial differential equation

(Lu)(x) = f(x),x € Q C R

Definition
A fundamental solution of the PDE is the solution of

(E}/G(Xay))(x7y) = 50()/ _X)7X7y S Rd7

in the distributional sense.

Green's function of a PDE is a fundamental solution satisfying
the boundary conditions.
Green's functions are distributions.
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Example of Green’s function

Compute the Green's function G(x,y) such that

1
ulx) = [ Gloxsy)F(y)dy, for x € (0.1),
0
is the unique solution of the Dirichelet BVP

{—u”(x) = f(x), for x € (0,1)
u(0) = u(1) = 0.
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Example of Green’s function

@ Solve —G"(x,y) = d(x,y) and split (0,1) into 0 < y < x
and x <y < 1.
@ —G"” =0 on each side

a1(x)y + bi(x),y € (0,x)

= G(x,y) = {az(x)y + by(x),y € (x,1)

@ Boundary conditions = b;(x) = 0 and by(x) = —ax(x).
e Yy € 7([0,1]) solve

(=G"(x,),0) = (x) = (G(x,"), ") = —p(x).

_ (1—X)y,y€(0,X)
oly)= {x(l )y € (1)
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Fundamental solution of Laplace operator
@ Let us consider the Laplace operator

(Lu)(x): = —Au(x) for x e R?,d = 2, 3.

@ The fundamental solution G(x, y) is the distributional
solution of the PDE

—A,G(x,y) = do(y — x) for x,y € RY.

@ First put

G(x,y) = v(z), where z =y — x.

@ Hence solve

—Av(z) = 6(2), z € R
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Fundamental solution of Laplace operator
@ We apply the Fourier transformation and obtain

oy = 1L eme
V(f) - (271')%’ |2 GS(R )

Definition

For a distribution T € S'(IR?), the Fourier transform is given
by
T(e) = T(), for all p € S(RY).

@ Hence, we have to solve

<‘77 SD>L2(]R°') - <V7 @>L2(Rd)7 for Y e S(Rd)
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3D case

For d = 3.
@ The fundamental solution is

Glxy)= =

S = x,y€eR:
arlx—y Y

e G(x,y) is continuous (C*) except when x = y.
@ The fundamental solution is bounded at the infinity.

When x or y — o0 = G(x,y) — 0.

G(x,y) ¢ L2(R®). Consider v(z) =1

1 ° 1 |
||v(z)||L2(R3):/ —dz—/ —2dz+/ —dz — o0
—00 N4 0 4

N~ v

— 0 — 00
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2D case

For d = 2.
@ The fundamental solution is

1
G(Xv.y) = _% |Og(|X - Y|)7X7y € RZ-

@ G(x,y) € C™ except on x = y.
@ The fundamental solution is unbounded at the infinity.

When x or y — 0o = U(x,y) — oc.

@ The problem of at the infinity is solved with the boundary
conditions in the Green function.
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2D case
The fundamental solution for the Helmolzt equation
—Au(x) — 2ku(x) = 0 for x € R? k € R,
is
o ford=3

1 efklx—yl

Gi(x,y) = X,y € R3.

4 fx —y|’
o ford =2

1 3

Gk(Xa.y) - %YO(k|X_y|)7X7y € R )

where Yy = second Bessel function of order zero.
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