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1 Frobenius Algebras
Frobenius algebras were first defined as algebras over some field together
with a nondegenerate bilinear form or, equivalently, a trace. As it turns
out it is possible to generalize this concept to categories.

Categorical approach

A Frobenius object in a category is an object together with a collection of
four morphisms satisfying certain axioms. The axioms assume a (sym-
metric) monoidal structure on the category. We refer the reader who is not
familiar with these categories to (Mac Lane 1971, Chapter VII).

(Co-)monoid objects. Let (C,�, 1) be a monoidal category. A monoid
object is an object A together with a morphisms β : A� A→ A called mul-
tiplication and a morphism g : 1 → A called unit, such that the following
diagrams commute.
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(A � A)� A A � (A � A)

A � A A � A

A

∼

β � id id � β

β β

(A)

A � 1 A � A 1 � A

A

∼ ∼

id � g g � id

β (U)

We say that β is an associative multiplication with unit g.
Assume the category is equipped with a symmetry structure τ. The

multiplication is said to be commutative if the diagram

A � A A � A

A

τAA

β β (C)

commutes.
We can dualize the notion of a monoid object. Let A be an object with

morphisms α : A → A � A and f : A → 1. We say that (A, α, f ) is a
co-monoid if it is a monoid in Cop. This means diagrams (A) and (U) with
their arrows reversed and α and f replacing β and g commute. We call
(A, α, f , β, g) a bi-monoid if (A, α, f ) is a co-monoid and (A, β, g) a monoid.

We immediately observe, that in the category of k-vector spaces, these
are just the definitions of algebras, co-algebras and bi-algebras.

Frobenius relation. A bi-monoid is called a Frobenius object if it addition-
ally satisfies the Frobenius relation, that is the following diagrams com-
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mute

A � A A � A � A

A A � A

α � id

β id � β

α

A � A A � A � A

A A � A.

id � α

β β � id

α

(F)

It is clear, that symmetric monoidal functor preserves Frobenius ob-
jects.

Frobenius objects for vector spaces

Recall that in the symmetric monoidal category Vect of finite-dimensional
vector spaces over some field k, monoid objects are algebras. We show
that there is a more natural characterisation of Frobenius objects in Vect
involving a linear functional, called trace or Frobenius form.

Theorem 1. Let (A, β, g) be a finite dimensional algebra and f : A → k a
homomorphism. The following are equivalent.

(i) There exists a co-multiplication α such that (A, α, f , β, g) is a Frobe-
nius object.

(ii) The map f β is non-degenerate.

Moreover, if a co-multiplication as in (i) exists, it is unique.

The theorem and its proof are a generalisation of (Abrams 1996, Theo-
rem 1).

Proof. We first note, that β induces a right A-module structure on A and
A⊗ A given by

β : A⊗ A −→ A

a⊗ b 7−→ ab

and

id⊗ β : A⊗ (A⊗ A) −→ A⊗ A

a⊗ b⊗ c 7−→ a⊗ bc

Similarily, a left A-module structure is defined by β and β⊗ id. The proof
is based on the observation that α satifsfies the Frobenius relation if and
only if it is a right and left A-module homorphism.
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Assume first that f β is non-degenerate. This yields an isomorphism
λ : A→ A∗ given by

λ(a)(b) = f β(a⊗ b) = f (ab).

Indeed, λ is linear and, since f β is non-degenerate, injective. By assump-
tion A is finite dimensional, so λ is also surjective. Tensoring λ with itself
we also obtain an isomorphism

λ⊗ λ : A⊗ A −→ A∗ ⊗ A∗.

We claim that both isomorphisms are also right A-module homomor-
phisms. Here the module structure on A∗ and A∗⊗ A∗ is given as follows.
For l ∈ A∗ and a, b ∈ A define

(l · a)(b) = l(ab)

and for l ∈ A∗ ⊗ A∗ and a, b, c ∈ A set

(l · a)(b⊗ c) = l(b⊗ ac).

Then, for all elements a, b and c in A we see that

(λ(a) · b)(c) = λ(a)(bc)

= f (abc)

= λ(ab)(c).

Hence λ is a right A-module homomorphism. A similar argument shows
that λ⊗ λ also is a module homomorphism.

We now dualize the algebra structure on A to obtain a coalgebra struc-
ture (A∗, β̄∗, g∗), where

β̄(ab) = β(ba)

is multiplication with the operands interchanged. It follows that the co-
multiplication β̄ is a right A-module homomorphism. Indeed, for l ∈ A∗

((β̄∗l) · a)(v⊗ w) = β̄∗l(v⊗ aw)

= lβ̄(v⊗ aw)

= l(awv)

= (l · a)(wv)

= (β̄∗(l · a))(v⊗ w).

We use λ to pull the co-algebra structure on A∗ back to A by defining

α =
(

λ−1 ⊗ λ−1
)
◦ β̄∗ ◦ λ : A −→ A⊗ A
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and
f̃ = g∗ ◦ λ : A −→ k.

The fact that β̄∗ and λ are right A-module homomorphisms implies that α

also is a right A-module homomorphism.
A similar argument shows that λ̄ given by

λ̄(a)(b) = f β̄(a⊗ b)

and β∗ are left A-module homomorphisms. We also note that

α =
(

λ̄−1 ⊗ λ̄−1
)
◦ β∗ ◦ λ̄

and conclude that α is a left A-module homomorphism. Hence the Frobe-
nius relation (F) holds.

It remains to check that f̃ = f . This follows from g∗(l) = l(1A) for
l ∈ A∗ and

f̃ (a) = λ(a)(1A) = f (a).

To show that α is uniquely defined by f and β, assume that α and α̃

are commultiplications both satisfying the Frobenius relation and f is a
co-unit for both, that is

id⊗ f ◦ α = id = id⊗ f ◦ α̃.

Then γ = α̃− α also satisfies the Frobensius relation and moreover

id⊗ f ◦ α = 0.

Thus the following diagram commutes

A⊗ A A

A⊗ A⊗ A A⊗ A

A

β

γ⊗ id α

id⊗ η

id⊗ β

id⊗ f

0
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Let γ(1A) = ∑i ei ⊗ ui, where the {ei} is a basis of A. If we evaluate the
diagram from the top left corner we get

1A ⊗ a 7→∑
i

ei ( f β)(ui ⊗ a) = 0

for any a ∈ A. Since f β is non-degenerate we see that ui = 0 for every
i. Hence γ(b) = γ(1A) · b = 0 for every b ∈ A and thus α = α̃. This
completes the first part of the proof.

To show the converse direction, assume a bi-aglebra structure is given
on A and that the Frobenius relation holds. We define ψ = α ◦ g and
η = f ◦ β. Then the following diagram commutes.

A

A⊗ A A⊗ A⊗ A

A A⊗ A A

ψ⊗ id
g⊗ id

α⊗ id

β
id⊗ η

id⊗ β

α id⊗ f

(F)

Using the (co-)algebra axioms the composition of the left and bottom
arrows yields the identity and consequently

idA = id⊗ η ◦ ψ⊗ id.

If we set ψ(1K) = ∑i ei ⊗ ui, where the {ei} is a basis of A we see that for
every a ∈ A

a = ∑
i

eiη(ui ⊗ a)

For a = ek we obtain η(uk⊗ ek) = 1 and conclude that η is non-degenerate.

Note that in the second half of the proof we did not use both Frobenius
relations (F) but only the left one. As a corollary of the proof we thus have
the following.

Corollary 1. Let A be a bi-algebra. If either one of the diagrams in (F)
commutes, so does the other.
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The group algebra. Let G = {e = g1, g2, . . . , gn} be a finite group and kG
the vector space with basis G. Multiplictaion on kG is defined by linearily
extending the group multiplication G× G → G. The linear form f taking
the values f (gk) = δ1k on the basis is a Frobenius form. Indeed, for any
basis vector gk there is v = g−1

k such that f (vgk) = f (g1) = 1.

2 Two-dimensional cobordisms
In this section we will develop tools to describe the category of two-
dimensional oriented cobordisms in terms of a few simple building blocks,
that tell us everything we need to know about the structure of this cate-
gory. This will also allow us to describe any symmetric monoidal functor
from this category.

The first part of the section is devoted to the definition of the symmetric
monoidal category of cobordisms for an arbitrary dimension n. We then
examine the special case n = 2, where we introduce a skeleton and discuss
the implications of this reduction to the symmetric monoidal structure. We
also develop a visual representation for cobordism classes. In the last part
we then provide a complete representation of the morphisms in terms of
generators and relations.

The oriented cobordism category

Cobordisms. A cobordism between two oriented (n− 1)-dimensional man-
ifolds X and Y is an oriented n-dimensional manifold M together with an
orientation reversing embedding i : X → ∂M and an orientation preserv-
ing embedding j : Y → ∂M such that ∂M is the disjoint union of the images
of i and j. We say that two cobordisms (M, i, j) and (M′, i′, j′) are equiva-
lent, if there exists an orientation preserving diffeomorphism g : M → M′

such that gi = i′ and gj = j′. One can check that this is indeed an equiv-
alence relation. The equivalence class of a cobordism will be denoted by
[M, i, j].

Composition. Let (M, i, j) and (M′, i′, j′) be two cobordisms from X to Y
and Y to Z respectively. We obtain the topological space W = M ∪h M′

from the disjoint union M tM′ by identifying the subsets j(Y) and i′(Y)
via h = i′ j−1. One can show (c.f. Milnor 1965, Theorem 1.4) that there
exists an oriented manifold structure on W for which the embeddings
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φ : M→W and φ′ : M′ →W are orientation preserving smooth imersions.
We thus obtain a cobordism (W, ι, κ) from X to Z, where ι = φi and κ =

φ′ j′.
We remark that the construction of this manifold W involves the choice

of smooth structure, but any two such choices yield diffeomorphic struc-
tures. This means that any two cobordisms obtained this way are equiva-
lent. Moreover the construction does not depend on the choice of equiva-
lence classes in the first place. This means that composition is well defined
on equivalence classes.

The cobordism category. The previous observations about cobordisms
motivate the following definition of a category nCob for n ∈ N. The ob-
jects are oriented closed (n − 1)-dimensional manifolds and morphisms
are equivalence classes of oriented cobordisms. The composition of two
morphisms is defined as above. Of course, one has to check that com-
position is associative and that there exists an identity. We construct the
identity in the following paragraph.

The diffeomorphism functor. Eventually, our goal is to classify the ob-
jects and morphisms in the cobordism category. As we are working with
oriented manifolds, for which there are a number of classification theo-
rems, we are looking for a way to translate them to our category. Indeed,
there is a functorial relation.

Let φ : X → Y be an orientation preserving diffemorphism. We set
M = X× [0, 1] and define maps

i : X −→ X× {0}
x 7−→ (x, 0)

and

j : Y −→ Y× {1}
y 7−→ (φ(y), 1)

Then cφ = [M, i, j] is a morphism from X to Y. We have the following
proposition.

Proposition 1. Let φ : X → Y and ψ : Z → W be orientation preserving
diffeomorphisms and c be the class of a cobordism (M, i, j) from Y to Z.
Then

cφccψ = [M, iφ, jψ]
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In particular, the map φ 7→ cφ is a contravariant functor from the cate-
gory of orientation preserving diffeomorphisms of oriented closed (n− 1)-
manifolds to nCob. Moreover, two isotopic diffeomorphisms induce the
same cobordism class.

For a proof see (Milnor 1965, Theorems 1.6 and 1.9). A first conse-
quence is the existence of an identity, induced by the identity diffeomor-
phism. Moreover, since every diffeomorphism is invertible, so are the
cobordisms of the form cφ. We also have the following important corol-
lary.

Corollary 2. Let c = [M, i, j] and c′ = [M, i′, j′] be two cobordism classes
satisfying im i = im i′ and im j = im j′. Then there exist diffeomorphisms
φ = i−1i′ and ψ = j−1 j′ such that

cφccψ = c′.

Symmetric Monoidal structure. Let X and Y be two compact oriented
manifolds. Taking the disjoint union we obtain a new compact and ori-
ented manifold XtY of the same dimension. We stress that it is important
to distinguish between X t Y and Y t X as objects, altough they are nat-
urally diffeomorphic. In a similar manner we define the disjoint union of
two cobordisms

c = [M, i, j] : X −→ Y,

c′ = [M′, i′, j′] : X′ −→ Y′

Set W = M tM′. By composing i with the inclusion ∂M→ ∂W we obtain
an embedding X → ∂W that we also denote by i and similarily for i′. This
induces a map

ι = i t i′ : X t X′ −→W.

Repeating the construction for j and j′ we obtain a map κ. It is readily
checked that (W, ι, κ) is indeed a cobordism going from X t X′ to Y t Y′.
We denote its equivalence class by d = c t c′ and call it the disjoint union.
As the notation suggests, one can check that the equivalence class does
not depend on the representatives of c and c′. In fact, by carefully going
through the definitions, we see that

t : nCob× nCob −→ nCob.

is a bifunctor. We can also form disjoint union of any finite number of
objects or morphisms. To simplify notation we assume left-bracketing for
such unions.
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There also exists a symmetry. Consider the natural diffeomorphism

X tY −→ Y t X.

By the previous section this induces an isomorphism τXY and one easily
sees that the relation

τXYτYX = idXtY

holds.
To obtain more structure on the category, we consider ∅ an object of

nCob and identify X t∅ = ∅ t X = X. By abuse of notation we also
consider ∅ an endomorphism of ∅ and get similar identifications for mor-
phisms.

One can now check all the coherence relations required by a symmetric
monoidal category, and indeed we have the following proposition.

Proposition 2. The triple (nCob,t,∅, τ) satifies the axioms of a symmetric
monoidal category.

Decomposition into connected cobordisms. Every manifold is diffeo-
morphic to the disjoint union of its connected components. The question
now arises if we can write any cobordism as the disjoint union of connected
cobordisms, that is cobordisms with the underlying manifold connected.
This is indeed possible.

Proposition 3. Any morphism in nCob can be written in the form

c = cφ (c1 t · · · t cl) cψ (1)

with each cν connected.

Proof. Let
c = [M, i, j] : X −→ Y

be a morphism and
M ∼= M1 t · · · tMl .

its composition into connected components. We set Xν = i−1(Mν) and
denote the restriction of i to this manifold by

iν : Xν −→ Mν.

Repeating this construction for Y and j we get cobordisms

cν = [Mν, iν, jν] : Xν −→ Yν.
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Since the sets X1, . . . , Xl are disjoint, there is a natural diffeomorphism

φ : X −→ X1 t · · · t Xl

and similarily
ψ : Y1 t · · · tYl −→ Y.

These definitions clearly satisfy equation (1).

Cobordisms in dimension two

Skeleton. We apply Proposition 1 and classify objects up to isomorphism
in 2Cob.

Definition. A skeleton of a category C is a full subcategory S such that every
object in C is isomorphic to exactly one object in S.

We know that every oriented closed and connected one-manifold is
diffeomorphic to S1 = R/Z. Without loss of generality this diffeomor-
phism is orientation preserving with respect to the positive orientation
induced by R. If necessary, we compose the diffeomorphism with the ori-
entation reversing map x 7→ −x. Denote the disjoint union of n spheres by
n = S1 × {1, 2, . . . , n} and the empty set by 0. Then every closed manifold
is diffeomorphic, and by Proposition 1, isomorphic in 2Cob to some n.
This prooves the first part of the following proposition.

Proposition 4. The set S = {n | n = 0, 1, 2, . . . } forms a skeleton for 2Cob.

It remains wo show that for n 6= m the objects n and m are not isomor-
phic in 2Cob.

Proof. Let c : n → m be a cobordism with manifold M and c−1, with
manifold N, its inverse. This means that gluing these manifolds along m
gives a manifold diffeomorphic to n× [0, 1]. Consider the composition

f : m i−→ M ∪h N
ψ−−→ n× [0, 1] −→ n,

where the first map is the natural embedding onto the boundary where M
and N are glued together, and the last map is projection to the first compo-
nent. This map is coninuous. Let X1, . . . , Xn be the connected components
of n, then m is the disjoint union of the open sets f−1(X1), . . . , f−1(Xn).
We argue that neither of these sets is empty.

Let x ∈ Xν. The path t 7→ ψ−1(x, t) goes from N to M in the glued
manfifold. It thus has to cross the image of m somewhere. Pick y ∈ m
such that i(y) = ψ−1(x, t) for some t. It follows that f (y) = x and hence

11



y ∈ f−1(Xν). This shows that the number of connected components in
m is at least n. Repeating the argument with n and m interchanged we
conclude that n = m.

Disjoint union revisited. If we restrict the disjoint union to S we obtain
a bi-functor

t : S× S −→ 2Cob

This, however, does not give a monoidal structure on S, since the image
of t is not contained in S. We thus have to modify the disjoint union
by composing it with the functor which sends every object in nCob to its
representative in S. For objects we obviously set

n tS m = (n + m).

For morphisms on the other hand we have to do some work.
Suppose that c : n→ m and c′ : n′ → m′ are morphisms in S, then

c t c′ : n t n −→ m tm.

To obtain a morphism

c tS c′ : (n + n′) −→ (m + m′)

we have to precompose and compose c t c′ with morphisms (n + n′) →
n t n′ and m tm→ (m + m′) respectively. For n, n′ ∈ N, let

φnn′ : n t n′ → (n + n′) (2)

be the diffeomorphism given by

φnn′(x, ν) =

{
(x, ν) if (x, ν) ∈ n

(x, ν + n) if (x, ν) ∈ n′

Set
c tS c′ = cφnn′

(
c t c′

)
c−1

φmm′
.

One can check that axioms of a monoidal category hold for the functor

tS : S× S −→ S.

In fact, the monoidal structure even is strict, since we have only one object
per isomoprhism class.
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Symmetry revisited. We discuss symmetry in a similar fashion. Again,
since we have only on object in each isomorphism class the symmetrie τS

kl
should in fact be an automorphism of (k + l). We take the same route as
in the previous paragraph and define the symmetry using the morphisms
given by equation (2) and the commutative diagram

(k + l) (l + k)

k t l l t k.

τS
kl

φkl φlk

τkl

To be more explicit we can check, that the symmetry on (k + l) = n is
induced by the diffeomorphism σkl of S1 × {1, . . . , n} with

σkl(x, ν) =

{
(x, ν + l) if ν ≤ k

(x, ν− k) if ν > k
(3)

For k = 2 and l = 3 this can be visualised as

1

2

3

4

5

1

2

3

4

5

.

Classification of morphisms

As we have made explicit the symmetric monoidal category S and its re-
lation to 2Cob, we can work with the skeleton. From now on we write
2Cob for the skeleton. After characterising the objects in 2Cob we turn to
morphisms. Silently drop any reference to the skeleton

Visual representation. In a first step we develop a system to represent
cobordisms graphically. This allows us to derive some insight from visual
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intuition. Consider the following picture.

It clearly describes a manifold M, but not a cobordism, since it contains no
information about the embeddings i and j into the boundary or orienta-
tion. Suppose we want to view the manifold as a cobordism from n to m.
Obvioulsy the number of boundary components of M must equal n + m.

We label the boundary components by 1̄, 2̄, . . . , n̄ and 1, 2, . . . , m and in-
terpret these as follows. Pick an orienation of M and orientation reversing
diffeomorphisms

ik : S1 → Σk

where Σk denotes the boundary component labeled by k̄ . This induces an
orientation reversing embedding

i : n −→ ∂M

(z, k) 7−→ ik(z)

Similarily, for each boundary component labeled k, we choose an orien-
tation preserving diffeomorphism and obtain an orientation preserving
embedding j : m→ ∂M. Since we labeled all components, we clearly have
i(n) t j(m) = ∂M. This finally specifies a cobordism.

We argue that the cobordism class is independent of both the choice
of diffeomorphisms and orientation of M. Assume that ik and i′k are two
such orientation reversing diffeomorphisms, then

i−1
k ◦ i′k : S1 −→ S1

is an orientation preserving diffeomorphism and thus isotopic to the iden-
tity. Hence φ = i−1i′ is isotopic to the identity on n. Applying Proposi-
tion 1 we get

[M, i, j] = cφ[M, i, j] = [M, iφ, j] = [M, i′, j].

Repeating the argument for j shows that the cobordism in independent of
the choice of diffeomorphisms.

As a convention we draw the source boundaries on the left-hand side
an the target boundaries on the right hand side and label them consecu-
tively from top to bottom. The picture from the beginnig would thus be
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drawn as follows.

The Twist. We may ask ourselves if, given the source and target, the la-
beling is really necessary to distinguish non-equivalent cobordisms. As we
will show later the labeling does not matter if the manifold is connected,
but we can easily construct a non-connected example where it is essential.

Recall that the identity morphism on 2 is represented by the cobordism
(M, i, j) with manifold M = 2 × [0, 1] and embeddings i = id × 0 and
j = id× 1.

1 1

2 2

Define an orientation preserving diffeomorphism τ of 2 = S1 × {0, 1}
by τ(z, s) = (z, 1− s) for s = 0, 1. This gives a cobordism (M, i, j′) with
j′ = τ × 1. Its equivalence class T is represented by the following picture.

1 1

2 2

(T)

Suppose T and id2 are equivalent. Then there exists an orientation
preserving diffeomorphism g of M such that gi = i and gj = j′. Since
M is the union of the two connected components M0 = S1 × {0} × [0, 1]
and M1 = S1 × {1} × [0, 1] the map g has to preserve these. Assume
g(M0) = M0. Then

j′(S1 × {0}) = S1 × {1} × {1} ⊂ M1.

But on the other hand we have

gj(S1 × {0}) ⊂ g(M0) = M0

contradicting gj = j′. The same argument (using i and i′ instead of j and
j′) also yields a contradiction for g(M0) = M1. Thus no such g can exists.

Observe that the second cobordism class T is induced by equation (3)
and thus is the symmetry on 1 t 1. We call this morphism the twist.
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Generators. Consider a functor F : C → D and morphisms α and β in
C. If we know the functor’s value on these morphisms, the functorial
property allows us to deduce its value on the composition. Similarily,
if the categories and the functor are assumed to be monoidal we have
F(α � β) = F(α)� F(β). This shows that we do not need all morphisms
to completely determine a functor.

Definition. A subset G of the set of all morphisms of a symmetric monoidal
category is said to generate that category if every morphism can be ob-
tained by repeatedly composing and boxing (i.e. applying the monoidal
functor) morphisms in G.

Here we require that, for any object, the identity needs to be generated
by G, too. This has the advantage that, if we know the values of a symmet-
ric monoidal functor on G, we can deduce its value on both objects and
every other morphism.

Morphisms we have have seen so far are the twist T and the identity
I = id1. We give additional examples of simple cobordisms with manifold
a disk or a disk with two holes.

(P) (P)

(D) (D)

Theorem 2. The set
{I, T, D, P, D, P} (G)

generates 2Cob.

This theorem now enables us to describe any symmetric monoidal functor
on 2Cob.

Corollary 3. A symmetric monoidal functor Z from 2Cob to any symmet-
ric monoidal category is completely determined by its value on the mor-
phisms D, P, D and P and the object Z(1).

Proof. As we haveremarked at the beginning of this section, the values of
Z on the generating set of Theorem 2 completely determine the functor. It
remains to calculate Z(I) and Z(T). Since functors preserve identities and
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I = id1 we have Z(I) = idZ(1). Also, since Z is a symmetric functor, we
have

Z(T) = Z(τ1,1) = τ′Z(1),Z(1),

where τ′ is the symmetry on the target category.

Proof of Theorem 2. The proof relies on ideas from Morse theory and the
notion of elementary cobordism. For an in-depth development of this topic
we refer the reader to (Milnor 1965), especially Section 3. It is shown
there, that every cobordism can be obtained by glueing together elemen-
tary cobordisms. Moreover, exactly one of the connected components of
an elementary cobordisms is again an elementary cobordisms and the re-
maining are cylinders. It thus follows from Proposition 3 that the mor-
phisms of the form cφ for φ a diffeomorphism together with the elemen-
tary cobordisms generate nCob.

In dimension n = 2 one can show (Hirsch 1976, Theorem 9.3.4) that a
connected elementary cobordism is equivalent to D, P, D or P. It remains
to classify the morphisms cφ.

Let φ : n → n be an orientation preserving diffeomorphism. For k =

1, . . . , n the map φ restricts to

φ : S1 × {k} −→ S1 × {σ(k)}

for some permuation σ. This induces an orientation preserving diffeomor-
phism on S1 which is isotopic to the identiy. Hence φ is isotopic to

σ̃ : (x, k) 7−→ (x, σ(k)) .

The permutation group is generated by neighboring transpositions, so we
can write σ̃ = σ̃1 · · · σ̃m with σν = (kν, kν + 1). Using the definition of the
disjoint union one easily checks that

σ̃ν = I t · · · t I︸ ︷︷ ︸
kν−1 times

tT t I t · · · t I︸ ︷︷ ︸
n−kν−1 times

.

This completes the proof.

In particular this also shows that there is a pacticular form to represent
a morphism. That is for any morphism c there exists a finite number of
morphisms

{c1, . . . , ck} ⊂ {T, D, P, D, P}

such that
c = c̃1 · · · c̃k

where
c̃ν = I t · · · t I t cν t I t · · · t I.
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Relations. In general, the representation of a morphism in terms of gen-
erators is not unique. We have, for example

=

(I t P)P = (P t I)P

(A′)

We call this kind of statement a relation. Using the visual representation
we immediately see that the following additional relations hold in 2Cob.

= =

(I t D)P = (D t I)P = I

(U′)

=

TP = P

(C′)

= =

(P t I)(I t P) = PP = (I t P)(P t I)

(F′)

Relations are simply another way of expressing commutative diagrams,
with less emphasis on source and target of morphisms. Therefore, a com-
parison with the relations of section 1 prooves the following

Theorem 3. (1, P, D, P, D) is a commutative Frobenius object in 2Cob.

3 Classification of 2D-TFTs
With the machinery developed so far, we are now able to describe all sym-
metric monoidal functors Z : 2Cob → Vect. We call such functors Two-
Dimensional Topological Field Theories or 2TFT for short. Since symmetric
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monodidal functors preserve commutative Frobenius object we see that
A = Z(1) is a commutative Frobenius algebra. We denote this assignment
by

F : 2TFT −→ cFrob

Z 7−→ (Z(1), Z(P), . . .) .
(4)

Of course the question arises, wheter this map is one-to-one and onto and
which kind of structure it preserves. It follows from ?? that F in indeed
injective.

Completeness of Relations. To answer the second question we have to
introduce the concept of completeness of relations.

Definition. A set of relations R of morphisms of a category is called complete
if any relation between morphisms can be reduced to a trivial relation by
repeatedly applying relations of R.

As shown in (Kock 2003, pp. 73) we have the following theorem for
2Cob.

Theorem 4. The relations (A′) through (F′) together with the relations ob-
tained from the symmetry τ are complete.

Now suppose (A, α, f , β, g) is a commutative Frobenius algebra. Set
Z(1) = A, Z(P) = α, etc. We want to extend Z to a symmetric monoidal
functor. This requires Z(I) = idA and Z(T) = τAA, where τ is the tensor
symmetry. Z is now defined on the generating set (G) of 2Cob. So for
every morphism c in 2Cob we may choose a representation in terms of
generators and define Z(c) be applying Z to every generator. Since the
representation is not unique, this assignment is a priori not well-defined.
For example consider the morphism c represented by.

=

We obtain this relation be applying (A′) on the right and then (C′) and
(F′). But by assumption that A is a Frobenius algebra, all relations also
hold in Vect, thus both definition of Z coincide. By the previous theorem
we can apply this procedure to every representation. Hence Z is a well-
defined symmetric monoidal functor.
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Functorial Equivalence. We provide a slight overview over additional
properties of the map F. For furhter details and proofs the reader is refered
to (Abrams 1996, Section 5).

As the notation in (4) suggests we can make an even stronger state-
ments about this map then it being bijective. The set of functors 2TFT is,
in fact, a category with morphisms being natural transformations that pre-
serve the symmetric monoidal structure. For general symmetric monoidal
categories this preservation requirement has to be formulated by coher-
ence diagram. In our case, since we use a very simple skeleton, it reduces
to the fact a natural transformation τ : Z → Z′ has to satisfy

τn = τ⊗n
1

and

τ0 = idk.

The category cFrob has as objects all Frobenius algebras over the field
k. A morphism between (A, α, f , β, g) and (A′, α′, f ′, β′, g′) is a k-linear
isomorphisms φ : A→ A′ sending the the structure maps α, f , β, g to their
counterparts α′, f ′, β′, g′, that is

β ◦ φ⊗2 = φ ◦ β

f ◦ φ = φ⊗0 f ′ = f ′

etc.

We are now able to define F on morphisms, sending τ : Z → Z′ to

F(τ) = τ1 : F(Z) −→ F(Z′)

where F(Z) = Z(1) and F(Z′) = Z′(1) As detailed in (Abrams 1996,
Theorem 3) this is an equivalence of categories.

Tensor products and direct sum. Since we have vector spaces underlying
the definitions of 2TFT and cFrob it is also natural to equip the two cate-
gories with direct sums and tensor products, or, in categorical terms, with
a symmetric monoidal and additive structure. In cFrob we have to check
that we can build new structure maps on the tensor product or direct sum
from the maps on the factors or summands respectively, that also satisfy
the axioms of a Frobenius algebra. For 2TFT we define the tensor product
and direct sum pointwise and then assert that this also gives a symmetric
monoidal functor.

As a summary, we repeat the statement of Theorem 3 in (Abrams 1996)

Theorem 5. The functor F is an equivalence of categories which preserves
tensor products and direct sums.
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