Chapter 3

Coin representation

3.1 Koebe’s theorem

We prove Koebe’s important theorem on representing a planar graph by touching circles [5],

and its extension to a Steinitz representation, the Cage Theorem.

Theorem 3.1.1 (Koebe’s Theorem) Let G be a 3-connected planar graph. Then one can
assign to each node i a circle C; in the plane so that their interiors are disjoint, and two

nodes are adjacent if and only if the corresponding circles are tangent.

Figure 3.1: The coin representation of a planar graph

If we represent each of these circles by their center, and connect two of these centers by a
segment if the corresponding circles touch, we get a planar map, which we call the tangency
graph of the family of circles. Koebe’s Theorem says that every planar graph is the tangency
graph of a family of openly disjoint circular discs.

Koebe’s Theorem was rediscovered and generalized by Andre’ev [1, 2] and Thurston [13].
One of these strengthens Koebe’s Theorem in terms of a simultaneous representation of a

3-connected planar graph and of its dual by touching circles. To be precise, we define a double
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circle representation in the plane of a planar map G as two families of circles, (C; : i € V)
and (D, : p € V*) in the plane, so that for every edge ij, bordering countries p and g, the
following holds: the circles C; and C; are tangent at a point x;;; the circles D, and D, are
tangent at the same point x;;; and the circles D, and D, intersect the circles C; and C; at
this point orthogonally. Furthermore, the interiors of the circular discs C'\Z bounded by the
circles C; are disjoint and so are the disks ﬁj, except that the circle D,, representing the
outer country contains all the other circles D, in its interior.

Such a double circle representation has other useful properties.

Proposition 3.1.2 (a) For every bounded country p, the circles D, and C; (i € V(p)) cover
p. (b) If i € V is not incident with p € V*, then C; and ﬁp are disjoint.

The proof of these facts is left to the reader as an exercise.

Figure 3.2: Two sets of circles, representing (a) K4 and its dual (which is another
K4); (b) a planar graph and its dual.

Figure 3.2(a) shows this double circle representation of the simplest 3-connected planar
graph, namely K,4. For one of the circles, the exterior domain should be considered as the
disk it bounds. The other picture shows part of the double circle representation of a larger
planar graph.

The main theorem is this chapter is that such representations exist.

Theorem 3.1.3 FEvery 3-connected planar map G has a double circle representation in the

plane.

The proof is contained in the next sections.

3.1.1 Conditions on the radii

We fix a triangular country pg in G or G* (say, G) as the outer face; let a, b, ¢ be the nodes of
po. For every node i € V, let F(i) denote the set of bounded countries containing 4, and for
every country p, let V(p) denote the set of nodes on the boundary of p. Let U = VUV*\ {po},
and let J denote the set of pairs ip with p € V*\{po} and i € V(p).



3.1. KOEBE’S THEOREM 3

Figure 3.3: Notation.

Let us start with assigning a positive real number r, to every node u € U. Think of this
as a guess for the radius of the circle representing u (we don’t guess the radius for the circle

representing po; this will be easy to add at the end). For every ip € J, we define

T ry 0
ip = arctan - and Qpi = arctan — = — — ;. (3.1)

T Tp 2
Suppose that ¢ is an internal node. If the radii correspond to a correct double circle
representation, then 2qy;, is the angle between the two edges of the country p at ¢ (Figure

3.3). Since these angels fill out the full angle around ¢, we have

Z arctan 7"_17 = (1 € V\{a,b,c}). (3.2)
V(p)>i i

We can derive a similar conditions for the external nodes and the countries:

Z arctanr—zl) = % (i € {a,b,c}), (3.3)
Vipsi n
and
Z arctan :i = (p e V*\{po})- (3.4)
i€V (p) P

The key to the construction of a double circle representation is that these conditions are

sufficient.

Lemma 3.1.4 Suppose that the radii r,, > 0 (u € U) are chosen so that (3.2), (3.3) and

(3.4) are satisfied. Then there is a double circle representation with these radii.

Proof. Let us construct two right triangles with sides r; and r,, for every ip € J, one with
each orientation, and glue these two triangles together along their hypotenuse to get a kite
K;p. Starting from a node ¢; of pg, put down all kites Kj;,, in the order of the corresponding

countries in a planar embedding of G. By (3.3), these will fill an angle of 7/3 at i;. Now
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proceed to a bounded country p; incident with 4,1, and put down all the remaining kites K, ;
in the order in which the nodes of p; follow each other on the boundary of p;. By (3.4),
these triangles will cover a neighborhood of p;. We proceed similarly to the other bounded
countries containing i1, then to the other nodes of p;, etc. The conditions (3.2), (3.3) and
(3.4) will guarantee that we tile a regular triangle.

Let C; be the circle with radius r; about the position of node ¢ constructed above, and
define D), analogously. We still need to define D,,. It is clear that pg is drawn as a regular
triangle, and hence we necessarily have r, = r, = r.. We define D), as the inscribed circle
of the regular triangle abc.

It is clear from the construction that we get a double circle representation of G. g

Of course, we cannot expect conditions (3.2), (3.3) and (3.4) to hold for an arbitrary choice
of the radii r,. In the next sections we will see three methods to construct radii satisfying
the conditions in Lemma 3.1.4; but first we give two simple lemmas proving something like
that—but not quite what we want.

For a given assignment of radii r, (u € U), consider the defects of the conditions in

Lemma 3.1.4. To be precise, for a node i # a, b, ¢, define the defect by
(51' = Z Qjp — T
pEF(1)
For a boundary node i € {a,b, ¢}, we modify this definition:
T
0; = ip— —-
Z_ Yip 6
PEF (i)
If p is a bounded face, we define its defect by
op = Z Qi — .
1€V (p)
(Note that these defects may be positive or negative.) While of course an arbitrary choice of

the radii 7, will not guarantee that all these defects are 0, the following lemma shows that

this is true at least “one the average”:

Lemma 3.1.5 For every assignment of radii, we have

> du=0.

uelU
Proof. From the definition,

Sas Y (St X[ Sl

uelU i€V \{a,b,c} \peF(i) i€{a,b,c} \peF(i)

DV B W

peV*\{po} \i€V(p)
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Every pair ip € J contributes a;;, + oy = 7/2. Since |J| = 2m—3, we get

(2m—3)g - (n—3)7r—3% —(f=Dr=(m—n—f+2)7.
By Euler’s formula, this proves the lemma. (]

Our second preliminary lemma shows that conditions (3.2), (3.3) and (3.4), considered as

linear equations for the oy, can be satisfied.

Lemma 3.1.6 Let G be a planar map with a triangular unbounded face pg = abc. Then
there are real numbers 0 < B, < w/2 (p € V*\{po}, i € V(p)) such that

Y Bp=m (i€ V\{ab,ec}, (3.5)

V(p)oi

3 B :% (i € {a,b, ¢}, (3.6)

V(p)ai

and

> G-Bw) =7  (peV \{n} (3.7)

i€V (p)
We don’t claim here that the solutions are obtained in the form (3.1)!

Proof. Consider any straight line embedding of the graph (say, the Tutte rubber band
embedding), with py nailed to a regular triangle. For i € V(p), let 8,; denote the angle of

the polygon p at the vertex i. Then the conclusions are easily checked. (I

3.1.2 Reducing a defect function

In order to use the previous lemmas to prove Theorem 3.1.3, we have to construct find radii
for the circles so that the defects are 0. There are several ways to do so. The proof we
describe first is due to Colin de Verdieére [4]. This is perhaps the shortest known proof, but
it starts with a rather “ad hoc” step. One advantage is that we can use an “off the shelf”
optimization algorithm for smooth convex functions to compute the representation. More

combinatorial but lengthier proofs will be described in the next two sections.
Proof. We are going to look for the radii in the form r, = e®; this will guarantee that
they are positive, and it also motivates at least the elements of the following definition:

x

o(x) = /arctan(et)dt.

—0Q0
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It is easy to verify that ¢ is monotone increasing, convex, and
¢(x) = max{0, x} +0(1 (3.8)
Let z € RV, y € RV". Using the numbers Bip from Lemma 3.1.6, consider the function

Fay) = Y (elm—)—Bulyp—a)).
i,p: pEF(7)
Claim 1 If |z|+|y| — oo while (say) x1 =0, then F(z,y) — oo

We need to fix one of the z;, since if we add the came value to each z; and y,, then the

value of F' does not change. To prove the claim, we use (3.8):

Flz,y) = Z (¢(yp_$i)_6ip(yp_xi)>

i,p: pEF(7)

- Z (maX{O,g(yp—xi)}—ﬁip(yp—xi))—|—O(1)
i,p: pEF(7)

= Z (max{*ﬂz‘p(yp*xi)a (g *@'p)(yp*xi)}) +0(1).
i,p: pEF (i)

Since —f;, is negative but 7 — f3;, is positive, each term here is nonnegative, and a given
term tends to infinity if |z; —y,| — co. If 21 remains 0 but |x|+ |y| — oo, then at least one
difference |z; —y,| must tend to infinity. This proves the Claim.

It follows from this Claim that F' attains its minimum at some point (z,y), and here

S Fa.) = %Fu,y) —0  (ieVipeV'\{p)) (3.9)

Claim 2 The radii
ri=e" (ieV) and  rp,=e (peV™)
satisfy the conditions of Lemma 3.1.4.

Let ¢ be an internal node, then
8 :
L Fea)= = X #pa)t 3 Gy = ¥ arctn(c )4
pEF (1) pEF (1) PpEF (1)

and so by (3.9),

Z arctan Z arctan(e¥? %) = 7. (3.10)

peF (i) pEF (i)

This proves (3.2). Conditions (3.3) and (3.4) follow by a similar computation.
Applying Lemma 3.1.4 completes the proof. O
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3.1.3 The range of defects

The second proof is non-algorithmic, but it motivates the third, which is in a sense the most

natural. We define a mapping ® : (0,00)Y — RY by
D: (ry: uelU) (0y: uel). (3.11)

The defect vector (d,, : u € U) depends on the ratios of the values r,, only; hence we may
restrict our attention to positive radii satisfying ), ., 7w = 1. Then the domain of the map

d is the interior of the (n+ f —2)-dimensional simplex ¥ defined by

Our next goal is to determine the range. By Lemma 3.1.4, all we need to show is that this
range contains the origin.

We already know by Lemma 3.1.5 that the range of the mapping § lies in the hyperplane
defined by 3, 0, = 0. We can derive some inequalities too. For S C U, define J[S] = {ip €
J: i,p€e S} and

1 5
F(8) = S ISI=IS8]+ glSN{a, b, c}.
Lemma 3.1.7 (a) f(0) = f(U) =0; (b) f(S) <0 for every seth C S CU.
Proof. The proof of (a) is left to the reader as Exercise 3.4.2.

To prove (b), consider the numbers 3,; in Lemma 3.1.6, and let 8;, = 7 — 3,;. We can do

the following computation:

Tl J(S) = > (Bpi+Bip)
ipEJ
1,pES
<D X Bt X D B
iesnv = pEV(’L pESNV i€ F(p)

= 27r|S|f§7r|Sﬂ{a,b,c}|.

(The strict inequality comes from the fact that there is at least one pair ip where exactly
one element belongs to S, and here we omitted a positive term Sy, or B,;.) This proves the

Lemma. O

Lemma 3.1.8 For every set ) C S C U,

> 6w > f(S)m

ues
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Proof. We have
Yos Y Yot XY
u€s pESNV i€ F (i) i€SNV* peV (i)
—[1(S)r= 1SN (V\{a,b, e} =[S " {a.b,c} T

= D apt Y apt Y (aptay) (3.12)

ichos e Bpes ip€J[S]
—I(S)|x=|SN(V\{a,b,c}tm—|SN{a,b, c}|%

> it Y aptf(S)m

iped ipeJ
i€S,pgS i¢S,peES

Since the first two terms are nonnegative, and (as in the previous proof) at least one is

positive, the lemma follows. O

Now we are prepared to describe the range of defects. Let P denote the polyhedron in
RY defined by

> @, =0, (3.13)

uelU
Y au=d(S)r (hc ScU). (3.14)

ues

Clearly P is bounded.

Lemma 3.1.9 The origin is in the relative interior of P. The range of ® is contained in P.

Proof. The first statement follows by Lemma 3.1.8. For a vector in the range of ®, equation
(3.13) follows by Lemma 3.1.5, while inequality (3.14) follows by Lemma 3.1.7. |

Lemma 3.1.10 The map @ is injective.

Proof. Consider two different choices r and 7’ of radii. Let S be the set of elements of
U for which 7/, /r, is maximum, then S is a nonempty proper subset of U. There is a pair
ip € J (i € V*, p € V) such that exactly one of ¢ and p is in S; say, for example, that i € S
and p ¢ S. Then for every pair iq, ¢ € V(i), we have r;/r; < r,/r;, and strict inequality
holds if ¢ = p. Thus

showing that d;(r') < 0;(r), which proves the lemma. O

The next (technical) lemma is needed whenever we construct some assignment of radii as

a limit of other such assignments.
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Lemma 3.1.11 Let 7 (2 ... € RY be a sequence of assignments of radii, and let 6% =
®(r(*). Suppose that for each u € U, ri® pu as k — oco. Let S={u: py, >0}. Then

> 6 s dS)r (k- o0).

u€S
(We note that the right hand side is negative by Lemma 3.1.7.)

Proof. Recall the computation (3.12). The terms that result in strict inequality are o
withp e S, i ¢ S, and oy, with i € S, p ¢ S. These terms tend to 0, so the slack in (3.13)
tends to 0. O

Now we are able to prove the main result in this section.

Theorem 3.1.12 The range of ® is exactly the interior of P.

Proof. Suppose not, and let y; be an interior point in P not in the range of A. Let ys be
any point in the range. The segment connecting y; and y, contains a point y which is an
interior point of P and on the boundary of the range of A. Consider a sequence (r!,72,...)
with A(r*) — y. We may assume (by compactness) that (r¥) is convergent. If (r*) tends to
an interior point r of ¥, then the fact that A is continuous, injective, and dim(P) = dim(X)
imply that the image of a neighborhood of r covers a neighborhood of y, a contradiction. If
(r¥) tends to a boundary point of ¥, then by Lemma 3.1.11, §(r) tends to the boundary of

Y., a contradiction. O

Since the origin is in the interior of P by Corollary 3.1.9, this implies that the origin is
in the range of ®. This completes the proof of Theorem 3.1.3.

3.1.4 Reducing the defect

The proof we saw is in the previous section an existence proof; it does not give an algorithm
to construct the circles. In this section we describe an algorithmic proof. We’ll need most of
the lemmas proved above in the analysis of the algorithm.

We measure the “badness” of the assignment of the radii by the error

£=Y 4.
uelU
We want to modify the radii so that we reduce the error. The key observation is the following.
Let i be a country with §; > 0. Suppose that we increase the radius r;, while keep the other
radii fixed. Then «;, decreases for every p € V (i), and correspondingly o,; increases, but
nothing else changes. Hence ; decreases, 0, increases for every p € V(i), and all the other
defects remain unchanged. Since the total defect remains the same by Lemma 3.1.5, we can

describe this as follows: if we increase a radius, some of the defect of that node is distributed
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to its neighbors (in the G® graph). Note, however, that it is more difficult to describe in
what proportion this defect is distributed (and we’ll try to avoid to have to describe this).

How much of the defect of ¢ can be distributed this way? If r; — oo, then a;, — 0 for
every p € V(i), and so §; — —m. This means that we “overshoot”. So we can distribute at
least the positive part of the defect this way.

The same argument applies to the defects of nodes, and we can distribute negative defects
similarly by decreasing the appropriate radius. Let us immediately renormalize the radii, so
that we maintain that )", 7, = 1. Recall that this does not change the defects.

There are many schemes that can be based on this observation: we can try to distribute
the largest (positive) defect, or a positive defect adjacent to a node with negative defect etc.
Brightwell and Scheinerman [3] prove that if we repeatedly pick any element u € U with
positive defect and distribute all its defect, then the process will converge to an assignment
of radii with no defect. There is a technical hurdle to overcome: since the process is infinite,
one must argue that no radius tends to 0 or co. We give a somewhat different argument.

Consider a subset ) € S C U, and multiply each radius r,, u ¢ S, by the same factor
0 < A < 1. Then ayp is unchanged if both ¢ and p are in S or outside S; if i € S and p ¢ S
then oy, decreases while «ay; increases; and similarly the other way around. Hence d,, does
not increase if u € S and strictly decreases if u € S has a neighbor outside S. Similarly, &,
does not decrease if u € U\ S and strictly increases if u € U\ S has a neighbor in S.

Let ) € S C U be a set such that min,egd, > maxyepngdy. We claim that we can
decrease the radii in U\ S until one of the §,, u € S, becomes equal to a d,, v ¢ S. If not,
then (after renormalization) the radii in U\ S would tend to 0 while still any defect in S
would be larger than any defect in U\ S. But it follows by Lemmas 3.1.7 and 3.1.11) that
in this case the total defect in S tends to a negative value, and so the total defect in U\ S
tends to a positive value. So there is an element of S with negative defect and an element of
U\ S with positive defect, which is a contradiction.

Let ¢ be this common value, and let ¢/, be the new defects. Then the change in the error

is

g-g =3 2-% 42

uelU uelU

Using Lemma 3.1.5, we can write this in the form

E—E =) (6u—06,)"+2> (t—6.)(6],—bu).
uelU uelU
By the choice of ¢, we have t < ¢!, and §,, > 0!, for u € S and t > 4/, and 6, < &, for
u ¢ S. Hence the second sum in £ — &’ is nonnegative, while the first is positive. So the error
decreases; in fact, it decreases by at least (§, —t)2+(§, —t)% > (6, —6,)?/4 for some u € S
and v € U\S. If we choose the largest gap in the sequence of the §, ordered decreasingly,
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then this gain is at least

1 2
(—(maxéu—min Su)> >
m

Vv
M
3=
3™
-
Il
Sw‘(\q

Thus we have
E(r') < <1 — %) E(r). (3.15)

If we iterate this procedure, we get a sequence of vectors r!, 72, ... € ¥ for which £(r¥) —
0. No subsequence of the ¥ can tend to a boundary point of ¥. Indeed, by Lemma 3.1.11,
for such a sequence 6(r*)) would tend to the boundary of P, and so by Corollary 3.1.9, the
error would stay bounded away from 0. Similarly, if a subsequence tends to an interior point
r € X, then §(r) = 0, and by Claim 3.1.10, this limit is unique. It follows that there is a

(unique) point  in the interior of ¥ with §(r) = 0, and the sequence r* tends to this point.

3.2 Formulation in space

3.2.1 The Cage Theorem

One of the nicest consequences of the coin representation (more exactly, the double circle
representation in Theorem 3.1.3) is the following theorem, due to Andre’ev [1], which is a

rather far reaching generalization of the Steinitz Representation Theorem.

Theorem 3.2.1 (The Cage Theorem) FEvery 3-connected planar graph can be represented
as the skeleton of a convex 3-polytope such that every edge of the polytope touches a given

sphere.

Figure 3.4: A convex polytope in which every edge is tangent to a sphere creates
two families of circles on the sphere.
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Proof. Let G = (V, E) be a 3-connected planar map, and let pg be its unbounded face. Let
(Ci: ieV)and Dj: j € V*) be a double circle representation of G in the plane. Take a
sphere S touching the plane at the center ¢ of Dg,, where gy € V*\{po}. Consider the point
of tangency as the south pole of S. Project the plane onto the sphere from the north pole
(the antipode of ¢). This transformation, called inverse stereographic projection, has many
useful properties: it maps circles and lines onto circles, and it preserves the angle between
them. It will be convenient to choose the radius of the sphere so that the image of Dy, is
contained in the southern hemisphere, but the image of the interior of D,,, covers more than

a hemisphere.

Let (C; : i € V)and Dj : j € V*) be the images of the circles in the double circle
representation. We define caps (C; : i € V) and D; : j € V*) with boundaries C; and Dj,
respectively: we assign the cap not containing the north pole to every circle except to Dp,,
to which we assign the cap containing the north pole. This way we get two families of caps
on the sphere. Every cap covers less than a hemisphere, since the caps C'\Z (i € V) and ﬁp
(p € V*\{po,qo}) miss both the north pole and the south pole, and ﬁpo and ﬁqo have this
property by the choice of the radius of the sphere. The caps @ are openly disjoint, and so
are the caps ﬁj. Furthermore, for every edge ij € E(G), the caps a and 6’; are tangent to
each other, and so are the caps B;, and l/)\q representing the endpoints of the dual edge pq,
the two points of tangency are the same, and C; and Cj are orthogonal to Dj, and D;. The
tangency graph of the caps C;, drawn on the sphere by arcs of large circles, is isomorphic to
the graph G.

This nice picture translates into polyhedral geometry as follows. Let u; be the point
above the the center of C'\Z whose “horizon” is the circle C}, and let v, be defined analogously
for p € V*. Let ij € E(G), and let pg be the corresponding edge of G*. The points u; and
u; are contained in the tangent of the sphere that is orthogonal to the circles C! and C]‘ and

their common point x; this is clearly the same as the common tangent of D;, and D; at x.

T /
p P’

in particular the points u; and u;, and similarly, all points u;, where k is a node of the facet

The plane v, x = 1 intersects the sphere in the circle D/, and hence it contains it tangents,
p. Since the cap ﬁp is disjoint from ék if k£ is not a node of the facet p, we have V;uk <1

for every such node.

This implies that the polytope P = conv{u; : i € V} is contained in the polyhedron
P ={xecR3: V;—X < 1Vp € V*}. Furthermore, every inequality V;—X < 1 defines a facet
F, of P with vertices u;, where 7 is a node of p. Every ray from the origin intersects one of
the countries p in the drawing of the graph on the sphere, and therefore it intersects F},. This
implies that P has no other facets, and thus P = P’. It also follows that every edge of P is
connecting two vertices u; and u;, where ij € I/, and hence the skeleton of P is isomorphic

to G and every edge is tangent to the sphere. O
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Conversely, the double circle representation follows easily from this theorem, and the
argument is obtained basically by reversing the proof above. Let P be a polytope as in the
theorem. It will be convenient to assume that the center of the sphere is in the interior of
P; this can be achieved by an appropriate projective transformation of the space (we come
back to this in Section 3.2.2).

We start with constructing a double circle representation on the sphere: each node is rep-
resented by the horizon on the sphere when looking from the corresponding vertex, and each
facet is represented by the intersection of its plane with the sphere (Figure 3.4). Elementary
geometry tells us that the circles representing adjacent nodes touch each other at the point
where the edge touches the sphere, and the two circles representing the adjacent countries
also touch each other at this point, and they are orthogonal to the first two circles. Further-
more, the interiors (smaller sides) of the horizon-circles are disjoint, and the same holds for
the facet-circles. These circles can be projected to the plane by stereographic projection. It

is easy to check that the projected circles form a double circle representation.

Remark 3.2.2 There is another polyhedral representation that can be read off from the
double circle representation. Let (C; : ¢ € V) and D, : p € V*) form a double circle
representation of G = (V, E) on the sphere S, and for simplicity assume that interiors (smaller
sides) of the C; are disjoint, and the same holds for the interiors of the D,. We can represent
each circle C; as the intersection of a sphere A; with S, where A; is orthogonal to S. Similarly,
we can write D, = B,NS, where B, is a sphere orthogonal to S. Let ﬁl and ép denote the
corresponding closed balls.

Let P denote the set of points in the interior of S that are not contained in any A\i and
Ep. This set is open and nonempty (since it contains the origin). The balls fTZ and Ep cover
the sphere S, and even their interiors do so with the exception of the points x;; where two
circles C; and C; touch. It follows that P is a domain whose closure P contains a finite
number of points of the sphere S. It also follows that no three of the sphere A; and B, have
a point in common except on the sphere S. Hence those points in the interior of S that
belong to two of these spheres form circular arcs that go from boundary to boundary, and
it is easy to see that they are orthogonal to S. For every incident pair (¢,p) (i € V,p € V*)
there is such an “edge” of P. The “vertices” of P are the points x;;, which are all on the
sphere S, and together with the “edges” as described above they form a graph isomorphic to
the medial graph G+ of G.

All this translates very nicely, if we view the interior of S as a Poincaré model of the
3-dimensional hyperbolic space. In this model, spheres orthogonal to S are “planes”, and
hence P is a polyhedron. All the “vertices” of P which are at infinity, but if we allow them,
then P is a Steinitz representation of G in hyperbolic space. Every dihedral angle of P is
/2.

Conversely, a representation of G4 in hyperbolic space as a polyhedron with dihedral
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angles w/2 and with all vertices at infinity gives rise to a double circle representation of G
(in the plane or on the sphere, as you wish). Andreev gave a general necessary and sufficient
condition for the existence of representation of a planar graph by a polyhedron in hyperbolic
3-space with prescribed dihedral angles. From this representation, he was able to derive
Theorems 3.2.1 and 3.1.3.

Schramm [10] proved the following very general extension of Theorem 3.2.1, for whose

proof we refer to the paper.

Theorem 3.2.3 (Caging the Egg) For every smooth strictly convex body K in R?, every
3-connected planar graph can be represented as the skeleton of a polytope in R3 such that all
of its edges touch K. O

3.2.2 Conformal transformations

The double circle representation of a planar graph is uniquely determined, once a triangular
unbounded country is chosen and the circles representing the nodes of this triangular coun-
try are fixed. This follows from Lemma 3.1.10. Similar assertion is true for double circle
representations in the sphere. However, in the sphere there is no difference between faces,
and we may not want to “normalize” by fixing a face. Often it is more useful to apply a
circle-preserving transformation that distributes the circles on the sphere in a “uniform” way.

The following Lemma shows that this is possible with various notions of uniformity.

Lemma 3.2.4 Let F : (B3)" — B? be a continuous map with the property that whenever
n—2 of the vectors u; are equal to v € S? then v F(uy,...,u,) > 0. Let (C1,...,C,) be a
family of openly disjoint caps on the sphere. Then there is a circle preserving transformation

T of the sphere such that F(vy,...,vy,) =0, where v; is the center of 7(C;).

Examples of functions F' to which this lemma applies are the center of gravity of uy, ..., u,,
or the center of gravity of their convex hull, or the center of the inscribed ball of this convex
hull.

Proof. For every interior point x of the unit ball, we define a conformal (circle-preserving)
transformation 7y of the unit sphere such that if x; — p € S?, then 7, (y) — —p for every
y €S% y #p.

We can define such maps as follows. For x = 0, we define 7o = idp. If x # 0, then we
take a tangent plane T at x°, and project the sphere stereographically onto T'; blow up the
plane from center x° by a factor of 1/(1—|x|); and project it back stereographically to the
sphere. Let v;(x) denote the center of the cap 7«(C;). (Warning: this is not the image of

the center of C; in general! Conformal transformations don’t preserve the centers of circles.)
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We want to show that the range of F(vi(x),...,v,(x)) (as a function of x) contains the

origin. Suppose not. For 0 < t < 1 and x € tB, define

fi(x) =tF(vi(x),... 7vn(x))o.

Then f; is a continuous map tB — tB, and so by Brouwer’s Fixed Point Theorem, it has a

fixed point py, satisfying

Pt = tF(Vl(pt)a o avn(pt))o'

Clearly |p:| = t. We may select a sequence of numbers ¢, € (0,1) such that ¢, — 1, py, —
q € B and v;(p;) — w; € B for every i. Clearly |q| =1 and |w;| = 1. By the continuity of

F, we have F(vi(p¢),...,va(p:) = F(wi,...,wy), and hence q = F(wy,...,w,)°.

From
the properties of 7 it follows that if C; does not contain q, then w; = —q. Since at most
two of the discs C; contain q, at most two of {wy,..., w,} are different from —q, and hence

(—q)"F(wi,...,w,)? = —q"q > 0 by our assumption about F. This is a contradiction. [

3.3 Applications of coin representations

3.3.1 Planar separators

Koebe’s Theorem has several important applications. We start with a simple proof by Miller
and Thurston [7] of the Planar Separator Theorem 3.3.1 of Lipton and Tarjan [6] (we present
the proof with a weaker bound of 3n/4 on the sizes of the components instead of 2n/3; see

[12] for an improved analysis of the method).

Theorem 3.3.1 (Planar Separator Theorem) FEvery planar graph G = (V,E) on n
nodes contains a set S C V' such that |S| < 4y/n, and every connected component of G\ 'S

has at most 2n/3 nodes.

We need the notion of the “statistical center”, which is important in many other studies

in geometry. Before defining it, we prove a simple lemma.

Lemma 3.3.2 For every set S C R? of n points there is a point ¢ € R™ such that every

closed halfspace containing c¢ contains at least n/(d+1) elements of S.

Proof. Let H be the family of all closed halfspaces that contain more than dn/(d+ 1) points
of S. The intersection of any (d+1) of these still contains an element of S, so in particular
it is nonempty. Thus by Helly’s Theorem, the intersection of all of them is nonempty. We
claim that any ¢ € NH satisfies the conclusion of the Lemma.

If H be any open halfspace containing ¢, then R4\ H ¢ #H, which means that H contains

at least n/(d+1) points of S. If H is a closed halfspace containing ¢, then it is contained in
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an open halfspace H' that intersects S in exactly the same set, and applying the previous

argument to H’ we are done. O

A point ¢ as in Lemma 3.3.2 is sometimes called a “statistical center” of the set S. To make
this point well-defined, we call the center of gravity of all points ¢ satisfying the conclusion
of Lemma 3.3.2 the statistical center of the set (note: points ¢ satisfying the conclusion of

Lemma form a convex set, whose center of gravity is well defined).

Proof of Theorem 3.3.1. Let (C; : i € V) be a Koebe representation of G on the unit
sphere, and let u; be the center of C; on the sphere, and p;, the spherical radius of C;. By
Lemma 3.2.4, we may assume that the statistical center of the points u; is the origin.

Take any plane H through 0. Let S denote the set of nodes i for which C; intersects H,
and let S7 and S5 denote the sets of nodes for which C; lies on one side and the other of H.
Clearly there is no edge between S; and Sz, and so the subgraphs (G; and G are disjoint and
their union is G\ S. Since 0 is a statistical center of the w;, it follows that |S1], [S2| < 3n/4.

It remains to make sure that S is small. To this end, we choose H at random, and
estimate the expected size of S.

What is the probability that H intersects C;? If p; > 7/2, then this probability is 1, but
there is at most one such node, so we can safely ignore it, and suppose that p; < 7/2 for
every i. By symmetry, instead of fixing C; and choosing H at random, we can fix H and
choose the center of C; at random. Think of H as the plane of the equator. Then C; will
intersect H if and only if it is center is at a latitude at most p; (North or South). The area
of this belt around the equator is, by elementary geometry, 47 sin p;, and so the probability
that the center of C; falls into here is 2sin p;. It follows that the expected number of caps
C; intersected by H is ) ;. 2sin p;.

To get an upper bound on this quantity, we use the surface area of the cap C; is 27 (1 —

cos p;) = 4msin®(p;/2), and since these are disjoint, we have
pi\?
3 (sm 5) <1 (3.16)
i€V

Using that sin p; < 2sin &, we get by Cauchy-Schwartz

1/2 o\ /2
Z 2sinp; < 2v/n (Z(sinpi)2> < 4v/n <Z (sin %) ) < 4y/n.

eV eV eV
So the expected size of S is less than 4,/n, and so there is at least one choice of H for which

19| < 4y/m. O

3.3.2 Laplacians of planar graphs

The Planar Separator theorem was first proved by direct graph-theoretic arguments; but for

the following theorem on the eigenvalue gap of the Laplacian of planar graphs by Spielman
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and Teng [11] there is no proof known avoiding Koebe’s theorem.

Theorem 3.3.3 For every connected planar graph G = (V,E) on n nodes and mazimum

degree D, the second smallest eigenvalue of L is at most 8D /n.

Proof. Let C;: i € V be a Koebe representation of G on the unit sphere, and let u; be the
center of Cj, and p;, the spherical radius of C;. By Lemma 3.2.4 may assume that ), u; = 0.

The second smallest eigenvalue of L is given by

. ZijEE(Zi —;)?
A2 = min —F——75",
ST 2iev i

Let u; = (ui1, 2, ui3), then this implies that

(i —un)® > X > ud,

iyeE i€V

holds for every coordinate k, and summing over k, we get

Dol —wyl* = 2 Y [l = Aon. (3.17)
ijEE icv
On the other hand, we have

15\ 2 , , , N2
lw; —u;||* =4 (sin pri-Tp]) =4 (sin%cosp—;—i—sin%cos%)

. P pj)Q ( pi)Q ( Pj)2
< — - < - L/}
_4<sm2+sm2 <8 sm2 +8 sm2 ,
and so by (3.16)
2<8D in?)" < 8D
Z [lu; —uy ]| < Z(smg) <8D.
ijeE i€V
Comparison with (3.17) proves the theorem. Il

This theorem says that planar graphs are very bad expanders. The result does not
translate directly to eigenvalues of the adjacency matrix or the transition matrix of the

random walk on G, but for graphs with bounded degree it does imply the following:

Corollary 3.3.4 Let G be a connected planar graph on n nodes with mazximum degree D.
Then the second largest eigenvalue of the transition matriz is at least 1—8D/n, and the

mizing time of the random walk on G is at least Q(n/D).
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3.4 Circle packing and the Riemann Mapping Theorem

Koebe’s Circle Packing Theorem and the Riemann Mapping Theorem in complex analysis
are closely related. More exactly, we consider the following generalization of the Riemann

Mapping Theorem.

Theorem 3.4.1 (The Koebe-Poincaré Uniformization Theorem) FEvery open do-
main in the sphere whose complement has a finite number of connected components is
conformally equivalent to a domain obtained from the sphere by removing a finite number of

disjoint disks and points.

The Circle Packing Theorem and the Uniformization Theorem are mutually limiting cases
of each other (Koebe [5], Rodin and Sullivan [8]). The exact proof of this fact has substantial
technical difficulties, but it is not hard to describe the idea.

1. To see that the Uniformization Theorem implies the Circle Packing Theorem, let G
be a planar map and G* its dual. We may assume that G and G* are 3-connected, and that
G* has straight edges (these assumptions are not essential, just convenient). Let € > 0, and
let U denote the e-neighborhood of G*. By Theorem 3.4.1, there is a conformal map of U
onto a domain D’ C S? which is obtained by removing a finite number of disjoint caps and
points from the sphere (the removed points can considered as degenerate caps). If ¢ is small
enough, then these caps are in one-to-one correspondence with the nodes of G. We normalize
using Lemma 3.2.4 and assume that the center of gravity of the cap centers is 0.

Letting ¢ — 0, we may assume that the cap representing any given node v € V(G)
converges to a cap C,. One can argue that these caps are non-degenerate, caps representing
different nodes tend to openly disjoint caps, and caps representing adjacent nodes tend to

caps that are touching.

2. In the other direction, let U = S?\ K;\ -\ K, where K1, ..., K, are disjoint closed
connected sets which don’t separate the sphere. Let ¢ > 0. It is not hard to construct a
family C(e) of openly disjoint caps such that the radius of each cap is less than £ and their
tangency graph G is a triangulation of the sphere.

Let H; denote the subgraph of G consisting of those edges intersecting K!. If € is small
enough, then the subgraphs H; are node-disjoint, and each H; is nonempty except possibly
if K; is a singleton. It is also easy to see that the subgraphs H; are connected.

Let us contract each nonempty connected H; to a single node w;. If K; is a singleton set
and H; is empty, we add a new node w; to G in the triangle containing K, and connect it
to the nodes of this triangle. The spherical map G’ obtained this way can be represented as
the tangency graph of a family of caps D = {D,, : u € V(G')}. We can normalize so that
the center of gravity of the centers of D, , ..., Dy, is the origin.

Now let € — 0. We may assume that each D,,, = D,,,(€) tends to a cap D, (0). Further-

more, we have a map f. that assigns to each node u of G, the center of the corresponding
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cap D,. One can prove (but this is nontrivial) that these maps f;, in the limit as ¢ — 0,
give a conformal map of U onto S%\ Dy, (0)\ - -\ Dy, (0).

Exercise 3.4.2 Prove Lemma 3.1.7.

Exercise 3.4.3 Prove that every double circle representation of a planar graph
is a rubber band representation with appropriate rubber band strengths.

Exercise 3.4.4 Show by an example that the bound in Lemma 3.3.2 is sharp.
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