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LECTURE 1

The De nition of a Dynamical System

[ Dynamical systems studies the long-term behaviour of evolving systems.

What does this mean? As a motivating example, consider a family P of
pigs. See Figure 1.1. Suppose at time k = 0; 1;2;::: there are px pigs in P. Let us
assume that at time K 4+ 1 the number of pigs depends only on the number at time
k. This means that the population can be described by a law of the form

Pr+1 = F(pk); k=0;1;2;:::
where T is an appropriate map. Inductively, we see that
Pk = fk(po);

and hence the behaviour of the population of P is completely determined by initial
number pg of pigs and the map f.

Figure 1.1: The family P of pigs’.

Moving on from the pigs, let us suppose that the set of possible “states” of a
“system” (be it physical/chemical/ontological/whatever...) are given by a set X,
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and that the evolution of said system is described by a map f: X ¥ X. This
means that if the system at time K is given by Xx 2 X, then at time K + 1 the
system is given by Xy+1 = F(Xk).

In order to get a more mathematically interesting theory, one typically endows
the set X with extra structure. The precise structure one chooses depends on the
nature of the system in question. Throughout these lectures, we will be concerned
with four such flavours of dynamics.

(i) The set X carries a metric d, and hence is a metric space. The study of
this type of dynamics is called topological dynamics, and it will form the
first half of this course.

(ii) The set X carries a measure , and hence is a measure space. The study of
this type of dynamics is called measure-theoretic dynamics, or sometimes
ergodic theory, and it will form the second half of this course.

(iii) The set X carries a di erentiable structure, and hence is manifold”. The
study of this type of dynamics is called di erentiable dynamics. We will
come back to this in the first half of Dynamical Systems I1.

(iv) The set X is the complex plane C, or more generally a Riemann surface.
The study of this type of dynamics is called complex dynamics, and this
will form the second half of Dynamical Systems II.

Once one has endowed the set X with extra structure, it makes sense to require
the map f: X ¥ X to preserve this structure. Thus in option (i) we require
to be continuous, in option (ii) we require T to be measure-preserving, in option
(iii) we require T to be di erentiable, and finally in option (iv) we require f to be
holomorphic (or meromorphic).

We begin in the topological setting. Here is our first formal definition.

Definition 1.1. A topological discrete dynamical system consists of a metric
space X and a continuous map f: X ¥ X.

Since this is rather a mouthful, whenever possible we will omit both the adjec-
tives topological and discrete and simply call ¥ a dynamical system.

The word “discrete” in Definition 1.1 refers to the fact that time takes integer
values K = 0;1; 2::: We will discuss the “continuous” time version later this lecture.

Remark 1.2. We could also work on an arbitrary topological space, rather than
restrict to metric spaces. This is more general (since not every topological space
is metrisable). However for us this extra level of abstraction is unnecessary—all of
our interesting examples of topological dynamical systems occur on metric spaces.
Therefore to minimise the topological prerequisites of this course we will work solely
with metric spaces.

21f you are not familiar with manifolds, don’t worry! There will be no manifolds in Dynamical
Systems |, and in Dynamical Systems Il we will cover the basics of manifold theory from scratch.
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Sometimes we wish to be able to let time run backwards, and be able to compute
the value Xx 1 from Xy. For this to make sense the map f needs to be invertible
and have a continuous inverse.

Definition 1.3. A dynamical system f: X ¥ X is reversible if f is a homeo-
morphism.

Remark 1.4. By definition, all the dynamical systems we consider in this course
are deterministic. This means that for any state Xk there is a unique state Xy+1
that the system can take at time k + 1 (namely, Xx+1 = F(Xk)). Of course not
all systems that occur in “real life” are deterministic. Perhaps the simplest such
example is a coin toss. Take

X = fheads, tailsg;

and declare that at time k the system is in the state “heads” if the kth coin toss
resulted in heads, and likewise for tails. This system is clearly not deterministic,
as it is not possible to predict what state the system will be in at time k 4+ 1 given
knowledge of what state the system was at time K.

This is an example of a stochastic dynamical system, where instead of there
being a unique state Xg+1 that a state Xk can attain, there is a probability distri-
bution that governs the possible values of Xx+1. Stochastic dynamical systems are
extremely important in real-world applications. However they are more complicated
to handle mathematically, and we will not even touch upon them.

Going back to our previous example of the family P of pigs, let us suppose that
the change in px is proportional to its size, that is, there exists a constant ¢ > 1

such that
Pk+1 Pk

Pk

Thus px+1 = (1 + ¢)pk and the corresponding dynamical system can be described
by

= C.

f:00;1) 8[0;1);  F(x):=(1+c)x

This model isn’t very realistic though. Pigs like to eat lots of food, and unfortu-
nately there isn’t an unlimited amount of food. So let us assume that the surround-
ings limits the maximum size of P, say by a number N > 0. One way to implement
this would be to assume that

Pk+1 Pk

=c(N :
D ( Pi)
Rescaling by
1
Xy = : a:=cN +1;
k N T % pk +

we see that
Xk+1 = aXk (1 Xy):

This leads us to our first example of a dynamical system.



Example 1.5. The logistic map with value a is the dynamical system®

a-RTIR; a(X) =ax(l Xx):
+0.8
+0:2
b 0.2 0.4 0.6 0.8 1
Figure 1.2: Plots of ., -, and 4.

Despite its simple form, for certain values of a the map 5 can exhibit very
complicated—or chaotic—dynamics. We will come back to this in Lecture 4 when
we define chaos precisely. The name “logistic” comes from the fact that this is the
discrete time version of the logistic population growth model discovered by the Bel-
gium mathematician Verhulst, who was one of the pioneers of population dynamics.

Let us now give a few of the basic definitions.

Definition 1.6. Given a dynamical system f: X ¥ X the orbit of a point X 2 X,
written as Ogf(X) is the set

Of(x) = FF*(x) jk =0;1;2;:::0:

If T is a reversible dynamical system then we can also look at the negative
orbit
O (X) == Of 1(X) =FF ¥(X)jk=0;1;2;:::0;

and the total orbit
0F® (x) := O¢(x) [ Of (X) = FF*(x) j k 2 Zg:
The simplest case is when the orbit consists of a single point.

Definition 1.7. A point X is called a xed point of f if f(X) = X, so that
O¢(X) = Txg We denote by X(F) the set of fixed points of f.

Returning to the logistic map, one readily sees that provided a & 0, one has

X(a)= 0;1

S

More generally, we can look at points that are fixed by some iterate of F.

3Note that we consider the domain and range of 5 to be the entire real line R. Mathematically
this makes perfect sense, but as a model for population growth it loses its meaning for negative
values of x. (One cannot speak of a family P of -5 pigs, for instance.)
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Definition 1.8. A point X 2 X is called a periodic point of T if there exists
p 1 such that FP(X) = x. We call such p a period of X. The minimal such p is
called the minimal period of the periodic point X. We denote by per(f) the set
of periodic points of f. Thus

E
per(f) = x(FX):
k=1
Here is another example that we will come back to time and time again.

Example 1.9. Let St = R Z denote the unit circle. Given 2 [0;1) the circle
rotation with angle is the reversible dynamical system

: St ¥ st (X) =x+ mod 1:

The dynamics of  depend on whether 1is a rational or an irrational number.
We will see many examples of this of during the course. For instance, on Problem
Sheet A you will prove:

Lemma 1.10. The circle rotation  satis es:

(Sl; 2Q;

per( )= 20

Moreover if 2 Q then O (x) = S? for every x 2 S?.
Here is another example of a dynamical system on S*. This one is not reversible.

Example 1.11. The circle expansion of order K is the dynamical system
ex: St ¥ St ek(X) == kx mod 1:
We usually call e, the doubling map.

Remark 1.12. Sometimes it is more convenient to view S as the unit circle in C.
In this case the circle rotation  is given by

(z) =¢e*'z;

and the circle expansion ey is given by

ex(z) = %
Remark 1.13. Suppose f: X ¥ X is a dynamical system. If x 2 per(f) then
clearly Og(X) is a finite set, and when T is reversible the converse holds. However
without the reversibility assumption it may fail, as the doubling map shows: O, (%)
is the finite set f0; %g but % is not a periodic point of e,.

An easy way to produce new dynamical systems from old ones is by restricting
to invariant sets.



Definition 1.14. Suppose f: X ¥ X is a dynamical system. A subset A X is
called f-invariant or simply invariant if f(A) A.

Thus if A is an invariant set then the restriction fja: A ¥ Ais also a dynamical
system. Two examples of this are:

If x 2 x(f) then fXg is an invariant set for f. In this case the dynamical
system Fjexg: FXg ¥ FXg is not very interesting.

If0 a 4 then [0;1] is an invariant set for ,: R ¥ R. (Exercise: Check
this.)

Remark 1.15. Suppose f: X ¥ X is a dynamical system and A X is an
invariant set. Then by continuity of f, the closure A of A is also an invariant
subset. Thus any invariant set can be replaced by a closed invariant set.

Definition 1.16. Suppose f: X ¥ X is a dynamical system. An invariant subset
A is called completely invariant if f(A) = A.

Remark 1.17. If T is reversible and A is completely invariant then fja is also
reversible. Moreover for a reversible system T a subset A is completely invariant if
and only if it is both f-invariant and f !-invariant.

Every mathematical theory has its own notion of isomorphism.

Definition 1.18. Suppose f: X ¥ X andg:Y ¥ Y are dynamical systems. We
say that T and g are topologically conjugate, or just conjugate if there exists
a homeomorphism H: X ¥ Y suchthatg H=H f:

X — ' X

H ‘H
Y — Y
We write f 7 g to indicate that ¥ and g are conjugate. If we want to explicitly

mention the conjugacy H we write ¥ * g.

Lemma 1.19. Conjugacy is an equivalence relation on the class of dynamical sys-
tems.

Proof. Clearly f * f for any f. Moreover if ¥ ” g then g " 1 f. Finally if
f’Hgandg’Khthenf’KHh. |

Here is another example of a dynamical system.
Example 1.20. The tent map is the dynamical system on [0; 1] defined by
210;1] B [0; 1]; (X) :==2minfx; 1 xg:

Equivalently, C
2X; x 2 [0; 1=2];
2 2%, X2 [1=2;1];

which explains the name “tent”. See Figure 1.3.
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Figure 1.3: Plots of , -, and

Comparing the two red lines in Figures 1.2 and 1.3 suggests that the tent map
might be conjugate to 4. This is indeed the case. On Problem Sheet A you will
prove:

Lemma 1.21. The tent map is conjugate to 4ji.1;.-
A weaker notion than conjugacy is the following:

Definition 1.22. Suppose f: X ¥ X and g: Y ¥ Y are dynamical systems.
We say that g is a (topological) factor of T if there exists a continuous map
F: X @Y with dense range such that F f=g F.

X — ' X
Y ——— Y

One calls F a semiconjugacy.

Remark 1.23. If X is compact and F: X ¥ Y is a continuous map with dense
range then F is necessarily surjective.

The simplest example of a factor comes from products:

Example 1.24. Suppose f: X ¥ X andg:Y ¥ Y are dynamical systems. Then
the product dynamical system is

f g:X Y X Y, (x;y) A (F(x);9(y)):

This dynamical system has both ¥ and g as factors, where the semiconjugacy is the
projection onto X and Y respectively.

In all the examples so far, “time” has taken discrete values K = 0;1;2;:::. In
many physical systems of interest however, it is desirable to let time be continuous.
It is quite easy to adapt the definitions to suit this case, as we now explain. In order
to keep the discussion concise, we jump immediately to the topological category,
and focus only on the reversible case.



Definition 1.25. Let X be a metric space. A topological ow (or just ow)
on X isamap ®: R X ¥ X which is continuous with respect to the product
topology such that

®(0;xX) = X; 8x 2 X; (1.1)

and
O(s; O(t; X)) = D(s+ t;x); 8x2X; s;t2R: (1.2)

Associated to a flow ® is a family of maps ”¢: X ¥ X for t 2 R defined by
7¢(X) = (t; X):
From this point of view the two properties (1.1) and (1.2) are rather more natural:
o =1id; s Tt =Tt (1.3)

This shows that the maps ?¢ are necessarily homeomorphisms, since taking s = t
in (1.3) tells us that 7, =7 ..

A flow on X can therefore be thought of as describing the evolution of a deter-
ministic system where time is a continuous parameter. The condition ”¢ = id tells
us that at time t = 0 the system is at rest.

Remark 1.26. Flows are always reversible (by definition). There is an analogous
notion of a semi ow, which is a continuous map ®: [0; L) X ¥ X satisfying
(1.1) and (1.2), and this plays the role of a “non-reversible” flow. Nevertheless,
for us all the continuous-time dynamical systems we will have cause to study are
reversible, and so we will work exclusively with flows.

Convention: We will typically use capital Greek letters ®; ¥ to denote flows.
Moreover we will without comment always use the corresponding lowercase Greek
letter to denote the associated family of maps (thus ”¢ corresponds to ® and
corresponds to U, etc).

Before stating the next result, let us introduce a convention that will hold
throughout the entire course: anything marked with a (| ) is non-examinable.
There are various reasons for marking something with a (| ):

it is only tangentially related to the course,
it is rather technical or difficult,
it is just a sketch,

it requires more background knowledge (eg. differential geometry, func-
tional analysis, etc) than the rest of the course assumes.

This following statement allows us construct many examples of flows.



Proposition  1.27 Let F: R" I R" be a Lipschitz continuous map satisfying
F(0) =0. Then for any x 2 R", the initial value problem

(
uit) = F(u();

0O = x (1.4)

has a unique solutionuy(t) which is de ned for allt 2 R. Moreover the map
(X)) = ux(t) (1.5)
isa ow on R".

The proof is not particularly hard, but since it involves ideas better suited to a
class in analysis, it is non-examinable.

(| ) Proof. It follows from standard ODE theory that the initial value problem
(1.4) has a unigue solutioruy(t) which is de ned for t in some interval containing
the origin. Moreover ¢; x) 7! uy(t) depends continuously on botht and x.

Fix now a point x 2 R". Let us show thatuy is de ned for allt 2 R. SinceF
is Lipschitz, there exists a constanC > 0 such thatkF(y) F(z)k Cky zk for
all y;z2 R". Then since

Z t
Ux(t) = x+  F(ux(s)) ds; (1.6)
0

we obtain Z,
kuc(t)k k xk+ C kuy(s)kds ;
0

and hencé N
kuy()k k xke“u:

From this it follows that uy is de ned for all t 2 R.
Next, X s2 R and consider the mapv: R! R" de ned by v(t) = ux(s+ t).
Then v(0) = ux(s) and

VAt) = u(s+ t) = F(ux(s+ 1)) = F(v(t)):

Thus v is also a solution on the initial value problem (1.4) with initial condition
V(0) = ux(s). Thus by the uniqueness of solutions with prescribed initial conditions
it follows that

V(t) = uux(s)(t):
This tells us that the map from (1.5) satis es

(s+tx)=( s;(tx));

and hence is a ow. This completes the proof. [

4This is an application of the Gronwall Lemma.
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Example 1.28 Apply Proposition 1.27 with F equal to the logistic map , from
Example 1.5. The resulting ow is the continuous-time version of the logistic dy-
namical system. Takinga = 1 and restricting to [0; 1] for simplicity, one can solve
the ordinary di erential equation

udt) = u(t)(@ u(t))

by separating variables and integrating by partial fractions to see that the ow
"¢ [0;1]! [O;1] is given by

xet

0= @ D

Many of the basic de nitions are formally identical for ows|one just substi-
tutes \for all k 2 Z" with \for all t 2 R". In order to avoid duplicating material
unnecessarily, in later lectures we will often leave you to Il in the details. However
since today is the rst lecture, we will be friendly and write everything out.

Definition  1.29 Given a ow on X, the orbit O (x), the negative orbit
O (x), and the total orbit O™® (x) are de ned as you expect:

O x)=f"(x)jt Og; O x)=1"(x)jt Og;

and
orl(x) =0 (x)[O (X)=f"«(x)jt2Rg:

Definition 1.3Q Fora ow we de ne

\
X() =fx2Xj'¢(x)=xforallt2 Rg= X(" )

>0

Similarly we say a pointx 2 X is periodic if there existsT > 0 such that' 1(x) =
X, and we call suchT a period of x. (Note it is important that we require T to
be strictly positive!) The in mum of such T is said to be theminimal period ° of
the periodic point x, and we set

pe() =1fx2 X jxis a periodic point of g:

Thus [
per() = X (" 1)

>0

Next, the notion of invariant sets is de ned similarly:

Definition 1.31 Let bea owon X. AsubsetA X isinvariant if' ((A) A
for all t 0, and completely invariant if ' ((A) = Aforallt 2 R. If Ais
completely invariant then jgr A isa ow on A.

The notion of conjugacy in the continuous case is slightly more subtle though.

5This implies that the minimal period of a xed point is 0. For any periodic point which is
not a xed point, the minimal period is strictly positive (and the in mum is a minimum).
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Definition 1.32 Let bea owon X and bea owon Y. We say that and
aretopologically conjugate , or just conjugate if there exists a homeomorphism
H: X! Ysuchthat  H=H ' forallt2 R:

X X
Y Y

Similarly we say that is a (topological) factor of if there exists a continuous
map F: X ! Y with dense range suchthaF 'y=  F forallt2 R.

t
_—
_—

t

Actually for ows this notion of conjugacy is often too restrictive to be useful
(i.e. there exist ows that we would like to consider to be \isomorphic" yet they
are not conjugate). We therefore conclude this lecture by introducing a weaker
notion| orbit equivalencgwhich is typically more useful.

Definition  1.33 Let and be two ows on the same space X. We say that
is a time change of if for every x 2 X both the orbit and the negative orbit

agree,
O (x)= 0 (x) and O (x)= 0 (x); 8x 2 X: a.7)

Remark 1.34 Equation (1.7) implies that the total orbits are also preserved:
o9 (x) = O (x); 8x2X: (1.8)

However (1.7) is stronger than (1.8). Indeed, if we set; = ' { then (1.8) is
satis ed but (apart from in trivial cases) (1.7) is not. Thus time changes also
require the \direction" of time to be preserved.

The next lemma clari es the nature of time changes.

Lemma 1.35 If is a time change of then x()= x() . Moreover we can
write

t(X) =" () (X);
where : R X ! Ris a map such that

() (;x): R! R s surjective and strictly increasing for eackx 2 X.

(i) Forall s;t2 Randx 2 X one has

(s+tx)= (Ex)+ (s; «(x)): (1.9)

Conversely, if such a map exists then is a time change of .

Proof. The existence of satisfying (i) is clear. Equation (1.9) is just (1.3) applied
to ;. [ |
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Definition 1.36 Let bea owon X and bea owon Y. We say that and

are orbit equivalent if is conjugate to a time change of (in the sense of
De nition 1.32). Similarly we say that is an orbit factor of if is a factor
of a time change of .

Remark 1.37. The relationship of being orbit equivalent is another equivalence
relation on the set of ows. Itis clear that if and are conjugate then they are
also orbit equivalent, but the converse is not true. Exercise: Find an example of
this.)

We will not study ows much in this course. This is because most of the
interesting ideas are already contained in the discrete setting, and as the discussion
above shows, ows are often more complicated to handle. Nevertheless, ows will
crop up now and again (mainly in the Problem Sheets), and we encourage the
interested reader to correctly restate (and reprove) all the results from the course
for ows.

12



LECTURE 2

Transitivity and Minimality

In the previous lecture we looked at the case where the orli@; (x) of a point x
was as small as possible (i.e. xed points and periodic points). Now we investigate
the other extreme, when the orbit is adarge as possible. Since an orbiD; (x) is
certainly at most countable (and most interesting metric spaces are not countable),
it doesn't make sense to investigate points whose orbit is the entire space. Therefore
we look at the next best thing: pointsx 2 X whose orbitO; (x) is dense inX .

The following de nition is the most important one of this lecture. As we will
see below, under mild hypotheses on the metric space this de nition guarantees
(many) dense orbits.

Definition 2.1 A dynamical systemf : X ! X is calledtopologically transi-
tive , or just transitive , if for any pair U;V of non-empty open subsets of , there
exists somek 0 such thatfK(U)\ V 6 ;.

Remark 2.2 The transitivity condition is stronger than it appears at rst sight.

Indeed, as you will prove on Problem Sheet A, if: X ! X is transitive then for
any pair U; V of non-empty open subsets there are actually nitely many distinct
k 0 suchthatfX(U)\ V 6 ;. This remarkable \recurrence" feature of transitive
maps is the main reason why their dynamics are interesting.

A rst easy lemma about transitive systems is:
Lemma 2.3 A transitive dynamical system has dense range.

Proof. Letf : X I X be a dynamical system whose range is not dense. This means
that there exists an open seV such thatf (X)\ V = ;. After possibly shrinkingV,
there exists an open setU such thatU\ V = ;. Sincef X(U) fkK(X) f(X) for
allk 1 we also havé K(U)\ V = ; forallk 0, and hencd is not transitive. m

We will shortly investigate which of the examples from the last lecture are
transitive, but before doing so let us give several equivalent reformulations.

Proposition 2.4 Let f: X ! X denote a dynamical system. Then following
four conditions are equivalent.

() f is transitive.

(i) X cannot be written as a disjoint unionX = A [ B where both A and B
have non-empty interior andA is f -invariant.

S
(i) For any non-empty open subset X, the set LO f K(U) is dense inX.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
1The existence of such an open sd is clear, sinceX is a metric space (and thus Hausdor ).
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S
(iv) For any non-empty open subset X, the set LO f X(U) is dense inX.

Proof. We rst prove that (i) implies (ii). Suppose that X = A[ B with A\ B = ;,
and suppose thatf (A) A. Then A (the interior of A) and B are open sets
such thatfK(A )\ B =; forallk 0. By (i) at least one ofA and B must be
empty.

Now let us prove§1at (i) implies (iii). For this, supposeU is a non-empty open
subset, and sefA = LO f K(U) and setB := X nA. Then clearly A is f -invariant
and has non-empty interior (sincéA contains the open setJ). Thus by (i), B must
have empty interior, which is means thatA is dense inX.

Next, (i) and (iii) are obviously equivalent, and to see that (iii) and (iv) are
equivalent, note that f ¥(U) \ V is non-empty if and only if U\ f X(V) is non-
empty. This completes the proof. [

Corollary 2.5. If f is reversible thenf is transitive if and only if f ! is.
Proof. This isimmediate from the equivalence of (iii) and (iv) of Proposition 2.4. m

Armed with Proposition 2.4, we can prove:
Lemma 2.6. The tent map s transitive.

Proof. To see this, note that ¥ is the piecewise linear map with ¥(2i=2%) = 0 for
i =0;1::;2¢ Yand %(@2i 1)=2)=1fori=1;2:::21 Thus X has * !
\tents". See Figure 1.3 again. Now suppos&  [0;1] is open and non-empty.
Then U contains an interval | of the form | = [i=2%; (i + 1)=2¢] for somek and
somei. Then X(I)=[0;1], and hence also¥(U) =[0;1]. |

On Problem Sheet A you will prove:
Lemma 2.7. The circle rotation s transitive if and only if is irrational.

As mentioned above, under reasonable assumptions ¥n a transitive dynami-
cal system has (many) dense orbits. Here are the details.

Notation.  If X is a metric space then we writd3 (x; r) for the openball of radius
r about x 2 X, and B(x;r) for the closedball. If it is important to specify the
metric d then we write B4(x;r) and By(X;r).

Recall a metric space isomplete if every Cauchy sequence converges. You are
hopefully already familiar with the next foundational result, but in case not, we
supply a proof anyway.

Theorem 2.8 (The Baire Category Theorem) If X is a;complete metric space and
fUxgk 1 is a collection of open dense subsetsXfthen ., Uy is also dense irX .

This proof is non-examinable, since it belongs to a course on point-set topology.

(] ) Proof. Let V be a non-empty open subset. We need to show there exists a
point X 2 V such that x 2 Uy for all k. SinceU; is open and dense, there exists
X1 2V\ U and 0<r;< 1suchthatB(xs;r;) V\ U;. Since eachly is open
and dense, we can continue recursively to nd sequencesand 0<r y < 1=k such
that B (Xy; ) B(Xk 1;rk 1)\ Ux. Sincex, 2 B(Xk;rk) whenevern > k, the
sequenceX) is a Cauchy sequence. Since is complete, it converges to a poink
which satis es x 2 B (xi;ry) for all k. Thus x 2 V \ Uy for all k. This completes
the proof. [



A metric space isseparable if there exists a countable dense subset. Here is
our promised result:

Proposition 2.9 Letf: X ! X be a transitive dynamical system on a separable
complete metric space. Let

D(f) = fx2 X jO;(x) is dense inX g:
Then D(f) is itself dense inX (and thus in particular, non-empty).

Proof. SinceX is separable there exists a countable collection of open set&gx 1
which form a basis for the topology onX (take a countable dense set, and then
take all open balls of rational radii about those points). A pointx 2 X has a
dense orbit if and only if for everyk there exists a non-negative integem such that
f"(x) 2 Ux. This means that

\l
D(f) = E f (U

k=1 n=0

S
Sincef is transitive, each set i:of "(Uy) is itself dense (and open, sincé is

continuous), by the equivalence of parts (i) and (iv) of Proposition 2.4. Thus by
the Baire Category Theorem 2.8D(f ) is a dense subset oK. In particular it is
non-empty. This completes the proof. [

The converse to Proposition 2.9 is (almost) true. The only di erence is that
we require di erent hypotheses onX . Recall that anisolated point in a metric
spaceX is a point x 2 X with the property that fxg is an open subset oK.
For example, if X = fOg [ [1;2] (considered as a subset of the real line, with the
induced topology), then there is precisely one isolated point, namely O.

Lemma 2.10 Let f: X ! X be a dynamical system on a metric space with no
isolated points. Ifx 2 X has a dense orbit then so dods‘(x) for any k 1.

Proof. Note that Os (f ¥(x)) contains the setO; (x) nfx;f (x);f2(x);:::fk 1(x)g.
In a metric space without isolated points, a dense set remains dense after removing
nitely many points. Thus if Os (x) is dense then so i©; (f ¥(x)). [

Corollary 2.11 Letf : X I X be adynamical system on a metric space with no
isolated points. If there exists a pointx 2 X with dense orbit thenf is transitive.

Proof. Supposex has a dense orbit andJ and V are non-empty open sets. Then
there existsk 0 such thatfk(x) 2 U. Sincef ¥(x) has a dense orbit by Lemma
2.10, there existsn k such that f"(x) 2 V. Thus f" K(U)\ V 6 ;. This
completes the proof. [

Let us now discuss a strengthening of the notion of transitivity.

Definition  2.12 A dynamical systemf : X | X is calledminimal if for every
point x 2 X, the orbit O¢ (x) is dense inX .

Lemma 1.10 shows that irrational rotations are minimal. The same argument
as in the proof of Corollary 2.11 shows:
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Corollary 2.13 A minimal dynamical system is transitive.

If a dynamical system is minimal then it cannot have xed or periodic points
(apart from trivial cases when the metric space is nite). Thus the tent map is an
example of a dynamical system that is transitive but not minimal.

There is an analogous version of Proposition 2.4 for minimal dynamical systems,
which goes as follows:

Proposition 2.14 Let f: X ! X be a dynamical system. The following are
equivalent:

(i) f is minimal.

(i) The only closed invariant sets oX are X itself and the empty set.

(i) For any non-empty open subse X, one hasS LO f X(U)= X.
Proof. To see that (i) implies (ii), suppose thatA X is a non-empty closed
invariant set. Let x 2 A. Then sinceA is invariant, O (X) A. SinceA is closed
we haveOs (x) A. But sincef is minimal, Of (x) = X, and thusA = X.
see that (ii) implies (iii), let U X be a non-empty open set. TheA =

Xn i:o f X(U) is closed and invariant. SinceA 6 X, by (ii) we must haveA = ;.

Finally to see that (iii) implies (i), let x 2 X and let U be an arbitrary non-
empty open subset. Then by (iii),x 2 f *¥(U) for somek 0. ThusfX(x) 2 U,
and henceOs (x)\ U 6 ;. SinceU was arbitrary, O¢ (X) is dense. This completes
the proof. [

In general minimality is a less useful condition than transitivity, since it is too
restrictive. Nevertheless, sometimes the restriction of a dynamical system to an
invariant set can be minimal, even if the entire dynamical system is not.

Definition  2.15 Let f: X ! X be a dynamical system. A non-empty closed
invariant set A X is calledminimal if the restriction fjo: A! A is minimal.

Before proving the next result, we recall Zorn's Lemma.

Axiom 2.16 (Zorn's Lemma) Let S be a partially ordered set. If every totally
ordered subset ofS has an upper bound, therS contains a maximal element.

Zorn's Lemma is equivalent to the Axiom of Choice (note: we used the Axiom
of Choice in the proof of the Baire Category Theorem!). Now recall the following
elementary bit of point-set topology.

Definition  2.17. Let X be a setandA = fA; jj 2 Jg be a collection of subsets
of X. We say that A I:fas the nite intersection property if given any nite
subseto J,one has ;,; A; 6 ;.

The nite intersection property can be used to characterise compactness:

Proposition 2.18 A topological spaceX is compact if and only if every collection
of closed sets having the nite intersection property has non-empty intersection.



(] ) Proof. Let fA; jj 2 Jg be a collection of closed sets having the nite inter-
section property. SetU; .= X nA;. ThenfU; jj 2 Jgis a collection of open sets
with the property that fonl-any nite set Jo J, the collectionfU; jj 2 Jog does
not coverX . Moreover if ,; Aj = ; thenfU; jj 2 Jgis an open cover oK with
no nite subcover. This shows that the hypotheses of the proposition are merely a
restatement of the de nition of compactness. [

This allows us to prove that dynamical systems on compact metric spaces always
have minimal sets.

Proposition 2.19 Let f: X ! X be a dynamical system on a compact metric
spaceX . Then f has a minimal set.

Proof. Let F denote the collection of all closed non-emptl/-invariant sets. Then
F & ; sinceX 2 F. We de ne a partial ordering onF by saying that A B
if B A (i.e. reverseinclusion). SupposeA F is a totally ordered subset.
We claim that A has an upper bound. Indeed,Tit is clear thatA has the nite
intersection property. Thus by Proposition 2.18, ,,, A 6 ;, and since we are
using reverse inclusion, this is an upper bound fa& under

Thus by Zorn's Lemma 2.16F has a maximal element. By the equivalence of
(i) and (ii) in Proposition 2.14, this maximal element is a minimal set foff . This
completes the proof. [

Finally, let us conclude by brie y mentioning how today's material translates
to ows. There are a few important di erences in the statements.

Definition  2.20 Let be a ow on X. We say that is (topologically)
transitive if for any pair U;V of non-empty open subsets ok, there exists some
t Osuchthat' ((U)\ V 6 ;.

The next result is also on Problem Sheet A. This result isot true for discrete
dynamical systems.

Lemma 2.21 Suppose is a transitive ow on X. Then X is connected.

The next result is proved in the same fashion as Proposition 2.9. The conclusion
is slightly stronger since ows are always reversible by de nition (compare Lemma
2.5).

Proposition  2.22 SupposeX is complete and separable, and that is a transitive
ow on X. Let

D() = x2XjO (x)andO (x) are dense inX
Then D() is dense inX.

We move onto the ow version of Corollary 2.11. This time we do not need to
assume thatX has no isolated points in the statement. This is because the orbits
of ows are connected subsets.

2This is arguably the single most \abstract" result in the entire course. It is the only time we
will explicitly appeal to Zorn's Lemma.



Proposition  2.23 Suppose there exists a point 2 X such that both O (x) and
O (x) are dense inX. Then s transitive.

We leave it up to you to formulate the minimality property for ows, and prove
the analogue of Proposition 2.19.



LECTURE 3

The Non-Wandering Set and Its Friends

In this lecture we will de ne an entire menagerie of invariant sets associated to a
dynamical systemf : X ! X. So far we have met two: the xed points, and the
periodic points, which satisfy

x(f) penf):
Definition 3.1 Letf: X ! X denote a dynamical system, and lex 2 X. The

I -limit set of f at x, written !¢ (x), is the set of all pointsy 2 X for which there
exists a sequenck, ! 1  such thatfk(x)! .

Equivalently, ) .
\ \

— _
i (x) = frx)= O (fk(X)): (3.1)
k=1 n k k=1
We have the following result.

Proposition 3.2 The set! ¢ (x) is a closed invariant subset oK . If X is compact
then ! (x) is non-empty and completely invariant.

Proof. Supposeyi 2 ! (x) converges toy. We want to show thaty 2 !¢ (x). For
eachj 1, choose; such that d(yy ;y) < 2 I. Then choose numbers; such that
d(f " (x);y,) < 27, and such thatn; < nj,;. Then by the triangle inequality,
d(f " (x);y) < 2t I, and hencey 2 !¢ (x). This shows that! ¢ (x) is closed. It is
clear thatf (! ¢ (x)) !¢ (X).

Now suppose thatX is compact. Then! ; (x) is certainly non-empty. It remains
to show complete invariance. Ley 2 ! ¢ (x). Choosek, ! 1  such thatfk (x) ! .
Compactness tells us that, after passing to a subsequence if necesshlfy, *(x)
converges to some poinz 2 X. Thus fk(x) | f(z), and hencef (z) = y. Since
z2''¢(x)wethus!¢(x) f(!¢(x)). This completes the proof. [

Corollary 3.3 SupposeA is a minimal set forf. Then!(x) = A forall x 2 A.
Conversely if A is any non-empty compact subset oK with the property that
I'+(x) = A forall x 2 A then A is minimal.
Proof. By assumptionA is closed, invariant and non-empty. Iix 2 A then
\1
Le(x) = Of(FX(X))

O, (F¥(x))

I
>

= A:
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To prove the converse, the assumption implies in particular thaf is invariant.
Thus by Proposition 2.19 there exists a minimal seé8 A for f jo. The argument
above shows that! ; (x) = B for all x 2 B, whenceA = B. This completes the
proof. [

Corollary 3.4 Letf: X ! X beadynamical system on a metric space without
isolated points. Then a pointx has dense orbit if and only ifl { (x) = X

Proof. If ! {(x) = X then the orbit of x is certainly dense (this doesn't requireX
to have no isolated points). Conversely, Lemma 2.10 and (3.1) shows thakihas
dense orbit then!  (x) = X. [

Definition 3.5, Assume thatf is reversible, and xx 2 X. The -limit set of
f at x, written ¢ (x), is the ! -limit set for f 1 at x:

(X)) =1 1(X):
Thusy 2 ;(x)if and only there exists a sequencle, ! 1 such thatf kn(x)! .

v
1(x)= fr(x):

k=1 n k

A periodic point x has the property that f ¥(x) = x for in nitely many k 0.
Generalising this, we say a poink is recurrent if f ¥(x) is arbitrarily close to x for
in nitely many k 0. This can be expressed concisely as follows:

Definition 3.6 Letf : X ! X be a dynamical system. A pointx 2 X is called
arecurrent pointif x 2 !¢ (x). The set of recurrent points is denoted byedf ).

Obviously one hasper(f) redf).
Lemma 3.7. The setredf) is invariant.

Proof. If x 2 reqf) then there existsk, ! 1  such that fk(x) ! x. Thus
alsof *n (f (x)) = f(f*(x)) ! f(x) and hencef (x) 2 reqf). This completes the
proof. [

Remark 3.8 The set x(f) is always closed inX (by continuity). In contrast,
neither per(f ) nor reqf ) are necessarily closed subsets Xf.

Next we de ne the notion of anon-wandering point, which is a further gener-
alisation of a recurrent point.

Definition 3.9, A point x 2 X is called anon-wandering point if for any
neighbourhood U of x there existsk 1 such thatfX(U)\ U 6 ;. The set of
non-wandering points is denotedby nw(f ).

1We use the convention that in a topological space, aneighbourhood of a point is an open
set containing that point.

2Many books use the notation (f) to denote the non-wandering set. We prefemw(f ) as it
is (@) more descriptive and (b) less likely to be confused with the! -limit sets.
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Remark 3.1Q If f is transitive then nw(f) = X. This does not quite follow
immediately from the de nitions, since the de nition of transitivity requires k 0
and here we requirckk 1. However by Problem A.5 (see also Remark 2.2)fifis
transitive then for any non-empty openU there exist in nitely many k 0 such
that f(U)\ U6 ;.

Proposition  3.11 Letf: X ! X be a dynamical system.
() The non-wandering set is closed and invariant.
(i) One has!'¢(x) nwf) forall x2 X.
(i) One hasreqf) nw(f).
(iv) If f is reversible thennw(f ) = nw(f 1) and nw(f ) is completely invariant.

Proof. To see thatnw(f ) is closed, we show its complement is open. Xf2 nw(f )
then there exists a neighbourhood) of x such that fX(U)\ U =; forall k 1,
and hence all pointsy 2 U also do not belong tonw(f ). Thus X nnw(f) is open.

Now we shownw(f ) is invariant. Let x 2 nw(f ), and let V denote a neighbour-
hood off (x). Then U := f 1(V) is a neighbourhood ofx, and hence there exists
somek 1 such thatfX(U)\ U 6 ;. The image of this intersection undeff is
contained infX(V)\ V, and hence the latter is non-empty. Thud (x) 2 nw(f).
This proves (i).

Next, supposex 2 X andy 2 ! ¢ (x). Let U be a neighbourhood of. We want
to nd some k 1 such thatf ¥(U)\ U is non-empty. In other words, we want to
nd z2 Uandk 1 suchthatf®(z) 2 U. Sincey 2 ! (x) there existsk, ! 1
such thatf k" (x) ! y. Thus there existsk,, < k,, such that both f k"o (x) 2 U and
fkni(x) 2 U. Setz= f*o(x) 2 U andk = k,, kn,. Thenfk(z) 2 U as required.
This proves (ii). S

By de nition reqf) wx | 1(X), and thus by (i) we havereqf) nw(f).
Sincenw(f ) is closed by (i), we also haveef(f) nw(f). This proves (iii).

Finally, if f is reversible andx 2 nw(f ), then for every neighbourhoodJ of x
there existsk 1 such thatfX(U)\ U 6 ;. The f k-image of this intersection
is contained inU \ f k(U), which is non-empty, and hencex 2 nw(f !). Thus
nw(f) nw(f 1), and by symmetry, the two sets are equal. Thus

foiwf)=f *(mw(f 1) nw(f )= nw(f);
sonw(f ) is completely invariant. This proves (iv) and thus completes the proof. m

Remark 3.12 On Problem Sheet B sheet you will show that ik 2 nw(f ) then for
any neighbourhoodJ of x there exist in nitely many k 1 such thatf *(U)\ U 6 ;.

We now move onto the nal invariant set. For this set the choice of metrid on
X is important, so we include it in our notation.

Definition 3.13 Let f: X ! X be a dynamical system on metric spacex(d).

d(f (yi);Vis1) <™ 81 i k 1



We say that x is "-pseudo-periodic if there exists an"-chain that starts and ends
at x. Finally, we say that x is chain recurrent if x is "-pseudo-periodic for all
"> 0. The set of all chain recurrent points is denoted bghay(f ).

Remark 3.14 Here is an informal way to think about chain recurrent points.
Suppose our \measuring device" that we use to \observe" points iX is accurate
only to the nearest". All measurements of real-world dynamical systems have this
defect to some extent. Then as far as our measuring device is concerned, a periodic
orbit is indistinguishable from an"-pseudo-periodic orbit. Thus a chain recurrent
point is a point which is indistinguishable from a periodic point for an arbitrarily
precise measuring device.

The chain recurrent set is another closed invariant subset. It is the \largest" of
the various sets we have de ned so far.

Proposition  3.15 Let (X;d) be a metric space and : X ! X a dynamical
system. Then the chain recurrent sethag(f) is a closed invariant subset which
contains nw(f ).

Proof. We rst prove that cha(f) is closed. Fixx 2 chg(f) and " > 0. Sincef is
continuous atx, there exists 0< <" such that

d(x;y) < ) d(f (x);f (y)) <™ (3.2)

Now choosegy 2 chg(f ) such thatd(x;y) < , and choose ari-chain (y; zy;:::; z;y).
Then we claim that (x;z3;:::z;X) is a 2'-chain. Indeed, we need only check the
start and end points, and

d(f (x);z1)  d(f (x); f (y)) + d(f (y);z1)
<" 4"
=2"
and similarly d(f (z¢); x)) < 2". Since" was arbitrary, this shows thatx 2 cha(f)
as required.

We now prove thatcha(f ) is invariant. Let x 2 chg(f) and x "> 0. We will
produce an"-chain fromf (x) to itself. This time choose O< <" such that

d(f (x);y) < ) d(f 2(x); f (y)) <"

Then sinced(f (x);y1) < we haved(f (y.);f ?(x)) <" and thus
d(f 2(x);y2)  d(f 2(x); f (ya)) + d(f (ya): y2)
<" +
< 2"

Since" was arbitrary, this shows thatf (x) 2 cha(f), and sincex was an
arbitrary point of chay(f), this shows that chay(f ) is invariant.



Figure 3.1: Provingcha(f) is invariant.

Finally let us prove nw(f) cha(f). Let x 2 nw(f) and " > 0. Take
as in (3.2), and letU be a neighbourhood ok contained in the ball of radius
about x. Sincex 2 nw(f), there existsk 1 such thatfX(U)\ U6 ;. If k=1
then (x;x) is a 2'-chain. If k > 1 then there existsy 2 U such that f X(y) 2 U.

x 2 chay(f) as required. [

The next proposition tells us that on a compact metric space the chain recurrent
set is actually independent of the choice of metric. The proof is on Problem Sheet
B.

Proposition  3.16 Let (X;d;) be a compact metric space anfl: X ! X be a
dynamical system. Ifd, is any other metric onX de ning the same topology then

cha, (f) = chay,(f):

Summary: Letf: X ! X be adynamical system on a metric spac&(d).
Then we have invariant subsets

x(f) perf) reqf) nwmf) cha(f):

In general all of these inclusions can be strict.Ekercise: Find examples of
this!)

We conclude this lecture by brie y discussing how these de nitions work for
ows. If isa owon X then the de nitions of the ! -limit set ! (x), the -
limit set  (x), the recurrent setreq ), and the non-wandering set nw() are
all formally identical to the discrete case. One just replacesk\ with \ t" where
appropriate. Thus! (x) consists of all pointsy 2 X such that there exists a



sequence, !1 suchthat' ( (x)! vy, anda pointx belongs tonw() if for every
neighbourhoodU of x there existst > 0 such that' {(U)\ U6 ;.

There is, however, a subtlety in the de nition of the chain recurrent set of a
ow, so we will go over the details here in more depth.

Definition 3.17 Let be a ow on a metric space (X;d). Given"> 0andT > 0,
atuple (y;:::; ¥ te; it 1) is called an (;T) chain ifforeach1l i k 1
one has

d(* « (¥i); Yisa) <7 and 0 t T:
We say that x is ("; T )-pseudo-periodic if there exists an (; T )-chain that starts
and ends atx. Finally, we say that x is chain recurrent if x is ("; T)-pseudo-

periodic for all”"> O0and allT > 0. The set of all chain recurrent points is denoted
by chay().

It would appear at rst glance that this de nition is stronger than the corre-
sponding de nition for discrete dynamical systems, since we require chains to exist
for all T > 0. Nevertheless, one has:

Theorem 3.18 Let (X;d) be a compact metric space and let be a ow on X.
Letf ="';sothatf: X ! X is areversible dynamical system. Then

cha() = cha(f):

It is clear that chay() chag(f) (as one can just takeT  1). The converse is
much harder and goes beyond the scope of this course

3The ambitious reader is encouraged to try and prove it!
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LECTURE 4

What Is Chaos?

Most people think of chaos as the so-called \butter y e ect”, namely that a but-
tery apping its wings in Beijing can set o a cascading chain of atmospheric
events that two weeks later leads to the formation of a catastrophic tornado that
obliterates central Zarich.

More mathematically, this is sensitive dependence on initial conditionsin this
case the dynamical system in question is the weather, and the small change (the
butter y) leads to a large change (the tornado) later down the road. A more
pedestrian example of a chaotic dynamical systenthat displays this \sensitive
dependence” is the double pendulum. This is de ned exactly as you'd guess: take
a pendulum and then hang another pendulum on the end of it.

Unfortunately the mathematical de nition of chaos is rather less glamorous than
the popular science one. This is actually true of most things in life: addirlgs and

's rarely make things exciting.

Definition 4.1 Let (X;d) be a metric space. A dynamical systerh : X ! X
hassensitive dependence on initial conditions if there exists a constant > 0
such that for all x 2 X and all " > 0, there exists a pointy 2 X such that

dix;y) <"
but that x and y move far apart under su ciently many applications of f , that is,
there existsk 0  such that  d(f *(x);f*(y)) > :

The number is called asensitivity constant  for f .

Remark 4.2 If X has isolated points then no dynamical system oK can have
sensitive dependence on initial conditions. Indeed, ¥ is isolated then for su -
ciently small " the only point y satisfyingd(x;y) <" isy = x.

Remark 4.3 As we have de ned it, the sensitivity constant is not unique (since
if is a sensitivity constant then so is °for any 0< %< ). This could be recti ed
by taking the supremum of all such 's. However in practice this supremum is
usually hard to compute, and since it is only important thatsome exists (rather
than any precise value of ), we will not do so.

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zurich. Last modi ed: June 08, 2020.

LFormally the double pendulum is actually ow on cotangent bundle of the torus T? .= S! St
To see this, note that the position of the pendulum is entirely speci ed by the two angles and
I that the two pendulums make with the vertical, and hence the motion may be described by
recording these positions, together with their respective momenta. Newton's Second Law gives
a system of ordinary di erential equations for the motion. These equations cannot be solved
analytically, but it is possible to use numerical methods. A MATLAB implementation of this can
be found here.



On Problem Sheet B, you will show that both the tent map and the doubling
map have sensitive dependence on initial conditions. Meanwhile circle rotations do
not have sensitive dependence on initial conditions, as the following remark shows.

Remark 4.4. Recall that a contraction of a metric space X;d) is a continuous
mapf: X ! X such that d(f (x);f(y)) d(x;y) for all x;y 2 X. A dynamical
system which is a contraction cannot have sensitive dependence on initial condi-
tions. In particular, an isometry (i.e. a map such thatd(f (x);f (y)) = d(x;y) for

all x;y 2 X) cannot have sensitive dependence on initial conditions.

When the metric space is compact, the property of having sensitive dependence
on initial conditions does not depend on the metric. (Compare this to Proposition
3.16).

Lemma 4.5 Let (X;d;) be a compact metric space, and suppo$e X ! X is a
dynamical system which has sensitive dependence on initial conditions with respect
to d;. If dy is any other metric onX de ning the same topology thenf has sensitive
dependence with respect tal, as well.

Proof. Let
(r) =supfdx(x;y) j du(x;y) ro
and
(r) =inffdy(x;y) jdi(X;y) ro:
By compactness, (r) ! Oasr ! 0 and (r) is strictly positive for all r > 0.
Suppose is a sensitivity constant forf with respect to d;. We claim that () is

a sensitivity constant forf with respecttod,. Since (r)! Oasr! 0, itsuces
to show that foranyx 2 X andr> Owe can ndy 2 X andk 0 such that

do(x;y)  (r);  and  da(F4(x)FE(Y) > () (4.1)

Sincef has sensitive dependence on initial conditions with respect th we nd
y 2 X and k 0 such that dy(x;y) < r and di(fk(x);f¥(y)) > . It follows
from the de nition of and that this samey satis es (4.1). This completes the
proof. [

Lemma 4.5 isnot true for non-compact metric spaces. An explicit example
of this is on Problem Sheet B. This means that on non-compact metric spaces,
sensitive dependence on initial conditions is a \bad" condition to study. Before
stating this precisely, let us formalise the notion of \good" and \bad" properties.

Definition  4.6. We say that a property P is a (topological) dynamical in-
variant “ of a dynamical system if it is preserved under conjugacy, i.e. fifsatis es
property P and g is conjugate tof then g also satis es propertyP.

There is also the stronger notion of afmnheritable property.

Definition  4.7. A property P is said to be(topologically) inheritable if it is
preserved under passing to factors, i.e., if satis es property P and g is a factor
of f then g also satis es propertyP.

2Do note confuse this with an invariant set. These are two di erent meanings of the word
\invariant". (Don't blame me, | didn't come up with the terminology...)
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Here is an example of an inheritable property:
Lemma 4.8 Transitivity is an inheritable property.

Proof. Let f : X I X be a transitive dynamical system. Supposg: Y ! Y is a
factor of f, and let F: X ! Y denote a semiconjugacy. We show thaj is also
transitive. Thus suppose thatU and V are non-empty open subsets of . Then
F Y(U)andF 1(V)are non-empty open subsets of, sinceF is continuous and has
dense range. Thus there exists 2 F (U) and k 0 such thatf*(x) 2 F (V).
Thus if y := F(x) one hasy 2 U and g“(y) = F(f¥(x)) 2 V. This completes the
proof. [

We can now give meaning to our claim that sensitive dependence on initial
conditions is a \bad" property.

Proposition 4.9, Sensitive dependence on initial conditions is not a dynamical
invariant. However it is a dynamical invariant when restricted to dynamical systems
on compact spaces.

Proof. To prove the rst claim we need only exhibit asingle example of a pair of
conjugate dynamical systems with the property that one of them has sensitive de-
pendence on initial conditions and the other does not. By Problem B.5 there exists
a topological spacé X with two metrics d; and d, that de ne the same topology,
together with a dynamical systenf : X ! X such thatf has sensitive dependence
on initial conditions with respect to d; but not with respect to d,. Sinced; and d,
de ne the same topology, the identity map id:X ! X is a homeomorphism from
(X;dy) to (X;d>,), and hence a conjugacy fronf to itself:

X
idk
X
This proves the rst claim. To prove the second claim, suppos& and Y are

compactandf : X ! X andg: Y ! Y are conjugate dynamical systems on via a

homeomorphismH : X ! Y.
X X
Y Y

Let dx be an arbitrary metric de ning the topology onX and letdy be an arbitrary
metric de ning the topology on Y. Assumef has sensitive dependence on initial
conditions with respect tody . We must prove that g has sensitive dependence on

|

o

f

|

g

3In fact, X =(0;1 ) with d; the standard metric works.
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initial conditions with respect to dy. For this we argue in two steps. First, observe
that
dy (X1;%2) = dy (H (X1); H (x2))

is another metric onX such thatH : (X;d$)! (Y;dy) is anisometry. By Lemma
4.5,f has sensitive dependence on initial conditions with respect tf. Suppose

is a sensitivity constant forf with respect to d$. Then sinceH is an isometry
it then follows easily that g has sensitive dependence on initial conditions with
respect tody, with the same sensitivity constant. Indeed, xy 2 Y and" > 0.
Setx = H (y). Then there existsz 2 X andk 0 such thatd{x;z) <" and
d? (fX(x);f*(z)) > . Setw = H(z). Then

dv(y;2) = dy(x;2) <"
and
dv (g(y); g (W) = d§ (F*(x); F*(2)) > :
This completes the proof. [
We now move onto the mathematical de nition of chaos. In contrast to the pop-

ular science de nition, chaos has three ingredients, of which sensitive dependence

on initial conditions is only one. To begin with we de ne chaos only on metric
spaces without isolated points (we will shortly rectify this).

Definition ~ 4.10 (Preliminary Version) A dynamical systemf: X ! X on a
metric space K; d) without isolated points is said to bechaotic if it satis es the
following three conditions:

() f has sensitive dependence on initial conditions.
(i) f is transitive.
(iif) The set of periodic points off is dense inX.

Even though chaos is de ned using the notion of sensitive dependence on initial
conditions, the next result shows that chaos is an invariant (and actually inherita-

ble) property.
Theorem 4.11 Let X be a metric space without isolated points, and : X ! X
a dynamical system onX which is topologically transitive and for which the set of

periodic points is dense irX . Thenf has sensitive dependence on initial conditions
with respect to any metric de ning the topology onX .

Proof. Fix a metric d de ning the topology on X . SinceX is necessarily an in nite
set as it has no isolated points, we can choose two points y, 2 peff ) such that

Or(y)\O f(y2) = ;. Let

= éd(of (y1); Os (¥2)):

We claim that is a sensitivity constant forf. Fix x 2 X and > 0. The triangle
inequality implies that at least one ofd(x; Os (y1)) and d(x; Os (y,)) is at least 4 .
Without loss of generality assume the former:

dix;f“(yr) 4; 8k O (4.2)
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Next, since the periodic points are dense K, we can choose 2 per(f) with
d(x;z) < minf"; g: (4.3)

Supposez has periodp 0. Sincef is continuous, there exists a neighbourhood
U of y; such that

d(f *(y2); f¥(w)) < ; 8k=0;1;2:::;p and w2 U: (4.4)

Sincef is transitive, there exists a pointx; 2 X andn 0 such thatd(x; x) <
andf "(x;) 2 U. We now claim that one ofz or x; is the point we are looking for.
Since both of them are at within" of x, we need only show that at least one of
them gets mapped at least far away from x after some number of iterations of .
Let g O denote the unique integer such thah gp <n+ p. Then sincez has
period p,

dfP®2z);f®(xy) =d z;f% "(f"(xq) ;

and by the triangle inequality the right-hand side is at least

dz;f%® "(f"(xq)) dx;fa® "(y)) d P "(y); P "(f"(xq)) d(x; z)
> 4
:2’

where we used (4.3),(4.2), and (4.4). Thus by the triangle inequality one last time,
at least one ofd f 9°(x);f9%(z) andd f 9P(x);f 9(x,) is atleast . This completes
the proof. [

We can now extend De nition 4.10 to all metric spaces, and show that it is a
dynamical invariant.

Definition  4.12 (Final version) A dynamical systemf : X ! X is said to be
chaotic if it is topologically transitive and the set of periodic points off is dense
in X.

Theorem 4.11 tells us that De nition 4.12 is equivalent to De nition 4.10 for
metric spaces without isolated points. To prove that chaos is inheritable, we rst
prove:

Lemma 4.13 The property of having a dense set of periodic points is inheritable.

Proof. Let g: Y ! Y be a factor off : X I X with semiconjugacyF: X ! Y.
Let U Y be an open non-empty set. We want to nd a periodic poiny 2 U for
g. SinceF is continuous and has dense rang&, !(U) is an open non-empty set
of X, and hence by assumption there exists a periodic poirt2 F (U) of S. If
fP(x) = x then g°(F (x)) = F(x), and hencey := F(x) is a periodic point forg. m

Corollary 4.14 Chaos is an inheritable property.
Proof. Immediate from Lemma 4.8 and Lemma 4.13. [

We now introduce another example of a dynamical system that is rather di erent
to any that we have seen before. This dynamical system will turn out to be chaotic.
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Definition  4.15 Let , denote the space of all sequence = (Xg;X1;X2;:::)
where eachxy 2 f 0; 1g. We de ne a metric ond on , by setting

dx:y) = ] k2k Yil.
k=0

Recall that a topological spaceX is totally disconnected if the only connected
subsets are the empty set and the singletorixg for x 2 X.

Proposition 4.16 The space( »;d) is a compact metric space without isolated
points which is totally disconnected.

(] ) Remark 4.17 A theorenr from point-set topology tells us that: any two com-
pact totally disconnected metric spaces without isolated points are homeomorphic
A metric space with these properties that you are probably already familiar with is
the Cantor Set (see Proposition 11.16 if you have forgotten the de nition). Thus

2 IS homeomorphic to the Cantor Set. We will not use nor need this result in the
course, however.

Proof. We begin by noting the following trivial statements about the metricd:
givenx;y 2 ,, one has

Xk = Yk 8 k=0;:::n ) d(x;y) Zi“; (4.5)
and L
d(x;y) < on ) Xk = Yk 8 k=0;:::n: (4.6)

We now show that , has no isolated points. Assume for contradiction that there
existsx2 ,and"> 0 such thatB(x;") = fxg. Choosen so large, that 2" <

Let y 2 , denote any element of , such that xx = y, for O k n and
Yn+1 8 Xn+1. FOrinstance ifx,.; =0 then

works. Then by (4.5) we have

d(x:y) = Xk = Ykl

k n+1

Sincey 6 x this contradicts the assumption thatB(x;") = fxg.

Now we show that , is compact. Let ") = (( xg;X7;%3;::1)) > be a
sequence. Either there exist in nitely manyn 1 for which xg = O or there exist
in nitely many n 1 for whichxg = 1. Hence, passing to a subsequence we obtain

4The \2"in , refers to the fact that each entry has exactly two choices: 0 or 1. There are
similar spaces ¢ for any k 1, where each entry is allowed to take one ok designated values.
5See for instance Corollary 30.4 in Willard's book General Topology for a proof.
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that xj is constant in n. Similarly by induction we pass to subsequences such
that x; is constant inn for every xed k 0. A diagonal argument now gives a
subsequence which is convergent by (4.5).

Finally to see that , is totally disconnected it su ces to show that given any
X 6 y we can nd open disjoint setsU andV such thatU[ V= ,andx 2 U and
y2 V. If x 6 y, then there isn > 0 such thatx, 6 y,. Without loss of generality
assume thatx, =0 and y, = 1. De ne

U=fz2 ,jz,=0g; V=1fz2 ,jz,=1qg
These sets have the desired properties. This completes the proof. [
Here is an example of a dynamical system orp.
Example 4.18 Theshift map : ,! ,isthe map
(Xoy X15X25 110) = (X3 X2; X3; 1 11):
This map is obviously continuous. We have:

Lemma 4.19 A point x 2 , is periodic under if and only if the sequenceXxy)
is periodic. Moreover a pointx has dense orbit under if and only if every nite
0; 1 sequence appears as a block xn

Proof. The rst statement is obvious. For the second, suppose has a dense orbit
under and suppose ¥Yo;VY1;:::V¥n) is a nite (0;1)-sequence. Let

Y= (Yo i ¥n: 0,0;000):
Then there existsk 0 such thatd( X(x);y) < 2 ". It follows from (4.6) that
(Xk; 75 Xken) = (Yo;:: 25 Yn). The converse follows similarly, using (4.5). [
Lemma 4.19 allows us to prove the shift map is chaotic.

Proposition 4.2Q The shiftmap : 5! » IS chaotic.

Proof. Since the set of all nite (G 1)-sequences is countable, we can construct a
(0; 1)-sequence that contains each nite (OL)-sequence as a block. Thus by Lemma
4.19, has a point with dense orbit. Since , has no isolated points by Proposition
4.16, Corollary 2.11 implies that is transitive. Now lety 2 , and > 0. We will

nd a periodic point x for which satis esd(x;y) < . Choosen large enough so
that2 "< . Then de ne

By Lemma 4.19,x is periodic under , and by (4.5) one hasd(x;y) < 2 ". This
completes the proof. [

On Problem Sheet B you will show that the doubling map is a factor of the
shift map. Combining this with Corollary 4.14 we obtain:

Corollary 4.21 The doubling map is chaotic.
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We conclude this lecture with a remark on the terminology.

(] ) Remark 4.22 Warning: Now that we have de ned chaos precisely, it is
only prescient to warn you that the de nition we have adopted is in fact but one
of several possible di erent mathematical formulations of chaos. This should not
surprise you: since chaos is a natural phenomenon, any mathematical de nition is
at best a \model". So why should there be only one?

The de nition of chaos given in De nitions 4.10 and 4.12 is due to Devaney,
and hence is commonly referred to d3evaney chaos . Another popular de nition
of chaos is called.i-Yorke chaos (which is due to Li and Yorke), and there are
many mor€. In general none of the de nitions are equivalent, although there are
various implications.

Nevertheless, in these notes we will only ever be concerned with Devaney chaos
(i.e. De nition 4.12), and thus we will simply refer to it as \chaos".

6To mention a few by name: Block-Cappel chaos, Wiggins chaos, Martelli chaos,. ..
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LECTURE 5

Mixing and Weakly Mixing Dynamical
Systems

In this lecture we de ne a stronger version of transitivity, which is calledmixing,
and the intermediate notion of beingweakly mixing, and explore various di erent
characterisations of these properties.

Definition 5.1 A dynamical systemf : X ! X is called(topologically) mix-
ing if for any pair U;V of non-empty open subsets oK, there existsn 0 such
that for all k n,

fXU)\ V6 ;:

Clearly any mixing system is also transitive, but the converse is false, as we will
shortly explain. Let us see an example:

Lemma 5.2 The tent map : [0;1]! [O;1]is mixing.

Proof. Let U andV be a pair of non-empty open subsets. As the proof of Lemma 2.6
showed, for any open set) [0O; 1] there exists a nite n such that "(U) =[0;1].
Thus also ¥(U) =[0;1] for allk n, and so in particular X(U)\ V & ; for all
kK n. [

Meanwhile a circle rotation is never mixing (cf. Example 5.7 below). Thus an
irrational circle rotation is an example of a dynamical system that is transitive but
not mixing. The next result is proved in the same way as Lemma 4.8.

Lemma 5.3 Mixing is an inheritable property.

Proof. Letf: X I X andg: Y ! Y be dynamical systems, and suppose thatis
a factor of f with semiconjugacyF: X ! Y. Let U andV be a pair of non-empty
open subsets ol . Then sinceF is continuous and has dense rang&, (U) and
F (V) are non-empty open subsets oK. Thus there existsn 0 and points
Xk 2 F Y(U) for eachk n such that fk(x,) 2 F (V). Then if y, = F(x«) one
hasyx 2 U and g*(yx) = F(fX(xk)) 2 V. Thus g(U)\ V 6 ; forallk n. |

Recall from Example 1.24 that given two dynamical system: X ! X and
g:Y! Y,wedenote byf g:X Y ! X Y the product system &;y) 7!

(F (x); 9(y)).

Proposition 5.4 Supposef : X ! X andg: Y ! Y are dynamical systems.
Then:

(i) If f g has a dense orbit then so do both and g.

(i) If f gis transitive then so are bothf and g.

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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(i) If f gis chaotic then so are botlf and g.

(iv) If f and g are both transitive and at least one of them is mixing therd g
Is topologically transitive.

(v) The systemf g is mixing if and only if both f and g are.

Proof. Both f and g are a factor off g (cf. Example 1.24). Thus (i) and (iii)
and the \) " direction of (v) follow from Lemma 4.8, Corollary 4.14, and Lemma
5.3 respectively. A similar argument to the proof of Corollary 4.14 shows that the
property of having a dense orbit is also inheritable, which proves (i).

To prove (iv), without loss of generality suppose thatf is mixing and g is
transitive. Let O;Q X Y be open non-empty sets. By de nition of the
product topology we can nd open non-empty setéJ;V. X and W;Z Y such
that U W OandV Z Q. Now note that

(f U W)\ (Vv Z)=(fU)\ V) (g“W)\ Z);

Choosen 0 such that for allk n one hasf K(U)\ V 6 ;. Now using Problem
A5we ndak nsuchthatg“(W)\ Z 6 ;. For this k, one thus has{ g)*(U
W)\ (V Z)6 ;, and hence alsof( g)¥(O)\ Q6 ;.

Finally the proof of the \( " of (v) is a very similar argument. [

Corollary 5.5 If f is mixing thenf f is transitive.
Proof. Take f = g and apply part (iv) of Proposition 5.4. [

Corollary 5.5 is not an if and only if statement: there exist dynamical systenfs
which are not mixing but for whichf f is transitive. Such dynamical systems are
not easy to construct though|at the end of this lecture we will give an example.
Nevertheless, this condition is important in its own right, and it gets its own name:

Definition 5.6, A dynamical systemf : X ! X is said to beweakly (topolog-
ically) mixing if f f is transitive.

Lemma 5.7. No circle rotation is weakly mixing.

Proof. This follows immediately from Problem B.7, since the sdt ; ; 1gis never
rationally independent. [

Therefore an irrational rotation is an example of a dynamical system that is
transitive but not weakly mixing, which proves that weakly mixing is a strictly
stronger property than transitivity. It is considerably harder to construct an exam-
ple of a dynamical system that is weakly mixing but not mixing|we will construct
such a system at the end of the next lecture (see Proposition 6.16).

Lemma 5.8 A dynamical systemf : X | X is weakly mixing if and only if for
any quadrupleU; V;W; Z of non-empty open subsets o, there existsk 0 such
that

fXU)\ V 6 ; and fXW)\ 26 ::

See Figure 5.1.



Figure 5.1: A weakly mixing dynamical system.

Proof. This is immediate from the fact that|as remarked in the proof of part (iv)
of Proposition 5.4|any non-empty open setO X X contains a set of the form
U W, whereU; W are non-empty open subsets of . [

Weakly mixing is again inheritable:
Lemma 5.9. Weakly mixing is an inheritable property.

Proof. Letf: X I X andg: Y ! Y be dynamical systems, and suppose that
is a factor off . with semiconjugacyF: X ! Y. ThenF F is a semiconjugacy
fromf f tog g, and henceg gis afactor off f. The claim now follows
from Lemma 4.8. [

Corollary 510 Letf: X ! X andg: Y ! Y be dynamical systems. If ¢
Is weakly mixing then so are bothf and g.

We can unify the concepts of transitivity, mixing and weakly mixing via the
notion of return times.

Definition  5.11 Letf: X ! X denote a dynamical system. Given non-empty
open subsetd);V X we de ne the set ofreturn times for f as

ret; (U;V) = fk 0jfKU)\ V69 f 0:1,2:::0
The next result expresses the three concepts in terms of return times.
Corollary 5.12 A dynamical systemf : X | X is:

(i) transitive if and only if given any non-empty open subsets);V X one has
ret; (U;V) 6 ;;

(i) mixing if and only if given any non-empty open subsets;V X, the subset
ret; (U;V) is conite in f0;1;2:::¢g;

(i) weakly mixing if and only if given any four non-empty open subsets; V; W; Z
X one has
rets (U; V) \ ret; (W;Z) 6 ;:
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Proof. Parts (i) and (ii) are immediate. Part (iii) is just a rephrasing of Lemma
5.8. [ |

In fact, we can reduce the number of sets needed to check the weakly mixing
condition from four to two:

Proposition 5.13 Letf : X ! X denote a dynamical system. Then the following
three statements are equivalent.

() f is weakly mixing.
(i) For any three non-empty open subsets;V;W X, one has

rets (U; V) \ ret; (U; W) 6 ;:

(i) For any two non-empty open subsett);V X, one has

ret; (U; U)\ ret; (U;V) 6 ;:

See Figure 5.2.

Figure 5.2: Weakly mixing with three and two sets.

Proof. It is obvious that (i) ) (i) ) (iii).
Let us prove that (i) ) (i). Let U;V;W;Z X be non-empty open sets. By
part (iii) of Corollary 5.12 it su ces to show that

rets (U; V) \ ret; (W;Z) 6 ;:

We apply (ii) to the triple U;W;Z to nd an element k 2 ret; (U; W)\ ret; (U; Z).
In particular, this tells us that both*

U=U\f KW)6: and f X2)6::

We now apply (ii) again, this time to the triple Up; V;f ¥(Z), to nd an element
n 2 ret; (Up; V) \ ret; (Ug; T K(2)).

IActually f *(Z) is always non-empty; see the proof of (iii)) (i) below.
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Sincen 2 ret; (Ug;f X(Z)) there existsx 2 Uy with f"(x) 2 f K(Z). Let y =
fK(x). Sincex 2 Uy we havey 2 W. Moreoverf"(y) = f"*k(x) = f¥(f"(x)) 2 Z.
Thus f"(W)\ Z 6 ;, and hencen 2 ret; (W;Z). Finally since ret (Up; V)
ret; (U;V) asU, U, it follows that

n 2 ret; (U; V) \ ret; (W;2)

and thus this intersection is non-empty, as desired.

Now we prove that (iii) ) (ii). Let U;V;W X be non-empty open sets. This
time we want to show that ret (U; V) \ ret; (U;W) 6 ;. Sincef is necessarily
transitive by (iii), there exists somek 0 such that

Up:= U\ f KV)

is a non-empty open set. Since transitive maps have dense range by Lemma 2.3,
f X(W) is a non-empty open set. Then by (iii) applied to the pairUy;f (W),
there exists some

n 2 ret; (Up; Up) \ ret; (Ug;f K(W)):

This means there exists;y 2 U with f"(x) 2 Uy and f"(y) 2 f ¥(W). Since
x 2 U and f "*X(x) 2 V, we see thatn + k 2 ret; (U; V). Similarly f"*k(y) 2 W
and hencen + k 2 ret; (U; W). SinceU, U, one also has + k 2 ret; (U; W), and
thus

n+ k2 ret; (U;V)\ ret; (U;W) 6 ;:

This completes the proof. [ |

We conclude by restating how the various properties t together.

Summary: Letf: X ! X be adynamical system. Then

mixing ) weakly mixing ) transitive,

and neither of the implications can be reversed.

Note that we have not yet established that mixing really is a stronger property
than weakly mixing; as mentioned earlier this is fairly tricky and will be done next
lecture in Proposition 6.16.



LECTURE 6

Furstenberg's Theorem

In this lecture we continue our discussion of weakly mixing dynamical systems,
starting with an important theorem of Furstenberg. We then take a brief excursion
into linear dynamical systems on Banach spaces and construct an example of a
dynamical system which is weakly mixing but not mixing, thus ful lling a promise
from the last lecture.

Definition 6.1 Two dynamical systemsf : X I X andg: X | X are said to
commute if

f g=g f
We begin with the following useful trick.
Lemma 6.2 Letf : X I X be atransitive dynamical system, and leU; V; W; Z be

non-empty open subsets ok . Suppose there exists a dynamical systega X ! X
which commutes withf and satis es

gU)\ W6 ; and aVvV)\ 26 ;: (6.1)
Then
ret; (U; V) \ ret; (W;Z) 6 ;: (6.2)

Informally, Lemma 6.2 can be thought of as saying that the existence of such
a systemg implies that f is \weakly mixing for this particular quadruple of sets
U;V;W,and Z".

Proof. Sinceg is continuous, (6.1) implies there exist non-empty open subsdilg
UandVy V suchthatg(Uy) W andg(Vo) Z. See Figure 6.1. Suppose
k 2 ret; (Ug; Vo). Then there existsx 2 U, such that f¥(x) 2 V,. Then since
g(x) 2 W and f X(g(x)) = g(f ¥(x)) 2 Z, one sees thak 2 ret; (W; Z), which shows
that

ret; (Uo; Vo) ret; (W; Z):

Since clearly ret(Ug; Vo)  ret; (U; V), we therefore always have
ret; (Ug; Vo)  rets (U; V) \ ret; (W; Z): (6.3)

Sincef is transitive the left-hand side of (6.3) is non-empty, and thus the right-hand
side of (6.3) is also non-empty. This completes the proof. [

Our rst application of Lemma 6.2 is the following curiosity.

Corollary 6.3 Letf: X ! X be a topologically transitive dynamical system,
and supposdJ; V; W; Z are four open non-empty subsets of . Then

ret (U; W)\ ret; (V;Z) 6 ; ) ret (U; V) \ ret; (W;Z) 6 ;:
Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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Figure 6.1: Commuting systemg$ and g.

Proof. Supposek 2 ret; (U; W)\ ret; (V;Z). Setg = fk. Then g commutes withf
and satis es (6.1). Thus Lemma 6.2 implies that ret(U; V) \ ret;(W;Z)6 ;. =

We could attempt to strengthen the weakly mixing condition by requiring higher
products to be transitive.

Definition 6.4 Letf: X ! X be a dynamical system. We say that is n-fold
transitive if the n-fold product

[ N (S 2D S N

n times n times n times

)

is transitive.

With this terminology, a transitive system is a 1-fold transitive system and a
weakly mixing system is a 2-fold transitive system. Moreover K n then the
k-fold product is a factor of then-fold factor, and hence am-fold transitive system
is alsok-fold transitive for all k n.

Actually De nition 6.4 turns out to be redundant. This is the content of the
next result, which is due to the Israeli mathematician Furstenberg. The proof
makes use of Lemma 6.2 again.

Theorem 6.5 (Furstenberg's Theorem) Let n 2. A dynamical system isn-fold
transitive if and only if it is weakly mixing.

Proof. We prove by induction onn that if f is n-fold transitive then f is also
(n + 1)-fold transitive. By arguing as in Lemma 5.8, to show thatf is (n + 1)-
fold transitive it su ces to show that given any 2n + 2 non-empty open subsets
UW X fork=1;:::;n+1, one has

N+t
rets (Ug; k) 6 ;: (6.4)
k=1



Sincef is weakly mixing, applying Lemma 5.8 to the quadrupléJ;; U,; V; and V,
we nd k 0 such that

fXU)\ U, 6 ;: and  fXV)\ W, 6 ;:

Then by Lemma 6.2, applied withg = f ¥, we nd non-empty open subsets), U,
andV, Vi such that

rete (Uo; Vo) rets (Uy; Vi) \ rets (Uz; Vz) (6.5)
(see (6.3)). Now by the induction hypothesis applied to ther2 non-empty open

|
g+l '
ret; (Uo; Vo) \ ret (Ug; k) 6 (6.6)
k=3

Then (6.5) and (6.6) imply that (6.4) holds, which thus completes the proof. =

Here is an application of Furstenberg's Theorem, which gives us another way to
characterise weakly mixing maps.

Proposition 6.6. Letf : X ! X be adynamical system. Theif is weakly mixing
if and only if for any two non-empty open subsetdJ;V X, the setret; (U;V)
contains arbitrarily long intervals.

Proof. First assume thatf is weakly mixing. LetU;V X be non-empty open
sets and letn 2. We will show that ret; (U; V) contains an interval of lengthn.
By Furstenberg's Theorem 6.5f is n-fold transitive, and hence there exists some
I 0 such that

\n

i2  ret (U;f X(V));

k=1

that is,
fla\V f v)6: 81 k n:

This implies that i + k 2 ret; (U;V) foreach1 k n.
To prove the other direction, it is convenient to use part (ii) of Proposition 5.13.
Let U;V;W X be non-empty open sets. We will prove that

ret; (U; V) \ ret; (U; W) 6 ;:

Since ret (V;W) is certainly non-empty, by continuity there existsk 0 and a
non-empty open subsel, V such thatf*(V,) W. Then by assumption there
existsn 0 such that the interval [n;n + K]  ret; (U; \b). In particular

n+ k2ret(U;Vp) rets (U;V):

To complete the proof we show thati + k also belongs to ret(U; W). But this
follows from the fact that f "*X(U) \ W contains the setf "*k(U) \ f*(V,), which
itself contains the setf X(f "(U) \ Vp). Since alson 2 ret; (U;\,) by assumption,
the latter set is non-empty. This completes the proof. [

3



On Problem Sheet C you will nd yet another characterisation of weakly mixing.

There remains a serious defect of our de nition of weakly mixing: we have
yet to exhibit a single example of a dynamical system that is weakly mixing but
not mixing! We now rectify this. The example we construct (Proposition 6.16)
is not the simplest example of such a system, but it has the virtue of being easy
to understand and gives us an excuse to introduce linear dynamical systems. Our
construction will use a little bit of elementary functional analysis.

Definition  6.7. A Banach space is a vector spacé& equipped with a normk k
such that the associated metria@(v;w) = kv wk is complete.

Any nite-dimensional normed vector spacéis a Banach space. Here is an easy
to understand example of an in nite-dimensional Banach space:

Definition 6.8 Let
"1 (R) = fsequencex = (Xx)k o Of real numbersj supjxyj < 1g

denote the space of albounded sequences. This is a Banach space under the
norm
kxky = supjXj:
k 0O
We denote byey the vector with a 1 in the kth position and 0 in all the other
entries. Thus @)k o is a basis of ! (R).

Definition 6.9, Let
n o
o(R) = x2 1 (R) ] I(Ililm Xk =0

denote the space of alhull sequences. This is a closed subspace of (R) and

hence is a Banach space under the same nokmk; .

Remark 6.10 The spacecy(R) is typically better behaved than ! (R). For in-
stance, ¢(R) is separable as a metric space, whereas(R) is not. We will not
need nor use this fact however.

Definition  6.11 Let
co(R) = fx 2 (R) ] there existsn 1 such thatx, =0 for all k ng

denote the space of allnite sequences .

It is easy to see thatcy(R) is dense incy(R). However cypo(R) is not closed in
c(R), and hence isnot a Banach space with respect t& k; .

Definition  6.12 Suppose E; k k) is a Banach space. A continuous linear map
L: E! E is called alinear dynamical system

Do not worry if you are not familiar with functional analysis and Banach spaces|the only
Banach spaces we will meet in Dynamical Systems | are Euclidean spac&¥', or the space of
bounded sequences de ned below.

2By convention, all vector spaces in this course are assumed to be vector spaces ofeor C.
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Remark 6.13 Alinear mapL: E ! E is continuous if and only if it is bounded
in the sense that there exist > 0 such that’

kLvk ckvk; 8v2E:
If E is nite-dimensional then every linear map is continuous (and hence bounded).

Just as in Example 4.18, one can consider shift operators on the space¢R),
Co(R), and coo(R).

Example 6.14 The shift operator *
(Xo3 X15X2;100) = (Xq5Xg; 101
is a linear dynamical system on both?! (R) and cy(R).

With these preliminaries out of the way, we present a useful (albeit somewhat
contrived) criterion for a linear dynamical system to be weakly mixing.

Theorem 6.15 LetL: E ! E be a linear dynamical system on a Banach space.
Assume there exists a dense subseX E and a dynamical systenf : X | X
such that:

Lf (v) = v; 8v2X: (6.7)

Assume moreover that there exists a strictly increasing sequengde ) of numbers
such that for allv 2 X,

lim L*v =0; and lim f % (v)=0: (6.8)
n!l nil

Then L is weakly mixing.

Theorem 6.15 is a special case of a result due to Gethner and Shapiro. In our
case however the proof is almost easier than the statement.

Proof. Let U;V;W; Z be non-empty open sets irfc. By part (iii) of Corollary 5.12
it su ces to show that

ret.(U; V) \ ret . (W;Z) 6 ;:
SinceX is dense inE, we can nd vectors
u2 U\ X; v2V\ X w2 W\ X; z27Z\ X

For n su ciently large it follows from (6.8) that

u+ f*(v) 2 U; v+ Lu2 v, w+ fk(z) 2 W, z+ LYw2 Z: (6.9)
Next, using (6.7) we have

Lk(u+ fl(v)) = Lu+ v; Lk (w+ f* (2)) = LFw+ z: (6.10)

Combining (6.9) and (6.10) shows that rgt(U; V) \ ret (W;Z) 6 ;. [

3By convention, for a linear map where possible we omit the brackets and writd.v instead of
L(v).

4We use the word \operator" instead of \map" to help distinguish this from the shift map in
Example 4.18.

SWe do not assume thatX is a linear subspace, and the mag doesnot have to be linear.
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We will use Theorem 6.15 to produce an example of a linear dynamical system
on ¢(R) that is weakly mixing but not mixing. For this let ww’ 2 *! (R) denote
the vectors

and

De ne an operator
L:c(R)! co(R); L (Xo; X15 X2; 12 7) == ((WoX1; W1Xp; WoX3; 1 11):

One can think of L as a \weighted" version of the shift operator from Example
6.14. NoteL is continuous by Remark 6.13.

Proposition  6.16 The operatorL is weakly mixing but not mixing.

Proof. To show that L is weakly mixing we apply Theorem 6.15. Tak& = cyo(R),
and de ne

f:co(R)! coo(R): f(Xo;X1;X2;::0) == 0; W3Xo; WoX1; WX 100

Then clearly
Lf (x) = x; 8x 2 coo(R);

and moreover
lim L) = 0;  8x2 coo(R);

where0 = (0;0;0;:::). Thus to apply Theorem 6.15 we need only nd a sequence
(kn) of increasing numbers such that

lim fk(x)= 0 8x 2 coo(R):
n!

We take k,, := n?. Observe that

\& 1
Wi0 1= 2_”;
=1
and hence ,
f"(e)= 0;:::;0, A ;0,0 ;
Iz}
nth position

and thus lim,1 f”z(el) = 0. Similarly f nz(ek) I 0 for any basis vectorei. Since
any element ofcyg(R) can be written as a nite sum of theey, it follows that

lim f”(x)= 0;  8x2 coo(R):
n!

Theorem 6.15 therefore implies that is weakly mixing.
Finally we show that L is not mixing. For this observe that if

m, = n°+ n

6



then
¥in
wi 1 =1;
i=1
L™ (Xo; X1, X2;:::) = (Xmps 5 5:i00);

where the value of the 's are unimportant. This means that if

U

fx 2 c(R)jkxk < 1g

and
V

fx 2 co(R) jixoj > 19
then U and V are open setsin co(R) for which
L™\ V=, 8n L
Thus L is not mixing. This completes the proof. [

We will return to linear dynamical systems next semester when we discuss hy-
perbolicity.

6To see thatV is open, note that sincejxxj k xk for any x 2 co(R) and k 0, the projection
operators Py : ¢o(R) ! R de ned by Py(x) = xk are all continuous.
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LECTURE 7

Topological Entropy

Letf: X ! X be a dynamical system on a compact metric space. In this lecture
we introduce thetopological entropy hyp(f) of f. This is a non-negative real
number (or 1 ), which attempts to give a quantitative measure of how \complex"
the dynamics off are. As one might expect, trying to reduce the entire dynamics
of f to a single number is only partially successful. Nevertheless, it is remarkable
quite how much information can be captured by the topological entropy

The de nition of h, () is rather complicated, but roughly speaking it measures
the rate at which orbits of a dynamical system move apart as time increases. Before
getting started with the formal de nition, let us give a more heuristic outline in
a similar vein to our informal discussion of the chain recurrent set from Remark 3.14.

Suppose we start with a dynamical systemh: X | X. As a rst measure of
complexity of f, we could try and \count" the number of orbit segments off up
to time k:

Suppose that our measuring device is only accurate up to the nearéseand hence
it is unable to distinguish between two orbits segmentx; f (x);f 2(x);:::f¥(x)g
andfy;f (y);f2(y);:::f¥(y)gif at every stage the distance betweeh' (x) and f '(y)

is less than". However as time goes on one might hope that the orbits of distinct
points diverge. This would mean that eventually the measuring device could dis-
tinguish them. See Figure 7.1.

Figure 7.1: The orbit segments ok andy cannot be distinguished until timek = 3.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
1See Problem E.5.



Let us temporarily denote byn(k;") the total number of orbits segments our
measuring device nds at timek. We then look at the growth rate of the function
k 7! n(k;"), that is, the growth rate of orbits over time, as seen by our measuring
device. If our dynamical system has \simple" dynamics then given two nearby
statesx andy, it may take a very long time before our detector can tell that the
orbits of x and y are di erent, and hence the growth rate could be low. If however
our dynamical system has sensitive dependence on initial conditions (i.e. is chaotic),
then the orbits of nearby states will diverge very rapidly. This will therefore give
rise to a large growth rate.

Next, note that with a better measuring device (i.e. one with a smaller error
value), less time will be required to tell distinct orbits apart. Thus the growth rate
of the function k 7! n(k;") increases as decreases. Since we are mathematicians
(and don't need to do any actual experiments!), we can quite happily pretend that
we have access to measuring devices of unlimited precision and"let 0. The
resulting quantity can therefore be thought of as the growth rate of orbits over
time, as seen through the eyes of an arbitrarily precise measuring device. This is
what we call thetopological entropy of the system.

Now onto the formal de nitions:

Throughout our discussion of topological entropy, we will alwaysaissume that
the underlying metric spaces areompact . This will considerably simplify
the construction, and is su cient for all of our examples.

Definition 7.1 Let (X;d) be a compact metric space anfl: X ! X a dynamical
system. For eackk 1, we can de ne a new metricdf( on X by setting

dcy) = max d'(x);f'(y) :

Thus d} = dandd, df, forall k 1. Sincef is continuous andX is
compact, one easily sees that all metrich are strongly equivalent. In the new
metric d}, points are" close if they remain" close fork iterations of f .

Given a setA, we denote by #A its cardinality. We now introduce three related
notions that \count” the number of orbits segments off of length k that are
distinguishable at the scale'.

Definition 7.2 Letf: X ! X denote a dynamical system on a compact metric
space. A subsetA X is called a k;")-spanning set for f if for every x 2 X
there existsy 2 A such that d};(x;y) <" . Compactness ofX implies there exist
nite ( k;")-spanning sets, and we set

spanf;k;") =minf#Aj A is a (k;")-spanning set forf g:

2The exception to this is the (non-examinable) Remark 7.17 at the end of the lecture, where we
brie y outline how to go about extending the de nition of entropy to certain dynamical systems
on non-compact spaces.



Remark 7.3 We should really include the metricd in our notation and write
spany(f; k;" ), since this quantity doesdepend on the choice of the metric. Never-
theless, we have elected not to, since the notation is already pretty horrendous.

Next, we have:

Definition 7.4 Letf: X | X denote a dynamical system on a compact metric
space. A subseB X is called a k;")-separated set for f if given any two
distinct points x;y 2 B one hasdf((x;y) ". Compactness oX implies that any
such set is nite, and we set

sepf;k;") =supf#AjAis a ;")-separated set forf g:
The proof of Proposition 7.6 below will show this is a nite number.
Recall given a setA in a metric space K;d), we de ne the diameter ofA as
diamg(A) =supfd(x;y) j X;y; 2 Ag:
Finally, we have:

Definition 7.5 Letf: X ! X denote a dynamical system on a compact metric
space. We denote by cov(k;" ) the minimum cardinality of an open covering of
X by sets whosed[( diameter is less than'. By compactness, co(k;" ) is nite.

The three quantities are related as follows:

Proposition  7.6. For eachk 1 and"> 0, one has

(7:1) (7:2) (7:3) (7:4)
cov(f; k; 2") span(; k;") sepf; k;") span(; k; "= 2) cov(f; k; "= 2):

Proof. We rst prove inequality (7.1). SupposeA is a (k;")-spanning set forf of
minimum cardinality. Then the open balls of radius" in the df( metric centred at
points of A must cover X. By compactness the same is true for some<0 <" .
The diameter of such a set is < 2", and hence

cov(f; k; 2') spanf;k;"):

We next® prove (7.3). Let A be a minimal (k;"=2)-spanning set and letB be an
arbitrary (k;")-separated set. We de ne an injective map : B! A as follows: If
X 2 B there exists at least oney 2 A such that dL(x;y) < "=2. Pick one suchy
and call it (x). If (x1) = (x2) then by the triangle inequality we have

di(x;%2)  di(xa; (xa)) + di( (x2);%2) <™

SinceB is a (k;")-separated set, this implies thatx; = x,. Therefore is injective,
and hence #8 # A. SinceB was an arbitrary (k;")-separated set andA was a
minimal (k;"=2)-spanning set, this shows that

sepf; k;") spank;f;"=2):

3The reason for proving (7.3) before (7.2) is that until we proved (7.3), we do not know that
sepf; k;" ) is nite. Note also that (7.3) implies that we can replace the \sup" in De nition 7.4
with \max".



Now we prove (7.2). letB be a (;")-separated set forf with maximal cardi-
nality. Then dfk (x;y) "forall x;y 2 B. We claim that B is also a k;")-spanning
for f . For this let x 2 X. We must produce someg 2 B such that d{((x; y)<".If
X 2 B there is nothing to prove. Ifx 2 X nB and no suchy existed thenB [f xg
would also be a K;")-separated set forf . This contradicts the maximality of B.
Thus B is also a k;")-spanning set forf , and hence in particular we have.

spanf;k;")  sepf;k;"):

forms a (k;")-spanning set forf . This shows that
spanf;k;") cov(f; k;");
and so the proof is complete. [

Before going any further, let us recall the following elementary lemma from
calculus:

Lemma 7.7 (Fekete's Lemma) Let : N! R denote a subadditive function, i.e.
(k+n) (k)+ (n); 8k;n 2 N: (7.5)
Assume thatinf, 9 > 1 . Then the limit of - exists ask ! 1 , and moreover

, (k) _. (k) .
kllllrn Tk Iknsz Tk

This proof is non-examinable, since it belongs to a course on real analysis.

(] ) Proof. Let a:=inf, - Fix *> 0. By de nition of the in mum there exists
n 1 such that

(n) n
— < = :
- a 5 (7.6)
Choosem large enough such that
(i) n .
—= < - : :
e 81 i<n (7.7)

Now choosek mn. Then there exist integersq;r such that k = qn+ r where
g mand0O r<n. Then

(k) @2 (qn) (1)
k gn+r gn+r
(99 (n) ()

gn mn

(7.6) " (r)
<a+ -+ —=
2 mn

(7.7)
< a+™



This shows that
—2 a<" for k mn;

and hence the limit of% ask!1l exists and is equal toa. This completes the
proof. [

We can now prove:

Proposition 7.8 Letf: X ! X be a dynamical system on a compact metric
space and let' > 0. Then the limit

heov(f) = II(i!rln %Iog cov(; k;")

exists and is nite.

Proof. We will show that
(k) =logcov(f;k;") (7.8)

IS a subadditive function.

SupposeU has dL-diameter less than" and V hasd! -diameter less than'. We
claim that if U\ f ¥(V) is non-empty’ then the d, . diameter of U\ f (V) is
also less than'. Indeed, ifx;y 2 U\ f X(V) then sincex;y 2 U one has

Jmax d fi(x);fi(y) <"

But also f X(x) and f ¥(y) 2 V, and hence
max_d f'(f*(x)); f'(F*(y)) <™
0ina1
Therefore _ _
den(y) = max  dfIO0if(y) <"
| +n

as claimed.
Thus if fUjg», is a covering ofX of sets with dlf(-diameter at most" andfV, g2,
is a covering ofX of sets with df -diameter at most" then

fUNf (Vi) 2n g

is a covering ofX of sets with df, -diameter at most". The cardinality of this
covering is at most # # J (equality holds when each intersectiot; \ f (V) is

non-empty). This shows that
cov(f;k + n;") cov(f;k;") cov(f;n;"):

Taking log of both sides shows that (7.8) satis es (7.5). The result now follows
from Fekete's Lemma 7.7. [

4If we de ne the diameter of the empty set to be zero then we don't need to make a case
distinction here.



Corollary 7.9 Letf: X ! X be adynamical system on a compact metric space
and let" > 0. Then all four of the following quantities are nite:

1

i logspang ki)

hPan(f)* = lim sup
k!l

1
span — H H - e
hoPan(f) Ilmk!lmf kIogspan(,k, )
1

K log sep(; k; " )

h*P(f )" = limsup
k!l
1
Sep — i H - e
heeP(f) Ilrlnllnf kIogsep(,k, )

Remark 7.1Q0 The quantities h?*P2"(f) and h¥*P(f) are less well-behaved that
he®V(f ). In general it may happen that

heP2N(f)* 6 hiPan(f)

and
h€P(f)* 6 h¥*P(f) ;

and thus unlike h$®V(f ) the limits need not exist. Indeed, there are examplesof
dynamical systems for which lin; % log spang; k; " ) diverges for arbitrarily small
values of".

Proof. By Proposition 7.6 we have
hSV(f)  hPan(f) h¥P(f ) heP(f )™ hP2N(F)T h2(f); (7.9)
and the result follows by Proposition 7.8. [

Returning brie y to the heuristic discussion at the start of the lecture, we see
that the quantities h3Pa(f )* and h3P(f )* are two (in general, di erent) ways of
formalising the notion of the growth rate of orbits over time as seen through the
eyes of a measuring device with errdr. The quantity h®'(f) is slightly harder
to understand heuristically, but it is mathematically better behaved (i.e. the limit
exists). Moreover in the limit" ! 0 it doesn't matter which quantity we use.

The quantity cov(f; k;" ) is obviously a monotonically increasing function a8
decreases, and hence7! h¢®V(f ) does as well. Thus the limit as’' ! 0 exists. We
nally arrive at our main de nition.

Definition  7.11 Let f: X ! X be a dynamical system on a compact metric
space. The limit
hiop (f) = Ij'rn0 hev(f) 2 [0;1 ]

exists and is called theopological entropy of f.

We can alternatively de ne hy, (f ) using the other two quantities:

5If I manage to think of a su ciently simple one it will appear on a forthcoming Problem
Sheet.



Proposition 7.12 Letf: X ! X be a dynamical system on a compact metric
space. Then

hop (f) = lim hP2(F) = lim hP(F)* = lim hSP(F) = lim heeR(f)":

Proof. Immediate from (7.9). [

Remark 7.13 As Remark 7.10 shows, oneannot compute the topological entropy
using spanning or separating sets and just taking a limitjone must use either the
limsup or the liminf. This subtle fact is occasionally stated incorrectly in textbooks.

The exact value ofh, (f ) is usually very hard to compute. However as we will
see, what typically matters most is whetheihy, (f) = 0 or hyp(f) > 0, and this is
usually much easier to discover.

A priori, the quantity hy, (f ) might depend on the choice of metria, since the
guantities spanf; k;" ), sepf; k;" ) and cov(f; k;" ) certainly do (cf. Remark 7.3).
However luckily this is not the case, as we now prove.

Proposition 7.14 Letf: X ! X be a dynamical system on a compact metric
space. Thenhy, (f) does not depend on the choice of metric de ning the topology
onX.

Proof. Supposed; and d, are two di erent metrics de ning the same topology on
X. As in the proof of Lemma 4.5, we consider the function

(r) =supfdx(x;y) j di(x;y) ro:

SinceX is compact, (r)! O asr ! 0, and hence with the obvious notation we
can alternatively compute

1

. 1og cow, (f;k; (1))

Meop (f; d2) = lHno |<I!i1m

(this only works because we already know the limit exists).
If U has (dy); -diameter at mostr then U has (d,); -diameter at most (r). Thus

covg,(f; k; (r))  cowy, (f;k;r);

and hence
.1
heop (f; d 2) = IHnOkI||1m Elog cow, (f; ks (r))
o1 o
!l!rr% k|!|1m K log cow, (f; k; 1)
= hyp (f; dy):

Interchanging the roles ofd; and d, shows that hp (f;d1)  hip(f;d2), and the
result follows. [ |

Corollary 7.15 Topological entropy is a dynamical invariant.



Proof. Supposef : X I X is conjugate tog: Y ! Y via a homeomorphism

H: X! Y:
X X

Y ——— Y

f
_—

Let d be a metric onY. By Proposition 7.14 we are free to choose a convenient
metric on X . For this we choose

d(x1;X2) = d H(x1);H(x2) ;

which is a metric onX generating the topology onX for which H is an isometry.
For this choice of metric, we have

A (X1;X2) = max d f "(x1); f 1 (X2)

Jmax d H(f '(x1)); H(f'(x2))
Jmax d g'(H(x0); g (H(x2)) ;
di H(x1);H(x2) :

SinceH is a bijection, it is clear that coverings as well as spanning and separated
sets must have the same cardinality for botth and g. The result follows. [

On Problem Sheet D you will prove the following stronger version of Corollary
7.15:

Corollary  7.16 If gis a factor off then hgy(9)  hiop(f). In particular, having
zero topological entropy is an inheritable property.

(| ) Remark 7.17 Let us briey outline how to (partially) remove our standing
assumption that the underlying metric spaces are compact. Recall that a dynamical
systemf : X I X on a metric space X;d) is said to beuniformly continuous

with respect tod if for any " > 0 there exists > 0 such that

d(x;y) < ) d(f (x);f (y)) <™

If X is compact then any dynamical system is uniformly continuous. However in
the non-compact case this ceases to be case.

We say that two metricsd; and d, are uniformly equivalent if there exists a
constantc > 0 such that

1

Jdi(xy)  de(xy) cd(xy);  8xy 2 X
Two uniformly equivalent metrics de ne the same topology, but the converse is
false (even when the underlying space is compact). df is a uniformly equivalent

metric to d; andf : X ! X is uniformly continuous with respect tod; then f is
also uniformly continuous with respect tod,.

8



Suppose now that K;d) is an arbitrary metric space andf : X ! X is uni-
formly continuous with respect tod. If K X is compact then by mimicking the
construction above one can de ne the topological entropy df with respect to the
compact setk , denoted byhy, (f; d; K ). We then de ne the topological entropy
of f as

hiop (f;d) == sup fhyep (f;d; K ) jJK X is compacy:
One can show thathy, (f;d1) = hp(f;d>) if d; and d; are uniformly equivalent.

Moreover this new de nition of topological entropy includes the original as a special
case (since iX is compact we can take&k = X).



LECTURE 8

Hyperbolic Toral Automorphisms

Over the next few lectures we will compute the topological entropy of most of our
model dynamical systems. Along the way we will also introduce another important
class of dynamical systems, calldtyperbolic toral automorphisms . The results
of our various computations are summarised in Table 8.1 below.

Dynamical system Topological Entropy Proved in
The circle rotation hiop( ) =0 Corollary 8.2
The circle expansiong, hiop (&) = log k Corollary 8.7
Any reversible systemf : S*! S | hg,(f)=0 Proposition 8.8
Any reversible systemf : [0;1]! [0;1] | hop(f) =0 Problem D.3
A hyperbolic toral automorphismf, | hyp(fL) = log Theorem 8.18
Any expansivef hop (f) < 1 Theorem 9.10
The tent map hiop () =log 2 Corollary 11.8
The logistic map 4,1 iop ( 4jj0;17) = log 2. Corollary 11.9
The shift map hiop( ) =log2 Problem F.1

Table 8.1: The topological entropy of some of our model dynamical systems.

We begin with the following trivial computation.

Lemma 8.1 Supposef : X I X is a dynamical system on a compact metric
space. Suppose there exists a metritde ning the topology on X for which f is
an isometry. Thenhy, (f) =0.

Proof. For such a metricd, one hasdlf( = d for all k, and hence covi{k;") =
cov(f; 1;") for all k. Thus for any" > 0 one has

heov(f ) = II(|'r1n %Iog covf; k;")=0;

and hencehyy (f ) = lim +, o h®'(f) = 0. [
Corollary 8.2 Any circle rotation has zero topological entropy.

Proof. A circle rotation is an isometry with respect to the usual metric orS* (cf.
the proof of Problem A.2). [

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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The next result shows how entropy behaves with respect to products.

Proposition 8.3 Letf: X ! X andg:Y ! Y be dynamical systems on com-
pact metric spaces. Therg, (f  g) = hip (f) + higp(0).

Proof. Consider the metricd on X Y given by

d (X1;y1); (X2;y2) = maxfd(xy;X2); d(y1;Y2)9

(where by a slight abuse of notatiord also denotes both the metrics oiX and Y).

With this metric one has
n o

d 9 (xa;y1); (X21¥2) =max  dy(X1;Xa); d(y1; y2)

Thus if U X hasd]-diameter at most” andV Y hasd{ diameter at most",
thenU V hasd] ¢ diameter at most", whence it follows that

cov(f g:k;") cov(f;k;") cov(g;k;");
and hence taking logs of both sides tells us that

hop(f Q) hiop(F) + hiop(9):

To see the other direction, with the same metric we observe thatX X is (k;")-
separated with respect tof andB Y is (k;")-separated with respect tog then
A B is also k;")-separated with respect tof g. Thus

sepf g;ki") sepf;k;") sep@;k;");

and hence taking logs of both sides tells us that

hop (F @) hiop(f) + hiop (9):
Thus we must haveh, (f - g) = hiop(f) + hiop(9). This completes the proof. m
Corollary 8.4. Any product of rotations
1 LT T

has zero topological entropy.

Now we investigate how topological entropy behaves with respect to invariant
sets.

Proposition 8.5 Supposd : X ! X is a dynamical system on a compact metric
space. IfA X is a closed invariant set thenhg, (fja)  hop(f). Moreover if

hop () = rln?xn heop (f ja,):



Proof. Suppose thatA is a closed invariant set. A subseB A that is (k;")-
separated forf j, is also clearly k;")-separated forf itself, and hence

sepjak;”) sepfik;"):

Thus hep (fja)  hiop(f). To see the second statement, note that iB; A is a
(k; ")-spanning set forf jo, then ~1_, B; is a (k;")-spanning set forf itself. Thus

X
spanf;k;")  spanfiaiki") n maxspanfia ki)
I n
i=1

Thus
1
span =i H - VIRl
hePan(f ) |II‘I](’!IlInf ” log spanf; k; ")
1 . 1 e
kI!llm K logn + |Irﬂllnf max K log spanf ja,; K;")
=0+ rlnzflxn Ilmlnf P log span( ja,; k;"):
Letting " ! 0 shows thatho,(f) maxy i mhop(fja;). Sincehep (fja)  hiop(f)
for eachi by the rst part, we must have equality. This completes the proof. m
Here is a more involved explicit computation.
Proposition  8.6. The doubling mape,: S'! S’ satis es hyp (&) = log 2.
Proof. We endowS? with the usual metric d, given explicitly by
dix;y) =minfjx yj;1 j x yjg; (8.1)

where we think of S as the unit interval [0;1] with 0 and 1 identi ed. Observe
that:

dcy) 5 ) debiey) = 2dxy); 82)

Now let Ay denote the set of numbers of the forna‘r fori =0;1;:::;2¢ 1. Note
A, has cardinality 2. Fix 0 <" < 1=4 and choosen 2 such that

1 . 1
2n+1 n°
We claim that for any k 1, An+ is a (k;")-spanning set fore,. Indeed, ifx 2 St
then there exists 0 i 2"k 1 such that
[ i+1
on+k X< on+k”
Take .
_ 1+l
Y= Sk
sothaty 2 Anp+k. Thend(x;y) 2" kK andforanyO0 i k 1, one has using

(8.2) repeatedly that

d (0iely)  2dxy) < pop <"

3



Next, we claim that A, 1is a (k;")-separated set foe,. For this take two distinct
points X;y 2 An+k 1. We must show that there exists 0 i k 1 for which
d &(x);exy) ". Since" < 1=4 by assumption we may assume (for if not, we
are done) thatd e,(x); e;(y) 1=4 forall0 i k 1, and hence by (8.2) we
have

d e ‘(x);e& y) =2 *d(xy):

Sincex 6 y both belong to A+ 1, we haved(x;y) 2' ¥ ", and thus

k 1
00 i "

We have therefore shown that

span@e; k;") 2"  and sepgy; k;")  2ntk L.

Thus
. 1
hiPa(g,)* = limsup K log spang;; k;")
k!l
limsup —(n * K)log2
ki1 k
=log 2;
and similarly

h**P(e)" = limsup %Iog sepe; k;")
k!l

lim sup (n+k 1)log2
k11 K
=log 2:

Letting " ! O shows that

log2  hep(e;) log2
and thus hyp (€2) = log 2. This completes the proof. [
Corollary  8.7. The circle expansiong: S*! S?* satis es hyp (&) = log k.

Proof. The proof is very similar to that of Proposition 8.6|one just uses fractions
with denominatorsk' instead of 2. |

The dynamical systeme is not reversible fork 2, since it is not injective.
We next prove that any reversible system orS! necessarily has zero topological
entropy.

Proposition 8.8 Supposef : St I St is a reversible dynamical system. Then
htop (f ) = 0 .



Proof. We know that f maps intervals to intervals because the intervals are the
connected subsets 08!. Fix " > 0 and let B be a ;")-separated set forf of
cardinality sep(f;k;"). Let n denote the integer part of £ and choose a subset
Y S!ofn+1 evenly spaced points. Then any consecutive poinisw 2 Y satisfy

d(z;w) <". Set
1

Yi ::lt fieyY);
i=0

then#Y, k(n+1). Now let | be an interval ofS'nB having endpointsx;y 2 B.
Then d f'(x);f'(y) " forsome 0 i k 1. The distanced f'(x);f'(y)
is the smallest of the lengths of the intervaf '(1) and its complementary interval
Stnfi(l). Thus f'(I) must have length at least" and therefore contains a point
of Y. Thus | itself must contain a point of Y.

This shows that the cardinality of B, which is the same as the number of
components ofS nB, is less than or equal to the cardinality ofY,. Hence

sepf;k;")  k(n+1);
and hence
h*P(f )" =limsup 1 log sept; k;")
ki o K
lim sup} log(k(n+1))=0":
ki o K
Letting " ! 0 shows thathg,(f) 0, and henceh, (f) = 0. This completes the

proof. [

Remark 8.9, On Problem Sheet D you will prove that Proposition 8.8 is also true
for any reversible dynamical system on [Q]. However as Theorem 8.18 shows, this
result is not true for reversible dynamical systems of?.

We now introduce another important class of dynamical systems on tori. We
regard the n-dimensional torusT" asR" Z" (equipped with quotient topology),
and we let

CR"1 Z" (8.3)

denote the quotient map.

Definition 8.10 Let L: R"! R" be a linear map which can be represented by
a matrix (also denoted byL) whose entries are all integers. Theh induces a map

fooT" !t T
such that the following diagram commutes:

R" — - R"

]

T — s T"
L
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This map is continuous by de nition of the quotient topology, and hence is a dy-
namical system onT". We call f | the toral endomorphism induced by L. If
fL is reversible we say thaf is atoral automorphism

The following easy lemma is left as an exercise.
Lemma 8.11 The dynamical systemf is reversible if and only ifjdetLj = 1.

Definition  8.12 A matrix L is said to behyperbolic if j j& 1 for every eigen-
value ofL.

See Remark 8.16 below for a partial explanation of the word \hyperbolic".

Definition 8.13 Let f_ : T" I T" denote a toral endomorphism. We say that
fL is a hyperbolic toral endomorphism if L is a hyperbolic matrix, and that

fL is ahyperbolic toral automorphism if f_ is reversible andL is a hyperbolic

matrix.

Example 8.14 Taken = 1. Then the circle expansiong,: S ! S! are hyperbolic
toral endomorphisms fork 2.

To focus the ideas, let us now concentrate on the case= 2. We come back to
the generaln in Remark 8.19 at the end of the lecture. Fon = 2, an easy way to
check hyperbolicity is to look at the trace:

Lemma 8.15 Let L: R?! R? be alinear map represented by a matrix with integer
entries. Suppose thatjdetLj = 1 and that jtrLj > 2. Then L is hyperbolic.
Moreover the two eigenvalues; and , of L are real and irrational and there exists
aunique > 1suchthatfi 4j;j 2jg=f; 1o

Proof. Let t =tr L. Then the eigenvalues of. are given by

t e 4detL

2

If jtj > 2 then these are both real. Moreover these numbers are rational if and
only if there exists ak 2 N such thatt? 4 = k2. However if such ak exists then
(t k)(t+ k)= 4, which implies that either

t+ k=4; t k=1

or
t+ k= 1 t k= 4

No such integerk exists. [

From now on to avoid needing to make case distinctions, let us assume th
jtrLj > 2 and that detL = 1. Then the eigenvalues oL can be written as
f; lgforsome > 1. Letv;;V, be unitlength eigenvectors of. such that

Lv; = v q; Lv, = v




If dis a metric onR" that is translation-invariant then & induces a metricd on
T" for which the map from (8.3) becomes a local isometry. In this case

d (v); w) =d (v M(Qw)

In the following it will be convenient to work with a metric on R? that is nicely
adapted to the eigendirections of.. Sincefvy;v,g is basis ofR?, given any two
vectorsv;w 2 R? we can write

VvV W= aVi+ aVr
for a;;a, 2 R. We then de ne a metric ¢ on R? by
Av; w) = maxfj aij; jaqjg: (8.4)

This is translation-invariant metric on R?, and hence de nes a metriad on T2, A

\ball" in this metric is a parallelogram whose sides are parallel to; and v,. See
Figure 8.1 below. If'; is a su ciently short line segment in T2 parallel to v; then

fL(i) is another line segment inT? whose length (with respect to the induced
metric d on T?) is multiplied by or 1. Since > 1, we see thatf, acts an

expansion in the direction v; and as acontraction in the direction v;.

Remark 8.16 Hyperbolic toral automorphisms will play a much greater role in
the rst half of Dynamical Systems I, when we study di erentiable dynamics, and
in particular, hyperbolic dynamics . The precise de nition of \hyperbolic" is a
little complicated, and so we defer it until next semester, but roughly speaking
it means that the dynamical system expands in some directions and contracts in
others. The argument above shows thdt, is indeed a hyperbolic dynamical system
on T2,

As we will see in Dynamical Systems Il, hyperbolicity will turn out to be the
main mechanism for producing positive topological entropy for di erentiable dy-
namical systems. Theorem 8.18 below should be thought of as an example of this
mechanism at work.

On Problem Sheet D you will prove:
Proposition  8.17. Any hyperbolic toral automorphismf, : T?! T?2 is mixing.
Here we compute topological entropy of a hyperbolic toral automorphism.

Theorem 8.18 Let f_: T2! T2 be a hyperbolic toral automorphism as above.
Then hyp (fL) = log

Proof. Let d denote the translation-invariant metric from (8.4). Abbreviate by
K = dk and dg = dka. Since is a local isometry for" > 0 su ciently small one
has
Ba, (V)ir = Bg(v;r) (8.5)
A \ball" of radius r in the d metric of radius is a parallelogram whose sides are
parallel to v; and v, and whose (Euclidean) lengths are"2 ¥ and 2' respectively.



Figure 8.1: Thed ball of radius".

See Figure 8.1 . The Euclidean area of such a ball is'4 ¥, where O<c 1lisa
constant that depends on the angle between, and v, (if v; and v, are orthogonal
then c=1).

This means that to cover the unit square [01] [0; 1] (which has Euclidean area
1) we need at Ieast‘m—.k.2 such balls. Since any set witldi-diameter less than" is
contained in adg-ball of radius™, using (8.5) we see that

k

cov(fiik") yRIE for " su ciently small,
and hence
T ! k
heop (L) ,|,|!mO|I£T!11Inf K IogE
N "
= |.!!m0|'|[7!‘1'nf K log log 4c
=log : (8.6)

For the converse direction, we tileR? by closedd-balls (i.e. parallelograms). If
" is small enough then any such ball that intersects the unit square;[f] [O; 1]

is entirely contained in the larger square [1;2] [ 1;2]. This larger square has
Euclidean area 9, and hence this tiling oR? has at mosti.—.zk balls that intersect

the unit square. The image under of all the open balls that intersect the unit

square form an open cover of2, and using (8.5) again we therefore obtain

9 k :
cov(f_;k;") F; for " su ciently small.

LStrictly speaking, 6}; does not t into the framework of De nition 7.1 as ( R";d) is not a
compact metric space. This does not matter as far as the forthcoming proof is concerned.
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Then
. .1 K
hiop (F1L) Ilrnsgpllmlnfglogﬁ

1
k | =
K 093¢

=log : (8.7)

=lim _liminf 1 log
"' 0 ki1

Comparing (8.6) and (8.7) we see thaly, (f ) =log . This completes the proof.
|

(] ) Remark 8.19 Theorem 8.18 generalises to tori of arbitrary dimension. Sup-
posef_: T" I T" has is a hyperbolic toral automorphism such that ddt = 1.
Order the eigenvalues oL as

| RETI Y o> 1> jaj> o
Then an argument similar to that of Theorem 8.18 shows that
N- . .
hop(fL) = logj ij: (8.8)
i=1

Note that (8.8) includes both Corollary 8.7 and Theorem 8.18 as a special case.



LECTURE 9

Expansive Dynamical Systems

In this lecture we introduce two related notions of expansiveness, and prove that
expansive dynamical systems always have nite topological entropy. This lecture
contains two reasonably tricky proofs, Theorem 9.9 and Theorem 9.10, which|at
least in my opinion|are rather more involved than anything else we have done so
fart.

Definition 9.1 Supposef : X | X is a dynamical system on a metric space
(X;d). We say that f is expansive if there exists a constant > 0 such that

df*x);f*y) ; 8k 0 ) X =y
Any constant > 0 with this property is called anexpansivity constant  for f .

Remark 9.2 An expansivity constant is not unique, since if is an expansivity
constant then so is °for any 0< %< . As in Remark 4.3 (which was concerned
with the similar situation of sensitivity constants), one could take the supremum
of all expansivity constants to obtain something unique. However this is rarely
helpful, and typically hard to compute.

The doubling map is our prototypical example of a expansive map.

Example 9.3 ConsiderS?! with the standard metric. We claim that the doubling
map e: St ! St is expansive with expansivity constant = 1=4. Indeed, this
follows immediately from equation (8.2). Ifx;y 2 S satisfy d €§(x); &(y) < 1=4

then
d e (x); & (y)) = 2d &(x); &(y)
Thus if d €(x); e(y) < 1=4 forallk 0 thend(x;y) =0.

Here is a slightly more exotic example.

Example 9.4 Consider the logistic map , fora> 2+ P 5. Set
\1
X = 2“([0;1])
k=0

Then X is a compact ,-invariant subset of [Q 1]. Equip X with the metric inherited
from the standard metric on [Q1]. We claim that ,jx Is eboansive, and that
moreover an expansivity constant can be taken as0 <b = 1 4=a

To see this, set

I =[0;(1 b=2]; J=[1Q+ b=21]

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
Hopefully | won't mess things up too badly in lecture. . .
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Since ,(x)=1for x=(1 b=2we havel [ J = _%[0;1]) and moreover that
j Sx)j=al 2xj ab; 8x2I[ J (9.1)

Now supposex;y 2 X satisfy j K(x)  X(y)j for all k 0. Then for each
k 1, either X(x)and X(y) both belong tol or they both belong toJ. Thus by
the mean value theorem, one has from (9.1) that

ioa) ai o (@x i
forall k 1. Sincea> 2+ P 5 one hasab > 1, and hencex = .

Example 9.5 Consider ; with its natural metric d (De nition 4.15). In Problem
F.1 you will prove that : ,! ,is expansive.

The next result is similar to Lemma 4.5, and the proof is left as an exercise.

Lemma 9.6. Let (X;d;) be a compact metric space, and suppose X ! X is a
dynamical system which is expansive with respect td,. If d, is any other metric
on X de ning the same topology thenf is expansive with respect tal,.

We emphasise however that the precise value of an expansivity constalges
depend on the metric.

Remark 9.7. An expansive dynamical system automatically has sensitive depen-
dence on initial conditions. However expansive systems are not necessarily chaotic,
since the periodic points need not be dense.

In the reversible case another de nition is possible.

Definition 9.8 Supposef : X | X is a reversible dynamical system on a metric
space K;d). We say that f is weakly expansive ? if if there exists a constant
> 0 such that

d fX(x); fX(y) . 8k2Z ) X=y:

Again, any such constant > 0 with this property is called anweak expansivity
constant for f.

It is obvious that an expansive reversible dynamical system is also weakly ex-
pansive, but the converse is not true. In fact, provided the metric space is not a
nite set, no expansive dynamical system is ever reversible:

Theorem 9.9, SupposeX is an in nite compact metric space. Then any expansive
dynamical systemf : X I X is not injective.

2Warning:  The terminology \weakly expansive" is not standard. Many textbooks continue
to use the name \expansive" for what we are calling \weakly expansive". This can be misleading,
sincelas Theorem 9.9 shows|expansive and weakly expansive reversible systems arenot the
same thing!



Proof. Assume for contradiction that f is both injective and expansive, and let
> 0 be an expansivity constant forf . We prove the result in three steps.

1. We rst claim there exists p 1 such that
d f'(x);f'(y) 8i=1;::::p ) aixy) (9.2)

Indeed, if (9.2) is not true then for everyk 1 we can nd points Xi; yx such that

d fi(xe): Ty 8i=1:::::k and  d(Xg:Y«)
By compactness, we can choose convergent subsequenged x and vy, ! V.
Then d(x; y) ; in particular x 6 y. However we claim thatf (x) = f (y). Indeed,
by continuity for any i 0 we have
d F1(:t ) = lim d f10x)if (W) (9-3)
Sinced f'(xk,);f (k) foralll i k, we deduce from (9.3) that
dfi(x);f'(y) 8i 2 N:

Then expansivity (applied to the pointsf (x) and f (y)) tells us that f (x) = f (y),
which contradicts f being injective. This shows that (9.2) holds, and nishes the
proof of Step 1.

2. In Step 2 we will show that thisp actually has a stronger property: for any
x;y2X andm Oif

dfi(x);ficyy ; for m+1 i m+p; (9.4)

then in fact _ _
df'(x);f'(y) O i m (9.5)

We prove this by induction onm; equation (9.2) was the casen = 0. For the
inductive step, let us suppose thak;y satisfy

dfix);fi(y) . for  m+2 i m+1+ p:
Thend f(f (x));f'(f (y)) form+1 i m+ pso by applying the inductive
hypothesis tof (x) and f (y) we haved f'(f (x));f'(f (y)) fori =0;:::;m,

and hence we have
dfi):;ficyy ; for i=1;:::;m+1+ p: (9.6)

Applying (9.2) to (9.6) we also obtaind(x;y) . This nishes the inductive step.
3. We are now ready to prove the theorem. Sinc¥ is compact, there exist

cover X. SinceX is assumed to be an in nite metric space, in particular there
exists a subsetA X containing g+ 1 points.

3This elegant proof is due to Coven and Keane.
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For everyk 0 by the Pigeonhole Principle there existgy 6 yx in A such that
f¥(xx) and f ¥(yx) lie in the same ballB;  z;5 . Thus from (9.4) and (9.5) we
p+1

have that df, ., (Xi; Yi)

Since there are only nitely many pairs of these+ 1 points, by the Pigeonhole
Principle again there existsx 6 y 2 A such that x, = x and yx = y for in nitely
many k. Thusd f(x);f(y) foralli 0. This violates expansivity. We have
therefore obtained a contradiction to our assumption that was both injective and
expansive; the proof is complete. [

So far all the dynamical systems whose topological entropy we've compuited
have had nite topological entropy. In general there is no reason for this to be the
case, and on Problem Sheet F there is an explicit example of a dynamical system
whose topological entropy is in nite. However, as the next pair of results show, any
(weakly) expansive dynamical system necessarily has nite topological entropy.

Theorem 9.10 Letf: X ! X be an expansive dynamical system on a compact
metric space. Thenhg,(f) < 1.

Proof. Let denote a (weak) expansivity constant fof , and choose
0<4 <"<: 9.7)
We will prove that there existsp= p( ;") 1 such that
sepf;k; ) sepf;k +2p;"); 8k pr (9.8)

Let us assume (9.8) for the moment and show how the result follows. Using Propo-
sition 7.6 we then have

cov(f;k; 2 ) cov fik +2p;5 :

Thus

1
cov i - e
h(f) = lim . logcovik; )
1
k
.1 "
= lim =logcov f;n; 5
n'l n

12
= heV(f):

kI!llm logcov f;k +2p;5

Since < }1 we always haveh®'(f ) h'C;"(f ), and thus
heov(f) = h-c-;"’(f ):
Since 0< 4 <" < were arbitrary, this shows that the quantity h*'(f) is

independent ofr for all r < 5. Since for any xed value ofr the quantity hr*'(f ) is
nite (by Proposition 7.8), we see thathy, (f ) is also nite.

4Admittedly, this is a rather short list.



It remains therefore to prove (9.8). We claim that there existp = p( ;" ) such
that:
d(x;y) ) dfi(x);f'(yy "forsomeO i p: (9.9)

The proof of (9.9) is similar to that of (9.2): if no suchp exists then we nd
sequencesy; yi such that d(x; y) for all k but d f'(x,);f'(ys) <" for all
0 i k. Passing to a subsequence we may assume thxat! x andyc ! v.
Then d(x;y) but d fi(x);fi(y) <" foralli 0. Since" < this violates
expansivity.

Finally® let us see how (9.9) implies (9.8). Lek p and suppose now that
B is a maximal k; )-separated set forf . Then for z 6 w belonging toB, one
has df (z; w) . Thus there exists 0 j k 1 such thatd(f!(z);f!(w))
Applying (9.9) with x = fi(z) and y = f/(w), we see there exists 0 i p such
that

dfi*i@):f*iw ™

Since certainly 0 i+ k+ p 1, this shows thatdfﬁ o(Z;w) ". This shows

that B is (k + p;")-separated set forf . SinceB was a maximal k; )-separated
set, we obtain
sepf;k + p;") #B =sep(f;k; ):

The proof is complete. [

Corollary 9.11 Let X be compact metric space and let : X ! X be a re-
versible weakly expansive dynamical system. Them,(f) < 1 .

Proof. The argument is mostly the same as in the proof of Theorem 9.10. Ifis
a weak expansivity constant forf , then with ;" as in (9.7), we again claim there
existsp = p( ;") such that (9.8) holds. Using weak expansivity, we rst argue as
in (9.9) that there existsp= p( ;") such that

d(x;y) ) dfi(x):fi(y) >" forsome p i p: (9.10)

It then readily follows that if B is a (k; )-separated settherf P(B)isa (k+2p;")-
separated set. In the reversible caseBt =# f P(B), and thus sep{;k +2p;")
sep(;k; ). The proof concludes as before. [

Remark 9.12 In practice, perhaps the most useful consequence of theoof of
Theorem 9.10 and Corollary 9.11 is that for (weakly) expansive systerhsit is not
necessary to take the limit as' ! 0 of h?®V(f ) in order to compute the topological
entropy. This makes computing the topological entropy much easier. We will see
an example of this in Lecture 11.

Remark 9.13 We will see another proof of Theorem 9.10 and Corollary 9.11 which
is slightly slicker.

5Thank you to J. Hachl for simplifying this proof.
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LECTURE 10

Topological Entropy via Open Covers

In this lecture we will rst give another related way of de ning expansivity. We
will then build on this to give a new way of de ning topological entropy. This new
de nition will be the main ingredient we use to nd the link between topological
entropy and measure-theoretic entropy in Lecture 28. Finally, we use our new
de nition of expansiveness and our new de nition of entropy to give a second proof
of Theorem 9.10 (and Corollary 9.11).

Definition  10.1 Let X be a metric space and lef : X ! X be a dynamical

the intersection u
f k
k=0
is either empty or contains exactly one point.

cl

ik

In the reversible case we can also de ne the notion of a weak generator.

Definition  10.2 Let X be a metric space and lef : X ! X be a reversible

is either empty or contains exactly one point.

If U is a generator for a reversible systeri then clearly U is also a weak
generator. The converse is not necessarily true though. In fact, it follows from
Proposition 10.5 and Theorem 9.9 that reversible maps on in nite compact metric
spacesmever admit generators.

Let us now recall the following basic piece of point-set topology.

Lemma 10.3 Let X be a compact metric space and ldl denote a (not necessarily
nite) open cover of X. Then there exists > 0 such that any setA X of
diameter less than is contained in some element dfl.

Remark 10.4 In general aLebesgue number for an open coverU of a metric
space K;d) is a positive number > 0 with the property that any set A X of
diameter less than is contained in some element df). Thus Lemma 10.3 tells us
that on a compact metric space, every open cover admits a Lebesgue number.

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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The following proof is non-examinable, since it belongs to a course on real-
analysis.

(] ) Proof of Lemma 10.3.SinceX is compact, by passing to a nite subcover, we

eachi, otherwise there is nothing to prove. Consider the functioa: X ! [0;1 )
given by

1 X

ax) = — d(x; X nU):

q i=1
This is a continuous positive function on a compact set, and hence = inf a > 0.
Then if A has diameter less that andx 2 A then A B(x; ). Sincea(x)
there must exist at least oneJ; such that d(x; X nU,) . ThusB(x; ) U, for
somei, and hence als®A U;. This completes the proof. [

We can now prove:

Proposition 10.5 Let f: X ! X be a dynamical system on a compact metric
space. Then:

(i) f is expansive if and only iff admits a generator.

(i) If f is reversible thenf is weakly expansive if and only iff admits a weak
generator.

Proof. We prove (ii) only; the proof of (i) is almost identical. Assume thatf is
weakly expansive, and let denote a weak expansivity constant fof . Since X

Suppose
\1
Xy 2 f K U;
k=1

k

Then in particular d f ¥(x);f*(y) for all k 2 Z, whence by weak expansivity
we havex = y. Thus U is a weak generator.

For the converse, letU = fUy;:::; Uyg be a weak generator fof and let be a
Lebesgue number fot). Suppose thatd f*(x);f*(y) 5 forall k 2 Z. Then for
eachk we can chopse an elemeitt, 2 U such that f k(x); f*(y) 2 U;,. Then both
x andy belongto ,,f ¥ U, ,whencex =y. Thusf is weakly expansive with
weak expansivity constant . This completes the proof. [

Corollary 10.6 Let f: X ! X be a dynamical system on a compact metric
space. Then

(i) f is expansive if and only iff ¥ is expansive for allk 1.

(i) If f is reversible thenf is weakly expansive if and only if ¥ is weakly expan-
sive for allk 6 0.



Proof. This easiest way to prove this is to use (weak) generators. Again, we prove
(i) only. If U is a weak generator fof then the collection of sets of the form

U\ £ YU\ 2(U)\ VDU y);

generator forf ¥ (this is true for any k 6 0). Conversely any weak generator fof
Is also a weak generator for. This completes the proof. [

Having seen that we can characterise (weakly) expansive maps via the existence
of special open covers, we now proceed to study open covers in general.

Definition  10.7. Let X be a metric space. Suppodd and V are two (not neces-
sarily nite) open covers of X . We de ne their join to be the open cover

U Vv=fu\Vvju2uUV 2 Vg

Wmilarly given nitely * many open coverf U;g, i = 1;:::;k, we de ne tqeir join
¥, Ui to be the open cover whose sets are all intersections of the forni, Ui,
whereU,; 2 U;.

Definition  10.8 Let X be a metric space. Suppodd and V are two open covers
of X. We say thatV is are nement of U if for eachV 2 V there existsU 2 U
such thatV  U. We write U V to indicate that V is a re nement of U.

Two examples of this are:

If V is a subcover (i.e. a collection of elements bf that also coversX) of U
thenU V.

If U and V are any two covers then

u uU_V; and vV U_VW: (10.2)

Definition  10.9 If Uis an open cover oK andf : X ! X is a dynamical system,
we denote byf *(U) the open cover

f HU)=ff Y(U)jU 2 Ug:
We de ne f X(U) inductively.

Definition  10.10 Letf : X ! X be a dynamical system on a metric space, and
supposeU is an open cover oK . For k 2 N we denote byU¥ the open cover

k 1 .
Uk:="f "(U):
i=0

INote we cannot form the join of in nitely many open covers, since in this case the intersections
may fail to be openinX.



Thus
Ui = U; U2=U_f YUy,

and in a general a typical element ob¥ is an intersection of the form
U\ f Y(U)\ V& D p);
whereU; 2 U. Moreover for anyk;n 0 one has
Uksn = Uk _f kup (10.2)

Remark 10.11 With this language the proof of Corollary 10.6 can be shortened:
if U is a generator forf then UK is a generator forf .

The next lemma is immediate.

Lemma 10.12 Let f: X ! X be a dynamical system on a metric space, and
supposeU and V are two open covers oK. Then

flu_v=1f Y _f YV, (10.3)

and
u Vv ) f U £ Y(v): (10.4)

We will now work towards an alternative de nition of topological entropy that
uses open covers. This generalises the de nition of entropy usih§¥, and has the
advantage that it gives us more freedom in the choice of open covers we use. This
will be crucial in our proof of the Variational Principle in Lecture 28. The rst step
IS to de ne the entropy of a cover.

Definition  10.13 Let X be a compact metric space. ItJ is an open cover of
X, we denote by minJ the number of sets in a nite subcover ofU of minimal
cardinality. We de ne the entropy of a coverU to be

H(U) = log min U:

Proposition  10.14 Let D(") denote the cover consisting of all open sets with
diameter strictly less than". Then

min D (")f = cov(f; k;")
(] ) Proof. An element ofD(")L is an intersection of the form
V=U\f Yu)\ \ f kD)

where eachU; has diameter less thari. Let x;y 2 V. ThenforeachO i k 1
one has ' '
fr): 0 (y) 2 Y,

and thus asU; has diameter less thart we haved(f ! (x);f!(y)) <". This shows
that
xy2Vv ) d(xy) <7



and hence
cov(f;k;") minD(");:

The converse is rather trickiet. We will rst show that if W is any set with df -
diameter less than" then there existsV 2 D(")fk such thatWw V.

Indeed, if W hasd, -diameter less than" then there exists O< <" such that
diamg W . Now set

. Kl i [ i )
V= f By 1/(X)i—5—

i=0 x2W

Then clearlyW V. We claim that V 2 D(")fk. To see this we must show that
!

[ X n
diamd By f I(X); T <™
x2W

Suppose

[ .
y1;Y2 2 B f'(X);T

x2W
Then there existxq; X, 2 W such that

y1 2 By f‘(xl);T : y, 2 By fi(XZ);T
Then

diys;;y2)  dyifi(xa) +dfi(xa);f'(x2) +df(x2);y

+ df (x2;%2) +

< II:

Thus V 2 D(") as claimed.
We now complete the proof of the converse direction. Suppose dok(" ) = n.

Then there exists an open coverinyVy;:::; W, of X of sets with df( diameter less
than ". By the above procedure we can nd set¥;;:::;V, that belong to D(")L
and satisfyW,, V,. Thus V;;:::;V, also coversX, and hence mirD(")fk n.
This completes the proof. [

Proposition  10.15 Let f: X ! X be a dynamical system on a metric space,
and supposdJ and V are two open cover oX . Then:

() HU) 0,andH(U) =0 if and only if X 2 U.
(i) If U Vithen HU) H(V).
@ii) HU _V) HU)+ HV).

2Thanks to J. Hachl for this argument.



(iv) Hf (V) H(U). If f is surjective thenH f 1(U) = H(U).

Proof. The proof of (i) is immediate. To prove (ii), supposé Vy;::: V,gis a subcover

of V with minimum cardinality. Foreach 1 i qthere existsU; 2 U such that
Vi U ThusfUy;:::;Uyg also coversX, and hence mird  q.

To prove (i), if fUq;:::;U,g and fVy;:::;V,0 are subcovers of minimal car-
dinality, then Ui\ V, for1 i pand1 | qis a subcover ofu_ V, and
thus

mnU_V minU minV:

To prove (iv), if fUy;:::Uyg is a subcover ofu of minimum cardinality then the
collectionff *(Ui;);:::;f *(Ug)gis a subcover of U, so

minf U) minU:

If f is surjective andff *(Vy);:::;f (V,)gis a subcover off 1(U) of minimum
cardinality then fVy;:::;V,g also coversX, and hence mirlJ minf (U). This
completes the proof. [

The next result generalises Proposition 7.8 to arbitrary covers.

Proposition  10.16 Letf: X ! X be a dynamical system on a compact metric
space. IfU is an open cover oKX then the limit limy,; £H(UF) exists.

Proof. This is another application of Fekete's Lemma 7.7. Dene : N! [0;1)

by
(k) = H Uf :

We will show that is subadditive. Indeed,
(k+n)=HU*"
HUf +Hf Up)
(k)+ (n)

where the rst inequality used (10.2) and part (iii) of Proposition 10.15, and the
second inequality used part (iv) of Proposition 10.15. Now the result follows from
Fekete's Lemma 7.7. [

We can therefore make the following de nition.

Definition  10.17 Letf : X ! X denote a dynamical system on a compact metric
space. LetU denote an open cover oK. We de ne the entropy of f relative to
U, written h (f; U) to be

. . H 1 k .
h (f; U) = ||(I'I’1n EH Ur :
By taking the supremum over all open covers we get another quantity.

Definition  10.18 Let f : X | X be a dynamical system on a compact metric
space. We de ne
hyop () = sup h (f; U);

where the supremum is over all open covers HAf.
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Lemma 10.19 Letf : X I X be a dynamical system on a compact metric space.
Then

htop (f ) htop (f ):
Proof. By Proposition 10.14 for any" > 0 we have
h>/(f) = h (f; D("));

and thus
he¥(f) g (F); 8"> O:
Letting " ! 0 yields the result. [

In fact, we always have equality:
hhop (f) = hyep (F): (10.5)
We will prove this in Corollary 10.23 after a couple of preliminary statements.

Remark 10.2Q If we take (10.5) as for given for a moment, then at rst sight, it
may appear that we have taken the already rather complicated de nition of topo-
logical entropy from Lecture 7 and made it...worse. Indeed, to computg,, (f ),
one is faced with with an ungainly supremum over all open covers, which certainly
doesnot appear to be a pleasant thing to compute. Nevertheless, this new de ni-
tion has a number of advantages over the old one. We will come back to this in
Remark 10.24 below.

Lemma 10.21 If U Vthenh (f; U) h (f; V).
Proof. If U V then by applying (10.4) repeatedly we see that
Uf Vf
for all k 2 N, and thus by part (ii) of Proposition 10.15 we obtainh (f; U)
h (f; V). m
Let us de ne the diameter of a coverU to be

diamU = sup diam U:
u2u

Proposition 10.22 Let X be a compact metric space and ldtU,g be a sequence
of covers such thatdiamU, ! 0. Thenif f: X ! X is any dynamical system on
X one has

hp (F) = lim h (f; Un)

(where both sides could be equal td ).

Proof. First suppose thath,,(f) < 1 . Fix > 0 and letV denote an open cover
with h (f; V) > hyg, (f) . Let > 0 denote Lebesgue number fov. Choose
p 1 large enough such that for alh  p, one has dianU, < . ThenV U, for
alln p,and henceh (f; V) h (f; Uy) foralln p.



Thus forn  pone has
hop (f)  h (f; Un) > hyp (F)

Since was arbitrary we deduce thath,,, (f) =1im nn  h (f; Up).

If hop(f)= 1 then for any c > 0 we can nd an open coveV with h (f; V)
c. The same argument as above then shows that lim h (f; Uy) = 1 . This
completes the proof. [

We can now prove that the two de nitions of entropy coincide.

Corollary 10.23 Let f : X I X be a dynamical system on a compact metric
spaceX . Then

htop (f ) = htop (f ):
Proof. Apply Proposition 10.22 with Uy = D . [

Remark 10.24 Letus now come back to Remark 10.20 and explain why computing
hyp (f ) is often easier than computindyo, (f ) directly. Firstly, Lemma 10.21 tells us
that in De nition 10.18 we need only take the supremum ovemite coversU (since
every open cover admits a nite subcover by compactness). This is already a major
improvement over our de nition of hyp (f) as lim- o h?®¥(f), since by Proposition
10.14 this is equivalent to working with the (very non- nite) coverD (). Secondly,
Proposition 10.22 tells us that to computen,, (f ) we are free to choose our favourite
sequence of coverdl),), provided their diameters go to zero. This freedom allows
for major computational simpli cations. Indeed, several of the proofs later on in
the course will hinge upon choosing a \clever" such sequendg,}.

To illustrate this idea, we conclude this lecture by giving a new proof of Theorem
9.10 that makes use of generators. We will see another example next lecture (cf.
Step 3 of the proof of Theorem 11.7).

Theorem 10.25 Let X be a compact metric space.

(i) Letf: X I X bean expansive dynamical system oX. Let U be a generator
for f. Then
hp (F) = h (f; U);

and henceh,(f) < 1.

top

(i) Letf:X ! X be aweakly expansive reversible dynamical system &nLet
U be a weak generator fof . Then

hop (f) = D (f; U);
and hencehy,,(f) < 1 .

Proof. We give the proof of (i) only. The modi cations needed for (ii) are minor
and can be safely left to you.

such that
diamUp <™ (10.6)
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The argument is very similar to the argument used to prove (9.9). If (10.6) is false,
then we nd sequencesXx); (yk) of points, and tuples (}‘)1 i « of integers such
that i¥ 2 1;:::;qg such that
\k
diXik;yx) and  xy2 f Ui,

i=0

SinceX is compact we may assume that, ! x andyc! y. Thend(x;y) ",
and hence in particularx 6 y. Next, by the Pigeonhole Principle there exists

Similarly there existsi; 2 f 1;:::;0g such that i¥ = i; for in nitely many k, and
hence B
x;y2f U, :

Continuing inductively, we nd a sequence ;) such that

Sincex 6 y, this contradicts U being a generator.
Now suppose thatV is an arbitrary open cover. Let > 0 be a Lebesgue number
for V, and choos& 2 N such that

diamUf < :
ThenV UP, and hence by Lemma 10.21,
h(f;V) h fU}:

Then using (10.2) we compute

lim

h f; UP lin

ki1

lim =H U{
nll n

h (f; U):

This completes the proof. [



LECTURE 11

Piecewise Monotone Dynamical Systems

In this lecture, we start by investigating another situation where it is possible to
compute the topological entropy on the nose. This will allow us to nally com-
pute the entropy of the tent map , thus concluding the list of computations we
announced in Table 8.1.

Definition  11.1 Let f: [0;1]! [O;1] be a dynamical system. We say that is

piecewise monotone if there exists 1 and closed intervald 1;:::; 1y whose
interiors are pairwise disjoint such that ., I, =[0; 1] and such thatf : I, ! [0;1]
is strictly monotone for eachk = 1;:::; m. We denote by mon{ ) the minimal such
m.

Example 11.2 The tent map is piecewise monotone with mon( = 2. More
generally, thekth iterate X has X ! tents (see Figure 1.3 and the proof of Lemma
2.6), and hence mon(¥) = 2k,

Lemma 11.3 Let f;g:[0;1]! [O;1] be two piecewise monotone dynamical sys-
tems. Thenf g is also piecewise monotone, and moreover

mon(g) mon(f g) mon(f) mon(Q):

Proof. Assume thatf has maximal intervals of monotonicityfl;g2, and g has
maximal intervals of monotonicity f J;g.; . If g Y1)\ J; 8 ; thenf gis strictly
monotone ong (1;)\ J;. Thusf g is piecewise monotone, and each interval of
monotonicity of f g is contained in an interval of monotonicity ofg. This implies
that mon(f g) mon(g). Moreover

mon(f g) # (ij)jig ')\ J 6;
mon(f) mon(g):

This completes the proof. [

Corollary 114 Let f:[0;1] ! [O;1] denote a piecewise monotone dynamical
system. Then

mon(f ")  mon(f') mon(f’); 8i:;j O (11.1)

and
mon(f¥)  mon(f ¥*); 8k 2 N: (11.2)
Proof. Takef = gin Lemma 11.3. [

Remark 11.5 The bound (11.1) is sharp, as the tent map illustrated in Example
11.2.

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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Corollary 11.6 Let f:[0;1] ! [O; 1] denote a piecewise monotone dynamical
system. Then the quantity

1

» log mon(f ¥)

m(f) = II(i!rln

exists and is a nite number.

Proof. The map k 7! logmon( ¥) is subadditive by (11.1). Thus by Fekete's
Lemma 7.7 the limit exists and is equal to inf 1 £ log mon(f ¥). m

We now prove that m(f ) agrees with the topological entropy off . This is a
fairly involved result.

Theorem 11.7. Letf :[0;1]! [O;1] denote a piecewise monotone dynamical sys-
tem. Then m(f) = hyp (F).

This proof is non-examinable.

(] ) Proof. We prove the result in three steps.
1. In this rst step, we prove that m(f) hyg(f). Fix "> Oandk 1. Let

f. Thusforeachl i n 1thereexistsO r; Kk 1 such that
frix) fi(xia) ™
The Pigeonhole Principle then tells us that there exists:
a positive integerq ¢,
anintegerO r k 1,

a subset
fxj, < <Xi,g A
of cardinality q,
such that
Froa) fria.) 1 j<a (11.3)

Set
c:= sup jf (x)j:

x2[0;1]

Then (11.3) tells us thatf " has at Ieast%" intervals of monotonicity, and hence

q n
f' - —
mon(f ") c ok
Sincer k we have by (11.2) that also
mon(f ©) K :



Thus
m(f) = lim —log mon( K
( ) kl!l k g )

Iimsup% log(sepf; k;") (logc+logk log")
ki1

1
k

limsup —logsep€; k;")
k!l

1
k
= ()

|<I!I1m log cov(; k; 2")

where the last inequality used Proposition 7.6. Sincewas arbitrary, we obtain

m(f) lim h8'(F) = B (f):

2. Before proving the converse direction, in this step we will show that for any
p2 N one has
m(fP) = p m(f): (11.4)

To prove this x p2 N and setg == fP.

p m(f)= ||(I'I’1n F—k)log mon( ¥)

P

. log mon(f ¥)

= limsup
k 1

. 1
lim sup — log mon(@")
ni1 n

.1 0
rI\l!rln ﬁlog mon(@")

m(g);

- log mon(g") ; plog mon(f k)
where () used the fact - ., 1 Is a subsequence of———— .. On

the other hand by Lemma 11.3 we have

p m(f) = lim ‘—k’|og mon( ©)

im Plog mon g?%¢ mon fk bie

k1 Kk

P bkc i
I(I!llrn ” logmon g-r~ + Orrilagf 1Iog mon( ')

— h 1 ny.
= rI\l!rln ﬁmon(g ):

3. In this last step we prove thatm(f)  hp (f ), which combined with Step
1 completes the proof. It is convenient to use Corollary 10.23. Let us denote by
fligl, the maximal intervals of monotonicity off , ordered so that 02 I, and the
neighbouring intervals are labelled consecutively. Ld) denote the open cover of



[0; 1] whose elements are open intervals formed from neighbouring intervals of the
flig:
U= 1.[ 1y; Un =1y 1[ Im;
andfor2 i m 1,
U =l o[ Ii[ lia)
Now for eachk 1, every non-empty and non-trivial interval of the form

LoV F 2, v v f KDy

ik 1
is an interval of monotonicity for f X which intersects at most 8 elements of the
cover U¥ (the 3 comes from that eacHJ; intersects up to three ofl;). This shows
that
mon(f*)  3*min Uk:
Thus
hrop (f) = htop (f)
h (f; U)
= lim log min UK
T ko f
. 1. _mon(f¥)
klillm k log 3
— i 1 k
= ||<|!r1n Elog mon( “) log3
=m(f) log3

At rst glance this estimate is not so useful, due to the annoying log3. This is
where Step 2 comes in handy. Sind&,, (fP) = phyp(f) by Problem D.2, using
(11.4) we obtain for anyp 2 N that

1
htop (f)= Bhtop (fP)

%(m(f ") log3)

= m(f) 293

Sincep 1 was arbitrary, it follows that hep (f)  m(f), and this completes the
proof. [

Theorem 11.7 gives a very simple way to compute the topological entropy of
the tent map.

Corollary 11.8 The tent map hashyp( ) =log2.

Proof. By Example 11.2 we have
L 1 Ky 1 _ .
m( ) = lim Elog mon( ) = lim Elog? = log 2:

Thus by Theorem 11.7 g, ( ) =log 2 as well. [

LA \trivial" interval is, by de nition, a single point.
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Corollary 11.9 The restriction of the logistic map 4to [0; 1] hashep  4jjo;1; =
log 2

Proof. Use Lemma 1.21, Corollary 7.15 and Corollary 11.8. [
We can also now give a quick solution to Problem D.3.

Corollary 11.1Q Let f : [0;1]! [O;1] be a reversible dynamical system. Then
htop (f ) = O .

Proof. If f is reversible thenf is strictly monotone; thus monf¥) =1 forall k. m

We conclude this lecture by exploring another criterion that guarantees nite
topological entropy.

Definition  11.11 Let f denote a dynamical system on a compact metric space
(X;d). De ne the Lipschitz constant lip4(f) by

() = sup 00T )

xey  d(x;y) 2101 ]

We say thatf is Lipschitz continuous iflipy(f) < 1.

Remark 11.12 SinceX is compact, ifd; and d, are any two metrics de ning the
topology onX then lipy, (f) < 1 ifand only if lip,,(f) < 1.

Under a mild assumption on the metric space, Lipschitz continuous dynamical
systems always have nite topological entropy. Before proving this, we need another
de nition. Let us denote by B(") the open cover of all balls of radius', and
abbreviate by

(") =min B("):

Thus (") is the minimum cardinality of a cover of X by open balls of radius'.

Definition  11.13 Let (X;d) be a compact metric space. We de ne théall
dimension of (X;d) to be the quantity

HB((" "
ball-dimg(X) = limsup ") _ lim sup log ("),
"0

jlog"j o jlogTj

Thus the ball dimension is either a non-negative real number or}. It is not
necessarily an integer.

To get a feeling for this de nition, let us prove:
Proposition 11.14 The ball dimension of{0; 1]" with the standard metric d is n.

Proof. Consider rst the casen = 1. One clearly has (") Zl Moreover one also
has (") 2+ zi , since the 2+ Zi balls centred at the pointsk"(2 ") for
k=0;1:::; 2+ % cover [Q1].



Thus

: . . log(1=2")
ball-dimy([0; 1]) Hng) [10g"]

 Jim 292 *10g"

"o  log

:1’

and similarly
o log(2+ F )
ball-dimg([0; 1]) -l-'!moW =1
A similar argument shows that it takes (ignoring constants that don't matter) about
(1+1=")" balls to cover [Q1]". Thus (ignoring constants) we have

. . log(1 + 1=")"
ball-dimy([0; 1]") = limsup ————
a([0:1') = lim sup ==
o nlog"
= Iqu!sgp —Iog"
=n
This completes the proof. [

(] ) Remark 11.15 The ball dimension is a way of assigning a \dimension" to
spaces that do not have a well-de ned \dimension" in the usual sense. It follows
from Proposition 11.14 that the ball dimension of am-dimensional topological
manifold is n. Thus for well-behaved spaces, the ball dimension agrees with the
standard notion of dimension.

The next result, whose proof is on Problem Sheet F, shows that for badly
behaved spaces the ball dimension is rather harder to grok. It ot a topological
invariant (i.e. homeomorphic spaces can have di erent ball dimensions).

Proposition 11.16 Let C denote the Cantor ternary set obtained by iteratively
deleting the open middle third from subintervals of0; 1]:

0 1
LI 3n+1 3n+2

C= [O’ l] n @ 3K+ ' gk+l

k=0 n=0

Then if d denotes the metric inherited from[0; 1], one has

log 2.

ball-dimy(C) = {2

Here then is our nal promised result.

Proposition 11.17 Let f denote a dynamical system on a compact metric space
(X;d). Then
hop (f)  ball-dimg(X) maxf0; log lip(f )g:

In particular, provided X has nite ball dimension, any Lipschitz continuous map
has nite topological entropy.



Proof. There is noting to prove if ball-dimy(X) = 1 or lipy(f) = 1 , so we may
assume thatf is Lipschitz continuous and K;d) has nite ball dimension. Let

¢ > maxf 1; lip(f )g
be arbitrary, and chooseék 2 N and"” 2 (0;1). Then, forany 0 i k, we have
f' Ba(x;c ) Ba(f'(x);"):
It follows that
Ba(x;c *") By (6");

and thus also
spanf; k;" ) (c k)

Sincejlog(c ¥")j = klogc log" we can write

ku n
log(c ") 1+, log |
logc jlog(c x")j

The fraction in the last bracket tendsto 0 ak ! 1 , and hence using Proposition
7.6 we obtain

. 1
hsY(f) = II(llrln Rlog cov(; k; 2")

lim sup 1 log spanf; k; ")
ki o K

lim supw

k!l
: log( (¢ **))
logclimsup ———=—-
g ki1 P jlog(c k")j
=log ¢ ball-dimy(X)
Letting " ! O we obtain
hop(f)  logc ball-dimg(X):

Finally since c > maxf 1; lip(f )g was arbitrary the result follows. [



LECTURE 12

Chaos Versus Positive Entropy

In this lecture we investigate the relationship between chabsnd positive topolog-
ical entropy. This is a remarkably rich and interesting story, and many seemingly
basic problems remain unsolved.

Both chaos and positive entropy are ways of measuring the amount of complexity
(or instability) in the system, and thus one would naturally infer that the two
concepts are related. However in fact they are quite dierent. chaos is global
property, in the sense that it makes an assumption on the dynamics bfacross the
entire spaceX . Meanwhile positive topological entropy is docal property. Indeed,
Proposition 8.5 shows that iff has an invariant setA such that hy, (f ja) > O, then
alsohyp (f) > 0. This means that on many spaceX, it is possible to construct
dynamical systems which are not chaotic (e.g. for which the periodic points are
not dense), but which have arbitrarily large topological entropy.

It is perhaps more reasonable to hope that ff is chaotic thenhy, (f ) is positive.

Question A. Let X be a compact metric space. If : X I X is chaotic, does it
necessarily follow thath, (f ) > 0?

The answer to Question A is de nitelyno for some spaceX : for example, there
exists” a chaotic dynamical systenf : ,! , which has zero topological entropy.
Now perhaps this doesn't surprise you: after all, , is about as badly behaved a
space as it is possible to be (it is homeomorphic to the Cantor Set, cf. Remark
4.17). So what about more reasonable spaces? For=[0;1] or X = S! the answer
to Question A isyes although in both cases this is di cult to prove (we will deal
with the case X = [0; 1] in this lecture). Amazingly however, ifX = [0;1]", or
X =S", orX = T", then forn 2 the answer to Question A i% not known!

A related question concerns the in mum of the topological entropies of all pos-
sible chaotic maps. To this end, we de ne:

hif(X) = inf fhge(f) jf: X | X is chaotieg:
Then one can ask:
Question B. Let X be a compact metric space. I, (X) > 0?

For X =[0; 1] the answer to Question,B is agaiyes Indeed, as we will prove
in Theorem 12.1 below, the in mum is log 2. Meanwhile forX = S! however the

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zsrich. Last modi ed: June 08, 2020.
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Devaney chaos(see Remark 4.22).

2An explicit example is constructed by Weiss here.

3To the best of my knowledge.



answer to Question B isno: it is possible to construct chaotic dynamical systems

on St with arbitrarily small topological entropy. In general Question B is slightly

easier to answer than Question A, although there remains many open problems.
The following table summarises some of what is known:

Space X Chaos ) positive entropy? | What is  hyf (X)?
X =[0;1] Yes IogIu 2
X =gt Yes 0
X= 5 No 0
X =[0;1]" forn 2 Open problem! 0
X =8"forn 2 Open problem! 0
X=T"forn 2 Open problem! 0
Most other spacesX Open problem! Open problem!

Table 12.1: Chaos versus positive topological entropy.

The main result of the next two lectures is the following theorem, which justi es
the rst row of Table 12.1.

Theorem 15.1. Let f:[0;1] ! [O;1] be a chaotic dynamical system. Then
hop(f) log 2.

A partial converse to Theorem 12.1 is also true.

Theorem 12.2 Letf:[0;1]! [0;1]be a dynamical system such thalky, (f) > O.
Then there exists a closed invariant sett  [0; 1] such thatf j, is chaaotic.

We will prove Theorem 12.1 next lecture (see Theorem 13.18). Theorem 12.2
is actually slightly easier than Theorem 12.1, but we don't have time for both and
Theorem 12.1 is the more important and interesting of the two. In today's lecture
we will establish several intermediate results that will be needed in the proof of
Theorem 12.1.

Remark 12.3 Theorems 12.1 and 12.2 are stated for the unit interval {@]. How-
ever we could instead consider dynamical systems [a;J ! [a;[d de ned on an
arbitrary compact interval [a; ] and obtain the same result. Indeed, this is imme-
diate from Corollary 7.15, sinced;j is homeomorphic to [01]. We will use this
observation without further comment (including in the next remark).

Remark 12.4 The bound in Theorem 12.1 is sharp. To see this consider the
dynamical systemf : [ 1;1]! [ 1;1] de ned by

8
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Figure 12.1: Plots off and

See Figure 12.1.

By arguing as in the proof of Lemma 2.6, we see thdit is transitive®. Thus
by Propositio&_12.6 below,f is chaotic, and therefore Theorem 12.1 tells us that
hop(f) log 2. On the other hand, from Figure 12.1 itis clear that the dynamical
systemf 2 is Lipschitz, with Lipschitz constant equal to 2. Thus by Proposition
11.17 one ha$yop (f2)  log 2. Sincehyp (f 2) = 2 hyp (f) by Problem D.2, it follows
that p_
hop(f) =log 2

Remark 12.5 Combining Theorem 12.1 and Theorem 12.2 yields the following
cur'kgs_,ity: there exists no dynamical systerh: [0;1] ! [0; 1] such thatO < hyp (f) <
log- 2. Thus the functional

hop - f dynamical systems on [Ql] g! [0;1 ]
has a \gap".

The rst step in the proof of Theorem 12.1 is the following result, which is
interesting in its own right.

Proposition 12.6 Let f: [0;1]! [0;1] be a transitive dynamical system. Then
per(f) is dense in[0; 1], and hencef is chaotic.

Proposition 12.6 requires two preliminary lemmas.

Lemma 12.7. Let f: [a; ! R be continuous. Iff [a;Q [a;Q or [a; 1
f [a; thenf has a xed point.

Proof. Let g(x) = f(x) x. Iff [a; [a; theng(a) Oandg(b) O. Bythe
Intermediate Value Theorem, there existx 2 [a;d such that g(c) = 0. If instead
[a;0 f [a; then there existsa;;by 2 [a; such thatf (a;) aandf(b) b
Theng(a;) Oandg(b;) 0, and thus as before we ndc such thatg(c)=0. m

The next result shows how Lemma 12.7 can be strengthened wheis transitive.

Lemma 12.8 Let f : [0;1]! [O;1] be a transitive dynamical system. Then:

4The mapf ? is not transitive; thus this is an example of a dynamical system which is transitive
but not weakly mixing (cf. Problem C.3).
SAlternatively, one could argue using Theorem 11.7 here.
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(i) There exists a xed pointa of f such thatO<a< 1
(i) The image of a non-trivial interval underf is another non-trivial interval.
(i) f is surjective.
The proof of Lemma 12.8 is deferred to Problem Sheet F. Instead we now prove a

somewhat technical looking result, which is the lynchpin of the proof of Proposition
12.6.

Lemma 12.9 Letf : [0;1]! [O;1] be a dynamical system. Let{a;b) [0;1] be an
open interval such that(a; b\ per(f) = ;. Let x;y 2 (a;b and suppose there exist
p; g2 N such thatfP(x) 2 (a;b andf9(y) 2 (a;b. Then

x <f P(x) ) y <f (y):
Proof. Assume thatf P(x) > x. We rst prove by induction on k that
fkP(x) > x; 8k 2 N: (12.1)

The casek = 1 is by assumption. For the inductive step, abbreviate byg := fP
and let _ _

z=¢gX)=min gx)j1 i k 1;
so that z > x. Now assume for contradiction thatg(x) X. Then by the
Intermediate Value Theorem and connectedness,

Xzl  dxid i) ¢ Ixz]:
Lemma 12.7 tells us thatg | has a xed point in [x; z], and thusf has a periodic
point in [x;z]. But sincez g(x) by de nition, we have [x;z] (a;b), and this
contradicts the assumption &;b \ perf) = ;.
Assume now thatf9y) y. Then in fact f 9(y) <y asy is not periodic. A
similar induction argument as above (but in reverse order) tells us that

fa(y) <vy; 8k 2 N: (12.2)
Combining (12.1) and (12.2) tells us that
x <f PI(x); and y>f Piy): (12.3)

fx <y thenfPd [x;y] [X;y]. If y <x then [y;x] P9 [y;x] . In either case,
Lemma 12.7 furnishes a pointv lying betweenx andy such thatf P4(w) = w. Thus
w2 (a;b\ per(f), which is a contradiction. The proof is complete. [

We can now prove Proposition 12.6.

Proof of Proposition 12.6.Let f : [0;1]! [0; 1] be a transitive dynamical system,
and suppose there exists 0 a<b 1 suchthat (a; b\ perf) = ;. By Proposition
2.9 there exists a pointx 2 (a; b with a dense orbit. Thus there existgp; m;n 2 N
with m < n such that

x<f P(x) <b; and a<f"(x)<f"(x)<x:
Sety =f™(x)andgq:=n m. Then
a<fiy)<y<x<f P(x)<bhb:

This contradicts Lemma 12.9. ]



The eventual proof of Theorem 12.1 will make a case distinction depending
whether the dynamical system is mixing or not. The rest of this lecture is devoted
to understanding the di erence between mixing and transitivity on the interval.

Proposition 12.1Q Letf : [0;1]! [O; 1] be a dynamical system. Theii is mixing
if and only if for every open interval(a; [0; 1]and every" > 0Othere existsn 2 N
such that

1 "] fX(ab ; 8k n: (12.4)

Proof. Suppose rst that f is mixing, and let" > 0. Then there existsn; 2 N such
that
f“ (@b \ (0;")8;; 8k ny

and similarly there existsn, 2 N such that
f¥ (@b \ (@ "1)6;; 8k ny

Then if n == maxfny;n,g, the setf* (a;b intersects both (Q") and (1 "; 1).
Sincef k (a;b is connected, this implies that; 1 "] f¥ (a;b forallk n.

Conversely, suppose that (12.4) holds. Ld#;V be two nonempty open subsets
of [0;1]. Choose open intervalsg;b) U and (c;d) V such that there exists
"> Osuchthat"<c<d< 1 ". By (12.4) there existsn 2 N such that

(¢d [31 "] f“@b; 8k n
In particular, f¥(U)\ V 6 ; forall k n. Thus f is mixing, and the proof is

complete. [

Corollary 12.11 Supposef : [0;1]! [0;1] is mixing. Then there exists a peri-
odic point whose minimal period is odd and at least three.

Proof. Sincef is transitive, the set x (f ) of xed points has empty interior. More-
over x(f) is closed. Thus there exists a non-empty open intervab(b) [O; 1]
such that [a; g\ x(f) = ;. By Proposition 12.10 there exist$1 2 N such that

[a;g fX[ad : 8k n:

Let g n be odd. By Lemma 12.7 there exists a xed poing of f 9in [a; . This
point is not a xed point of f by assumption. It it therefore a periodic point whose
minimal period dividesq. Sinceq is odd, the minimal period is not 2. [

Remark 12.12 We will see next lecture in Corollary 13.7 that the existence of
a periodic point whose minimal period isexactly three implies the existence of
periodic points with minimal periods ofall orders.

The next result is on Problem Sheet F.

Proposition  12.13 Let f : [0;1]! [0;1] be a transitive dynamical system. Sup-
pose there exists a xed pointa 2 (0; 1) such that either a lies in the interior of
f [0;a] , or alies in the interior of f [a;1] . Then f is mixing.

So much for mixing dynamical systems. What about systems that are transitive
but not mixing?



Proposition 12.14 Letf : [0;1]! [O;1] be a transitive dynamical system that is
not mixing. Then x (f) = fag for some0 < a < 1. Moreover

f [0;a] =[a;1]; f [a;1] =[0;a];

and both f2j4: [0;a] ! [0;a] and f ?jj.q: [a;1] ! [a;1] are mixing dynamical
systems.

Proof. By part (i) of Lemma 12.8 there exists a xed pointa 2 (0;1) of f. By
Proposition 12.13 this xed point does not lie in the interior off [0;a] or in the
interior of f [a;1] . By part (ii) of Lemma 12.8 it follows that f [0;a] = [a;1]
and f [a;1] =[0;a]. Moreoverf ?jj.q) and f %jj.q; are transitive. By part (i) of
Lemma 12.8 f 2j, has a xed point b2 (0;a). This xed point must satisfy the
hypotheses of Proposition 12.13, as if not then arguing as above we would deduce
that f 2jp.o permuted the two intervals [Qb] and [b; d, which is impossible asa
is a xed point. Then by Proposition 12.13,f %jo.4 is mixing. Similarly f %jj,.1; is
mixing. This completes the proof. [

This allows us to extend Corollary 12.11 to an if and only if statement:

Corollary 12.15 Supposef : [0;1] ! [0;1] is a transitive dynamical system.
Then f is mixing if and only if there exists a periodic point whose minimal period
is an odd number at least three.

Proof. Proposition 12.14 tells us that iff is not mixing then every periodic point
that is not a xed point has even minimal period. [

Another useful corollary is:

Corollary 12.16 Let f: [0;1] ! [O;1] be a transitive dynamical system. |If
# x(f) 2thenf is mixing.



LECTURE 13

Turbulent Dynamical Systems

In this lecture we introduce the notion of aturbulent dynamical system on the
interval, and use this to prove Theorem 12.1. Along the way, we show that the
existence of a point of period 3 implies the existence of periodic points of all order,
which is a special case of the famowharkovsky Theoremthat we will prove next
lecture. We begin with some notation.

Definition  13.1 If x;y 2 R, we denote byJx; yKthe interval whose endpoints are
x andy. Thus Jx;yK=[x;y] if x y and I yK=[y;x]if y x. Similarly we
denote by (x; y) the interior of Jx;yK

Here is the rst key de nition for today.

Definition ~ 13.2 Let I;J  [0;1] be closed intervals, and letf : [0;1] ! [O; 1]
be a dynamical system. We say that f -covers J if J  f(lI). We write this
symbolically asl ! ; J. If the dynamical systemf is understood we will often say
simply that | covers J and write | ! J.

The next lemma is merely a restatement of (half) of Lemma 12.7.

Lemma 13.3 Supposel ! ;1 I. Thenf has a xed pointin|.

Definition  13.4 Supposelg;l1;:::;1x are closed intervals such that; ! ¢ I
forO 1 Kk 1. Inthis case we calllp;:::;ly) a chain of intervals for f and
write

lo! ¢ 11! ¢ P Ik

Lemma 13.5 Let f: [0;1]! [O; 1] be a dynamical system. Suppos@o;:::;lp) is
a chain of intervals forf . There exists a closed interval | such that:

M f'@@) liforl i p 1L
(i) TP )= 1, andfP(@) = @}.

Proof. We will prove a stronger statement. We will show by induction ork (for
1 Kk p) that there exist closed intervals

Je Jk1 Ji o (13.1)

such that _
1) 1y 81 i kandO j 1 L (13.2)

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zurich. Last modi ed: June 08, 2020.
Throughout this lecture we implicitly assume all our closed intervals are both non-empty
and non-trivial: i.e., they are not just a single point.
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and
fi(3,)=1, andf' (@9 = @f; 81 i k: (13.3)

The casek = p implies the lemma, withJd = J,.

First we do the base cas& = 1. In this case (13.2) is implied by (13.1), so
we need only constructl;  |g such that (13.3) holds fori = k = 1. Suppose
I, =[a;d. Then sincely ! |, there exist pointszy; Wy 2 1 such that f (zg) = a
andf (wp) = b. Thenf Jzp;woK = I;. This may not satisfy (13.3) however, since
there could be a smaller closed subinterval dfq; woKwhich also maps ontd ;. To
X this suppose for de niteness thatzg wp (the other case is symmetric). Then
de ne

z=minfx zjf(x)= by; w=maxfy zjf(y)= ag:

Then if J; == [w; z] then |, satis es (13.3).

Now we prove the inductive step. Assume 1 k p 1 and thatwe have already
found closed intervals as in (13.1), (13.2), and (13.3). Siné&**(J,) = f (Ix) we
have Jy ! ;w1 lys1. Thus applying the casek = 1 to the map f**' and the two
intervals Ji and |1, we nd a new closed intervald,,;  Jx such that

f03u1) = ly:  and  FN(@%1) = @l

Thus (13.3) is satis ed. Moreover sincely,1  Ji we also havef I (Jg1) lj for
al0 j k 1, which shows that (13.2) holds too. This completes the proofm

Our main use of Lemma 13.5 is the next corollary, which shows how the existence
of a chain of intervals can be used to nd periodic points.

Corollary ~ 13.6 Letf : [0;1]! [O; 1]be a dynamical system. Supposéo;:::;|p)
is a chain of intervals forf such that |, lo. Then there exists a pointx 2
perf)\ Io of (not necessarily minimal) periodp such that

fi(x)2 i 81 i p: (13.4)

Proof. Lemma 13.5 tells us there exists an interval lo such that J ! o J.
Lemma 13.3 tells us thatf P has a xed point in J, and thusf has a periodic point
x 2 J of periodp. Finally, (13.4) is immediate from part (i) of Lemma 13.5. m

Corollary 13.6 is completely elementary|the proof was essentially nothing more
than repeated applications of the Intermediate Value Theorem. Nevertheless, it has
the following surprisingly deep consequence.

Corollary 13.7 Let f : [0;1]! [O;1] be a dynamical system. Supposk has a
point x of minimal period 3. Then for any p 2 N there exists a periodic point of
minimal period p.

Proof. Replacingx with f (x) or f 2(x) if necessary, we may assume that
x<f (x) <f 3(x); (13.5)

or
x<f 2(x) <f (x): (13.6)
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Assume to begin with that (13.5) holds, and set
| =[x f(X)]; J = [f(x);f2(x)]:

Thenl! J,J! J,andJ! I. Nowletp 2, and consider the chain of intervals

[ ! ]J'_{ZI ol

p 1times

Corollary 13.6 implies thatf has a pointy of period p in 1. Now suppose that
p 4 and that the minimal period m of y is less thanp. Theny = f™(y) 2 J, and
hencey 2 | \ J, i.e. y = f(x). But then by (13.4) we havef '(f (x)) 2 J for all
1 i p 1 Thisis false fori = 2.

Finally, if (13.6) holds, the argument proceeds similarly, witH = [x;f 2(x)] and
J =[f2(x);f (x)]. [

Corollary 13.7 should be thought of as a \baby" version of the Sharkovsky
Theorem that we will state and prove next lecture. We next introduce the notion
of a turbulent dynamical system, which will be helpful in the proof of Theorem
12.1.

Definition  13.8 Let f : [0;1]! [O;1] be a dynamical system. We say that is
turbulent if there exist two closed intervalsl;J  [0; 1] such thatl \ J contains
at most one point and such that

T3 fU)\ fQJ):
Equivalently, this means that all four of the following holds:
Ik N J! ¢l J! ¢ d

We call (1;J) a turbulent pair forf. If | andJ can be chosen such that\ J is
empty then we sayf is strictly turbulent , and that (I;J ) is a strictly turbulent
pair .

On Problem Sheet G you will show that iff is (strictly) turbulent then fX is
also (strictly) turbulent for all k 1 (see part (i) of Problem G.5).

Example 13.9 Thetentmap :[0;1]! [0;1]is turbulent. Indeed, one may take
| =[0;1=2] andJ = [1=2;1]. However it is easy to see that the tent map is not
strictly turbulent.

Remark 13.1Q In the literature the name \horseshoe" is often used for what we
have called a turbulent pair. Whilst this is certainly a visually appealing moniker,
we will not use it. This is because there is another dynamical system commonly
referred to as a horseshoe. This is a di erentiable dynamical system on the square
[0; 12. We will study it next semester in the context of hyperbolic dynamics (see
De nition 47.11 in Lecture 47).

The next result gives an equivalent formulation of the turbulence condition.
The proof is deferred to Problem Sheet G.
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Lemma 13.11 A dynamical systemf : [0;1] ! [O;1] is turbulent if and only if
there existsa; b; c2 [0; 1] such that

c2 (ab; f(a)=f(b= a f(c)= b: (13.7)
Turbulent maps have periodic points of all orders.

Proposition  13.12 Let f: [0;1] ! [O; 1] be turbulent. Then f has a periodic
point of minimal period 3.

Proof. Assume to begin with thatf is strictly turbulent, and let (1;J ) be a strictly
turbulent pair. Then we have a chain of intervalsl ' J! J! [, and hence by
Corollary 13.6, there is a point of period 3. Sincé\ J = ;, this point is not a
xed point by (13.4).

Now assumef is just turbulent, and let (1;J) denote a turbulent pair. Then
without loss of generality we may writel =[a;j andJ =[b;d wherea<b<c. If
bis not a xed point then we can argue as before. If insteadis a xed point of f
then we proceed as follows. Set

z=minfx bjf(x)2fa;xg:

Then the image of b;2) under f contains neithera or c. Thus f [z;c contains
both aandcsince p;c] f [b;d . Therefore g;c f [z;d , and hence [; [z;d])
is a strictly turbulent pair for f. This completes the proof. [

The converse to Proposition 13.12 is not true: there exist dynamical systems
which have a periodic point of minimal period 3 but are not turbulent. Let us now
connect turbulence with the results from last lecture.

Proposition  13.13 Let f : [0;1]! [0;1] be mixing. Thenf 2 is strictly turbulent.

The proof of Proposition 13.13 is deferred until next lecture (see Proposition
14.12), when we will prove it at the same time as the Sharkovsky Theorem. For now
we concentrate on nishing the proof of Theorem 12.1. This requires a preliminary
lemma, whose proof is deferred to Problem Sheet G.

Lemma 13.14 Let f : [0;1]! [O;1] be a mixing dynamical system. Suppose that
02 f (0;1] . Then there exists a sequencéxy) of xed points of f such that
X! 0.

Proposition  13.15 Let f : [0;1]! [O; 1] be a transitive dynamical system which
has at least two xed points. Thenf is turbulent.

Proof. Suppose thatf is transitive and has at least two xed points. Then by
Corollary 12.16,f is mixing. The closed setx (f ) has empty interior by transitivity,
and hence we may assume that there exist xed points 0 a<b 1 such that
(a;b\ x(f) = ;. Thus either f (x) > x for all x 2 (a;b, or f(x) < x for all
x 2 (a;b. We prove the rst case only; the latter is similar.

If f(x) > a for all x 2 (a;1] then [a;1] is an invariant set. By transitivity,
this implies a = 0. But then by Lemma 13.14 there exists a whole sequence of
xed points x of f tending to 0. This contradicts the hypothesis there are no xed
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points in (a; b). Therefore there existxz 2 (a;1] such thatf (z) a. Sincef (x) > x
for all x 2 (a;b, we must havez 2 (b;1]. Moreover sincef (b) = b > a, by the
Intermediate Value Theorem there exists a point inlf; Z which maps ontoa. We
can therefore de ne

d=minfx 2 (a;1]j f(x) = ag:

Suppose thatf (x) 6 d for all x 2 (a;d). Then f(x) <d for all x 2 (a;d), and
minimality of d implies that f (x) > a for all x 2 (a;d). This means that [a; d] is an
invariant set. As before, this forcesa = 0 and d = 1. But this then implies that 1
is not the image off , and this contradicts the fact that f is surjective by part (iii)
of Lemma 12.8.

We can therefore de ne

c=minfx 2 (a;d)jf(x)= dg:

Then
f l[asd =[a;d= f[cd:

Thus [a;d;[c;d is a turbulent pair for f. This completes the proof. [
Corollary 13.16 Let f : [0;1]! [O;1] be transitive. Thenf 2 is turbulent.

Proof. If f is mixing then f 2 is turbulent by Proposition 13.13. Iff is not mixing,
then by Proposition 12.14f has a unique xed pointa, which lies strictly between
0 and 1. Moreover

f [0;a] =[a;1] f [a;1] =[0;a];

and both f2j4: [0;a] ! [0;a] and f2ji.q: [a;1] ! [a;1] are mixing dynamical
systems. The mapf 2jjo.,; has at least two xed points by part (i) of Lemma 12.8
(sinceais a xed point of f 2jj;0.a). Thus by Proposition 13.15f %jjo.4; is turbulent,
and hence alsd ? is turbulent. [

We now connect turbulence to entropy. It is the nal step needed for Theorem
12.1.

Theorem 13.17 Let f:[0;1] ! [0;1] be a turbulent dynamical system. Then
hiop(f) log2

Proof. We prove only the case wheré is strictly turbulent (which is su cient for
the proof of Theorem 12.1). The extension to the turbulent case is left for you on
Problem Sheet G (see part (iii) of Problem G.5.)

So let (1o; 1) be a strictly turbulent pair. Choose disjoint open setdJy; U; such
that 1o, Upandl; U SetU, =[0;1]n(lo[ 11). Then U= fUy; Uy;Ugis an
open cover of [01]. We shall prove that

h(f; U) log2



minU(f;k) 2%

Thus 1
h(f; V) lim < log 2 = log 2:

This completes the proof. [

Modulo the proof of Proposition 13.13, which will come next lecture, we can
now nally prove Theorem 12.1, which for convenience we restate for transitive
systems.

Theorem 13.18 Letf : [0;1]! [O;1] be transitive. Then hi, () Iogpi.

Proof. Corollary 13.16 tells us thatf? is turbulent.  Then hygp (f 2)  log2 by
Theorem 13.17. Therefordyg, (f ) %Iogz =log 2 by Problem D.2. [

Remark 13.19 With a bit more Wc_)rk, one can show that iff : [0;1] ! [0; 1]
is transitive and hashy,(f) = log 2 then f is conjugate to the system de ned
in Remark 12.4. Moreover iff : [0;1] ! [O;1] has at least two xed points and
hop (f) =log 2 then f is conjugate to the tent map.



LECTURE 14

The Sharkovsky Theorem

In today's lecture we state and prove the famouSharkovsky Theorem which can
be thought of as a massive generalisation of Corollary 13.7. Along the way we will
also wrap up the one remaining result from the last two lectures that has yet to be
proved (Proposition 13.13).

Definition 14.1 We de ne a new ordering on N called theSharkovsky order-

ing such that 1 is the smallest number and 3 is the largest number. Any element
n 2 N can be written uniquely asn = 2"p wherep is odd andr 2 N[f Og. The
ordering is given as follows:

1 2 4 2r 2l

2(2k+1) 2'(2k 1) 27 25 23
2" 2k+1) 28 2k 1) 2nl7 25 213

2k+1 2k 1 7 5 3

The symbols , ,and are dened from as you would expect.
Here is the main result of today's lecture.

Theorem 14.2 (The Sharkovsky Theorem)Let f : [0;1]! [O; 1] be a dynamical
system. Iff has a periodic point with periodn > 1 then f has a periodic point
with period k for all k n.

Corollary 13.7 is of course a baby case of Theorem 14.2, since by de nitlon 3
for all k 2 N. Although not strictly necessary, the proof of the Sharkovsky Theorem
can be made more visual by introducing the notion of graph of a periodic orbit.

Definition  14.3 Let f : [0;1]! [0;1] be a dynamical system, and suppose 2
[0; 1] is a periodic point of minimal periodp 2. Enumerate the orbit as

Or(x) = fXg<X2<  <Xu0;

and let

i =[Xi; Xi+1]; 1 i p L
The graph of the periodic orbit O (x) is the directed graphG Os (x) with
vertex set

and such that there is an edge fronh; to I; if and only if
[ (i) f(Xia)K (14.1)

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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Remark 14.4 Warning: Equation (14.1) isnot quite the same as requiring that
lj  f(li). We will therefore use abold arrow to denote this relation:

LI , 14.1) is satis ed.
J

Since we always have (by the Intermediate Value Theorem) that
I (i) f (Xis1)K T (15);
we see that (14.1) is a stronger condition than De nition 13.2, i.e.
il ) i1y

See Figure 14.1 below for an example of such a graphOs (x) . The following
lemma is (almost) immediate from the de nition; see Problem G.4.

Lemma 14.5 Let J 2 V O¢(x) , and supposey 2 @J Then there is a unique
vertex K 2 V Of(x) suchthatJ! K and such thatf (y) 2 @K

Definition  14.6 A cycle of length k is a cycleJg! J;! 1 Je 1! Join
the graph G O (x) . A cycle is calledprimitive if it is not obtained by iterating
a shorter cycle.

We will be interested in a special class of cycles.

Definition  14.7. Supposex has minimal periodp. A cycle Jg ! J; ! !
Jp 11 Joof length pin the graph G Os (x) is calledfundamental if there exists
an endpoint' y of Jo such that

fky)2 @dforall0 k p 1

It is not immediate from the de nition that fundamental cycles exist. Let us
prove that they do.

Proposition  14.8 Let x be a periodic point of periodp. There exists a unique
(up to cyclic permutation) fundamental cycle in the graphG Os (x) . Moreover in
the fundamental cycle, no vertex appears more than twice, and at least one vertex
appears exactly twice. The fundamental cycle can be decomposed into two shorter
primitive cycles.

Proof. Let Of (x) = fx; <X, < <Xxpgand setl; =[x;;Xj+«1] fori=1;:::;p
1. SetJy = I;. Lemma 14.5 tells us there exists a unique sequenck) o
V Of(x) such that

fX(x1) 2 @4; and  J ! Jya: (14.2)

Sincef P(x1) = X andx; <x; for2 i p, the interval J, must be equal toJ,.
Thus Jo! J; ! Jp 1! Jo is a fundamental cycle. This proves existence.

To prove uniqueness, supposky, ! Kj ! I K, 1! Kg is another

fundamental cycle. Lety 2 @l satisfy f X(y) 2 @k for eachk. There exists a

INote that if y is an endpoint of a vertex in G Oy (x) then y must belong to O (x).
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unigue 0 j p 1 suchthaty = fi(x;). Then fP i(y) = fP(x;) = x; is an
endpoint of K, ;. Thus K, ; = Jo, and the uniqueness part of Lemma 14.5 tells
us that

Thus the fundamental cycle is unique up to a cyclic permutation.

Next, foreach1l k p 1, there exist two distinct integersi;j such thatl, =
[f '(x1); 1 (x1)]. Therefore J; and J; are the only two vertices of the fundamental
cycle that may be equal tol,. Thus each vertexl, appears at most twice in the
fundamental cycle. Since the fundamental cycle has lengthand there are only
p 1 verticesinG Of(X) , at least one vertex must appear exactly twice.

Finally, if we cut the fundamental cycle at the unique vertex that appears twice,
we obtain two shorter cycles. Each of these cycles is necessarily primitive. =

We now reinterpret Lemma 13.6 in terms of the graph of a periodic orbit. This
lemma shows us how to nd other periodic points of provided we understand the
structure of the graph of one periodic orbit.

Lemma 14.9 Let f:[0;1] ! [O;1] be a dynamical system, and suppose is a
periodic point. Suppose the graplc O; (X) contains a primitive cycleJo! Jq; !
I Jq 1! Jooflengthq. Then there exists a periodic point of minimal period

gsuch thatfi(y) 2 J; foreachl i q 1
Proof. By Corollary 13.6 there exists a periodic pointy with (not necessarily)
minimal period g such thatf'(y) 2 J; foreach1 i q 1.

Supposey has minimal periodm. Then m divides q. If f'(y) 20; (x) for each
0 i q 1thenJ;is the unique vertex ofG O;(x) containingf'(y). Therefore
m = q, as otherwise the cycle would not be primitive.

Now suppose there exists 0 i q 1 such thatf'(y) 2 O¢(x). Then

y = f91(fi(y)) 2 O;(x), and thus x also has periodg. SinceJy! J; ! !
Jg 1! Jo is primitive, it must be equal to the fundamental cycle ofG Os (x) .
Thus x (and hence alsgy) has minimal periodq. This completes the proof. [

Corollary 14.10Q Let f : [0;1]! [O;1] be a dynamical system. Assumé has a
periodic point which is not a xed point. Then f has a point of period 2.

Proof. Let p > 1 denote the minimal period of a periodic point, and suppoge 3.
Supposex has a periodp. By Proposition 14.8 the fundamental cycle of the graph
G O (x) can be decomposed into two shorter primitive cycles. Thus one of them
haslength2 q p 1. Then Lemma 14.9 tells us thaf has a periodic point
of minimal period g. This contradicts the choice ofp, and thus completes the
proof. [

We now have three pieces of evidence for the Sharkovsky ordering:

1 should be the smallest number, since every dynamical systém [0; 1] !
[0; 1] has a xed point (Lemma 12.7).

3 should be the largest number, since the existence of a point of period 3
implies the existence of all other orders (Corollary 13.7).



2 should be the second smallest number, since the existence of a point of
period greater than 2 implies the existence of a point of period 2 (Corollary
14.10).

The proof of the Sharkovsky Theorem has one more crucial ingredient. The next
result tells us exactly the structure of the graph of a periodic orbit of minimal odd
period.

Proposition  14.11 Supposef : [0;1]! [0;1]is a dynamical system admitting a
periodic point x of odd periodp 3. Assume moreover thatf has no periodic
points of odd orderl < q <p. Let z 2 O¢(x) denote the middle point (so that
there are%(p 1) points on the orbit smaller thanz and %(p 1) points on the
orbit larger than z). If z <f (z) then the points on the orbit of x are ordered a$

fPl)<fP3(2)< <f2)<z<f (2<f3@2)< <fP 2):
If z>f (z) then the reverse order holds.

This proof is non-examinable, as it is rather tricky.

(| ) Proof. The casep = 3 is easy (see the proof of Corollary 13.7), so we will
assumep 5. By Proposition 14.8 there is a (unique up to ordering) fundamental
cycle of lengthp, which can be decomposed as two shorter primitive cycles. One of
these cycles has odd length say (since their lengths sum t@). The hypotheses
together with Lemma 14.9 imply that| = 1. Thus the fundamental cycle can be
written as

NI BN P BN P NPT BN P
whereJ; 6 J, foreach2 i p 1. Infact, this cycle has three more properties:
The verticesJ,;:::;J, 1 are all distinct.
For2 i p 2, thereisnoedgd;! J;.

If1 i;j p 1aresuchthatj i+2then thereisno edgel;! J;.

To prove the rst bullet point, suppose J; = J; for2 i<j p 1. Then there
is a primitive cycle

Jl! Jz' Ji:Jj! Jj+1! ! Jp 1! Jl

of lengthp+i | 1. If this number is odd, by Lemma 14.9 we nd a periodic
point with period p+i | 1< p, which contradicts the choice ofp. If instead
p+i | 1iseven then we simply add an additional; at the front:

J;L! 31! Jz! Ji:Jj! Jj+1! ! Jp 1! Jl

This is a primitive cycle of odd lengthp+ 1 j<p, and Lemma 14.9 again gives
us a periodic point of minimal periodp+ i j, which contradicts the choice op.
The proof of the second and third bullet points goes along similar lines.

2If p = 3 this should be read asf ?(z) <z <f (2).

4



Now write Of (X) = fx; < <Xpgand setl; =[x;;Xjs1] fori=1;:::;p 1.
Let1 k p 1be the integer such thatl; = I,. Abbreviate by z = x,. We
have shown that the only two edges emanating fromy, areJ; ! J;andJ; ! Js.
Thus J, and J; have a common endpoint, and hencé; is either equal toly.; or
I« 1. This means that we are now in one of two possible situations:

(i) J2= lys1, SO that 41 = f(2) and x, 1 = f2(2).
(i) Jo= 1y 1, s0thatz = f (Xx+1) and Xyso = f2(Xya1)-

Suppose to begin with that case (i) holds. We must havie’(z) > z, otherwise there
would be an arrowJ, ! J;. Thus f3(z) = x; for somei  k + 2. Since there is an
arrow J, ! J3 and there are no arrowsl, ! J; for j > 3, the only possibility is
that f 3(2) = X2, and thus J3 = [f (2);T3(2)] = lws1-

Next, we claim that f 4(z) < f (). Indeed, if f #(z) > f ?(z) then alsof 4(z) >
f3(z) = Xx+2, and hencel; ! J;. This is not possible. Thusf 4(z) < f 2(z). Since
there is an arrowJ; ! J4 and there are no arrowslz ! J; for j 5, the only
possibility is that f 4(z) = x¢ » and that J, = [ 4(2);f 2(2)].

Continuing in a similar vein, we nd that the points on the orbits are ordered

as
fPl)<fP3(2)< <f)<z<f (2)<f3@2)< <fP 2):

The point z is necessarily the middle point on the orbit, as the above shows. More-
overf (z) >z. The graph G O (x) takes the form given in Figure 14.1.

Figure 14.1: The fundamental cycle from Proposition 14.11.
Finally, if case (ii) holds then we end up with the reverse order
fP2(2)< <f32)<f(@<z<f?(z)< fP32< <P 2):

Again, z is necessarily the middle point on the orbit, and this timd (z) < z. This
completes the proof. [



Before proceeding with the proof of the Sharkovsky Theorem, let us go back
and prove Proposition 13.13. For convenience, we restate it here:

Proposition  14.12 Letf : [0;1]! [0;1] be mixing. Thenf 2 is strictly turbulent.

Proof. By Corollary 12.11f has a periodic pointx of odd minimal period at least
3. By Proposition 14.11 we may assume that there exisis2 Os (x) such that,
writing z = f'(z), one has eithef

Z, 1<Zp 3< <2p<Z¢0<z;<23< <Zp;

or the reverse order. We prove only the case where the order is as above; the
argument for the reverse order is similar. We nd four points; b; c; dsuch that

Z, 1<a<b<z,3<c<d<z; (14.3)

such that
f2lal =2 [c;d =[z 1zl (14.4)

Combining (14.3) and (14.4) shows that[a; 1; [c;d] form a strictly turbulent pair
for f 2.

The point d: We start with d. Since€ [z9;z1] ! ¢ [22; Z0], by Lemma 12.7 there
existsd 2 (2o;2;) such that f (d) = zo. Then f?2(d) = f (z0) = z;.

The pointa: Since g, 1;2, 3]! 2 [z, 1;21], there exists a pointa 2 (z, 1;7, 3)
such that f 2(a) = z;.

The point b We have p;z, 3]! 2 [z, 1;d], and thus there existd 2 (a;z, 3)
such that f %(b) = z, ;.

The point ¢ Finally, since [z, 3;d] ! 2 [z, 1;21] there existsc 2 (z, 3;d)
such that f 2(c) = z, ;.

This completes the proof. [

Remark 14.13 Here is a simpler argumentthat proves that if f : [0;1]! [0;1] is
mixing then f 2 is turbulent (this weaker conclusion is in fact su cient for Theorem
12.1, cf. Corollary 13.16).

If f is mixing thenf has a periodic point of odd order at least three by Corollary
12.11. Thus by Corollary 14.10f has a periodic point of period 2. Thug 2 has at
least two xed points. Finally, Problem C.3 tells us thatf 2 is transitive, and hence
Proposition 13.15 tells us thatf ? is turbulent.

With this out the way, we now move onto the proof of the Sharkovsky Theorem.
We need one more lemma, whose proof is trivial and left as an exercise.

Lemma 14.14 Letf : [0;1]! [O;1] be a dynamical system.

3As in the statement of Proposition 14.11, ifp = 3 this should be read asz, <zo <z;. The
rest of the proof is formally identical.

“Note these arrows are not bold, cf. Remark 14.4.

5Thanks to A. Musso for this argument.



(i) Supposex is a periodic point off with minimal period p. Then for anyk 1,
x is also periodic forf ¥. The minimal period ofx for f ¥ is given by 2, where

r = gecd(p; k).

(i) Supposex is a periodic point off ¥ with minimal period g. Then there exists
a divisor r of k with gcd(r;q) = 1 such that x is a periodic point off with
minimal period %.

The following proof is non-examinable.

(| ) Proof of the Sharkovsky Theorem 14.2We prove the result in two steps.

1. In this rst step, we will show thatif p 3 is an odd integer and has a
point of period p then foranyk p, f also has a periodic point of minimal period
K.

We may assume (by de nition of the Sharkovsky ordering) thap is the smallest
odd period. For such ap, the graph of the periodic orbit is given by Figure 14.1.
We continue to use the notation established in the proof of Proposition 14.11. Kf
isevenand 2 k p 1then

Is a primitive cycle of lengthk, and thus by Lemma 14.9f has a point of period
k. If instead k is greater thanp, we addk p times the cycleJ; ! J; onto the
end of the fundamental cycle to obtain a primitive cycle of lengtlk. Lemma 14.9
then gives the desired periodic point again.

2. We now prove the general case. Suppo$ehas a periodic pointx with
minimal period n = 2'p, wherep 1 is odd. Suppos& n. We will prove that f
has a point of periodk. There are four cases to consider:

() If k=1 then we are done by Lemma 12.7.

(i) Supposep =1 and k = 25 for some 0< s <r . Then by part (i) of Lemma
14.14, x is periodic for g = f*2, with minimal period 2" s*' > 1. By
Corollary 14.10,g has a periodic pointy of minimal period 2. Theny is a
periodic point of f with minimal period 2° = k by part (i) of Lemma 14.14.

(iif) Supposep > 1 andk = 2'm for m 2 an even number. By part (i) of
Lemma 14.14x is periodic forg = f 2 with minimal period p. Sincep is odd
and greater than 1,g has a periodic pointy of periodm by Step 1. Theny
is periodic forf with minimal period k = 2"m by part (ii) of Lemma 14.14.

(iv) Supposep > 1 andk =2"m whereq > p is an odd number. By part (i) of
Lemma 14.14 againx is periodic forg = f? of minimal period p, and then
as before Step 1 tells us thag has a periodic pointy of minimal period q.
Then by part (i) of Lemma 14.14 there exists an integer 1 s r such that
y is periodic forf with minimal period 2°g. If s= r we are done. If not, set
m = 2" 5qg, so that k = 2°m with m even. We have just shown thaff has
a periodic point of period 2m, and thus by case (iii) applied toy, we nd
another periodic pointz with minimal period 2"'m = k. This completes the
proof. [



We conclude our discussion of dynamical systems on the interval by explaining
how the Sharkovsky Theorem is in some sense, sharp.

Definition  14.15 Let f: [0;1] ! [0;1] be a dynamical system. We de ne the
type of f to be the subset

}(f) =fk2 Njf has a periodic point of periokg:

The Sharkovsky Theorem therefore tells us that for any system the type off is
either of the form} (f)= fk 2 Njk pgforsomep2 N,or}(f)= 2¢jk 0.
In fact, all such possibilities are realised. This is the content of the next theorem,
which sadly we do not have time to prove.

Theorem 14.16 There exist dynamical systems ori0; 1] of all possible types.
More precisely:

() Let p2 N. There exists a dynamical systenf : [0;1]! [O; 1] such that
}(f)=fk2Njk pg:
(i) There exists a dynamical systenfi : [0; 1]! [0; 1] such that

Y(f)= 2jk 0 :



LECTURE 15

Rotation Numbers

For the next few lectures we shift attention from the interval [01] to the circle
St. Moreover we will focus exclusively on reversible systems. This means that
topological entropy is no longer a useful invariant (since all such systems have zero
entropy, cf. Proposition 8.8). Nevertheless, some systems are more complicated
than others.

Our model example is the circle rotation . As we have seen, for rational the
dynamics are easy to understand, meanwhile forirrational the dynamics can be
much wilder.

The main goal of today's lecture is to associate eotation number to an
arbitrary orientation-preserving (see De nition 15.2 below) reversible dynamical
systemf : S S! denoted by rot( ). The rotation number is an element ofS?.
The main properties of the rotation number are:

The rotation number of a circle rotation is given by (surprise!) rot( ) =

If rot(f) is rational, the dynamics are simple:f has periodic points, and
every orbit is either periodic or asymptotic to a periodic orbit. Thus is not
transitive.

If rot(f) is irrational, the dynamics are more complicated: either all orbits
are dense or all orbits are asymptotic to a Cantor set.

Perhaps most amazingly of all, the Poincae Classi cation Theorem (which we
will prove as Theorem 17.6 in Lecture 17) shows that for transitive orientation-
preserving systems, the rotation number is aomplete dynamical invariant , in
the sense that two such systems are conjugatieand only if they have the same
rotation number.

Throughout our discussion on rotation numbers, we will typically use;w to
indicates points inS! and x; y to indicate pointsinR. Denoteby : R! R Z=S!
the projection. Givenz 2 S!, we say a pointx 2 Ris alift of zif (x)= z. It
is often convenient to identify an element o8 (which is, formally, an equivalence
class) with its representative in [01). With this convention,

(x) = x b xc

Proposition  15.1 Letf : S'! S!be areversible dynamical system. There exists
a reversible dynamical systenfr: R! R suchthat F =f :

R—F R

Slf—>S1
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The map F is strictly monotone and unique up to an additive integer constant.

We call F alift of f. Note that f is a factor of F. The following proof uses
some elementary algebraic topology, and is therefore non-examinable.

(| ) Proof. The mapf : R! S! can be lifted to a continuous map
///>( R
P (15.1)
R y St » St

This follows from the factthat : R! S!isthe universal cover * of St. The map
F is not unique, but it is up to an integer constant. Indeed, ifF°is another map
suchthat F%=f  thenthe functionF F% R! R s a continuous function
that takes values inZ  R. Such a function is necessarily constant. It remains to
show that F is reversible. Supposé& is a lift of f 1, so that the following diagram
commutes:

6 .-~ (15.2)

R : y St > St

Then by concatenating the commuting diagrams (15.1) and (15.2) together we see
that the following commutes:

R
G
R
/
s Ql v Ql 1
R ' S ——'S - ;'S

But sincef g =id the following diagram also commutes

]

G F
R > S < > S

IThis is covered in any introductory text on algebraic topology. For instance, | did it in my
lectures notes here.

N



Another map that makes this diagram commute is the identity map orR:

R
R y St : > St

id

Thus by the already established uniqueness of lifts we see that F =id+ k for
some constantk 2 Z. Therefore if we replaceG by G{x) = G(x) k thenG is
another liftof f and G° F =id. Similarly F G°=id. Thus F is reversible, as
claimed. [

Definition ~ 15.2 We say that a reversible dynamical systenf: St | St is
orientation-preserving if F is increasing for some (and hence any) life of f.
Similarly we say that a reversible dynamical systerh : S* | S! is orientation-
reversing if F is decreasing for some (and hence any) I of f .

Example 15.3 The circle rotation is orientation-preserving. Indeed, a lift of
IS given by

R (X) =x+ ; (15.3)
(where we think of as a number in [@1)) which is increasing. On the other hand,

the map
~(X)= x+ mod1l

IS orientation-reversing.

(| ) Remark 15.4 The notion of orientability is one of those concepts that regu-
larly confuses students, since there are so many di erent ways to de ne it. For
instance, in Algebraic Topology one typically de nes an orientation-preserving
map f: S ! St as one for which the induced mag-,: H1(S%;Z) ! H4(S%;2)

is multiplication by a positive constant. Meanwhile in Di erential Geometry an
orientation-preserving map is one that preserves an equivalence class of volume
forms. Nevertheless, you will be reassured to know thatl these de nitions are
equivalent You are invited to try proving this.

From now on we will focus on orientation-preserving dynamical systems. On
Problem Sheet H the orientation-reversing case is explored.

Lemma 15.5 Supposef : S?! Stis an orientation-preserving reversible dynami-
cal system. LetF: R! R denote a lift off . Then

F(x+ k)= F(x)+ k; 8x2R; k2 Z:
Proof. Immediate from the proof of Proposition 15.1. [

Proposition  15.6 Let f: S' | S! be an orientation-preserving reversible dy-
namical system. LetF denote a lift of f , and de ne
FY(x) x.

rot(F) = lI(ilrln k

3



Then the limit rot(F) exists and is a nite real number which is independent of the
choice ofx 2 R. Moreover if

rot(f) = (rot(F))
then rot(f ) is independent of the choice of lifF.

One should think of rot(f ) as measuring the average speed f

Proof. Let us rst check that rot( F) is independent ofx 2 R. SinceF(x +1) =
F(x) + 1, it is su cient to prove independence of x 2 [0;1). If x;y 2 [0;1) then
one hasiF(x) F(y)j < 1, and hence alsgF¥(x) FX(y)j < 1forallk 2 N. Thus
for suchx;y,

1 1 1 o .
EFk(x) X EFk(y) y EJFk(X) FE(Y)I+ix Y]

2
-1 0
k

Now let us show that the limit exists. Fix x 2 R and setx, = FX¥(x). Set
Yk = Xk X, and note that

Yk ZE“[('{}] F() t

by Lemma 15.5. In particular, ) is uniformly bounded below. Next we compute

Yien =F<M(X) X
=F"(Xk) Xkt Xc X

SEN0 RIOCH b+ FROH b)), (x+ b
1

=Vn

TR X T(_sz:ﬁ

=Yk
1+ vy, + Y,

where in (~) we used Lemma 15.5 to identify the second term witlg,. We would
like to apply Fekete's Lemma 7.7. Unfortunately the sequencsy( is not quite

subadditive, but if we de ne ax = yx + 1 then (ay) is subadditive and bounded
below. Therefore by Lemma 7.7 the sequenc%ak converges to in§ %ak and

hence also %yk converges to inf %yk. This proves that rot(F) is a well-de ned

nite number.

Finally, if G is another lift of g then G = F + k for somek 2 Z. It is clear
from the de nition that rot( F + k) =rot( F) + k, and hence rot{) = (rot(F)) is
independent of the choice of lift-. This completes the proof. [

Note that this shows that there exists a unique liftF of f such that rot(F) =
rot(f) (i.e. there exists a unique liftF of f such that rot(F) 2 [0; 1).)

Definition  15.7 Let f : S'! S! denote an orientation-preserving reversible dy-
namical system. We call the number rof() 2 S* the rotation number of f .

4



A trivial example is given by an actual rotation.

Example 15.8 The rotation number of a circle rotation is given by
rot( )= :

Indeed, this is immediate if we take the liftR of from (15.3):

k
= lim K
Tk K

The rotation number is a dynamical invariant of orientation-preserving re-
versible dynamical systems.

Proposition  15.9 The rotation number is invariant under conjugacies that pre-
serve orientation.

Proof. Let h: S'! S! denote an orientation-preserving homeomorphism. We will
show that rot(h fh) =rot(f). Let H:R! RandF:R! R denote lifts ofh
and f respectively. Then since

H'=h?'h Hi=h?' ;
we see thatH ! is a lift of h 1. Similarly since
H'F H=h't F H=h?' f H=h'f h ;

we see thatH 'FH is a lift of h *fh. We may assume thatH is chosen so that
H(0) 2 [0;1). We want to estimate

H 'FH

(x) F¥x) = H F*"HX) FX(x) :
For x 2 [0;1), we have

I1<H(X) x HX<H(@)< 2
and hence by periodicity we have

JHX) Xxj< 2 8x 2 R:

Similarly jH (x) xj< 2forall x 2 R. Next, observe that ifjy xj < 2 then also
FK(y) FX(x) < 3. Indeed, ifjy xj < 2 then alsojbyc b xcj 2, and hence

3 byc bxe 19F< byc  F¥ xc+1
<FXy) F*x)
<F¥ byc+1) F¥ bxc
= hbyc+1 bxc 3



where () once again used Lemma 15.5. Thus

H F*H(x) FX(x) H IFKH(x) FKH(X) + FXH(x) FX(x)
2+3=5;

and hence )
(H 'FH)" (x) FX(x) 5' o
k k™ 7

which shows that rot(H *FH) =rot( F) as required.




LECTURE 16

Rational Rotation Numbers

In this lecture we continue our investigation of rotation numbers, focusing on the
(less interesting) case where the rotation number is rational. Our rst observa-
tion is that rationality of the rotation number determines whether an orientation-
preserving reversible dynamical system of' has periodic points or not.

Proposition  16.1 Let f: St | S! be an orientation-preserving reversible dy-
namical system. Thenper(f ) 6 ; if and only if rot(f) is a rational number.

Proof. Let us rst show that if f has a periodic pointz 2 S* of period g then
rot(f) 2 Q. Let x 2 (z), and let F denote a lift of f . Then there existsp 2 Z
such that

FI(x) = x + p:

Then for k 2 N one has
Fagx) x 1 X*

@ kg TET0 F

Thus rot(f) = g 2 Q. Conversely, suppose rof() = g 2 Q. Observe that for any
n 2 N, one has

rot(F") = lim % (FM%(x) X

; - nk
nkllllrn nk FRe0 - x

nrot(F):

Therefore if rot(f ) = g then rot(f 9) = 0 (recall rot(f) = (rot(F)).)

It thus su ces to show that if gis an orientation-preserving reversible dynamical
system with rot(g) = O then g has a xed point. Suppose for contradiction that
this is not the case. LetG be the unique lift of g with G(0) 2 [0;1). Sinceg has
no xed points, G(x) X is never an integer, and hence ® G(x) x < 1 for all
X 2 R. SinceG id is continuous on [Q1], it achieves its minimum and maximum.
Thus there exists > 0 such that G(x) x 1 for all x 2 [0; 1], and then
by periodicity, also for allx 2 R. Now setx, := GX(0). Since

K 1
Xk = (G(xi)  xi);
i=0
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it follows that k  x¢ (1 )k forall k2 N, and hence
Xk
k

This implies thatrot(G) 2 [; 1 ], which is a contradiction. The proof is complete.
[

1 ; 8k 2 N:

For the rest of this lecture we consider the case where the rotation number
Is rational. Roughly speaking, the moral of this story is that rational rotation
numbers are boring. The dynamics of will turn out to be trivial: any orbit is
asymptotic to a periodic orbit and any two periodic orbits have the same period.

More precisely, suppose rof() = g wherep and q are relatively prime. We will
show that the dynamics off are completely determined by rot{ ), the topology of
the setper(f ) of periodic points off , and the \direction" of the dynamics off 9 on
each of the connected components & nper(f).

Proposition  16.2 Let f: St | S! denote an orientation-preserving reversible
dynamical system with rational rotation numberrot(f ) = g wherep and g relatively
prime. Then every pointx 2 per(f ) has minimal perioda:

perf) = x(f9:

In fact, if F denotes the unique lift off with rot(F) = g then a pointx 2 Ris a
xed point of F9 pifand only if (x) is a periodic point off .

Proof. Let F denote the unique lift off with rot( F) = g Let z denote a periodic
point, and let x denote a lift of z. Supposez has minimal periodn. Then F"(x) =
X + m for some integemrm. Since

mk _—m

= lim — = —;
ki nk n

p )
—=rot( F) = lim
q (F)

Fkn(x) x
k!l n

we see thatm = dp and n = dq for somed. Thus F%(x) = x + dp. To complete
the proof we claim thatd = 1.

Indeed, supposeal > 1. Then F9(x) 6 x + p. SupposeF9(x) >x + p. Then by
monotonicity

FA(x) 2p=F%F%x) p p>Fx) p>x

and hence by inductionF!9(x) > x +jp for all j. Takingj = d gives a contradiction.
The same argument also gives a contradictionf9(x) < x + p. These contradictions

imply that d =1, and this completes the proof. [
Now let us explain how to \order" an g-tuple of points in S,

Definition ~ 16.3 Given ac-tuple (zo;z1;:::;24 1) of distinct points in S, choose

a lift xo of zo in R and let xy;:::;Xq 1 denote the unique lifts ofz;;:::;z, 1 that

belong to the interval [xo; Xo + 1). Since thex; are real numbers, they are ordered,
say
Xo<X @ <X @< <X (@

where here is a permutation off1;2;:::;q 1g. We then de ne the ordering of

2



Informally, we say that z ;) is the next point to the right of zy, and similarly
Z (i+1) is the next point to the right of z (;. Similarly after having ordered ourg-
tuple, it makes sense to speak of thiatervals [z y;z ¢+1y] S*, which explicitly
are given by
[z iz syl = X @)X gl -
Example 16.4 Let p;qbe relatively prime integers, and letr = g Consider the
rotation , and consider theg-tuple

0; ((0); 2(0);:::; 9 X0) : (16.1)

Let m denote the unique integer between 0 ang such that

mp =1 mod q; (16.2)
and let be the permutation

(k) = mk mod q: (16.3)
Then the ordering of (16.1) is given by 0; e ©);:::; l)(O) .

Our next result tells us that the ordering of a periodic orbit ofany orientation-
preserving reversible dynamical systerh on S? is the same as the ordering of the
orbit of O under the rotation ¢y by the (necessarily rational) rotation number
rot(f) of f.

Proposition  16.5 Let f: St | S! denote an orientation-preserving reversible
dynamical system with rational rotation numberrot(f) = ‘—(; where p and g are
relatively prime. Let z 2 S! be a periodic point off (and hence a xed point off 9
by Proposition 16.1). Then the ordering of theg-tuple

is the same as the ordering of thg-tuple (16.1), namely the permutation speci ed
by (16.2) and (16.3).

Proof. Suppose that the next point to the right ofz is given byf ¢(z). Then neces-
sarily the next point to the right of f 9(z) is given byf 24(z) (where 2 should be read
mod @), since if instead it wasf ™(z) then we would havef M(z) 2 [f 4(z);f 24(2)],
and hencef ™ 9(z) (where m d should be read modqj) would lie in the inter-
val [z;f9(z)], contradicting the fact that f9(z) was the next point to the right
of z. Thus (again reading the multiples ofd mod q), the ordering is given by

Fix a lift x of z. Sincef ¢ carries each interval{*4(z); f k*D9(z)] to its successor,
and there areq of these intervals, there is a liftG of f 9 such that G9(x) = x + 1.
Now let F denote the lift of f such that F9(x) = x+ p (i.e. so that rot(F) = g.)

Then F9 is also a lift of f ¢, and hence there exist$ 2 Z such that F¢ = G+ j.
Then since

x+dp= F¥0) = (G + )90 = GUx)+ 6 = x +1+ gj

we havedp=1+ qj, and henced is the unique number between 0 and such that
dp=1 mod g. Thus d agrees withm from (16.2). This completes the proof. =
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The next lemma is not needed for the discussion that follows (and hence its
proof is relegated to Problem Sheet H). However it helps to put De nitions 16.7
and 16.8 in context.

Lemma 16.6 Let f: X I X be a dynamical system on a compact metric space,
and suppose 2 X has the property that there existsy 2 per(f ) such that Os (y)
l'+(X). Then!¢(x) = Of(y). Conversely if! (x) is nite then there exists 'y 2
per(f) such that! ¢ (x) = O (y).

Definition  16.7. Let f : X ! X denote a dynamical system and lex 2 X. If
I'+(x) = fyg then we say thatx is positively asymptotic to y. (In this case
y 2 x(f) by Lemma 16.6). Iff is reversible then we say thaix is negatively
asymptotic toyif ;(x)= fyg.

Definition 16.8 Letf: X ! X denote a reversible dynamical system. Suppose
that x 2 X has the property that is positively asymptotic toy and negatively
asymptotic to z. If y 6 z then we say thatx is a heteroclinic point . If y = z
then we say thatx is a homoclinic point

Remark 16.9 Next semester we will see that for di erentiable dynamical systems
the existence of a special type of homoclinic point, calledteansverse homoclinic
point, implies the existence of an in nite mesh of such points (known as a \ho-
moclinic tangle™). As the name suggests, this \tangle" has extremely complicated
dynamics, and it forces the topological entropy of the system to be positive.

For a general dynamical system, most points will be neither heteroclinic nor
homoclinic. However the next result shows for a reversible systefmon St with
rational rotation number rot(f) = g every non-periodic point is heteroclinic or
homoclinic underf 9.

Proposition  16.10 Let f : S ! S! denote an orientation-preserving reversible
dynamical system with rational rotation numberrot(f) = g with p and g relatively
prime. Then there are two possible types of non-periodic orbits far.

(i) Supposef has exactly one periodic orbit. Ifg > 1 then every other point is
heteroclinic underf 9 to two points on this periodic orbit. Meanwhile ifg=1
then all other points are homoclinic to the xed point.

(i) If f has more than one periodic orbit, then each non-periodic point is hete-
roclinic under f 9 to two points on di erent periodic orbits.

The proof of Proposition 16.10 requires the following preliminary lemma, whose
proof is similar to several of the results from Lectures 13 and 14.

Lemma 16.11 Suppose thatf : [0;1] ! [0;1] is dynamical system which is non-
decreasing. Then alk 2 [0; 1] are positively asymptotic to a xed point of f . If f
is onto and strictly increasing (and hence reversible), akl 2 [0; 1] are either xed
or positively and negatively asymptotic to adjacent xed points off .



Proof. We may assume thaf 6 id, and hence that the open set [Q1]n x (f ) is non-
empty. So letx 2 [0;1]nx (f) and let (a;  [0;1]nx (f ) be the maximal open
interval containing x. Sincef is non-decreasing we must havé(a; b (a; b,
and by the intermediate value theorem we either havé(y) >y or f(y) <y for
all y 2 (a;b. Assume we are in the rst case (the second case is similar). Then
(F*(X)2en (a; b is a non-decreasing sequence and therefage:= lim i, f¥(x) 2

(a; g exists. Now

— ; k — I k+1 — .
f(xg)=f1 I(Illlm fYx) = ||<I!r1n f(X) = Xo;

so in factxo = band bis a xed point. This nishes the proof of the rst part. For
the second part we can apply the same argument both foand f * to see that

: K(y) — : K(y) = A
kI!|1rn f*x)=Db and kI!llmf (xX) = a:

This completes the proof. [

Proof of Proposition 16.10.We can identify f 9 with a homeomorphism of an inter-
val by taking a lift x of a xed point z of f 9 and restricting a lift F9() poff9to
[X;x + 1]. Now the result follows from Lemma 16.11, apart from the last point of
part (i), which claimed that the two periodic orbits found are distinct.

Suppose this is not the case. This would mean there is an intervah{x,] R
such that x; and x, are adjacent xed points ofF9 p and such thatx;; x, project
to the same periodic orbit. But if x, projects to z and x, projects to f X(z), then

1

FR( (X1 %2))
i=0

covers the complement 0; (z) in S* and contains no periodic points. Thug only
has the one periodic orbit. [

We conclude with the following enhancement of Proposition 16.10. The proof
is left for you on Problem Sheet H.

Proposition  16.12 Let f : S ! S! denote an orientation-preserving reversible
dynamical system with rational rotation numberrot(f ) = g with p and g relatively
prime. Supposez 2 St is not a periodic point forf . Let w;;w, 2 per(f ) denote the
periodic points such thatz is positively asymptotic tow; and negatively asymptotic
tow, underf 9. Thenforeachl i q 1, f'(2)is positively asymptotic tof '(w;)
and negatively asymptotic tof '(w,) under f 9.

1By \open" we mean open in [0 1]. If either a =0 or b= 1 minor changes in the notation are
needed, which we leave up to you.



LECTURE 17

The Poincae Classi cation Theorem

In this lecture we turn to the case of anrrational rotation number. Our main result
is the Poincae Classi cation Theorem (proved as Theorem 17.6 below), which tells
us if f : St I St is an orientation-preserving reversible dynamical system with
irrational rotation number = rot( f), then the corresponding irrational rotation

is a factor off , and if f is transitive then f is conjugate to

We begin with the following statement, which is the irrational analogue of
Proposition 16.10. In the statement (and for the rest of this lecture) we will typi-
cally identify  with its unique representative in [Q1).

Proposition 17.1 Let f: St | S! be an orientation-preserving reversible dy-
namical system with rotation number# = rot(f) 2 S'nQ, andletF: R ! R
denote a lift off . Then for any a;b;c;d2 Z and x 2 R, one has

a+b<c +d : F(x)+ b<F¢x)+ d:

Remark 17.2 Thus if f is an orientation-preserving reversible dynamical system
with irrational rotation number , for any point z 2 St, the orbit of z is ordered
in the same way as it would be under the irrational rotation . Compare this
to Proposition 16.10, which proved the same thing for periodic points when the
rotation number was rational.

Proof of Proposition 17.1.1t su ces to prove the proposition for the unique lift
F of f with rot(F) = , since any other lift off diers from F by a constant.
Moreover we may assume thaa 6 c, otherwise the result is trivial.

First observe that for any a;b;c;d2 Z, the expression (x) = F3(x)+ b
F¢(x) d never changes sign, and hence the inequality on the right-hand side is
independent ofx. Indeed, if (x) =0 for somex 2 R then (x) 2 S!is a periodic
point of f, sinceF?(x) F¢Xx) 2 Z. But this contradicts the fact that perf) = ;
by Proposition 16.1.

Now assume thatF2(0) + b < F¢(0) + d. Settingy = F¢(0) this is equivalent
to saying

F2 %(y) y<d b (17.1)

As before, if (17.1) holds for ong 2 R, then it holds for ally 2 R, and in particular
it holds for y = 0, whence we obtain

F2 ¢0)<d b:
Then applying (17.1) toy = F2 ¢(0) we obtain

F2@ 90)<d b+ F? %0)< 2(d b);

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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and arguing by induction we obtain
F<@ 9(0)<k(d b; 8k I
which tells us that

. FX@ 9(0) . k(d b d b
=lim ——= |im =
ki k(a c©) ki k(a ¢ a c

In fact, since is irrational, the inequality is strict, and hence
a +b<c +d:

This proves( . Conversely, the same argument shows thati2(0)+ b > F¢(0)+ d
thena + b>c + d. Since equality can never hold on either the left-hand side or
the right-hand side (as is irrational and f has no periodic points),) follows as
well. This completes the proof. [

Before stating the next result, note that for any given two pointsz 6 w in St
there are two connected components & nfz;wg.

Proposition  17.3 Let f: St I S! be an orientation-preserving reversible dy-
namical system with irrational rotation number. Letp 6 q be two integers and let
z 2 S'. Let | denote the closure of a connected component 8t n ff P(z);f 9(z)g
(note f P(z) 6 f 9(z) as there are no periodic points.) Then for anw 2 S, one has
both Os(w)\ | 6 ; andO; (W)\ | 6 ;.

Proof. We give the proof for the forward orbit only. Assume without loss of gener-
ality that p > g. It su ces to show that

St= ‘ f k)

k=0

For this, setl, = f X P)(]), and observe that foreactk 1 the intervals|, and

l+2 have a common endpoint. Suppose tha! 6 « lx. Then since the intervals
| abut at the endpoints, it follows that f (@ P) fP(z) converges monotonically
to a point zg 2 St. But then z, is a xed point of 9 P:

7o = lim f @ P Pz
o= lin (2)

= lim f( k+*D(a p) fP(2)
k!l

= lim f9 P f kap fP(2)
k!l

farp k||i{n f k@@ p) fp(z)
= 9 P(2):
This contradicts the fact that per(f) = ;. [

We now look at the! -limit sets of a system with irrational rotation number.



Proposition 17.4 Let f: S' | S! be an orientation-preserving reversible dy-
namical system with irrational rotation number. Then the setl ; (z) is independent
of z 2 S If f is transitive it is equal to all of St. If f is not transitive it is a
nowhere dense set which has no isolated points and is totally disconnected.

Remark 17.5 Since any compact totally disconnected metric space without iso-
lated points is homeomorphic to a Cantor set (cf. Remark 4.17), Proposition 17.4
can be stated more concisely as: the-limit set is either all of St or a Cantor set.

Proof of Proposition 17.4.First let us show that!  (z) is independent ofz. Suppose
z, 6 7, are two points in S and supposewn 2 ! ( (z;). Thus there exists a sequence
ke !'1 suchthatfk(z) ! w. Let |, denote the shorter of the two connected
components ofSt n f*n(z,);f %+ (z) . By the previous proposition there exists
a sequence, such that f '" (z,) lies in the interval 1,. Since the length of thel ,'s
goes to zero, we must havg, ' 1 and lim,, f'"(z) = w. Thusw 2 !;(z).
This shows that! ; (z;) !¢ (z2) and by symmetry they are equal.

Now let A = ! (z;). Observe thatA is the only minimal set forf j, by Corollary
3.3. Since the boundary@ Ais another closed invariant set, we must have either
@A= ; or @A= A. In the former case we have\ = S!, sinceA is then open
and closed. In this casé is necessarily transitive (cf. Corollary 2.11 and Corollary
3.4). In the latter caseA is nowhere dense. Sinca is closed (Proposition 3.2), it
follows that A is totally disconnected.

To see that A has no isolated points, xz 2 A. Then sinceA = !¢ (z) this
means there exists a sequendg, ! 1  such that fk(z) ! z. Since rotf) is
irrational, there are no periodic orbits, and hencé " (z) 6 z for eachn. Thus z is
an accumulation point ofA, since each poinf k" (z) belongs toA by invariance. m

This result shows how di erent the irrational case is from the rational one.
In the rational case, we saw last lecture that every orbit was either periodic or
asymptotic to a periodic orbit. Meanwhile in the irrational case either all orbits
are dense or all orbits as asymptotic to a Cantor set. We are now ready to state
and prove the main result of today's lecture, which is due to Poincae.

Theorem 17.6 (Poincae Classi cation Theorem) Letf : St S! be an orientation-
preserving reversible dynamical system with irrational rotation number = rot( f ).
Then the irrational rotation is a factor off . Moreover iff is transitive then f

IS conjugate to

Proof. Let F: R! R denote the unique lift off with rot(F)= . Fix x 2 R and
let B R denote the complete lift of the orbit of (x):

B =fFP(X)+ gjp;q2 Zg:

1S has the property that any compact nowhere dense subset is totally disconnected. This is
not true for all compact metric spacesX . For example, it fails for

X = xsint jo<x 1 [f@©y)j 1 y I1g;

regarded as a subset oR?. Exercise: Formulate a general criterion that guarantees when a
compact metric space has the property that every compact nowhere dense subset is totally dis-
connected.



DeneamapH:B! Rby
HFP(x)+q =p +a
It follows from Proposition 17.1 that the mapH is monotone. Since is irrational,
the imageH (B) is dense inR (cf. the solution to part (i) of Problem A.2).
Let R : R! R denote the mapR (x) = x+ , so that R is a lift of the

irrational rotation (cf. (15.3)). Then since

H F FP(x)+q =H FP'(x)+ g

=(p+t1) +q
and
R HF(x)+q=R(p +g=(p+l) +gq;
we see thatH is conjugacy betweerr and R on B.
We now extendH to a map de ned on all of R by setting

H(y) =supfp +qjFP(x)+ q<yg:
Equivalently,

H(y)=inffp +qj FP(X)+ q>yg;
since otherwiseR n H(B) would contain an interval, contradicting the fact that
H(B) is dense inR. We now prove thatH is continuous. Firstly, if y 2 B then

H(y)=supfH(x) jx2 B; x<yg
and also
H(y)=inffH(X)jx2B; x>y g
Thus H is continuous onB.. If | is an interval in RnB then H is constant onl and
the constant agrees with the values dfl at the endpoints. ThusH is continuous
on all of R. Moreover by constructionH is surjective and non-decreasing. Since
H(y+1)=supfp +qjFP(x)+ q<y+1g

supfp +qjFP(X)+(q 1)<yg

= H(y)+1;
we see thatH descends to de neamap: S'! S!. The computation above shows
that h f = h, and henceh is a semi-conjugacy. This proves that is a factor

of f.

Finally, if f was topologically transitive then we could have chosen our original
point x to have dense orbit (by Proposition 2.9), which would then have given
B = R. Then the map h would have been bijective, and thus a true conjugacy.
This completes the proof. [

Remark 17.7 In the non-topologically transitive case, the theorem can be under-
stood as follows. LetA denote the! -limit set of some (and hence any) point in
St, which is a Cantor set by Proposition 17.4. If we run the proof of Theorem 17.6
starting with a point x 2 1(A), we end up with (B) = A. Thus if A= denotes
the quotient space where the endpoints of complementary intervals are identi ed,
then f induces a map oMA=  which is conjugate to the irrational rotation. Thus
one should think of the non-topologically transitive case as follows: take an irra-
tional rotation and \blow up" some orbits to intervals whose union makes up the
complement of the setA.



LECTURE 18

The Denjoy Theorem

We conclude our discussion on rotation numbers by showing that if we insist on
more regularity (i.e. di erentiability), any orientation-preserving reversible dynam-
ical system onS! with irrational rotation number is automatically transitive.

It won't be until Dynamical Systems Il next semester that we discuss what it
means for a continuous map between manifolds to be di erentiable. Nevertheless,
for dynamical systems on the circle, the de nition is transparent.

Definition 18.1 Letf : S'! S!be a dynamical system. We say thait is of class
C! if the derivative f% S' I R exists and is continuous. A reversible dynamical
system is said to be &C*-di eomorphism if both f andf ! are of classC?.

(] ) Remark 18.2 The derivative f %: S' ! R is de ned as you expect it to be:

f(z+1) f(2).
t ;

f9z) = lim
Note that this becomes amag % S*! R (and notS*! S%). If instead we regard
S! as a smooth manifold, then the derivative is a linear maff (z): T,S? !
Tt (;S*. So how are the two de nitions related? IdentifyingT,S* and Ty ;S with
R, the map Df (x) is simply multiplication by a constant. It is easy to check that
this constant isf Yz):
Df (2)[v] = f {2)v

(| ) Remark 18.3 In Di erential Geometry by a \di eomorphism" one typically
means a bijective map for which both the map and its inverse are of clag€s .

In Dynamical Systems however, we try to get away with the minimal regularity
possible. We will say more about this next semester, but for almost everything we
do C! or C2 regularity is su cient.

Definition  18.4 Given a continuous mapg: S'! R, we de ne the variation of
g to be the (possibly in nite) number

var(g) = supw j9(xk)  9(Xke1 )i;
k=0
where the supremum is taken over all nite partitions
0=Xg<Xx1< <Xp<Xnp+1 =1; n O
We say that g is of bounded variation if var(g) is nite.

Here is our promised result.
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Theorem 18.5 (The Denjoy Theorem) Letf : S' ! S! be an orientation-preserving
C'-di eomorphism whose derivativef °: S' I R has bounded variation. Assume
that rot(f) is an irrational number. Thenf is transitive.

Remark 18.6 Note thatif g: S'! R is Lipschitz continuous theng is of bounded
variation. Thus Theorem 18.5 also holds for di eomorphisms of cla&®! (i.e. f is
C1, andf %is Lipschitz). However if 2 (0;1) then there exists aC' orientation-
preserving di eomorphism with irrational rotation number which is not topologi-
cally transitive (i.e. f is C!, and f%is -Helder continuous). Thus the regularity
requirement in Theorem 18.5 is essentially sharp.

The proof of Theorem 18.5 will require two preliminary results. Recall that
given an ordered pairz; w of distinct points in S, the open interval (z;w) is by
de nition  ((x;y)), wherex 2 R is any lift of z, andy is then unique lift of w that
satisesx<y<x +1.

Proposition  18.7. Let f : St | S! denote an orientation-preserving reversible
dynamical system with irrational rotation number. There exist in nitely many
p 2 N with the property that for any z 2 S?, the p+1 intervals

are all pairwise disjoint.

Proof. Fix z 2 S* and abbreviatel (p;2z) .= z;f P(z) . Note that f' I(p;2) =
fi(z);f' P(z) sincef is orientation preserving. Thus we wish to nd conditions
that guarantee that the intervals f' 1 (p;z) are all pairwise disjoint for all 0
i p. This is the case if and only if the endpoints of ' |1 (p;z) do not belong
to fl 1(p;2) for all pairs (i;j ) with 0 j <i p. This in turn is equivalent to
asking that

fi(z) 62(p;2);  8jij p:
Since we want this to hold for allz 2 S, we must show that there exist in nitely
many p 2 N such that

f(2) 62 (p; 2); 8jij p; 8z2 sk (18.1)

The key point now is that (18.1) only depends on the ordering of the orbiDs (z).
Let :=rot(f). Then by Proposition 17.1, (18.1) is equivalent to requiring that

(2622 P(2); 8jij p;8z2sh: (18.2)

Finally, by Lemma 1.10 the orbitO (z) is dense inS* for everyz 2 S*. Thus there
are in nitely many p 2 N such that (18.2) holds. This completes the proof. =

Proposition 18.8 Letf : S'! S!be an orientation-preservingC!-di eomorphism
whose derivativef % S! ! R has bounded variation. Supposé = (z;w) is an in-

terval in St with the property that the intervals 1;f (1);:::;fP (1) are all pairwise
disjoint. Set’ g :=log f © Then g has bounded variation, and moreover
(f7)92)
var lo : 18.3
(9) 9 m)qw) (18.3)

LFor the remainder of this lecture, unless stated otherwise by \interval" in S we mean an
open non-empty interval (this is in contrast to Lecture 14!)
2Sincef is orientation preserving andf is a di eomorphism, f °> 0 and thus g is well de ned.
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Proof. We rst show that var(g) is nite. Since f% S! | R is continuous and
positive, by compactness inf®> 0. Then for anyu;v 2 S we can estimate

: : ifqu)  fHVv)j
oW gi= logfy) logfqy XTI,
and hence 9
var
var(@) - Frrro < 1
We now prove (18.3). Since the intervals f (1);:::;fP (1) are all pairwise disjoint
we have
1
var(g) gf’2) g fkw)
k=0
1
gf“2) g fkw)
k=0
p(l pyl
= log fo%fk@) log fOfkw)
k=0 k=0
(f7)92)
= lo :
TRy w)
This completes the proof. [

We are now in a position to prove the Denjoy Theorem.

Proof of the Denjoy Theorem 18.5Assume for contradiction thatf is not transi-
tive. Then by Proposition 17.4 the setA = !¢(zy) is nowhere dense set without
isolated points (for some and hence any poirsy 2 S'). Thus S nA is a union of
intervals. Sincef is reversible, the image and preimage of any one of these inter-
vals (i.e. connected components) is another such interval. Létbe one of these
intervals. Then we claim that the intervalsf P(I) for p2 Z are all pairwise disjoint.
Indeed, iffP(1)\ f9(1) 6 ; thenfP 9(1)\ | & ;, and by the previous remark this
implies that fP 9(1) = 1. By continuity, f? 9(1) = 1. Then Lemma 12.7 implies
that fP 9 has a xed point, which contradicts Proposition 16.1.

Thus the f P(1) are indeed all disjoint. In particular, denoting by

Z
length fP(1) = (f"%z)dz;
|
we have X
length(f°(1)) 1 (18.4)
p2z

Next, by Proposition 18.7, there exists an in nite setS N such that for each
p2 S and everyz 2 S, the intervals



are all pairwise disjoint. Fixp 2 S and z 2 |. By Proposition 18.8, applied with
w=f P(z), we have

var(g) log (FP)Y2)(f M2 ; (18.5)
where we used the chain rule. Thus we can estimate
Z Z
length fP(1) +length f P(1) = (fPA2)dz+ (f P)Y2)dz

ZI |

= (@ +(f MY dz
z

GO

(fP)A2)(f P)Az)dz

ZI

Y P
exp ( var(g)) dz

=exp %var(g) length(l );

. . .. . 24
where () used the arithmetic-geometric inequalityab # and (} ) used (18.5).
This implies that

X
length fP(1) +length f P(1) =1;
p2SsS
which contradicts (18.4). This completes the proof. [

This concludes the section of the course on topological dynamics. Starting next
lecture, we will commence our study oimeasure-theoretic dynamics . Since
\measure-theoretic dynamics" is rather unwieldy, this subject often goes by another
name: ergodic theory . Before then, however, we present:

Revision of Measure Theory: The rest of today's notes consists of a
summary of the results in measure theory that we will need for the rest of
the course. No proofs will be given, but hopefully this material is at least
vaguely familiar to most of you. None of this material iglirectly examinable.

Definition  18.9 Let X be a set. Asigma-algebra on X is a collectionA of
subsets ofX satisfying the following three conditions:

i X 2A.
(i) If A2 AthenX nA2A.
S
(iii) If (Ax) A is a countable sequence then, A, 2 A.

We call the pair (X; A) a measurable space .
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Definition  18.1Q Let (X; A) be a measurable space. Aneasure on (X; A) is
a function : A! [0;1]suchthat (;)=0andif (Ax) A are a sequence of

pairwise disjoint elements ofA then
|
' X
A = (Ak): (18.6)
k k

We say that is nite if (X)< 1. We say that is aprobability measure if
(X) =1. In this case the triple (X; A; ) is called aprobability space

In this course we will always restrict to working with probability measures. This
Is no less general than working with nite measures, since ifis any nite measure
then one can de ne a probability measure from via

(A).
(X)
The fact that we work only with nite measure spaces should be thought as being

analogous to the fact that when looking at topological dynamics we were mainly
interested in compact metric spaces.

(A) =

Definition  18.11 A set A 2 A is said to be anull set for if (A)=0. It
follows from (18.6) that a countable union of null sets is again a null set.

One can produce new probability spaces by restricting to subsets of positive
measure.

Example 18.12 Let (X; A; ) be a probability space and letA 2 A have positive
measure. De ne a new sigma-algebra, on A as

Ar=fB\ AjB 2 Ag;
and de ne a probability measure o on (A; Ap) by setting
1
Q)
We call the probability space @; Aa; a) the restriction of (X; A; )to A.

A(C) = (C);  8C2 An:

Here is a standard way of producing a sigma-algebra.

Definition  18.13 Let X be a set. Asemi-algebra on X is a collectionS of
subsets ofX satisfying the following three conditions.

() X 2S.
(i) If A;B2S thenA\ B2S.

@iy If A2 S then therg exist nitely many pairwise disjoint B;;Bo;:::;Bx 2 S
such thatX nA =~ | B;.

Example 18.14 If X =][0;1] then the collection of all subintervals &; 1 and [G b
where 0 a<b 1, together with the empty set, forms a semi-algebra.
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Definition  18.15 Let X be a set andS a semi-algebra onX. A probability
pre-measure onS is a function ~: S ! [0; 1] such that:

@ ~G)=0.
(i) If ( A@ S areisa cougtable seglence of pairwise disjoint subsets<okuch
that kAk 2 S then ~( kAk) = K NAY):
S
(ii) If B1Bo;:::By are pairwise disjoint elements oS such that X = !‘=1 B
then X, ~(Bj)=1.
Notation.  We write A MB for the symmetric di erence  of A and B:
AMB =(A[ B)n(A\ B):

Definition  18.16 Let S be a semi-algebra on a seX. The sigma-algebra
generated by S, written A (S), is the smallest sigma-algebra orX that contains
S. Equivalently, A(S) is the intersection of all sigma-algebras that contaits .

The next result’ is arguably the cornerstone of the entire subject.

Theorem 18.17 (Main Theorem of Measure Theory)Let X be a set, and suppose
S a semi-algebra onX and ™ a probability pre-measure onS. Then ™ uniquely
extends to a probability measure on A(S), i.e.

(A)="(A); 8A2S A(S):

Moreover, for eachA 2 A(S) and eachS> 0, there exists nitely many disjoint
setsBy;By;:::Bx 2 S such thatif B = ~ <, B; then

(AMB) < :

Example 18.18 If S is the semi-algebra of subintervalsa;ld and [0 b of [0; 1]
from Example 18.14 and s de ned by Ma; = b aand 70; bl = bthen Theorem
18.17 produces thé_ebesgue measure on [0 1].

Remark 18.19 It can be shown that the Lebesgue measure is the unique
translation-invariant measure on [Q1]. This will be useful in Lecture 25.

More generally, we have:

Definition  18.20 Let X be a metric space. LetS denote the semi-algebra on
X obtained by taking nite intersections and complements of the open sets of.
The Borel sigma-algebra B = B (X) on X is the sigma-algebra generated by
this semi-algebra.

Definition  18.21 Let be a probability measure onX; A). We say that a subset
A2 Aisanatom for if (A)> OandifB A is any measurable set strictly
contained inA then (B) =0. We say that ispurely atomic if (A) > 0implies
that A contains an atom. We say that is atomless if has no atoms.

3The fact that A(S) is well-de ned is not entirely obvious. Luckily for us, this is not a course
on measure theory, and so we will not discuss this.

4There are many di erent ways to formulate Theorem 18.17. We use semi-algebras purely for
convenience.



Example 18.22 Let X be a metric space, endowed with its Borel sigma-algebra
B. De ne a probability measure , on (X; B) be declaring that forU 2 B,

1. x2 U;

x(U) =
L) 0 x2U;

We call , the Dirac measure at x. This measure is purely atomic.
We now de ne a measurable function.

Definition  18.23 Let (X; A) be a measurable space. A function: X ! R is
calledmeasurable if u 1(B) 2 A for all B 2 B (R). A complex-valued function is
called measurable if both its real and imaginary parts are measurable.

Definition  18.24 We say that two measurable functions are equal-almost
everywhere if fx 2 X jf(x) 6 g(x)gis a null set (note this set is automatically
measurable). When is understood, we just sayalmost everywhere .

One has the following easy result.

Proposition  18.25 Let X be a metric space equipped with the Borel sigma-
algebraB . Then a continuous functionu: X ! R is measurable.

Notation. Let (X; A) be a measurable space. Givelh 2 A, we denote byl, the
characteristic function of A, de ned by

1, x2A;

1a(X) =
A(X) 0 x2 X nA:

Note that 1, is measurable.
Let us recall how integration works.

Definition  18.26 A function u: X 1 R is called simple if there exists nitely

that u= .. 1 a 1, almost everywhere. Slmple functlonﬁ_.,are obviously measur-
able, and we de ne the -integral of a simple functionu= ., & 1, to be

z Xk
ud = & (A):

X i=1

When is understood we say simplyntegral iq§tead of -integral. Note the value
of . ud isindependent of the representation ikzl a 1a,.

Now supposeu: X ! R is a measurable function which is non-negative almost
everywhere. Then it is easy to see there exists a sequengg (©f simple functions
such thatuy, uandu,! u almost everywhere. Indeed, set

(

Be(X) = D i u(X) < g =150k
K; if u(x) k:



Definition  18.27 Let u: X ! R is a measurable function which is non-negative
almost everywhere. We de ne thantegral of f as the limit

Z Z

ud = Ilim ucd 21[0;11];
X k!l X

where (ug) is any sequence of sr}gnple functiong, such thatuy, uandug! u
almost everywhere. Thepzvalue ofx ud is independent of the sequenceiy), and
we sayf is integrable if X ud < 1.

Next supposeu: X ! R is an arbitrary measurable function. Set
u® (x) := maxfu(x); 0g; u (x) =maxf u(x);0g:
Note that u Oandu=u" u .

Definition  18.28 We say that a real-valued functionu is integrable if both u*
and u are, and in this case we de ne thantegral of u to be the well-de ned
number Z Z Z
ud = u'd u d;
X X X
Thus u is integrable if and only ifjuj is integrable.

Definition  18.29 If u: X ! C is complex valued measurable function, then
writing u = v+ iw, we say thatu is integrable if both v andw are, and we de ne

the integral of u to be the complex number
Z Z Z

ud = vd +i wd:
X X X

Integration has the property that if u; v are two measurable functions such that
u = v almost eygerywhergsthenu is integrable if and only if v is, and if they are
integrable then . ud = , vd .

Definition  18.3Q Let (X; A; ) be a probability space and 1 p < 1. The
spaceLP(X; A; ;R) is the space of all equivalence classes of measurable functions
u: X ! R with the property that juj® is integrable, where the equivalence relation

is given by being equal almost everywhere. The spaté(X; A; ;C) is de ned
similarly.

Typically we will omit the non-important parts of the notationin LP(X; A; ;R),
and just write LP( ) or similar.
Proposition  18.31 The spaceLP( ) is a Banach space, with norm
Z 1=p
kuk, = juj’d
X

MoreoverL?( ;C) is a complex Hilbert space with inner product
z

tu;vy = uvd
X

(here v denotes the complex conjugate of.)
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There are three basic results on integrating that we will need.

Theorem 18.32 (Monotone Convergence Theoreml.et (X; A; ) be a probability
space. Supposguy) is an increasing sequence of integrablegunctions (i.(x)

Uk+1 (X) for almost everyx). If there exists C > 0 such that , uxd <C for all

k then the limit lim ux exists almost everywhere and hence de nes a measurable
function u. Moreoveru is int%grable with

ud = lim ugd:

Next we have:

Theorem 18.33 (Fatou's Lemma) Let (X; A; ) be a probability space. Suppose
(ux) is a sequence gf measurable functions which is bounded below by an integrable
function. If liminf, , ucd < 1 thenu:=Iliminf  uy is integrable and

Z Z

ud lim inf Ugd:

Finally, we have:

Theorem 18.34 (Dominated Convergence Theorem)et (X; A; ) be a probabil-
ity space. Suppose is an integrable function and(uy) is a sequence of measurable
functions with juyj v almost everywhere. Supposémy ux = u almost every-

where. Thenu is integrable and
z z

ud = Ilim ued :
X ki1 X
We now move onto a slightly more advanced topic: thRadon-Nikodym Theo-
rem.

Definition  18.35 Let (X; A) be a measurable space. Supposeand are two
probability measures on X; A). We say that is absolutely continuous with
respect to , if for any setA 2 A,

(A)=0 ) (A)=0:

In words: a null set for is also a null set for . We write to indicate that
is absolutely continuous with respect to . We say that and are equivalent
if and

Givenu 2 L'( ) and A 2 A, we use the notation
z Z

ud = ulpd:
A X
Theorem 18.36 (Radon-Nikodym Theorem)Let and be two probability mea-
sures on the measurable spa¢X; A). Thery if and only if there exists a
functionu; 2 L'( )suchthatu; Oand , u; d =1, and such that
z

(A) = u. d; 8A2A:
A
The function u. is unique -almost everywhere, in the sense that any other func-
tion with these properties is equal tou.  -almost everywhere).



Theorem 18.36 suggests the following de nition.

Definition  18.37 Let and be two probability measures on the measurable
space K; A), and suppose . We call the functionu. appearing in Theo-
rem 18.36 theRadon-Nikodym derivative of with respect to and use the

suggestive notation

s
;_d.

See Remark 18.40 below for the reason for this notation.

Remark 18.38 The Radon-Nikodym Theorem 18.36 does not actually require
or to be probability measures. If they arg, not probability measures however then

the Radon-Nikodym derivative §- satises , §-d = (X).

The next example is the origin of the terminology \absolutely continuous”.

Example 18.39 Let our measurable space be @], equipped with its usual Borel
sigma-algebra (Example 18.18), and be a given probability measure. If we denote
by u the measurable function

u(x) = ((0;xI);

then one can show that is absolutely continuous with respect to the Lebesgue
measure if and only if the function u is absolutely continuous. Moreover in this
caseg— is equal to the derivativeu® of u -almost everywhere.

We now explain the motivation behind the notationg—.

Remark 18.4Q0 Let and be two probability measures on the measurable space

(X; A), and suppose . Supposeu 2 L*( ). Thenu$- 2 L( ) and
z Z q
ud = u—d
X X d
(i.e. formally you can \cancel" thed 's). Moreover if and then
adc+)_d + d. -almost everywhere
d  d  d° ywhere.
Moreover if and then the \chain rule" holds:
d— = d—d— -almost everywhere
d dd’ ywhere.
In particular if and are two equivalent measures then
d d *

- = -almost everywhere
d d w

The \opposite" notion of absolute continuity is the following.

Definition ~ 18.41 Two probability measures and on (X; A) are mutually
singular , written  ? , if there exists someA 2 A such that

(A)=0; and (XnA)=0:
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We then have the following result.

Theorem 18.42 (Lebesgue Decomposition Theoremlet and be two proba-
bility measures on(X; A). Then there existsc 2 [0; 1] and two probability measures
1and , on (X; A) such that

=c1+(1 ¢ » and 1 2 ?
The number c and the probability measures ; and , are uniquely determined.
Here the notation =c¢ ;+(1 ¢ , means that for allA 2 A, one has
(A)=c 1 (A)+(1 0o 2(A):
We conclude this lecture by de ning the notion of a countable basis.

Definition  18.43 A probability space (X; A; ) has acountable basis if there
exists a sequenceB) A such that for anyA 2 A and any > O there existsBg
such that (A MBy) <

Example 18.44 SupposeX is a separable metric space an denotes the Borel
sigma-algebra. Then X; B; ) has a countable basis for any probability measure

Recall that a Hilbert space isseparable if it has a countable dense subset. Our
nal result for today is:

Proposition  18.45 A probability space (X; A; ) has a countable basis if and
only if the Hilbert spacelL?( ;C) is separable.
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LECTURE 19

Ergodicity

We begin by giving the \measure-theoretic" notion of a dynamical system. First,
a remark on the terminology.

Remark 19.1 Itis customary in measure theory to refer to maps between proba-
bility spaces agransformationsrather than functions. This is purely by convention.

Definition  19.2 Suppose X; A; ) is a probability space. A transformation
f: X! X is calledmeasurable if f 1(A)2 A forall A2 A.

To reduce the pro igation of parentheses, we will usually write simplf A
instead of the more formally correct 1(A).

Example 19.3 Let X be a metric space. EquiX with its Borel sigma-algebraB .
Then any continuous mapf : X ! X is measurable. This is provedin a similar
fashion to Proposition 18.25.

Definition  19.4 Let (X; A; ) be a probability space. Ameasure-preserving
dynamical system is a measurable transformatiorf : X ! X such that

f A= (A); 8A2A:

If in addition f is bijective andf ! is also measure-preserving then we cdll a
reversible measure-preserving dynamical system

Most of the time we will omit the phrasemeasure-preservingand simply call f
a dynamical system . This is analogous to the way that we always omitted the
adjective \topological" from De nition 1.1. Since this is a slightly non-standard
convention, we emphasise it once more:

Convention: A dynamical system f on a probability space K; A; ) is
(by de nition) a measure-preserving transformationf : X ! X.

Starting in Proposition 19.18 below and throughout Lectures 24 to 28, we will
consider both topological dynamical systems and measure-preserving dynamical
systems at the same time. Whenever ambiguity is possible, we will not drop the
relevant adjective.

Remark 19.5 Let (X; A; ) be a probability space. Suppos& A is a semi-
algebra that generatesA (i.e. such that A(S)= A). If f: X I X is \measure-
preserving onS " in the sense that for eachA 2 S we havef A 2 A and moreover
that

f A= (A); 8A2S;

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
LApart from the fact that Proposition 18.25 was stated without proof. . .
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then in fact f is measure-preserving on all of, and hence a dynamical system.
This is proved using abstract measure-theoretic results (similar to those needed to
prove Theorem 18.17), which we will not discuss.

Therefore it su ces to check the measure-preserving property on a semi-algebra
that generates the sigma-algebra. This will occasionally be useful. For exam-
ple, given a transformationf : [0;1] ! [O; 1], in order to show thatf is measure-
preserving with respect to the Lebesgue measure, it su ces to check this property
on the intervals (@;d and [0 bjfor0 a<b 1, cf. Example 18.18.

Definition 19.6 Let (X; A; ) be a probability space and : X ! X adynamical
system. A measurable sef is calledinvariant if f A = A.

Note we must usef A in the de nition rather than f (A), sincef (A) may not
be an element ofA.

Remark 19.7. Warning: This de nition is slightly at odds with the de nition of
an invariant set for a topological dynamical system (cf. De nition 1.14). This is
unfortunate, but the terminology is too entrenched to try and change.

Remark 19.8 Supposd is a dynamical system onX; A; ), and A is an invariant
set with positive measure. Therf jo de nes a dynamical system on the restricted
probability space A; Aa; a) from Example 18.12.

The following result is our main way of producing invariant sets.

Proposition  19.9 Let f be dynamical system on a probability spacé€X; A; ).
Given A 2 A, set
[ v

E,= f kA E= E,
k=n n=0
Then E is an invariant set with (E) = (Eg) and (A\ E)= (A).
Proof. Observe that for m n, En, = f" ™(E,), and hence asf is measure

preserving we have (E,) = (Ep) forall n 0. SinceE, E, ; for eachn, it
follows that” (E) = (Ey). Moreover by de nition E is invariant:

\1

f 1(E) f (k+l)(A)

n=0 k=n
\1
= ‘ f kA
n=0 k=n+1
\1
= En
n=1

2This is a standard elementary piece of measure theory, but it is important you realise that
this only holds because we are working on a nite measure space. Indeed, iK(A; ) is any
(not necessarily nite) measure space and ), ¢ is a family of measurable subsets such that
En En, 1forn land (Eg)< 1l then

\1 .
En =Ilim (En):
nll
n=0

Exercise: Prove this!



asE, Epforeachn 0. Finally (A\ E)= (A\ Eo) = (A)sinceA E,.
This completes the proof. [

To illustrate the power of bringing a measure into play, let us prove the following
famous result, which is alsbdue to Poincae.

Theorem 19.10 (Poincae Recurrence Theorem)Let f be a dynamical system
on a probability space(X; A; ). SupposeA 2 A has (A) > 0. Then almost all

points in A return to A underf in nitely many times. That is, there exists a subset
A Awith (A )= (A) such that for eachx 2 A there exists a sequencép)

of numbers such thatk, ! 1 and such thatf *(x) 2 A for eachn 1.

Proof. Let E be as in Proposition 19.9. Thelk is the set of points inX that enter
A in nitely many times under positive iterates off. SetA = A\ E. If x2 A
then there exists a sequence € k1 < k, < ::: with fk(x) 2 A for eachn. In
fact, f*n(x) 2 A , sincefkm(x) = f*m ko fko(x) 2 A for everym >n. Moreover
(A )= (A) by Proposition 19.9. This completes the proof. [

Supposé is a dynamical system on a probability spaceX; A; ), and suppose
one can nd an invariant setA for f. Then as in the topological case, we can then
reduce the study of the dynamics of to the (hopefully simpler) systemsf j5 and
fjxna. Butin a measure-theoretic setting, there is an additional subtlety, in that
we ignore sets of measure zero. Thus we are only interested in invariant sats
with the property that both (A) and (X nA) are positive. It therefore makes
sense to single out those dynamical systems for which one cannot simplify things by
restricting to an invariant subset. This gives rise to the measure-theoretic analogue
of transitivity, which is called ergodicity.

Definition  19.11 Let (X; A; ) be a probability space. A dynamical system
f: X ! X is calledergodic if the only invariant measurable sets either have full
measure or zero measure: K 2 A then

f IA=A ) (A) 2 f0:1g:
Here is a rst result about ergodicity.

Proposition 19.12 Letf be a dynamical system on a probability spacgX; A; ).
Then the following are equivalent:

(i) f is ergodic.

(i) If A2 A satises f AMA =0 then (A)2f0;lg.
S
(i) If A2 A has (A) > 0then L f kA =1,

3A great number of de nitions and theorems in Dynamical Systems bear Poincae's name.
This is not due to a lack of imagination in textbook writers, but more a testament to Poincae's
brilliance. He single-handedly invented what we refer to as \Dynamical Systems" during his
work on the Three-Body Problem in the late nineteenth century (more on this next semester).
Amazingly enough, Poincae was also responsible for inventing Algebraic Topology. (After all,
why invent one eld of mathematics when you can invent two?) An absolute legend.

4Actually at a rst glance this may appear closer to the notion of minimality; see Remark
19.14 below.



(iv) If A;B 2 A and (A); (B)> Othen there existsk 1suchthat f XA\
B >0

The proof will use the following easy observation: for any measurable s&B ,
one has:
i (A) (B)j (A MB): (19.1)

Indeed, this is immediate from the fact that (A) = (AnB)+ (A\ B) and
(B)= (BnA)+ (A\ B).

Proof. We rst prove that (i) implies (ii). For this let us rst note that for any set
A2 A andanyk 1, one has

k l[ ' i+1 i
f KAMA f *DA)Mf 'A (19.2)
i=0

Indeed, suppose 2 A but fX(x) ZA. If f(x) 2A thenx 2 f A MA and we are
done. Thus we may assume thdt(x) 2 A. Then if f 2(x) 2 A then we are done, as
thenx 2 f 2A Mf A. This process will eventually produce some 0i k 1
such that f'(x) 2 A but f*1(x) 2 A, as otherwise we would end up assuming that
fkK(x) 2 A, contrary to our hypotheses. A similar argument works if we assume
that f¥(x) 2 A but x 2 A, and thus (19.2) is proved.

Now assume thatA 2 A satises (f A MA)=0. We claim that

(f KAMA)=0; 8k 1 (19.3)

To see this, use (19.2) to obtain

£ .
f KAMA f (DAY MF A
i=0
1 .
f'fAMA;
i=0

and then asf is measure-preserving we get
f KAMA) k (f *AMA)=0:

Now let E and E,, be de ned as in Proposition 19.9. We claim that in this case one
actually has (A) = (E) (rather than just (A\ E) = (A).) Indeed, by (19.3)
we have %

(A ME,) (AMf kA)=0;
k=n
and thus asE E, and (E) = (E,) by Proposition 19.9 we obtain (A M
E)=0. Thus by (19.1), we have (A)= (E). SinceE is invariant, by ergodicity
(E) 2f 0;1g, and hence the same is true of(A). This proves (ii).

Now we prove that (ii) implies (iii). SupposeA 2 A has (A) > 0. ConsiderE;
as de ned in Proposition 19.9. Then sincé E; E;and (f E;)= (Ey), we
have (f 'E; ME;) =0. Thus by (ii) we have (E;) 2 fO0;1g. Sincef A E;
we cannot have (E;) =0, whence (E;) =1. This proves (iii).
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Now let us prove that (iii) implies (iv). SupposeA;B 2 A both have positive
measure. Then withE; as above, by (ii)) one has (E;) = 1, and thus
!

¢ ‘
0< (B)= (B\ E;)= (B\ f *A)
k=1

Hence there must exisk 1 with (f XA\ B) > 0. This proves (iv).
Finally let us show that (iv) implies (i). SupposeA 2 A is invariant. |If
0< (A)< 1lthen

0= A\ (XnA) = f KA\ (X nA)
for all k 1, which contradicts (iv). This completes the proof. [

Remark 19.13 The strength of part (ii) of Proposition 19.12 is the following.
SupposeA 2 A satisesA f A (orf A A). Then (A Mf !A)=0, and
hence iff is ergodic thenA has measure O or 1.

Another important point to note is the following.

Remark 19.14 At a rst glance, it may appear that the natural topological
analogue of ergodicity is minimality, not topological transitivity. However in the
measure-theoretic world, we are free to ignore things that happen on sets of mea-
sure zero. This corresponds to asking sets to be dense in the topological world|
compare part (iil) of Proposition 19.13 with part (iii) or Proposition 2.4 and part
(i) of Proposition 2.14. Nevertheless, the correspondence between ergodicity and
transitivity is not \perfect"; see Proposition 19.18 and Remark 19.19 below.

We will shortly give another equivalent set of characterisations of ergodicity, but
let us rst show how to a measure-preserving transformatioh one can associate
an isometry of the Hilbert spacel 2.

Definition  19.15 Let f be a dynamical system on a probability spacex( A; ).
Given a (real or complex-valued) measurable function, we denote byf (u) the
measurable function de ned by

f(u)(x) = u(f (x)):
Note that f is a linear operator and
f (uv)=f (Wf (v):

If uis real-valued then so i§ (u), and if u O thenf (u) 0. Slightly less
obviously, we have:

Proposition 19.16 Letf be a dynamical system on a probability spaceX; A; ).

Then for any measurable functioru, one has
Z z

f (ud = ud (19.4)
X X

(where one side doesn't exist or is in nite if and only if the other is). Ip2 [1;1 )

andu 2 LP( ) thenkf (u)k, = kukp, and hence is alinear isometryf : LP( )!

LP( ). In particular, if f is reversible thenf is a unitary operator on the Hilbert

spaceL?( ;C).



Proof. It su ces to prove (19.4) when f is real-valued by considering the real and
imaginary parts separately. Similarly if suces to prove (19.4) whenu is non-
negative. If u is a simple function, then the result is immediate a$ is measure
preserving and

f (1A): 1 14l

If uis a non-negative measurable function and, a sequence of simple functions
increasing tou then f (uy) is a sequence of simple functions increasing to(u).

Then
Z Z

f(ud =lim f (u)d
k ZX

=lim
Z
ud:

X

X

de

which proves (19.4) in this case. Next, ifi 2 LP( ) then apply (19.4) tov = jujP to
see thatf (u) 2 LP( ) and kf (u)k, = kuk,. If f is invertible then f is surjective
asf (f 1) (u) = (u). Moreover ifu;v 2 L?( ;C) then applying (19.4) tow = uv
and using the fact thatf (w)= f (u) f (v) shows that

tf (u);f (vV)y = tu;vy:
Thus f is unitary. This completes the proof. [

As promised, here is another set of equivalent characterisations of ergodicity.
On Problem Sheet J you will nd another one.

Proposition 19.17 Letf be a dynamical system on a probability spacgX; A; ).
The following are equivalent:

(i) f is ergodic.

(i) For any measurableu, if f (u) = u almost everywhere thenu is constant
almost everywhere.

(i) Foranyu?2 L?( ), if f (u) = ualmost everywhere theru is constant almost
everywhere.

Proof. It is obvious that (ii) ) (iii), so we need only show that (1)) (i) and (iii)
) ().

We start with (i) ) (ii). Assume that f (u) = u almost everywhere. We may
assume, by taking real and imaginary parts, that is real-valued. De ne fork 2 Z

andn > 0 a set
k+1

2I’1

Xgn = x2Xj2£n u(x) <

Then
f Xn MXn f x2 X jf (u)(x) 6 u(x)g:



Thus by part (i) of Proposition 19.12 and the assumption thatf is ergodic, we
obtain that (Xy.n) 2 f 0; 1g: Since for anyn > 0 we have

&
X = Xkns
k=1

as a disjoint union, it follows that for eachn > 0 there exists a uniquek,, such that
(Xiun) = 1. Set
\1
Y:= Xkoon:
n=1
Then (Y) = 1. But by construction, u is constant onY, and henceu is constant
almost everywhere. This proves (ii).

We now prove (iii) ) (i). SupposeE X is invariant. Then 1g 2 L2( )
satisesf (1g)= 1lg everywhere. Thus by (iii) the functionlg is constant almost
everywhere. Thus eitherlg equals 0 almost everywhere, otg equals 1 almost
everywhere. In either case we have

z

(E) = led 210;1g:
X

This completes the proof. [

We conclude this lecture by making an explicit connection between ergodicity
and transitivity.

Proposition 19.18 Let X be a metric space, and leB denote the Borel sigma-
algebra. Supposé : X ! X is a topological dynamical system oX , and® assume
there exists a probability measure on X for which f is an ergodic measure-
preserving dynamical system with respect to. Assume in addition that (A) > 0
for each non-empty open sefA. Then f is transitive.

Proof. Let U and V be any two non-empty open subsets of. By part (iv) of
Proposition 19.17 there exist& > 0 such that (f XU\ V) > 0. Thusf kK(U)\ V 6
., and hence alsdJ \ f¥(V) 6 ;. L]

Remark 19.19 We will prove in Lecture 22 that whenX is compact the red part

of the hypotheses of Proposition 19.18 is actuallyot an assumption: iff : X ! X

a topological dynamical system on a compact metric space then theavays exists

a probability measure on the Borel sigma-algebraB such that f is an ergodic
measure-preserving dynamical system with respect to However in general there is

no reason why this measure should be positive on open sets. For instance, suppose
x iIs a xed point of X. Then the Dirac measure x from Example 18.22 is a
probability measure for whichf is both measure-preserving and ergodic.

SWhy is this in red? See Remark 19.19.



LECTURE 20

The Birkho Ergodic Theorem

In this lecture we state and prove the famous8irkho Ergodic Theorem.

Definition  20.1 Let f be a dynamical system on a probability spacex( A; ).
Givenu 2 L( ), we de ne the time average of u with respect to f to be the
function "

1
b(x) = Li!rln% u(f'(x));  if the limit exists.

When f is understood, we simply calb the time average of u.

In fact, for any u 2 L*( ), the limit exists almost everywhere, anch 2 L( ).
This is a consequence of the following famous theorem.

Theorem 20.2 (Birkho Ergodic Theorem). Let f be a dynamical system on a
probability space (X; A; ). Then for anyu 2 L( ), the time averageb is a well
de ned integrable function which isf -invariant: f (b) = b almost everywhere.
Moreover Z Z

ud = bd

X X

An immediate corollary of Theorem 20.2 is:

Corollary 20.3 Let f be an ergodic dynamical system on a probability space
(X; A; ). Then forgny u 2 LY( ), the time averageb is constant almost every-
where, and equal to , ud .

Proof. If f is ergodic thenf (b) = b almost everywhere implies thatb is almost
everywhere constant by part (i) of Proposition 19.17. [

R
Remark 20.4 One often calls the integral , ud the space average of the
function u. Thus in the ergodic case, Theorem 20.2 can be concisely stated as
saying that:

time average = space average.

Many arguments in statistical mechanics implicitly assume that the time average
is equal to the space average, and thus for these arguments to be mathematically
valid, one needs to verify the dynamical system in question is ergodic.
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Before embarking on the proof of Theorem 20.2, let us see two applications of
Theorem 20.2. Further results of this form are on Problem Sheet J.

Recall that any numberx 2 [0; 1) has a binary expansion

— X X
B ok
k=1 2
where x, 2 f 0;1g for eachk. For all but countably many x 2 [0;1), the binary
representation is unique.

Definition  20.5 We say thatx 2 [0; 1) is normal to base 2 if the frequency of
1's in the binary expansion ofx is %

It is easy to write down examples of numbers that areot normal to base 2,
for instancex = % has a binary expansion withx; =1 and xx =0 for all k 2.
Nevertheless, it is a somewhat remarkable fact that most numbers are normal:

Proposition  20.6 Almost all numbers (with respect to the Lebesgue measurg
in [0; 1) are normal to base 2.

Proof. Let e,: [0;1) ! [0;1) denote the doubling map,e,(x) = 2x mod 1. By
Problem J.1, e, is ergodic with respect to Lebesgue measure Let X [0; 1)
denote the set of points whose binary expansion is unique. ThefX) = 1, since
the complement ofX is countable. Ifx 2 X then writing

|
X Xk X Xk+1 |
P 2k
k=1 k=1

&(X) = &

we observe that ifu = 1j;-,.1) one has

wGoN= g e

P :
Thus for x 2 X, the number of 1's in the rst k digits of x is :<=01 u(ey(x)). By
Corollary 20.3, one has

K 1 z

1 .
= u(g(x)) ! 1=z d =
X

K ; almost everywhere.
i=0

NI

This says that the frequency of 1's in the binary expansion of almost every2 X
is % and thus completes the proof. [

Here is another application of Theorem 20.2, which will be useful in later lec-
tures.

LStrictly speaking, Problem J.1 is formulated on the circle instead of [01), but this makes no
di erence.



Proposition  20.7. Let f be a dynamical system on a probability spaceX; A; ).
Then f is ergodic if and only if for allA;B 2 A one has

1 X1 .
= (f TA\ B)! (A) (B): (20.1)
i=0

Proof. Supposef is ergodic. Choosal = 1, and apply Corollary 20.3 to obtain

X1 _
% 1a(f'(x)) ! (A); almost everywhere.
i=0

Multiply both sides by 1z to obtain

X1 _
1 Ia(f'(x)1s ! (A)lg; almost everywhere.
i=0

Now apply the Dominated Convergence Theorem 18.34 to obtain

1 Xt
=7 AV B)!  (A) (B)

i=0

as required.

For the gpnverse, supposE is an invariant set. SetA = B = E and apply (20.1)
to obtain { :<:01 (E)! (E)2 Thus (E)= (E)? whichimplies (E) 2f 0;1g.
This completes the proof. [

We will now get started on the proof of Theorem 20.2. The key step is the
following rather strange series of constructions. LetX; A; ) be a probability
space. Suppos®:LY( )! L*( ) is apositive linear operator with kPko,, 1.
Explicitly, this means that

u 0 ) Pu O

and
kPuk; k ukq; 8u2L():

Let us now x a function u 2 L( ;R). Using P, we de ne a sequence of functions
(ug) for k =0;1;2;:::. Namely, let us rst set ug := 0 and then de ne inductively

fork 1
K1
Uk = Piu:
i=0
We then de ne forn=0;1;2;::: a function

Vh(X) = max ug(x):
0 k n
Note that v, 0 sinceug = 0. Finally we set

V. =SUp Vp:
n 0

3



Note that clearly v, 2 L( ), and hence the functionv is measurable (but not
necessarily inL( )). Next, we de ne measurable seté\, 2 A by

A, =1fx2 X jvy(x) > Og;

sothat A, A1, and the union

n=0
is exactly the set on whichv is positive. We then claim:
Theorem 20.8 (Maximal Ergodic Theorem) It holds that
z

ud o)
A

At the moment this result probably looks completely random to you (and utterly
undeserving of a special name!), but fear not: all will be revealed soon.

Proof. SinceA, A,:1, by the Dominated Convergence Theorem 18.34 it su ces
to show that Z

ud 0; 8n 2 N:

An
Indeed,uls, ! uls andjulaj j uj, so
z z Z
ud = ulps, d ! ulad = ud:
An X X A

Soletus xn 1. ForO Kk n one has by de nition that v,  ux, and hence
by positivity Pv, P ug, which implies that

Pv,+ U U1 80 k n:
Thus if x 2 A, then
Pvn(x) + u(x) 1mka)§ ug(x) = (r)n?xn Uk (X) = vh(X);
where the second equality used the fact that,(x) > 0 for x 2 A,,, and hence the

maximum cannot be achieved by, = 0.
In other words, we have shown

u vn, P on An;
and hence
Z Z Z
ud v, d Pv,d
An ZAn Z An
= vnd Pv,d; sincev, =0on X nA;;
ZX ZAn
v, d Pv,d; sincePv, O;
X X
0; sincekPk 1:
This completes the proof. [



We now use the Maximal Ergodic Theorem to prove another technical looking
result.

Proposition 20.9 Let f be a dynamical system on a probability spacgX; A; )
and letw 2 L( ;R). Givena 2 R, set

Ya= x2X sup- w(f'(x)) >a
1k

)

Then if E is any invariant subset forf one has
Z

wd a (E\ Yy):
E\ Ya

Proof. We rst prove the result in the special case wher& = X. Setu = w a.
Rhen Y, is precisely the setA frogn the Maximal Ergodic Theorem 20.8, and thus
y,ud 0, which implies that , wd a (Y,). For the general case we may
assume that (E) > 0, otherwise there is nothing to prove. We then consider the
dynamical systemf je on the restricted probability space E; Ag; g) (cf. Remark

19.8) and apply the case we have already proved. This completes the proof. m

We are now ready for the proof of Theorem 20.2. This proof is non-examinable|
not because it is particularly hard, but because it is rather long.

(| ) Proof. We may as usual assume that is real-valued, by taking real and imag-
inary parts. We prove the result in three steps.

1. De ne
1Xt
Usup(X) = limsup — u(f'(x));
ki o Ko
and
o1k
Uinf (X) = Ilrlnllnf K u(f'(x)):

i=0
In this step we show that

Usup = Uin almost everywhere.

Figt observe that both us,, and ui,; are invariant under f. Indeed, if uc(x) =
L5 K Fu(fi(x)) then
k+1
k

and thus taking limsup and liminf ask ! 1  establishes our claim.
To show that ugy, = Uiy almost everywhere, de ne fora; b2 R the set

Uea (9 lF () = Lu(x);

Xap = Fx2 X jups(X) <b and ugyp(x) > ag:

Since [
fx2 X J Uinf (X) <u sup(x)g Xa;b;
a;b2Q; b<a



it suces to show that (X,p) = 0 if b < a. Sinceus,, and uys are invariant,
one hasf X, = Xap. If f was ergodic then it would immediately follow that
(Xap) = 0, but for the full statement we need to use Proposition 20.9.
For this, set as in Proposition 20.9

( KL )
Ya= Xx2X sup- u(f'(x)) >a
K1k
Then
Xa;b\ Ya = Xa;b:
By Proposition 20.9 we obtain

Z Z
ud = ud
Xapb Xap\ Ya
a (Xa;b\ Ya)
=a (Xa;b):
But now replacingu; a;bwith u; b; a respectively, and using (U)syp =  Uinf
and ( U)ir = Usyp We get also that
Z
ud b (Xap):
Xab

Thus a (Xap) b (Xap). This is true for any a;h If b < a then it forces
(X a;b) =0.
2. It follows that b exists almost everywhere and agrees with both,, and
Uini - Now we show thatb 2 L*( ). For this set

| G
vi(x) = = u(f'(x)) :
0

Then vg 0 and by Proposition 19.16 one hasRX Vi d RX juyd . Thus by
Fatou's Lemma 18.33 we see that limipfvx = juij is integrable, i.e. thatuj; 2
Li().

3. In this nal step we show that
game to the above. Set

R . _
wbd = ud . Forthis we play a similar

k+1
n

k

fork2 Z andn 2 N. Given" > 0, we have
Zn;k\ Y o= Znk;

whereY, is as de ned above. Thus by Proposition 20.9 once more we obtain

V4
k " .
. ud p (Znk):

6



Since" was arbitrary, it follows that

Z
k

Zn;k

Using the de nition of Z,.x we then have

Z
k+1

usup d (Zn;k)
Znk
" Z
1 (Znk) + ud:
ﬁ n;k .

Zn;k

Summing overk gives 7 7
1
Usyp d —+ ud:
x P n X
Since this holds for anyn, we obtain
z z
Usyp d ud: (20.2)
X X
Now apply this to u to obtain
z z

( UWsypd (uwd;
X

X

or equivalently that 7 7
Uins d ud: (20.3)
X X
Sinceugy, = Uiy almost everywhere by Step 1, combining (20.2) and (20.3) shows
that Z Z
bd = ud:
X X
This completes the proof. [



LECTURE 21

Mixing from a Measure-Theoretic
Viewpoint

In this lecture we investigate the measure-theoretic analogues of the mixing and
weakly mixing properties from Lecture 5. The starting point for this discussion
Is Proposition 20.7, which tells us that iff is an ergodic dynamical system on a
probability space X; A; ) then

R S

|<|!'1m K (f '"A\ B)= (A) (B):

i=0
This motivates the following de nitions.

Definition 21.1 Let f be a dynamical system on a probability spaceX( A; ).
We say thatf is:

(i) weakly mixing if for all A;B 2 A

X! .
lim = (f 'A\ B) (A) (B) =0:

(i) mixing if forall A;B 2 A,
Jim - (f KA\ B)= (A) (B):

Remark 21.2 Whilst the mixing condition is very natural, you may be forgiven
for thinking that the weakly mixing condition is somewhat contrived. Moreover
at rst glance it would not to have anything to do with the topological de nition

of weak mixing (cf. De nition 5.6). However fear not: by the end of the lecture
the weak mixing condition will seem much more natural, and the correspondence
between the topological and measure-theoretic de nitions will be clear.

Lemma 21.3 Let f be a dynamical system on a probability spaceX; A; ). Then

f is mixing ) f is weakly mixing ) f is ergodic.
Proof. Observnghat if (ax)x o is any sequence of real numbers then lya,,= 0 im-
pliesthatlim, 1~ 'ja;j = 0, and this latter condition implies that lim, & < 'a =
0. The lemma follows witha, = (f A\ B) (A) (B). [

Recall from Remark 19.5 that given a transformatiori : X ! X on a probabil-
ity space (X; A; ), in order to check whetherf is measure-preserving it su ces to
test it on any semi-algebra generatindd. In fact, the same is true for ergodicity,
weak mixing and mixing, as we now prove.
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Proposition 21.4 Suppose(X; A; ) is a probability space and suppos& A
is a semi-algebra that generate8.. Let f be a dynamical system on a probability
space(X; A; ). Then:
(i) f is ergodic if and only if for allA;B 2 S, one has
1 1
-1 " _ _
I(I!llrn ” (f “A\ B) (A) (B):

(i) f is weakly mixing if and only if for all A;B 2 S, one has

okt .
|(Illlrn PR (f 'A\ B) (A) (B)j=0:
! o

|:
(i) f is mixing if and only if for all A;B 2 S, one has

ﬂp(f%\m:(M(m:

Proof. Firstly, it is clear that if all three properties hold for elements ofS then
they also hold for nite disjoint unions of elements ofS. Now let A;B 2 A, and

to S sélch that A \ A 55 ifi 6 j andB;\ B; = ; if i 6 j and such that if
Ao= P, A andBy= ' Bithen (AMAg) <" and (B MBg) <". Note
that for i 0, one has

f A\ B M f 'Ag\ Bg f 'AMf 'Aq [ B MByg ;
and hence we have
f TA\VB M f 'Ag\ By < 29
and hence _ _
(f 'A\ B) (f 'Ap\ Bg) <2
by (19.1). Thus we have

(f '"A\ B) (A) (B) (f 'A\ B) (f 'Ap\ Bo)
+ (f 'Ag\ Bg)  (Ao) (Bo)
+ (A) (B) (A) (Bo)
+  (A) (Bo) (Ao) (Bo)
<4+ (f "Ao\ Bo) (Aog) (Bo);
where the last used used (19.1) again to estimaje(A) (Ag)j <" andj (B)
(Bo)j <" . From this, both (ii) and (iii) follow, since Ay and By are nite unions

of elements inS. The proof of (i) proceeds along similar lines: arguing as above
we nd

1 X1 . 1 X1 .
K (f '"A\ B) (A) (B) <4'+ K (f "Ao\ Bo)  (Ao) (Bo) ;
i=0 i=0
and then the conclusion follows as before. This completes the proof. [
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We now take a short detour and discuss some convergence properties of se-
guences of real numbers.

Definition  21.5 A subsetK f 0;1;2;:::9 hasdensity zero if

im #K\f 0;1,2:::;k 1g=0:
ki1 k
Proposition 21.6 Let (ax)x o be a bounded sequence of real numbers. Then the

following are equivalent:

() lmen 1 K Hai=o0;
(i) There exists a subseK f 0;1;2;:::gof density zero such thatimy,; ax =
0 providedk 2 K.
(i) m a2 K tag? =0,
By a slight abuse of notation, we will write the conclusion of (ii) as

limag,=0:
k2K

This proof is non-examinable.

(| ) Proof. Given any subsetl f 0;1;2;:::g, let us denote byN; (k) the cardinal-
ity of J\f 0;1;2;:::;k 1g, sothatJ has density zero if and only if lim;  £N; (k) =
0.

We rst prove that (i) ) (ii). Given n 1, let J,, denote the set ofk 2

f0;1;2;:::gsuch thatjaj 2:ThenJd; J, J; . Each setJ, has density
Zero, since
11Xt
= Jaj  —Ng, (K):
k o nk
This means there exists integers 0 §o <j 1 <j 2 < such that
1 1 .
ENJnﬂ (k) < N+l 8k jn:
Now set o
K = Jnar \ [insinea] :
n=0
We claim that K has density zero. Sincd; J, L ifjn k<] n+e1 we have

KV [Ok)= K\ [0jn) [ K\ [1n;k)

and therefore

1 1 .

ENK (k) E NJn (J n) + NJn+1 (k)
1
k N, (k) + Nj,., (k)
1 1
Z+
n n+1



Thus K has density zero as required. Moreoverkf>| , andk 2 K thenk 2 J,.;
and hencejacj < —5. Thus limgex jagj = 0. This proves (ii).
Now let us prove that (i) ) (i). Let K be a set of density zero such that

limek ax = 0. Since by assumption &) is bounded, there exists€C > 0 such that
jaj C; 8k O (21.1)

Let "> 0. Then there existsn = n(") such that if

jag <" 8k nsuchthatk 2 K; (21.2)
and L
RNK (k) <™ 8k n: (21.3)
Now assume that n
k> —: (21.4)

P
Then by splitting the sum % rzoljaij into three pieces we see that
!

1Xt g X . X . X o
K Ja) = K Jai] + Jaj  + ja)
i=0 i2K\f 0;1;2;::5k 1g i2f 0;1;2;::n 1gnK i2f n;ink 1gnkK
< %NK(k)+ cE ! by (21.1) and (21.2)
<C"+C"+" by (21.3) and (21.4)
=(2C+1)"

Thus (i) follows. Finally, (iii) ) (i) is obvious, and to see that (i)) (i), we
observe that ifK is as in (ii) then

- . . . - .2_ .
lim jagj =0 ) lim jaj* = 0:

Thus completes the proof. [

An immediate corollary of Proposition 21.6 is the following alternative charac-
terisations of the weak mixing property.

Corollary 21.7. Let f be a dynamical system on a probability spacéx; A; ).
The following are equivalent.

() f is weakly mixing.

(i) For every pair A;B 2 A there exists a setK (A;B) f 0;1;2:::9 of density
zero such that
lim (f KA\ B)= (A) (B):

k2K (A;B)
(i) For every pairA;B 2 A one has

) :|.>,(l : 2
I(|!I{‘n P (f 'A\ B) (A) (B) " =0:



Proof. Apply Proposition 21.6 with a, = (f XA\ B) (A) (B). [

Remark 21.8 In Problem Sheet K you will show that if (X; A; ) has a countable
basis (De nition 18.43) then part (ii) of Corollary 21.7 can be improved to show
that the set K (A; B) can be chosen independently oA and B.

In the topological world, weak mixing was de ned in terms of the product dy-
namical systemf f. A similar thing is true in the measure-theoretic world, as
we now explain.

Definition  21.9 Suppose X; A) is a measurable space. Le® denote the semi-
algebraonX X given by sets of the formA B for A;B 2 A. The sigma-algebra
generated (cf. De nition 18.16) by this semi-algebra is denoted b A and is
called theproduct sigma-algebra . Next, if is a probability measure onA then

~(A B)= (A) (B)

Is a probability pre-measure onS. Thus Theorem 18.17 tells us that there is a
unique probability measure onA A that agrees with ~on S A A, We
denote this probability measure by and call it the product measure .

We adopt the convention that if (X; A; ) is a probability space thenX X
should always be considered with the product sigma-algebfa A and the product
measure , even if this is not explicitly stated.

We conclude this lecture by proving the measure-theoretic analogue of Fursten-
berg's Theorem 6.5.

Theorem 21.10 (Measure-theoretic version of Furstenberg's Theorem)et f be
a measure-preserving transformation on a probability spadqe; A; ). Then the
following are equivalent:

(i) f is weakly mixing.
(i) £ f is ergodic.
@iy f f is weakly mixing.

Remark 21.11 The equivalence of (i) and (ii) explains why this de nition of weak
mixing is analogous to the topological one (De nition 5.6). The equivalence of (i)
and (iii) is the analogue of Furstenberg's Theorem 6.5.

Proof. Let us rst prove that (i) implies (ii). Let A;B;C;D 2 A. Sincef is
weakly mixing, by part (i) of Corollary 21.7 there exist subset¥&; = K (A;B) and
K, = K(C;D) of density zero such that

Jm - (f “A\ B)= (A) (B);

and

kljoZ (f kc\ D)= (C) (D):



Let K = K;[ K,. ThenK is also a set of density zero, and we have

im(~ ) (f f)%A ©)\ (B D) =lm (f “A\ B) (f “C\ D)

k2K
(A) () (C) (D)
=( )JA C)X )B D)

Since sets of the formrA  C form a semi-algebra that generates the sigma-algebra
onX X, it follows from Proposition 21.4 and Corollary 21.7 thaf f is weakly
mixing. This proves (iii). The fact that (iii) implies (ii) is obvious. Let us now
prove that (ii) implies (i). Let A;B 2 A. We have

Xt X! i
lim fAVB =lm = () DA X)NE X)

D0 0A X} B X);
= (A) (B)

where (~) used thatf f is ergodic. Similarly we have

Xt o1 Kk? .
Im " AVBE=Im o () DA AV(E B

S )A A )B B)
= (A)? (B)?

where (~) again used thatf f is ergodic. Putting these two together gives

.1 i 2

k|!|1m E.: (f '"A\ B) (A) (B)
T 1X* [ 2 [ 2 2
= |I<I!r1n E__ (f 'A\ B) 2 (f '"A\ B) (A) (B)+ (A)” (B)
=2 (A)? (B)? 2 (A)® (B)?
=0:

Thus by Corollary 21.7 we see that is weakly mixing. This proves (i), and thus
completes the proof. [



LECTURE 22

Spectral properties of Dynamical
Systems

In this lecture we discuss a \functional analytic" interpretation of mixing and

weakly mixing for measure-preserving dynamical systems. Unfortunately we are

only able to scratch the surface, since most of the results in this direction require

considerably more functional analysis that this course assumess a prerequisite.
We begin with the following statement.

Proposition 22.1 Let f be a measure-preserving transformation of a probability
space(X; A; ). Then the following are equivalent:

(i) f is mixing.

(i) Forall u;v2 L? ;C), one has

Z Z
limt(f )*(u);vy= ud vd:
k!l X X
(i) Forallu2 L?( ;C), one has
Z Z
limt(f )*(u);uy= ud ud:
k!l X X

Proof. To see that (ii) implies (i), givenA;B 2 A takeu = 1, andv = 1g. To see
that (i) implies (iii), observe that (i) implies that for any A;B 2 A, one has

lmt(f ) (La)i Ty = (A) (B):

Fixing B, we see that for any simple functiorv, one has
Z

limt(f )*(v);1gy= vd (B):
kil X

Then xing v we see that
Z z

limt(f )*(v);vw= vd vd;

ki1 X X
i.e. that (iii) is true for any simple function v. Now givenu 2 L?( ;C) and" > 0,
choose a (possibly complex valued) simple functionsuch thatku vk, <". Then
choosen = n(") > 0 such that fork n one has

Z Z

t(f )<(v);vy vd vd <"
X X

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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To ease the notation set
Z Z

a= ud; and b= vd:
X X

Thenif k n one has

t(f )(u);uy aa  t(f )(uyuy t(f )(v);uy
+ t(f)*v);uy  t(F ) v)vy + t(f )RV vy
+jbb ab+jab aaj
L )M, vy + t(E)Kgiu vy
+"+j  (u v)d +ja (v u)d

X X
kK u vkokuks + ku  vkokvk, + "

+ kvkoku vk, + kukokv  uks
"kuk, + "(kuky + ")+ " + (kuky + ")" + "kuk;
=4"kuk, +2"% + "

oy

This proves (iii). Finally to see that (iii) implies (ii), we argue as follows. Fix
u2L? ;C)and let
z Z
Lo= v2L? :0) Jim ¢ (f Y(u);vy= ud vd

X X

Then L, is a closedf -invariant subspace ofL?( ;C) which contains both u (by
(iil)) and the constant functions. We must show that actuallyL, = L?( ;C).

To prove this, letS, L?( ;C) denote the smallest closefl -invariant subspace
containing u and the constant functions. ThenS, L by de nition. Now consider
the orthogonal complement
S’= v2L?% ;C)jtv;wy=0; 8w2S,

u

Supposev 2 S?. Since the constant functionly belongs toS, we have
Z

O0=tv;1lxy= vd: (22.1)
X

Similarly since %) (u)2S, foranyk 0 (asu2S, andS, isf -invariant) we
also have
tv;(f )*(u)y = 0; 8k O (22.2)

Combining (22.1) and (22.2) shows that i 2 S? thenv 2 L. Thus S} L .
But now we are done, since

L?( ;C)= Sy+ S} L
This establishes (ii), and so completes the proof. [

The next two results can be proved in exactly the same way as Proposition 22.1.
The proof is left to the interested reader.
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Proposition 22.2 Letf be a measure-preserving transformation of a probability
space(X; A; ). Then the following are equivalent:
(i) f is ergodic.
(i) Forall u;v2 L2( ;C), one has
1K1 Z Z

k|!|1m E-ot(f ) (u); vy = Xud de:

(i) Forall u2 L?( ;C), one has

K1 oo z z
kIlilm— t(f )'(u;uy= ud ud:

X X

Proposition 22.3 Let f be a measure-preserving transformation of a probability
space(X; A; ). Then the following are equivalent:

(i) f is weakly mixing.
(i) Forall u;v2 L?( ;C), one has

Xt £
k|!|1m K t(f ) (u);vy ud vd =0:

(i) Forallu2 L?( ;C), one has

K1 i z z B
I(I!llm K t(f )'(u);uy ud ud =0:

Let us now look ateigenvaluesof a measure-preserving dynamical system.

Definition 22.4 Let f be a dynamical system on a probability spaceX( A; ).

We say a complex number is an eigenvalue of f if it is an eigenvalue of the
isometryf :L?( ;C)! L?( ;C). Thus is an eigenvalue of is and only if there
exists a non-zerau 2 L2( ;C) such that

u(f (x)) = u(x); for almost everyx 2 X:
Such a functionu is called aneigenfunction corresponding to the eigenvalue.
Here are some elementary properties.
Lemma 22.5 Let f be a dynamical system or{X; A; ). Then:
() =1 is always an eigenvalue df.

(i) Every eigenvalue of f satisesj j=1.



(i) If f is ergodic then any eigenfunction with eigenvalue 1 is constant almost
everywhere.

Proof. The proof of (i) is immediate, since any non-zero constant function is an
eigenfunction with eigenvalue 1. To prove (i) observe that sincde is an isometry
by Proposition 19.16, ifu is an eigenfunction with eigenvalue then

kuk3 = kf (u)k3 =1t u; uy=j j2kuks:

Thus j j = 1. Finally (iii) follows immediately from part (ii) of Proposition 19.17.
[

Proposition 22.6 Let f be a measure-preserving transformation of a probability
space(X; A; ). If f is weakly mixing then the only eigenvalue of is =1.

Proof. Suppose for contradiction that there exists an eigenvalue 6 1. Let u
denote an eigenfunction corresponding to. Then
z z Z
ud = f (ud = ud
X X X
by Proposition 19.16, and henc§X ud =0: Sincef is weakly mixing, by Propo-
sition 22.3 one thus has

1 Xt .
K jt(f )'(u);uyj! O
i=0
and hence
1 Xt
K jt 'u;uyj! O

i=0
Sincej j = 1, this implies that tu;uy = 0, and henceu = 0 almost everywhere.
This contradicts u being an eigenfunction, and thus completes the proof. [

If we assume thatf is invertible, then the converse to this result holds:

Theorem 22.7. Let f be an invertible measure-preserving transformation of a
probability space(X; A; ). Thenf is weakly mixing if and only iff is ergodic and
the only eigenvalue off is =1.

The proof of Theorem 22.7 uses tools from functional analysis, and therefore:

[ The rest of this lecture isnon-examinable . ]

More precisely, we require the following versicrof the Spectral Theorem.

2The Spectral Theorem is one of those results that you have probably seen proved in numerous
guises, starting in Linear Algebra. The version we use here is not remotely the most general one,
but it is formulated in a somewhat more advanced fashion than you may be used to.
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Theorem 22.8 (Spectral Theorem for Unitary Operators) Let (H; h; i) be a com-
plex Hilbert space andL: H ! H a bounded unitary operator. Then for each
u 2 H there exists a unique nite Borel measure, on S such that
Z
h_Ku;ui = Z“d ; forall k 2 Z:
Sl
If V denotes the closure of the linear span of all eigenvectorsloindu 2 V? then
the measure , is atomless.

We now prove Theorem 22.7.

(] ) Proof. We need only prove that iff is ergodic and the only eigenvalue df is
1 thenf is weakly mixing. Takeu 2 L?( ;C). We must show that

1%t Z Z
= t(f )Y(u);uy ud ©d ! O (22.3)

i=0 X X

If uis constant almost everywhgye then (22.3) is immediate. Thus without loss of
generality we may assume that, ud = 0. Sincef is reversible and measure-
preserving, by Proposition 19.16 the operatof : L?( ;C) ! L2( ;C) is unitary,
and hence the Spectral Theorem is applicable.

Denote by , the nite Borel measure onS?! given to us via Theorem 22.8. It
thus su ces to show that

K12 2
% ZZd, !' O
i=o S
For this we compute’:
Z Z Z
1 X ' I ? 1 X ' | |
E Z d u = E A d u VA d u
izo S! i=0 . SlZ st
1 X! .
= @ v W)
i=0 Sl Sl |
Z 1 .'
= m (zw)'  d( u);
sl st i=0

where (~) used Fubini's Theorem. Let

1Xt
"v:St ST R T (zw) = " ZW';
i=0
so that the computation above shows that
1 )'( 1 Z . 2 Z
- z'd = lim ' d ;
K o u K1 o gt k ( u u)

i=0

3In this computation z, and later, w, are elements ofS*.
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To complete the proof we show that

|(Ililrn "w(zyw) !0 for , , almost every ¢;w); (22.4)

from which (22.3) follows by the Dominated Convergence Theorem 18.34. To show
(22.4), note rst that if z 6 w then

1 (zw)k |

T a @w

ask!1l

This argument doesn't work forz = w however, and this is where we nally need
to use the assumptions of the theorem (so far we have only used the fact tHats
reversible and measure-preserving). Sinteis ergodic and 1 is the only eigenvalue
of f, the only eigenfgnctions off are the constants by part (iii) of Lemma 22.5.
Thus the assumption , ud =0 implies that u is orthogonal to all eigenfunctions
by (cf. (22.1)). This means that the measure, is atomless by the last statement
of the Spectral Theorem . Therefore the measure of the diagorfdk;z) j z 2 S'g
(as a subset ofS!  S!) under ,  is zero. Thus (22.4) follows, and hence so
does (22.3). The proof is complete. [



LECTURE 23

Measures on Metric Spaces

In the last few lectures we started with a probability spaceX; A; ), and then
looked at transformationsf : X | X which preserve . Over the next two lectures
we ip this on its head. Rather than starting with the measure and then restrict-
ing attention to transformations f that preserve , now we will start with f and
look for measures for which is measure-preserving.

Such a paradigm shift is possible purely within the measure-theoretic world,
but it is maximally pro table if we begin in a topological setting. Indeed, suppose
we are given a topological dynamical systern on a compact metric spaceX;d).

Let B denote the Borel sigma-algebra. Can we nd a probability measure on
(X; B) for which f becomes measure-preserving? If we are successful in our quest
to nd such a , the dynamical systemf will then simultaneously be a topological
dynamical system and a measure-preserving dynamical system. The bene ts of this
approach should be clear: we can then bring all the results from both topological
and measure-theoretic dynamics to bear when studying the dynamicsfaf

In order to have e ective methods to \ nd" measures for which our given topo-
logical dynamical systemf is measure-preserving, we need to understand what
properties the space oall probability measures on the Borel sigma-algebra of
has. For example, does it carry a topology? If so, is it compact? In fact, the answer
to both of these questions is yes: the space of all probability measures on the Borel
sigma-algebra oiX is itself a compact metric space. We will prove this today.

Throughout our discussion of measures on metric spaces, we will always as-
sume that the underlying metric spaces areompact .

Definition  23.1 Let X be a compact metric space, and leB denote the Borel
sigma-algebra onX . We denote byM (X) the space of all probability measures
on (X; B).

We call elements oM (X) simply Borel probability measureson X (this saves
having to constantly explicitly label B). We will prove shortly that M (X) is itself
a compact metric space. One can think d¥1 (X ) as an \enlargement" of the space
X. Indeed, there is an obvious inclusioX ,! M (X)) given by sending a point to
its corresponding Dirac measure (Example 18.22):

{:XIM (X); X7l i (23.1)

On Problem Sheet L you will prove thatjwhen M (X) is given its metric space
structure discussed in this lecture|the map (23.1) is an embedding (i.e. a homeo-
morphism onto its image). In general the mag is not surjective; the spaceM (X)

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zurich. Last modi ed: June 08, 2020.
INote that since f is continuous (by de nition of a topological dynamical system), f is auto-
matically measurable with respect to any measure onX; B) by Example 19.3.
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can be much larger thanX . Nevertheless, in some ways the spaté (X ) is easier
to handle than X itself. For example:

Lemma 23.2 The spaceM (X) is convex: given; 2 M (X) andc 2 [0;1], the
measurec +(1 ¢) belongs toM (X).

Herec +(1 c¢) is dened as you would guess:
(c +@1 o )A)=c(A)+Q ¢ (A); B8A2B:

The proof of Lemma 23.2 is immediate. In contrast, note that for an arbitrary
metric spaceX, it does not make sense to form the \sum'x + y of two points, let
alone form convex combinations.

Remark 23.3 The development of statistical mechanics from Hamiltonian me-
chanics essentially began with the idea that one could replace points by measures.
That is, instead of considering the \states" that a given system can be in to be
given by elements of some set, one instead considers the states to be probabil-
ity measures onX. (Compare this to discussion at the beginning of Lecture 1).
This new viewpoint is more general, since as we have just observed, there are more
measures than points.

The proof that M (X) is itself a compact metric space requires some measure-
theoretic preliminaries.

Proposition 23.4 Let 2 M (X). Then for any setA 2 B and any"” > 0
there exists an open seU and a closed seC suchthatC A U and such that
(UnC) <™.

Proof. Let us denote byA the collection of subsetsA 2 B for which the stated
property holds. We claim that A is itself a sigma-algebra. ClearlyX 2 A. Now
supposeA 2 A. Let us showX nA 2 A. Fix "> 0 and choosdJ open andC
closed suchthatC A Uwith (UnC)<". Then

XnU XnA XnC
and
(XnC)n(X nU)=UnC;

sothat (X nC)n(X nU)) <". SinceX nU is closed andX nC is open, this
shows thatX nA 2 A.
Next we show thatA is closed under countable unions. Suppos&)rkong A.

SetA = | Ay and x "> 0. For eachk, we may choose
Cc Av U

with "
(UknCy) < gi



S S
letU = ,Ucand C = | C,. Then U is open but C may not be closed.
Nevertheless, we may choose 1 suchthatC®:= —_, Cy is closed and such that
(CnCY<"=2. ThenC® A U, and

(UnC% (UnC)+ (CncCH

To complete the proof is su ces to show thatA contains all the closed sets, sind@
is the smallest sigma-algebra with this property (by de nition) andA B (again
by de nition), whence A = B. To see this, letA be a closed set and X'> 0. In
this case we may take€C = A, so it su ces to nd an open set U containing A such
that (UnA)<". This is not so hard: set

U= fx 2 X jd(xA) < ig:

T
Then eachUy is open, with Uy U. Since izl U, = A, it follows that for k
large enough, we have (UynA) <" (cf. the footnote from the proof of Proposition
19.9). This completes the proof. [

Corollary 23.5 Forany 2 M (X)andanyA 2 B, we have (A) =sup. (C),
where the supremum is taken over all closed se®& A, and similarly (A) =
infy (U), where the in mum is taken over all open setdJ with A U.

Definition  23.6 We abbreviateC(X ) = C°(X; C) for the space of all continuous
functionsu: X ! C. This is a complex vector space under pointwise addition and
scalar multiplication by constants. In fact,C(X) is a complex algebra, since we can
also multiple elements together pointwise. We endo@(X ) with the supremum
norm

kuk; = supju(x)j:

X2X

This makes C(X);k k;) into a Banach algebra. It follows from the Stone-
Weierstrass Theorem thatC(X ) is separable.

Proposition 23.7 Let ; 2M (X). If
Z Z

ud = ud ; 8u2C(X)
X X

then =

Proof. It suces to show that (C)= (C) for any closed setC by Corollary 23.5.

Let C be a closed set and let> 0. We may assuméC 6 X, as otherwise there is
nothing to prove. Then there is an open sey containing C with (UnC) <" by

Proposition 23.4. Now deneu: X ! R by

d(x; X nU)

ux) = d(x;X nU) + d(x;C):

(23.2)
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This is well de ned and continuous as the denominator in the second case can never
vanish. Sinceu is 0 onX nU and 1 onC and satises 0 u(x) 1forallx2 X,

one has
Z

(C) ud
ZX
= ud

X
(V)
< (©+"

Thus (C) < (C)+ ". Since" > 0 was arbitrary, we see that (C) (C). But
by symmetry one also has (C) (C). This completes the proof. [

Denote by C(X) the dual space ofC(X). That is, C(X) is the space of con-
tinuous linear functionals onC(X ). This is another Banach space under the norm

KTk =sup jTujjkuk, 1 :

Definition  23.8 A continuous linear functional T 2 C(X) is said to bepositive

if Tu O wheneveru is real-valued and non-negative. A positive continuous linear
functional T is said to benormalised if T(1x) =1. We denote by T(X) C (X)
the space of positive normalised linear functionals.

The next statement is another foundational result in measure theory.

Theorem 23.9 (Riesz Representation Theorem)Let X denote a compact metric
space. Then for eacil 2 T (X) there exists a unique 2 M (X) such that
Z

Tu= ud; 8u 2 C(X): (23.3)
X
We will merely give a brief sketch of the proof of Theorem 23.9, since lling in
all the details would take all lecture.

(| ) Proof (sketch). Here is how to de ne : given an open setJ, set
n 0
(U)=sup Tu u: X ! [0;1] continuous, withujyx, =0

Then for an arbitrary Borel setA, de ne
(A)=inff (U)JA U; Uoperg

(note we have no choice here if is to satisfy Corollary 23.5). Uniqueness of
follows from Proposition 23.7. [

Remark 23.1Q0 Rather confusingly, there are two di erent results in functional
analysis and measure theory that are usually referred to as the \Riesz Represen-
tation Theorem". These two results are not the samel|their only relation is that
they were both proved by the Hungarian mathematician F. Riesz. One of these
results is Theorem 23.9 (which is not stated in anything like maximal generality).
The \other" Riesz Representation Theorem is rather more elementary. It states
that a complex Hilbert spaceH is isometrically (anti)-isomorphic to its dual space

H .



Corollary 23.11 The spaceT (X) is a closed convex subset of the unit balin

aX) .

Proof. Itis clear that T (X) is closed and convex. To prove thakTk =1, we use
Theorem 23.9. If 2 M (X) satis es (23.3) then for anyu 2 C(X) we have

Z
jTyj = ud k uk; (X)= kukg :
X

This shows that kTk 1. Finally, sinceT(1x) = 1 we also havekTk 1, and
thus kTk = 1. This completes the proof. [

Definition  23.12 Let X be a compact metric space. Theeak star topology
on C(X) is de ned by declaring that a sequencédy converges toT if and only if

Teu! Tu; 8u2C(X):

It is customary to use the notationT, * T to indicate that Ty converges toT in
the weak star topology.

As the name suggests, the weak star topology is coarser than the norm topology.
This means that ifkTy, Tk ! 0 then alsoT, * T , but the converse need not be
true.

We now transfer this topology toM (X ). By the Riesz Representation Theorem
there is a bijective map

T:MX)!T (X); T()=T

where Z
T (u) = ud:
X
Definition  23.13 Consider T (X) equipped with the weak star topology. We
de ne a topology onM (X) by declaring that T is a homeomorphism. This means
that a sequence (x) M (X) converges to an element 2 M (X) if and only if
the corresponding sequencg( ) converges toT ( ) in T (X). More explicitly,
converges to if and only if
Z Z
ud ! ud; 8u2C(X):
X X
This is called the weak star topology on M (X). We again use the notation
k ¥ toindicate that , converges to in the weak star topology.

R
This is the smallest topology making the maps 7! , ud continuous for each
xed u 2 C(X). A basis is given by the collection of sets of the form
Z Z

N (vi;:invp ") = 2M (X) v, d vid <", 81 1 p ;
X X

2In functional analysis the \unit ball" is (by de nition) the set of vectors of norm 1. This is
a somewhat unfortunate discrepancy with topological terminology (the unit \ball" is not a ball,
but rather a sphere!)



where 2M (X),p 1,vi2C(X)and"> 0.

We will now prove that this topology is metrisable. For this rst choose a
countable dense subsetw) C (X) (recall from De nition 23.6 that C(X) is
separable as< is compact).

Proposition  23.14 The following is a metric onM (X)) inducing the weak star

topology: R R
d ] . R X Wik d X Wk d
M ( ’ ) " - ZKkakl

This proof is non-examinable.

(] ) Proof. We prove the result in three steps.

1. In this rst step we prove that dy is a metric. The only non-trivial part is
to show thatdy (; ) =0 implies = . By Proposition 23.7 it su ces to show
that Z V4

dw (; )=0 ) ud = ud; 8u2C(X):
X X
Since (w) is a dense sequence, we can pick a subsequemge)(such that wy, ! u
uniformly. Then by the Dominated Convergence Theorem 18.34 we have

Z Z Z Z
ud ud = Ilim Wknd Wk, d
X X nil N X
Iilm 2 kwi ki dv (5 )
n!
=0:

2. In this second step, we show that for any 2 C(X), the functional
Z
Li:M(X)! R; Lu( ) = ud =T (u) (23.4)
X

is continuous with respect tody, . For this u2 C(X) and "> 0. As before we nd
a subsequencewy,) (wg) such that wy, converges tou uniformly. Thus there
existsm = m(") such that for all n m one has

ku wy kg <™ (23.5)

Fixann m and set
C =2%kw ki :

Then we have
Lu( ) Lu()  Lu() Lw,()+ Lw,() Lw,()+ Li() Lu,()

ku w kg (X)+2%kwiky dw (; )+ ku wi, ki (X)
Cdw (; )+2"



3. In the nal step we show thatdy, induces the weak star topology oM (X).

Given a basis selN (vi;:::;Vp;"), we observe that ifl; denotes the interval
Z Z
i = Vid " Vid + "
X X
then
\k
N (viiiinve™) = L)

i=1
The right-hand side is open in the topology generated bg, since thelL,, are d-
continuous by Step 2. Finally we show that for any 2 M (X) and > O there

X 2
Y
k=p+1 2
and then set -
x 1
=5 Kkwoke
2 k=1 2 kakl
Then takingv; = w; for1 i p, we have
N (wg;:iiwp ") Bay (50):
This completes the proof. [

Right at the very end of the course (see Step 3 of the proof of Theorem 28.2)
we will need the following fact. Recall that for any subsefA X, the (topological)
boundary is@A= AnA .

Proposition  23.15 If ¢ * then for any setA 2 B with (@A =0 one has
KA (A).

Proof. We will rst show that if C is a closed subset oK then limsup, «(C)
(C). Let U, = B(C;1=n) denote the open ball aboutC of radius 1=n. Then
(Uy) ! (C). Asin (23.2), chooseu, 2 C(X) such that 0 u, 1 and such

that u, =1 on C andu, =0on X nU,. Then
Z

limsup ¢(C) limsup und g
k!l Zk!l X

and hence limsup (C) (C). Similarly if U is an open set then

limsup (X nU) (X nU)
k
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and hence
Iimkinf k(U) (V):

Now if A2 B has (@A=0then (A)= (A)= (A)and thus
limsup «(A) limsup (A)
k!l ki1
(A)
= (A)
liminf (A )

Ilmlnf k(A);

which implies that lim ((A) = (A). This completes the proof. [

Remark 23.16 In fact, Proposition 23.15 is an \if and only if" statement. We
will not need the converse direction in this course, but it is good to know. So you
will no doubt be pleased to learn that this is on Problem Sheet K.

We are now ready to prove thatM (X) is a compact metric space.
Theorem 23.17 The spaceM (X)) is compact in the weak star topology.

Theorem 23.17 follows immediately from the Banach-Alaoglu Theorem, which
states that the closed unit ball of the dual space of a topological vector space is
compact in the weak star topology. However we will give a direct proof.

Proof. Suppose (k) is a sequence irM (X ). We will show it has a convergent
subsequence in three steps. To simplify the notation let us writ€ = T( &), SO
that Z

Teu = ud :
X

1. Let (w;) denote a dense subset @(X ). In this step we will show that, up to

passing to a subsequence, the sequentew;)«x>n Of complex numbers is convergent
for anyi.

Firstly, the sequence of complex numbersT(w;)x2n IS bounded by kw;k;
and hence has a convergent subsequence, call T\zwi .. Then the sequence
Tawz ,, also has a convergent subsequence, call ifzw, . In this way
we obtain sequenceskf)n2n such that (ki*1),,y is a subsequence ok{),.n and
such that the sequenceT; w; ., is convergent. Now we use the usual \diagonal
argument trick: set kr? = ki. Then Twi)s2n converges for every.

To keep the notation under control, we now relabel this subsequence simply by
k again. With this understood, we have shown thatTxw;)«2n COnverges for every
i. This completes Step 1.

2. In this step we show that forany u 2 C(X) the sequence TxU)kon IS
convergent. Indeed, xu 2 C(X) and "> 0. Choose such thatku wk; <"=4.
Since (Tkw; ,,, converges it is Cauchy; thus there existp = p(") such that

TmWi TnWi < é;

gm;n p:

8



Then we estimate that form;n  p one has

k T,k ku wk; +§+ kTk ku  wik;
= Wik1+§+ku wikq

—+ —+ —
4 2 4

where () used the fact thatkT,k = kT,k =1 by Proposition 23.11. This shows
that Tyu ., is a Cauchy sequence, and hence it converges.

3. We are ready to complete the proof. For a given 2 C(X) de ne
Tu:=Ilim T,u:
n

Clearly T: C(X) ! Cis linear. MoreoverjTuj k uk; since the same is true of
eachTy. Similarly Tu  0ifu 0 andT(l, = 1. It thus follows from the
Riesz Representation Theorem 23.9 thatu = , ud for some 2 M (X). By
de nition of the weak star topology, ¢ * . This completes the proof. [

For the rest of the course, the spac® (X) should always be understood to be
carry the weak star topology, even if this is not explicitly stated.



LECTURE 24

Finding Invariant Measures

We begin the programme outlined at the beginning of the previous lecture and look
for measures which a given topological dynamical system preserves.

Definition 24.1 Let f: X ! X denote a topological dynamical system on a
compact metric space. LeM (f) M (X) denote those Borel probability measures
for which f is measure-preserving. We call an element2 M (f ) an invariant

measure for f.

Thus if 2 M (f) then f is a measure-preserving dynamical system on the
probability space (X; B; ). Our rst task at hand is to show that M (f) is non-
empty. To do this we will show thatf induces a mapf : M (X) ! M (X) with
the property that is an invariant measure forf if and only if is a xed point
of f . The existence of such a xed point will then be an application of a classical
xed point theorem.

Definition 24.2 Letf : X I X denote a dynamical system. We denote by
f:MX)IM (X)
the map given by
7N where f (A)= (f A); 8A2B:

This is well dened (i.e. f is a measure) thanks to Example 19.3. It is
immediate from the de nition that is invariant if and only if f = . Moreover
if{: X I'M (X) denotes the embedding from (23.1) (the fact thafis an embedding
is Problem L.1), it is clear that the following diagram commutes:

X ! y X

M (X) ———— M (X)

Thus following result is a generalisation of Proposition 19.16, and can be proved in
exactly the same way. The pleasing visual appearance of (24.1) is the reason why
we chose thd andf notation.

Proposition 24.3 Letf: X ! X denote a topological dynamical system on a
compact metric space. Then for any 2 M (X) and any measurableu, one has
Z Z

f (ud = ud(f ); (24.1)
X X
where one side doesn't exist or is in nite if and only if the other is.
Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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Proof. As usual, it su ces to deal with real-valued u. If u is the indicator function
1, of a measurable sef then both sides are equal to (f A). Then by linearity,
the result holds for simple functions. Then as in Proposition 19.16, if is a non-
negative measurable function andw) a sequence of simple functions increasing to
u then (f (vk)) is a sequence of simple functions increasing to(u). Then
Z Z
f (ud =lim f (w)d
X k' ox
=lim v d(f )
> X

= ud(f ):
X

Finally the general case is proved by considering the positive and negative parts of
u. This completes the proof. [

Corollary 244 Letf: X ! X denote a topological dynamical system. Then
2M (f) if and only if
z z
ud = ud(f ); 8u2C(X):
X X
The only content of this statement is the fact that it su ces to check that the
equality holds for all continuousu rather than all measurableu in order to conclude
2M ().

Proof. If 2 M (f) then the claim holds by Proposition 19.16 and Proposition
24.3, and the converse follows from Proposition 23.7. [

Proposition 24.5 Letf : X ! X denote a dynamical system. Theh : M (X) !
M (X) is a continuous a ne map.

Proof. If * andu 2 C(X) then

Z Z
udf )= f (u)d
X z
! f (ud
ZX
= ud(f )
X
by Proposition 24.3 and the de nition of the weak star topology. Sincer was
arbitrary it thus follows that f  * f |, again by de nition of the weak star
topology.

To showf is ane, simply note thatif ; 2 M (X)andc?2 [0; 1] then for any
A 2 B, one has

f(c+(1 o )A)

c(f 'A)+@ o (f 'A)
ct (A)+(1 of (A):

SinceA was arbitrary one hasf (¢ +(1 ¢ )=cf +(1 c¢f . Thiscompletes
the proof. [



We are now ready to prove thatM (f) is non-empty. The proof that follows
is needlessly wordy]|this is because we are trying to avoid quoting any theorems
from functional analysis.

Theorem 24.6 (Markov-Kakutani Fixed Point Theorem). Let K be a compact
convex subset of a Banach spade. Let g: K | K be a continuous a ne map.
Then g has a xed point in K.

Proof. We show that the following recipe always produces a xed point df:
Let (xx) denote any sequence iKK. De ne a hew sequence

K1

1 _
Yk = K ) g (Xk):

0

Note that yx 2 K sinceK is convex.
SinceK is compact, we may assume thag, ! y for some pointy 2 K.
Then we claim thaty is a xed point of g.

To show this, let E denote the dual ofE, equipped with its dual normk k ,
andletS E denote any subset oE that separatesthe points of K in the sense
that if z;w 2 K then

s(z) = s(w); 8s2S ) Z=Ww:

Such a setS always exists|for example, one could takeS = E , by the Hahn-
Banach Theorem. In the case of interest for us, however, we will explicitly construct
such anS, and so the Hahn-Banach Theorem is not needed.

Now let s 2 S be arbitrary. We will show that

s(a(y)) = s(y);

whence it follows thatg(y) = y as claimed. Set

c = sup kzk:
z2K

Note c < 1 asK is compact. Then we compute

SO SW) = gSEO) Sl O

since the sum telescopes. Letting! 1  shows thats(g(y)) = s(y) as required. =

Corollary 24.7. Letf : X I X be atopological dynamical system on a compact
metric spaceX . Then the spaceM (f) of invariant measures forf is non-empty.

Proof. Take E = C(X) , and identify M (X ) with the compact convex sefT (X))
C(X) via the Riesz Representation Theorem. We take

S=fL,ju2C(X)g;

INote in this caseS is not equal to E , since C(X ) is not re exive as a Banach space (unless
X is a nite set).



wherelL, is de ned as in (23.4):

z

Li:M(X)! G Lo( )= ud:
X

Proposition 23.7 tells us thatS separates points oM (X ). Thus Theorem 24.6 tells
us thatf has a xed point. In fact, if 2 M (X) is any Borel probability measure
then the recipe f\gpm the proof of Theorem 24.6 tells us that any limit point of the
sequence x == 1 'f' will be an invariant measure forf . u
Remark 24.8 We remind you that merely proving that M (f ) is hon-empty may
be of little practical use. Recall from Remark 19.19 that ik 2 x (f ) then the Dirac
measure 4 belongs toM (f ). Studying the dynamical systemf on the probability
space K; B; ) is pointless|the only information we could gleam from its measure-
theoretic properties is thatx is a xed point of f, which we already know.

(] ) Remark 24.9 The Markov-Kakutani Theorem is valid in more general situ-
ations than was stated in Theorem 24.6. Namely, instead of asking f&rto be a
Banach space, it is su cient to ask that E is a locally convex topological vector
space.

Moreover the assumption thatg is ane in Theorem 24.6 can actually be
dropped entirely, although this requires quoting a more advanced xed point the-
orem, called the Schauder Fixed Point Theorem. This states that any (not nec-
essarily a ne) continuous self-map on a compact convex subset of a Hausdor
topological vector space has a xed point.

Now that we know M (f ) is non-empty, we can also prove it is compact.

Lemma 24.10 Let f be a topological dynamical system on a compact metric space.
Then the spaceM (f) is a non-empty closed compact convex subset ldf (X).

Proof. We already know thatM (f ) is non-empty, and convexity is obvious. Sup-
pose (x) M (f)with * 2M (X). Then for any u 2 C(X), one has
Z z
ud(f ()= f (u)d
X X 7
= |I<I!r1n fo (wd g
|I<I!r1n x ud(f )

= |lim ud g
gt
= ud;

X

from which it follows from Corollary 24.4 that belongs toM (f ). Thus M (f) is
closed, and hence compact. This completes the proof. [

Definition  24.11 Let us write E(f) M (f) for the set of ergodic measures
for f. Here by a slight abuse of language we say that a measurds an ergodic
measure forf if f is an ergodic measure-preserving dynamical system o B ; ).

4



It turns out it is easy to characterise the elements oE(f ).

Definition  24.12 Let K be a non-empty convex subset of a Banach spaEe A
point X 2 K is said to be anextremal point of K if writing x = cy+(1 ¢)z for
O0<c< landy;z2 K implies thaty = z.

Remark 24.13 In nite dimensions, it is geometrically obvious that such extremal
points exist. In in nite dimensions this is still true, but it is much harder to prove.
The Krein-Milman Theorem from functional analysis tells us that ifK is any non-
empty compact convex subset of a Banach spéace then K is the convex hull of
its extremal points, and thus in particular such extremal points exist. As with the
other statements in this lecture, however, we will refrain from unnecessarily quoting
di cult theorems from functional analysis, and give a direct proof for this fact that
works for the case in hand.

Theorem 24.14 Let f be a topological dynamical system on a compact metric
space. Then

(i) The extremal points of M (f) are precisely the ergodic measures, i.e. the
elements ofE(f ).

(i) Such extremal points exist:E(f) 6 ;.
(i) Given ; 2E(f),either = or ? (i.e. and are mutually singular).

Proof. We begin by proving (i). Suppose 2 M (f) is not ergodic. This means
there existsA 2 B with 0 < (A) < 1 such thatf A = A. Given such anA, we
can de ne two new measures; and , by

(B\ A).
O

By construction both ; and , belong toM (f ), and we have

(B\ (X nA)).

XnA) 8B 2 A:

1(B) = 2(B) =

= (A) .+ (A) 2

Since obviously ; 6 , this proves is not an extremal point ofM (f).
Now suppose 2 E(f), and suppose we are given®c< land ;; ,2M (f)
with
=c1+(1 o 2

We must show that = ;= ,. Clearly ; (i.,e. . is absolutely continuous
with respect to ), and hence the Radon-Nikodym derivativé’d—1 exists (cf. De ni-

tion 18.37). Recall% 2 LY( ) is a non-negative function with , $*d =1 such

that Z q
(A= =d; 8A2B:
N

2Actually it is enough to ask that E is a locally convex topological vector space.
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Since  is invariant, for any A 2 B we have

di
a d '

= Zl(f 1A)

= Ed
i 1a d

_ d. .

= Af re d:

Since A was arbitrary, this implies that f %% = <. Similarly the Radon-

Nikodym derivative dd—z exists and has integral 1. Suppose for contradiction that

168 . Then ¢t & %42 If &1 was constant -almost everywhere then the
identity
d d,
c—+(1 o—=1x;
d ( ) d X

shows thatdd—2 is also constant -almost everywhere. Since they both have total

integral 1, this constant must be 1, and this contradicts}*. This shows that$* is
anf -invariant function which is not constant -almost everywhere. By Proposition
19.17 this implies that is not ergodic. This completes the proof of (i).

We next prove (iii), since this is a similar argument to the proof of (i). Given
;2 E(f) we use the Lebesgue Decomposition Theorem 18.42 to uniquely write

=c.1+(1 © 3 where 1 , 5 ? :

But then also
=f()=ct ()+@ of (2);

and moreoverf ( ;) f()andf ( 2) ? f (). The unigueness part of the
Lebesgue Decomposition Theorem thus implies that( ;)= ;andf ( 2) = ..
Thus 1; ,2M (f)with =c¢c,;+(1 ¢ .. By part (i) we know that is
necessarily an extremal point oM (f ), which implies that eitherc=0or c=1
(since clearly ; 6 ). If c=0 we are done. Ifc =1 then , and the same
argument as in (i) shows thatg— = 1 almost everywhere, whence = . This
proves (iii).

Finally we prove (ii). Let (wy)x2n denote a countable dense subset6f(X ; R)

C(X). Consider the map
z

M(f)! R; 7! wid:
X
Since this map is continuous (by de nition of the weak-star topology) andu (f)
is compact, there exists atZIeast one measurzesuch that

wid = sup wyd:
X 2M (f) X
Thus the set
( 7 7 )
M= 2M (f) wid = sup wyd
X 2M (f) X



IS a non-empty set, which is also closed and compact. We now inductively de ne
new non-empty compact subsetM  for k 2 by setting

( 7 v )

My = 2M ¢ 4 Wkd = Sup Wkd
X 2M 1 X

This de nes a nested sequenc®l; M , M ;::: of subsets ofM (f). By
compactness (Proposition 2.18) the space
\1
M, = M
k=1

is non-empty. Now suppose; 2 M ;. We claim that ; is an extremal point of
M (f). Indeed, suppose; = c,;+(1 c¢),for 1; ,2M (f)andO<c< 1.
Since (v) is dense inC°%(X;R), as in the proof of Proposition 23.14 or Theorem
23.17, it su ces to show that that
Z Z
wed = wid ,; forall k 1 (24.2)
X X
For this rst consider w;. By assumption we have
Z Z Z
Wld 1 = C Wld 1+(1 C) Wld 2.
X X X
Thus in particular we have
Z z Z
Wld 1 max Wld 1, Wld 2
X X X

Butsince ; 2M; M 1, we have
Z Z
wid 1 = sup wyd:
X 2M (f) X

This implies that 7 7
wid 3= wid o
X X
and moreover that ;; , both belongtoM ; M (f). Now we repeat this with
w,: we have Z Z 7
W2d 1 =C W2d 1+(1 C) W2d 2,
X X X
and thus in particular we have
Z z Z
wod max wod 1, wod 5
X X X
Butsince ; 2M; M 5, we have
z z

wod 1 = sup wod:
X 2M 1 X

7



This implies that 7 7
wod 1 = wod o;
X X

and moreover that 1; , both belogg toM > Mg Arguing inductively, the same
argument shows for eactk 2, wWwedi= ,wdzand i; 2 2 M. This
establishes (24.2), and thus completes the proof. [

Recall that we can think of M (X) as an enlargement oK via the topological
embedding{: X 'M (X) from (23.1). Moreover as we have already remarked,

{(x(f) M (f):

But what about per(f )? If x 2 per(f) is a periodic point that is not a xed point
then , = {(x) will not belong to M (f). However it is easy to see how to rectify
this.

Definition 24.15 Let x 2 X andp 1. De ne a measure

1X?
Fxp = = fk(x)-

P k=0

If fP(x) = x then we call},,, the periodic orbit measure associated to the
periodic point x and the periodp.

Lemma 24.16 Let f be a topological dynamical system on a compact metric space.
Letp2 Nandx 2 X. Then

fP0)= X, Jep2M (F):

Proof. It is obvious that if fP(x) = X then }, is invariant. For the converse we
apply Corollary 24.4 with =} . This tells us that if } ., 2 M (f) then

1X* 1X*
= u(f*tx)= = u(f*x):; 8u 2 C(X);
k=0 P =0

which is equivalent to saying that
u(f P(x)) = u(x); 8u 2 C(X):

If f P(x) 8 x then there exists a continuous functionu such that u(f P(x)) 6 u(x).
This completes the proof. [

On Problem Sheet L you will upgrade Lemma 24.16 in two ways. Firstly, you
will prove:

Lemma 24.17 Letf be atopological dynamical system on a compact metric space.
Let p2 N and x 2 X. Supposef P(x) = x. Then the invariant measure} ., is
ergodic.

3See (23.2). This result is known as Urysohn's Lemma.
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A purely atomic measure 2 M (X) is necessarily of the form

R
= Ck Xk
k=1

P
wherex, 2 X and ¢, > 0 are real numbers satisfying izl ¢k = 1. The next result
is again on Problem Sheet L.

Proposition 24.18 Let f be a topological dynamical system on a compact metric
space.
(i) Suppose 2 M (f) is a purely atomic measure. Then is a (possibly count-
ably in nite) convex combination of periodic orbit measures.

(i) Suppose 2 E(f) is a purely atomic measure. Then is a periodic orbit
measure.



LECTURE 25

Unique Ergodicity

We have seen that a topological dynamical system on a compact metric space always
admits at least one invariant measure. In this lecture we investigate the case where
there is exactly one invariant measure.

Definition  25.1 A topological dynamical systenf : X | X on a compact metric
space is calleduniquely ergodic if there is precisely one invariant measure.

The reason for the name is explained by the following simple lemma.

Lemma 25.2 Let f: X ! X be a topological dynamical system on a compact
metric space. Thenf is uniquely ergodic if and only ifE(f ) consists of exactly one
point.

Proof. If M (f) consists of exactly one point then this point is necessarily an ex-
tremal point, and thus by Theorem 24.14 it is ergodic. Conversely if ¥ (f) 2
then by convexity it has at least two extremal points, and thus also #E(f) 2. =

Irrational circle rotations are uniquely ergodic.

Lemma 25.3 A rotation :S'! S!is uniquely ergodic if and only if is irra-
tional. When is irrational, the unique ergodic measure is the Lebesgue measure.

Proof. If isrational, say = g then every point is periodic, and by Lemma 24.17
these give rise to many ergodic measures for. Now suppose is irrational. Then
by Problem J.2 the Lebesgue measure is ergodic. It remains therefore to show
that this is the unique ergodic measure.

Suppose 2 M () is an arbitrary invariant measure. Let denote another
circle rotation. We will show that also belongs toM (). To see this, rst x a
point zo 2 S'. By Lemma 1.10 there exists a sequenég ! 1 such that

lim “(20) = (20): (25.1)
Since both sides are rotations, (25.1) actually holds for af 2 S*. Now x u 2
C(SY). Then by the Dominated Convergence Theorem 18.34 and Proposition 24.3

we have
Z Z

(uyd = lim k' (u)d
sl nll ZSl
lim ud (k)
11 st

= ud;
Sl
Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zurich. Last modi ed: June 08, 2020.
1This follows from the Krein-Milman Theorem, which tells us that M (f) is the convex hull

of its extremal points. Alternatively one can argue directly as in the proof of part (ii) of Theorem
24.14,




since 2 M ( ). But now since Corollary 24.4 was an \if and only if" statement
and u was arbitrary, it follows that 2 M ( ).

Thus we have shown that if is irrationaland 2 M ( ) then is an invariant
measure for every circle rotation. Put di erently, we have shown that is atrans-
lation invariant measure onS*. But now we are done, for the Lebesgue measure is
the unique translation invariant measure onS?* (cf. Remark 18.19). This completes
the proof. [

Remark 25.4 On Problem Sheet M you will improve Lemma 25.3 to show that
any reversible topological dynamical system o8! with irrational rotation number
is uniquely ergodic.

The goal for the rest of this lecture is to improve the Birkho Ergodic Theorem
20.2 and Corollary 20.3. We rst prove a minor improvement that is valid for any
topological dynamical systenf on a compact metric space and any 2 E(f). We
then present a substantial improvement that is valid under the additional assump-
tion of unique ergodicity.

This will require several preliminary results. Firstly, we now modify the state-
ment of Propositions 22.1, 22.2 and 22.3, and Problem K.3 to take advantage of
the fact that we are not on a topological space.

Notation.  In this lecture we will not use thet ; y notation, and will instead write
the integral out in full. This is for two reasons:

We prefer to reserve the notationt ; y for the inner product that makes
L2( ;C) into a complex Hilbert space. In this lecture we will usually not be
working with L2( ;C).

The complex conjugate in the second factor is unnecessary for our purposes
today.

With this in mind, recall for instance that in Proposition 22.2 we proved that
f is ergodic if and only if for allu;v 2 L?( ), one has

1< Z Z

.1 i 3 _
k|z|1mE X(f ) (wvd = Xud de.

Here is convenient to change whene and v lie:

Proposition 25.5 Letf: X ! X denote a topological dynamical system on a
compact metric space, and let 2 M (f). Then:

() f is ergodic if and only if for allu 2 C(X) andv 2 L( ), one has

w12 z z
lim = (f)H)(uvd = ud vd: (25.2)



(i) f is weakly mixing with respect to if and only if there exists a setK
f0;1;2;:::g of density zero such that for allu 2 C(X) andv 2 L*( ) one has
Z Z Z

: k _ :
||<|£E X(f Y(uyvd = ud vd:

X X

(i) f is mixing with respect to if and only if for all u 2 C(X) andv 2 L( )
one has Z z Z
lim  (f )*(uyvd = ud vd:
kil x X X

For all three cases, the idea is to insist on additional regularity far (continuous
instead of merelyl_2) and at the same time require less regularity frona (L* instead
of L?).

Proof. Let us give a complete proof for (i). Suppose the stated convergence con-
dition holds, and letw; v 2 L?( ). Then in particular ¥ 2 L( ), and hence for all
u 2 C(X), one has

w1Z Z Z

jim 2 f)H)(uvd = ud  wd: (25.3)
k!l k . X X

Now we use the fact that anyL? function can be approximated by continuous
functions. Fix " > 0 and choosaiy 2 C(X) such that

Kup tky<™ (25.4)

By (25.3) there existsn 2 N such that for allk n, one has

1X12 Z Z

= (f )'(uo) ¥d upd wd <™
iz X X X

Then fork n we estimate:

1 X 1Z _ Z Z
K (f )' (&) wd td vd
g X X X
Z 1K1 _
PR )'(¢ Uo) wd
X ™ i=0
1X 1Z Z Z
+ = (f ) (up) vd upod  wd
K izo X X X
Z Z Z Z
+ Uopd vd ud vd
X X X X
2"kwk, +

2The phrase \weakly mixing with respect to " should naturally be interpreted as weakly
mixing in the measure-theoretic sense (and similarly for mixing). If we wish to refer to the topo-
logical de nitions we will explicitly call them \topologically weakly mixing" and \topologically
mixing".



where the last line used (25.4) and Proposition 19.16. Sintewas arbitrary it
follows that LK1 7 7 7

lim = f)()vd = wd  wd:

k1 Kk o X X X
Then sinceu-and v were arbitrary, Proposition 22.2 implies thatf is ergodic.

Conversely, suppose thaf is ergodic. Letu 2 C(X). Then automatically
u2 L2( ), and hence by Proposition 22.2 for any 2 L?( ) one has

1X 1Z Z 4
lim ” (f)H)(uvwd = ud  wd:
X X

X

If v 2 LY( ) then we can choosew) 2 L2( ) such thatw, ! vin LY( ). Then
arguing as above we see that

1X 1Z Z Z
lim = (f )Y(uyvd = ud vd:
k!l X

k X X

This completes the proof of (i). The proofs of (ii) and (iii) are similar, and use
Problem K.3 and Proposition 22.1 instead of Proposition 22.2. Note that in (ii)
the hypotheses of Problem K.3 are applicable as every compact metric space is
separable (cf. Example 18.44). [

We can now prove the following new characterisation:

Proposition 25.6 Letf: X ! X be a topological dynamical system on a com-
pact metric spaceX, and let 2 M (f). Then:

(i) f is ergodic with respectto ifand onlyifforall 2 M (X) such that

one has K 1
172
k i=0
(i) f is weakly mixing with respect to if and only if there exists a setK
f0;1;2;:::9g of density zero such that for all 2 M (X) such that one
has
fk *
k2K

(i) f is mixing with respectto if and only ifforall 2 M (X) such that

one has
flox

Proof. Again, we will prove (i) only. Suppose 2 E(f) and suppose 2 M (X)



satis es . If u2 C(X) then we compute
|

Z X 1 ) X 1Z
ud % fi ‘5’% (f )(u)d
X i=0 i=0 ZX
K 1 |
LI ywdd
kK d
710 7 .
T ud -d
X X_?z_}
z =1
= ud;
X

where () used Proposition 24.3 and} ) used the Radon-Nikodym Theorem 18.36.
Note that it is crucial here that we rst established Proposition 25.5, since the
Radon-Nikodym derivativefj— typically only belongs toL*( ) and not L?( ). Since
lileVE.Sl ]:a_rbitrary, it follows from the de nition of the weak-star topology that

I *
i=0 '
Conversely, suppose the stated condition holds. Let2 C(X) and v 2 L( ).
We will show that (25.2) holds. First agsume thatv 0. Abbreviate

k

a= vd: (25.5)
X
If a=0 then v =0 almost everywhere, and (25.2) readily follows. & > 0, de ne
a measure 2 M (X) by setting

Z
1
A) = — :
(A) 3 Avd
Then and
g— = a%lv: (25.6)
By assumption
1X*
K flo*: (25.7)
i=0
We now argue as above, only backwards:
Z 1Z
1 X1t . X .
T dywve 2227 (1 ywid
K i=zo X K i=zo X d
K14
) a i
Yo @)
i=o X |
~ X1
S a ud % f!
ZX i=0
(2!5'7) a d
zZ* Z
29 vd ud
X X



This proves (25.2) in the case where 0. If v is real-valued, then we can apply
the above reasoning to the positive and negative parts, and nally ¥ is complex
valued, we can apply the above to the real and imaginary parts. It thus follows
from part (i) of Proposition 25.5 that 2 E(f).

Finally, the proofs of (ii) and (iii) are similar, and use parts (i) and (iii) of
Proposition 25.5 instead. The details are left to the interested reader. [

We now improve prove a minor enhancement of the Birkho Ergodic Theorem
(Corollary 20.3) to the setting of topological dynamical systems on compact metric
spaces. Let 2 E(f) and supposeu 2 C(X). Recall we denote by

1Kt
b(x) = ||<'!r1n K u(f'(x))

the time average ofu, which exists (and is constant) -almost everywhere.

Proposition 25.7. Letf: X ! X be a topological dynamical system on a com-
pact metric space. If 2 E(f) then there exists a measurable séf with (Y)=1
such that

Z

b(x) = ud; forall x 2 Y and for all u 2 C(X):
X

The reason the Proposition 25.7 is stronger than Corollary 20.3 is that the set
Y doesnot depend onu.

Proof. Choose a countable dense subsety) of C(X). By Corollary 20.3, for each
k there exists a measurable sefy X with (Yx) =1 such that

4
oy (X) = w,d; for all x 2 Yi:
X
Now put
\1
Y = Yk
k=1
Then (Y)=1and
Z
Wy (X) = w,d; for all x 2 Y and for eachk 2 N:

X

The result now follows by approximating an arbitraryu 2 C(X ) by members of the
(wg). This completes the proof. [

This allows us to prove the following result.

Proposition 25.8 Letf: X ! X be a topological dynamical system on a com-
pact metric space and 2 M (f). Then 2 E(f) if and only if

1X1
= fi) s for -almost everyx 2 X.
i=0



P
Proof. If 2 E(f) then Proposition 25.7 tells us that% ikzol fie)y for all

X2Y. Corr:yersely, suppose there exists a measurable 3et X with (Y) =1
such that £ o figg* forallx2 Y. Thenforallx 2 Y and for allu 2 C(X),
one has z

b(x) = ud:
X

Thusif x 2 Y,u2C(X)andv 2 LY( )then

1 Xt z
= u(f'x))v(x) ! v(x) ud:

i=0 X

Thus by the Dominated Convergence Theorem 18.34, the conclusion of part (i) of
Proposition 25.5 is satis ed, and hence is ergodic. This completes the proof. m

As promised, we now further improve the Birkho Ergodic Theorem in the
uniquely ergodic case.

Theorem 25.9 Let f be a topological dynamical system on a compact metric
space. Then the following are equivalent:

() f is uniquely ergodic.

P .
(i) For everyu2 C(X), ¢ :‘=01 u(f '(x)) converges uniformly to a constant.

P .
(i) For everyu 2 C(X), % :‘=01 u(f'(x)) converges pointwise to a constant.

(iv) There exists 2 M (f) such that for all u 2 C(X) and for all x 2 X one has

1 Xt ‘
K u(f'(x)) ! ud:
i=0 X
Note that important part in (iv) is that the conclusion holds for all x 2 X (and
not just almost all). In other words, time average = space averageverywhere

Proof. Clearly (ii) implies (iii). Let us rst prove that (iii) implies (iv). For this
we deneamapT: CX)! Chby

Xt
Tu= ||<|!r1n P » u(f '(x)):

Then T is a bounded (and hence continuous) linear operator which satis @sly =
landu O impliesTu 0. Thus by the Riesz Representation Theorem 23.9,
there exist 2 M (X) such that

z

Tu= ud:
X

Since clearlyT(f (u)) = Tu, the measure belongs toM (f) by Proposition 24.3
and Corollary 24.4. This proves (iv).



Now let usgprove that (iv) implies (i). puppose that 2 M (f). Let u 2 C(X)
and seta = , ud . By assumptionl  tu(fi(x)) ! aforall x 2 X, and
thus in particular it also converges for -almost all x 2 X. Therefore by Birkho
Ergodic Theorem 20.2 applied to the invariant measure, we have

Z Z

ud a= ud:
X X

Sinceu was arbitrary we then have
ergodic.

Finally let us prove that (i) implies (ii). First note that for a given v 2 C(X),
iR« K o V(f1(x)) converges uniformly to a constant, then this constant must be
w vd . Thus if (ii) does not hold then there existsv 2 C(X) and > 0 such that

forall n 1 there existsk n and xx 2 X such that

by Proposition 23.7. Thusf is uniquely

K 1 z

1 v(f (X)) vd > :
k X
i=0
Now set
1 X1 1 X lfi
k= figx) = T X -
k i=0 ‘ k i=0
Then for eachk one has
Z Z
vd vd >
X X

Now observe from the recipe from the proofof the Markov-Kakutani Fixed Point
Theorem 24.6 that the sequence () has a convergent subsequence, which moreover
converges to an element; of M (f). But then
z Z
vd 4 vd > :
X X

Thus ; 6 , which contradicts f being uniquely ergodic. This completes the
proof. [

3This is where it is important that the recipe from the proof of Theorem 24.6 allowed us to
start with an arbitrary sequenceof points. In this case the sequence isy, .

8



LECTURE 26

Partitions and the Rokhlin Metric

In this lecture we introduce a \measure-theoretic" version of entropy. In this lecture
we go back to working on an arbitrary probability space X; A; ). This entire
discussion should be contrasted with the similar notions introduced in Lecture 10
for open covers.

Definition 26.1 LetP = P (X; A; ) denote the space of all (equivalence classes
of) nite measurable partitions (which we will henceforth simply call \partition")
of (X; A; ). Thus elements ofP are (equivalence classes) of nite tuples

where each seCy 2 A is a measurable set, and
(G\C)=0 if i6]; and Xn C¢ =0:

The equivalence relation in question is the following: two partitions and are
equivalentifforallC 2 with (C) > Othere existsD 2 suchthat (C MD) =0,
and conversely. In other words, and are equivalent if there exists a sefA of
measure zero such that the restrictions of and to X nA coincide.

Like all good mathematicians however, for the remainder of this section we
will suppress the equivalence classes and just think of elementsPofas genuine
partitions (a bit like we do with the LP spaces of integrable functions). If is a
dynamical system on (X; A; ) then given 2 P there is a well-de ned pull-back
partition given by

fl=ff1Ccjc2 g

Definition  26.2 Given two partitions and , we say that is are nement of
, or equivalently, that is subordinate to , and write if for all D 2
there existsC 2 suchthatD C.

Lemma 26.3 The operation de nes a partial order onP .

Proof. If and then = (recall we are really working with equivalence
classes). The other properties are clear. [

Definition  26.4 Given two partitions and , we de ne their join , written |
to be the partition
=fC\DjC2 ;D 2 g

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zurich. Last modi ed: June 08, 2020.
LThis lecture we are exclusively working in the measure-theoretic world, so there is no danger of
ambiguitiy in just writing \dynamical system" to mean \measure-preserving dynamical system".
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Note that _ forany . The next lemma is immediate from the de nitions
(compare to Lemma 10.12).

Lemma 26.5 Let f be a dynamical system or(X; A; ), and suppose; 2 P.
Then
frC_)=f *)_f () (26.1)

and

) f 1) f X): (26.2)

Definition  26.6 We say that two partitions and are independent if (C\
D)= (C) (D)forallC2 andD 2

By convention we will say that 0log O = 0 in the following. We now de ne the
entropy of a partition.

Definition  26.7. Let = fCy;:::;Cyg denote a partition. The entropy of
written H( ) is the non-negative real number

xXP
H( ) = (C)log (Gi):
i=1
The next lemma is immediate from the de nition.
Lemma 26.8 Let f be a dynamical system on a probability spacéX; A; ). Then
Hf *)=H(), 8 2P:

Definition  26.9 Given two partitions = fCy;:::;Cyg, and = fDy;:::; Dgg,
we de ne the conditional entropy  of with respect to , written H( j ), by
X X®(Ci\ D))

N (Ci\ Dy).
H(j) = (Dj) log ;
a0 (®)

Here we assumed that (D;) > 0 for eachj, which is harmless since we are working
with equivalence classes.

Motivating the definition of entropy: We will now attempt to moti-
vate these de nitions. Suppose we are performing an \experiment" on our system
(X; A). The possible outcomes of this experiment are determined by a partition

pretend for a while that we haven't yet come up with De nitions 26.7 and 26.9 and
attempt to \guess" how to de ne the entropy.

Indeed, the entropyH( ) is intended to measure the amount of \uncertainty"”
we have when we made the experiment. It is reasonable to assume tH&at) should

where is a function to be discovered.



Suppose moreover that we have two experiments= fCy;:::;C,g and =

tainty about the outcome of under the assumption that wealready know what
happened when we did .
If we know that D; happened then the probability ofC; happening is given by

(C(i[\)f;j), and thus the uncertainty about the outcome of given that D; happened

IS given by

(Ci\ Dj). (C2\ Dj) ... (Co\ Dj)
By Oy T (D))
This means that uncertainty about , given that we know the outcome of , should
be given by the number

. mus_tbeXq ' (C1\ Di). (C2\ Dj) (CIO\ Di)
A 7 N T R G

It turns out that if we make a couple more \reasonable" assumptions then we
essentially have no choice about the de nition of .

(26.3)

Theorem 26.10 (Khinchin's Theorem) Let , RP denote the simplex
p = (X1;:i5 %) Xi 0 xi=1 RP:

Let = S;=1 p, and suppose: I R is a function such that
() ( x15:::%p) 0, and ( Xq;:::;%p) =0 if and only if somex; = 1:
(i) ( Xa5::05%p;0) = ( Xa5::15%p).

(i) Foreachp 1, j , is continuous and symmetric.
(iv) Foreachp 1, | , hasits largest value at(1=p;:::;1=p).
(v) If His dened from via (26.3)thenH( _ )= H( )+ H( ] ):

Then there existsc > 0 such that ( Xi;:::;Xp) = cP ip=1 Xj logx;:

These are indeed \reasonable" assumptions:

Property (i) says there should be no uncertainty when there is only one pos-
sible outcome.

Property (ii) tells us that if we can experiment with p possible outcomes then
by adding an impossible (i.e. probability 0) outcome we can also regard it as
an experiment with p+ 1 outcomes.

Property (iii) says that the uncertainty of an experiment shouldn't depend on
the ordering of the outcomes we chose (and continuity is a basic mathematical
requirement!)

Property (iv) says that the uncertainty is maximised when all the outcomes
are equally probable.



Finally property (v) says that the uncertainty from performing two exper-
iments and is the same as the uncertainty from performing plus the
uncertainty from performing already knowing that had been performed.

The proof of Khinchin's Theorem 26.10 is \easy" in the sense that it involves
no advanced concepts. But it is a little ddly, and would take us the entire lec-
ture to prove. Since Khinchin's Theorem is only used to motivate the de nition
of entropy, and is not needed in any of the material that follows, we will skip the
proof. We refer the interested reader pages 9{13 of Khinchin's book Mathematical
Foundations of Information Theory.

Let us now go back to the general theory. The following result contains some use-
ful properties of entropy. Many of these properties are immediate from Khinchin's
Theorem, yet since we did not prove the theorem we will prove them directly

Proposition 26.11 Let (X; A; ) denote a probability space. Fix three partitions

Then:
(i) It holds that
0 log 1rn_ax (G) H() logp:
ip

The rst equality is strict if  is not the trivial partition, and the second
equality is strict unless (Cj) = % for eachi.

(i) 0 H(Cj) HO).

(i) H( j ) =0 if and only if

(iv) H(j )= H( ) ifand only if and are independent.
(v) If thenH(j ) H(j).

(vi) HC _ )

partition

H(j )+ H(j _ ). In particular, taking to be the trivial
fXg wehaveH( _ )= H( )+ H(]).

(vi) HC _ j) H(j)+ H(j), and hence taking to be the trivial partition
we haveH( _ ) H( )+ H():

(vii) H(j ) HCj )+ HCj).

We will prove (i), (ii), (i), (iv) and (vii). The remaining three parts|(v), (vi)
and (viii)|are on Problem Sheet M.

2In fact Proposition 26.11 is used to prove Khinchin's Theorem, so it would be a circular
argument to use Khinchin's Theorem to prove Proposition 26.11!
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Proof. Clearly H( ) 0. Moreover if contains at least two elements of positive
measure therH( ) > 0. ThusH( ) =0if and only if is the trivial partition (recall
we are really working with equivalence classes). It is obvious that

H() log max (Cy)

To prove that H( ) logp, consider the function :[0;1)! R given by
(

xlogx; x> 0
0=

26.4
0; X =0: ( )

See Figure 26.1. Then %¥x) = 1=x> 0 and hence is strictly convex. Thus

Figure 26.1: The function (x)= xlogx.

!
X X
aiXi a (xi)

P
for non-negativea; such that ;& = 1. Now taking a = 1=pand x; = (C;) for
1 | pwe obtain

1 logp = 1
Y p !
1 X
= - (Ci)
P i=1
X
- ( ()
i=1 p
1
= —H():
5 ()
Finally since is strictly convex we obtain equality only when thex; = (C;) are

all equal to % This nishes the proof of (i).
Now we prove (ii). We may assume that (C;); (D;) > 0 for eachi;j , since
we are working with equivalence classes. Again, using the fact thatis strictly



convex, we compute:

X K (C\ D))
S
_ X (Ci\ D))
= e ey |
X X _ (Ci\Dj).
i=1 =1 ®) (Dj)
XP
= ( (G))
i=1
= H():

To prove (iii) observe that (x) < 0for0<x < 1, and hence iH( j ) = 0 then
for everyj we have %Bi) = 0 for eachi. Thus . The other direction
of (iil) is clear.

To prove (iv), if H( j ) = H( ) then we must have equality in the previous

displayed equation for each term of the summation over which means that
|

(cn= )
j=1 i
-7 oy 1D
=1 (Dj)
By strict convexity of  this implies that for all i;j one has{&1Pi) = (Ci), which

(Dj)
implies that and are independent. J
Parts (v) and (vi) are on Problem Sheet M. Part (vii) is an immediate conse-
guence of (vi) and the inequality

HCJ _ ) H(Jj)

which follows from (iii) since _ . Finally (viii) is also on Problem Sheet M.
This completes the proof. [

Following the recent general theme of the course, we now tufh (X) into a
metric space.

Definition 26.12 We de ne
dr: P P! R

by
dr(; )=H(j )+ H(Jj):
The "R" stands for the Russian mathematician Rokhlin.

Corollary 26.13 The function dz de nes a metric onP called the Rokhlin
metric.



Proof. That dr(; ) 0O with equality if and only if = follows from parts (i)
and (iii) of Proposition 26.11. It is immediate that dg is symmetric. To see the
triangle inequality, we use part (viii) of Proposition 26.11:

dr(; )=H(j )+ H(j)
HCj )+ HCj)+HCj )+ H(C])
=dr(; )+ dr(; ):

This completes the proof. [

Remark 26.14 Let us emphasise that the spac® = P (X; A; ) of partitions
is always a metric space foany probability space (X; A; ). Thus we are not
assuming thatX is itself a metric space.

Although the metric dr is conceptually nice, it is a bit inconvenient to use
in computations. Here is another approach to de ning a metric on the space of
partitions.

Definiton  26.15 Given p 2 N, we denote byP, P those partitions with
exactly p elements.

There is an easy way to de ne a metric o .

Definition 26.16 We de ne

@:P, P,! R*

as follows. Given = fCl; e Cpg and = fDl; N ng in P p,» We set
d; = m
; . in Ci MD );
p( ) 25(p) - ( i (|))

where the sum is over the symmetric group of permutations ofL; 2;:::; pg.
Lemma 26.17 For any p2 N, d;, is a metric onP .

The proof of Lemma 26.17 is left for you on Problem Sheet M. Here we will
prove the following more tricky result.

Proposition  26.18 For any p 2 N, the inclusion
Ppndy ! Pdr
Is uniformly continuous.

Proof. Fix "> 0. Choose (x < %1 small enough such that

op 1) log @ )logd )<%: (26.5)

do(; ) <:

7



We claim that dg(; ) <". First, without loss of generality by relabelling we
may assume that
xp
(CiMDj) < :
i=1
Now considersthe partition with p(p 1) + 1 elements given by the set<; \ D;
fori 6 j and ", (Ci\ Dj). Since fori 8 j one has

[P
Ci\ D (Ci MDy)
i=1
it follows that

!
P

[
(Gi\ Dj)<; for i6j and (G\ D) >1

i=1

In other words, the partition consists ofp(p 1) \small" sets and one \large" set.
Thus from the de nition of H( ) we obtain

H()< p(p 1) log (1 )logl );

and henceH( ) < i by (26.5). Next observe that by construction one has _ =
. Therefore applying parts (vi) and (vii) of Proposition 26.11 we obtain

H( )+ H(j)=H( _ )
=H( _)
H( )+ H()
<H()+§:
This implies that .,
H(j)<§:

By symmetry (since _ _ ) we also have

H(j)< é;
and hence
dr(; )=H(j)+H(j)<™
This completes the proof. [

In fact, the converse to this result is true.

Proposition  26.12 Given ; 2 P, and" > O there exists > 0 such that
dr(; )< impliesthatdy(; )<".

The proof of Proposition 26.19 is on Problem Sheet M. It therefore follows that
the two metrics d, and dg are strongly equivalent onP .



LECTURE 27

Measure-Theoretic Entropy

In this lecture we stick in the measure-theoretic setting, and de ne theneasure-
theoretic entropy of a measure-preserving dynamical system on a probability space.
The construction is analogous to the de nition of topological entropy via open cov-
ers given in Lecture 10, where now partitions play the role that open covers did
previously. The similarity in the de nitions is no accident: next lecture we will
prove the Variational Principle, which says that the topological entropy of a topo-
logical dynamical systemf on a compact metric space is the supremum over all
2 M (f) of all the measure-theoretic entropies.

We start with the partition version of De nition 10.10.

Definition  27.1 Let f be a dynamical system on a probability spaceX( A; ).
Let be a partition of (X; A; ). Givenk 1, we de ne

K=t f kD
Explicitly, if = fCy;:::;Cog then an element of { is a set of the form
K1
f 'C; ji2f1;:::;po:

i=1
For any k;n 0 we have

sk kem (27.1)

We then have the following version of Proposition 10.16.

Proposition 27.2 Let f be a dynamical system on a probability spaceX; A; ),
andlet 2P . Then the limit limy, £H F exists.

Proof. This is another application of Fekete's Lemma 7.7. Dene : N! [0;1)
by

(k)=H k-
We will show that is subadditive. Indeed,
(k+n)y=H "
H F +Hf kD
= (k+ (n)

where the rst inequality used (27.1) and part (vii) of Proposition 26.11 and the
second inequality used Lemma 26.8. Now the result follows from Fekete's Lemma
7.7. |

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zurich. Last modi ed: June 08, 2020.
LIn fact the similarity is so extreme that large swathes of this lecture is essentially copy-pasted
from Lecture 10|modulo replacing U with  and updating the references!

1



This allows us to de ne the measure-theoretic entropy relative to a partition,
just as in De nition 10.17.

Definition  27.3 Let f be a dynamical system on a probability spaceX( A; ),
and let 2 P . We de ne the measure-theoretic entropy of f relative to by

. H
h(f, )= ||<I;r1n ” 2[0,1):

To de ne the measure-theoretic entropy of we now take the supremum over
all partitions , just as in De nition 10.18.

Definition  27.4 Let f be a dynamical system on a probability spacex( A; ).
We de ne the measure-theoretic entropy of f to be the quantity

h(f)=suph (f; ):
2P

In general the measure-theoretic entropy could be in nite. When there is more
than one measure in play (which will be the case next lecture), we cdll(f) the
measure-theoretic entropy of  f with respect to

Remark 27.5 Some textbooks refer to measure-theoretic entropy asetric en-
tropy. Whilst this has the advantage of being shorter and less cumbersome, we will
avoid this terminology as it clashes with the \metric" in metric spaces.

We rst show that the entropy h (f; ) can be computed via a di erent limit.
After proving this statement we will attempt to motivate the de nition of measure-
theoretic entropy.

Proposition 27.6 Let f be a dynamical system on a probability spaceX; A; ),
andlet 2 P. Then
h(f, )=ImH f1FK:

ki1
Proof. Set
ac=H f and ho=H f 1K:
Then
Cy = i .
h(f )= |I<I'r1n k'’
and we are required to prove that
2 )
h(f; )= L'!'in by:
First note that
fk+l — _f 1 fk

by (27.1). SinceH(f * )= H( )andH( _ )= H( )+ H( j ) by Lemma 26.8 and
part (vi) of Proposition 26.11 respectively, we have

— k+1
A+ = H f

=Hf 1k
=H({)+H ff
= a + b



Thus
A a = b
and so summing ovek yields

Therefore we have

Xl
%:Iim 127

h (f; )= lim im -

ki1
i=0
We are nearly done. By part (v) of Proposition 26.11 we havel( j ) H(j )
when . This implies that by b, 1, and hence ) is a bounded sequence of
real numbers and so limh, exists. Now recall from real analysisthat if the Cesaro
limit of a convergent sequence exists, then the Cesaro limit is necessarily equal to

the normal limit. Thus

. X!
kl!llm h(_ILI!I;Ln k b =h(f )

This completes the proof. [

Remark 27.7. Recall that the entropy H( ) can be thought as measuring the
uncertainty of an \experiment" . If f is a dynamical system which governs the
behaviour of the system under time, then the partition X represents the combined
experiment of performing on k consecutive \days" (or whatever time unit an

application of f represents). Thus the entropyH [ can be thought of as the

uncertainty inherent in performing on k consecutive days.

Next, recall that H( j ) represents the uncertainty in the experiment given
that we already know what happened when we performed Therefore Proposition
27.6 tells us that the measure-theoretic entroph (f; ) can be thought of as an
average uncertainty of performing the experiment on a given day, given that we
already know what happened on all the previous days.

Taking this one step further, this means thath (f) can be thought of mea-
suring the maximum (over all possible experiments) of the average uncertainty of
performing a given experiment every day, forever. In other words, we look for the
\least accurate" experiment we can nd in our system and then test it every single
day and see on average how many mistakes we make in our predictions.

The next result summarises the basic properties of the measure-theoretic en-
tropy.

Proposition 27.8 Let f be a dynamical system on a probability spaceX; A; ),
andlet ; 2P . Then:

2Here is the precise statement: Supposecf)x o is any sequence of real numbers. Les, =
% :‘zolci. Suppose thate, ! cand s ! s with both c;s nite. Then c¢= s. The limit s is
called the Cesaro limit of the sequence ¢). If you have forgotten how to prove this, consider it
an instructive exercise!



(i) It holds that
!

limsup }Iog 212az< (C) h(f; ) H(): (27.2)

ki1 k
(i) h(f; _ ) h(f )+h( )
(i) h (f;f )= h(f; )andiff isreversible thenh (f;f )= h (f; ).
(v h(f; )=h f; P foranyp2 N.
v)y h(f; ) h(f; )+ H(j): Thusif thenh (f; ) h(f; ).

Almost everything here follows readily from the various parts of Proposition
26.11, but let us check the details anyway.

Proof. The rst inequality in (27.2) follows from part (i) of Proposition 26.11. The
second inequality in (27.2) follows from Proposition 27.6 together with part (ii) of
Proposition 26.11.
Next, since
(_ )= f_5

part (ii) follows from part (vii) of Proposition 26.11. Similarly, since
GRBHES I

the rst statement in part (iii) follows from Lemma 26.8, and the invertible case
works in the same way.

Part (iv) is analogous to the end of the proof of Theorem 10.25. Using (27.1)
we compute

. 1 -
hf;fp=|I<|!r1nEH f!r

ki1

lim —H ¢
n'l N

h (f; ):

This leaves us with part (v), which is considerably trickier. UsingH( _ j ) =
H(j)+H(j _ )andthefactthat H( j ) H( | )Iif (these are parts (vi)
and (v) of Proposition 26.11 respectively) repeatedly we have

Hofl=H r e
=H {+Hf L
HOj)+HE Lt (27.3)



where we used that fand f _ K. Now the same argument applied to
the second term on the right-hand side of (27.3) gives

Hf ¢t ¢ HED 1 +Hf 202 ¢

=H(j)+HF 2( 3 ¢ (27.4)
Combining (27.3) and (27.4)
HO 8 2HCT )+ HE 255 5:
Continuing inductively, we eventually get

H KK (k DH(j)+HTF ®&D K

KH( j ):
Thus we have
H o Hf_f
=HEeH
H fk+kH(j)

Dividing by k and letting k1 gives
h(f ) h(f )+HC()
which proves part (v). This completes the proof. [

Corollary 27.9 Let f be a dynamical system on a probability spacéx; A; ).
The function h (f; ): P ! [0;1 ) is Lipschitz continuous function with respect to
the Rokhlin metric:

h( ) h( ) ds(; ) (27.5)

We will refer to (27.5) as theRokhlin inequality  in what follows.
Proof. This is immediate from from part (v) of Proposition 27.8. [

Now let us isolate a special class of partitions that can be used to compute the
entropy.

Definition  27.10 Let f be a dynamical system on a probability spacex( A; ).
A family of partitions is a generating family for f if the space of all partitions
subordinate to a partition of the form ¥ for some 2 and k 1 is dense in the
spaceP (equipped with the Rokhlin metric).

Explicitly, a family is generating if forany 2 P and any" > 0O there exists
a partition 2P and 2 such that

dr(; ) <" and £ for all k su ciently large. (27.6)
Equivalently one could ask that £ for somek, since then for anyn  k one
has L



Proposition 27.11 Letf be a dynamical system on a probability spaceX; A; ).
Suppose is a generating family of partitions forf . Then

h (f)=suph (f; ):
2

Proof. Let 2 P and" > 0. There exists a partiton 2 P and 2 such that
£ for all k su ciently large, and such that dg(; ) <". Then

h(f ) h(f)+"
by the Rokhlin inequality (27.5), and thus
h(f, ) h(f OH=nh()

by parts (iv) and (v) of Proposition 27.8. Since and" were arbitrary, the result
follows. u

Now let us make the analogy of De nition 10.1.

Definition  27.12 Let f be a dynamical system on a probability spacex( A; ).
A partition is called agenerator forf if = f gis a generating family.

The following corollary (which is a special case of Proposition 27.11) has its own
special name. It is the measure-theoretic analogue of Theorem 10.25.

Corollary 27.13 (Kolmogorov-Sinai) Let f be a dynamical system on a proba-
bility space (X; A; ), and suppose is a generator forf . Thenh (f) = h (f; ).

If we begin on a metric space then we can produce generating families in the
same way as Proposition 10.22.

Proposition 27.14 Let (X;d) be a compact metric space and suppose2 M (X).
Suppose( ,) is a sequence of partitions oK such that®

diam , =maxfdiamCj;C2 ,g! O0; as n'il

Set = f ,0. Thenif f: X ! X is any topological dynamical system which is
measure-preserving with respect to then is a generating family of partitions for
f.

Proof. Fix " > 0. Suppose = fCy;:::;C,g is any partition of (X; B; ). By
Proposition 26.18 it su ces to nd a partition = fDy;:::;Dyg such that n
for all n su ciently large and such that dy(; ) <"

Choose compact setk; C; such that

p(p+1)

(CinKj) <

(such sets exist by Proposition 23.4). Set
=inf d(K;;K;) > 0:
i6]

3Here we de ne the diameter of a disconnected space to be innite. Thus the hypotheses
imply that the elements of each ,, are all connected for largen.
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Choosem 2 N large enough such that

diam =
mo2
Now for1 i p 1 let D; denote the union of elements of,, which intersect
Ki, and let D, denote the union of the remaining elements of;,,. By the choice
of , each elementC 2 |, can intersect at most oneK;. Thus is a well de ned
partition which is obviously subordinate to ,. Forany 1 i p, one has

(G MDj)= (CinDj)+ (DinG)
p

(CinKi)+ X n[ Kj
i=1

< +
.P(p+ 1) p+1

p

Summing overk tells us that

(C; MD;) <™

i=1

Thus we also haved,(; ) <" as required. [



LECTURE 28

The Variational Principle

In this last lecture, we compare measure-theoretic entropy to topological entropy,
culminating in the statement and proof of the famougd/ariational Principle.

As we have seen, measure-theoretic entropy gives a quantitative measure of
the inherent uncertainty, or complexity, of a dynamical system, as seen via an
invariant measure. Topological entropy was actually discovered later than measure-
theoretic entropy, and its discovery was motivated by an attempt to extract the
same information using topological dynamics only.

Nevertheless, the absence of a \natural measure" for the size of a set in topo-
logical dynamics makes the latter more crude. For example, in Proposition 8.5 we
proved that the topological entropy of the union of two invariant sets is thenax-
imum of their individual entropies. Meanwhile in the measure-theoretic setting,
we have the following more re ned result: the entropy is the weighted sum of the
individual entropies.

Notation.  Since there are now multiple measures in play, we will writel ( ) for
the entropy of a partition with respect to instead of justH( ).

Proposition 28.1 Let f be a dynamical system on a probability spaceX; A; ).
SupposeA is an invariant set forf with 0< (A) < 1. Then

h(f)= (Ah, fia +@ (A)h . Fixn :

Heref j5 is the measure-preserving dynamical system on the restricted proba-
bility space A; Ax; A (Example 18.12), and similarly forf jx na.

Proof. Let = fA;X nAg, and suppose is a partition such that . Then we
have (with the obvious notation) that

H()= (AH, ja+t (XPAH | jxma + (A)log (A)+ (XnA)log (XnA)

A

SinceA is f -invariant, if then also £. Thus
CyZ e L k
n( )= fm H
_ .1 - .1 . K
= (A) k'f{n EH A Cin)ijy t (X nA) k'![n EH won CIxna)fi,

+ II(i'rln % (A)log (A)+ (X nA)log (X nA)
(A)h, fja; ja +(1 (A)h ., fixna; jxna +0:
Taking the supremum over such we obtain

suph (f; )= (Ah, fja +@  (A)h ., fixna :

Will J. Merry, Dyn. Systems |, Autumn 2019, ETH Zarich. Last modi ed: June 08, 2020.
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Finally we observe that for any partition there is a partition such that
and (for example, = _  works). Thus

h(f)=suph (f; )

This completes the proof. [ |

Comparing Proposition 8.5 and Proposition 28.1 suggests that topological en-
tropy measures themaximum dynamical complexity, whereas measure-theoretic
entropy measures theaverage dynamical complexity This leads us to hypothesise:

Topological entropy to be an upper bound for the measure-theoretic entropy;

The measure-theoretic entropy should be maximised by a measure that assigns
most weight to regions of maximal complexity.
This is indeed the case. Here is the statement of the Variational Principle.

Theorem 28.2 (The Variational Principle). Let X be a compact metric space and
let f : X I X denote a dynamical system. Then

hop ()= sup h (f):

2M (f)

The proof of Theorem 28.2 will take some time, and we will need a number of
auxiliary results.

Improved Definition: Since we are now restricting our attention once
more to compact metric spaces, we can adopt a slightly simpler de nition
of a partition. Namely, let us henceforth declare thapartition of (X; B)
is any nite collection = fCy;:::;Cyg of disjoint measurable sets whose
union is all of X. We denote the set of all such partitions a® 4s(X; B).

Thus an element 2 P 4s(X; B) is an actual honest partition of X (in the
normal sense of the word). And best of all|there areno equivalence relations
involved!

The following facts are clear:

If 2 M (X) is any Borel probability measure and 2 P 4s(X; B) then
will also be a partition of (X; B; ) in the sense of De nition 26.1.

Conversely if is any partition of (X; B; ) in the sense of De nition 26.1
then there is another partition that belongs to the same equivalence class
as inP (X;B; )andsuchthat 2 Pgs(X; B).

Thus all the results from Lectures 26 and 27 continue to hold with our new de nition
of a partition. Whilst the new de nition is slightly more restrictive, it will be
more e cient in this lecture. The reason for this is because we will be working
with multiple measures at once, and it would quickly become tiresome to have to
constantly check that all our purported partitions were indeed partitions (in the
sense of De nition 26.1) for each individual measure involved. From now on, if we
simply say \partition" it should be understood in the new sense of the word.
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Proposition  28.3 Let X be a compact metric space, and lef 2 M (X) be
two probability measures on(X; B).

(i) Let be a partition of X. Then for any c 2 [0; 1] one has
cH()+@ o9H() Hesa o ()

(i) Supposef be a topological dynamical system oiX such that ; 2 M (f).
Then for any ¢ 2 [0; 1] one has

ch(f)+(1 oh(f)=hesa o (f):
Thus the entropy map

h(f):M((f)! [0;1]; 7' h (f)
is ane.

Proof. We begin with (i). Recall the convex function

xlogx; x O

)= 0; x=0;

from (26.4) and Figure 26.1. LetA 2 B and abbreviate
a= (A); b= (A):
Then since is convex we have

0 cat(1 ob c((@ (@1 o (b

cat(1 cb log ca+(1 c¢)b
caloga (1 c¢)blogb

=ca log cat(1 c¢cb logca

| {z }
0

+(1 oblogcat(l cob log (1 ob
{z
0

+ ca logca loga
+(1 oblog (1 c¢b logb
calogc+ (1 c)blog(1 o);

where we used the fact that log is an increasing function. It follows that if is any
partition then

0 Hesg 9 () cH() (1 oH()
clogc+(1 c¢)log(l ©
log 2



This proves (i). Now if is any partition, setting = ¥ in the above gives
0 Hesa 9 () cH(f) (1 QH(f) log2
Dividing by k and letting k! 1 tells us that
hesa o (F; )=ch(f )+@ oh(f ): (28.1)

The right-hand side of (28.1) is bounded above by the respective measure-theoretic
entropies:
he @ o (i ) ch(f)+(@d oh(f)

Then since was arbitrary we obtain
he va o (F) ch(f)+(@ oh(f): (28.2)

It remains to prove the other direction. Fix" > 0, and choose a partition and

such that (
_ h(f) " ifh(f)<1l;
h(t)> 5 ifh(f)=1:
and (
_ h() " ifh(f)<1;
> 1; ifh(f)=1:
Set = _ . Then from (28.1) we have
he v o (F )>(ch f)+@ oh((f) " fh(f)<1 andh(f)<1;
¢+l o \h 1.

o if eitherh (f)=1 orh(f)=1:
Since" was arbitrary we conclude that

hewo o (F) ch(f)+@ oh(f):
This completes the proof. [

Remark 28.4 The entropy map 7! h (f) is not necessarily continuous. That
is,if «; 2M (f)with * thenin generalh (f) may not converge toh (f).

However with a bit of work" one can prove that iff is either an expansive
topological dynamical system or a reversible weakly expansive dynamical system
(cf. De nitions 9.1 and 9.8) then in this case the entropy map is at leastipper
semi-continuous in the sense that if (*  then

limsuph (f) h(f):

ki1

YIn an ideal world | would prove this next week in \Lecture 29". Sadly though next week is
Christmas, and thus | rather suspect none of you would turn up if | tried to lecture... So | will
just content myself at stating this as an interesting remark.
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Remark 28.5 It will be useful in the proof of the Variational Principle to observe
that part (i) of Proposition 28.3 works for arbitrary nite convex combinations:

Suppose g1 k belong to M Q() and c¢;;:::; g are non-negative real numbers
such that ikzl ¢ =1 Set = ikzl G i 2M (X). Then for any partition one
has
X«
¢H () HC(): (28.3)

i=1
The proof of (28.3) is by induction onk, where part (i) of Proposition 28.3 does
both the base cas& = 2 and the inductive step.

We need two further preliminary results before we are ready to embark on the
proof of the Variational Principle.

Lemma 28.6 Let X be a compact metric space and let 2 M (X). Forany > 0
there exists a partition = fCy;:::;C,g 2 P 4is(X; B) such that

diamC; < and (@O =0; 81 i p:

Proof. First note that for any x 2 X and any > O there exists 0< %< such
that @Bx; 9 =0. Indeed, if this was not true we would have an uncountable
collection of disjoint sets of positive measure, which contradicts being a proba-

of radius less than=2 such that (@B) = 0 for eachi. Now let C; = B; and for
i> 1 let
[t
C =Bin Bj:
j=1
Then = fCy;:::Cygis a partition of X of sets of diameter less than, and since

@¢ QB

j=1
we have (@@ =0 for eachi. This completes the proof. [

Lemma 28.7. Let f: X ! X be a topological dynamical system on a compact

foreachO i @ Then

\d _
@ f '(A) =0:

i=0

Proof. Since !
\¢ ¢
@ f '(A) f (@A;
i=0 i=0
the conclusion is immediate from the hypotheses. [

We are now ready for the bestproof in the course! This proof is non-examinable.

2Where of course, best= longest.



(| ) Proof of the Variational Principle 28.2. We prove the result in four steps. The
rst two steps are devoted to showing that

h(f) he(f); 8 2M (f);

which thus proves one half of the Variational Principle. The last two steps deal
with the other (harder) direction.

1. Fix 2M (f),and let = fCy;:::;Cpg be a partition of (X; B). In this

rst step we will construct an open coverU = fUy;:::; U,g of X such that
h(f, ) h(fU+log2+1: (28.4)
Fix L
0<"< , (28.5)
plogp
and choose compact set&; int(C;) for k = i;:::;p such that (C, nK;) <"

(such sets exist by Proposition 23.4). Let

[P
Ko=Xn Kj;
i=1

so that (Ko) <p", and de ne a new partition with p+ 1 elements:

Let us compute the conditional entropyH ( j ):

XX G\ Ki) (G \ Kj)
H(j)= K. ] Yo j i
( J ) o j:1 ( I) (K|) g (K|)
xP . .
=) (CJ \ Ko) (CJ \ Ko)
= K ————log ————
N (S H R (9
(Ko)logp
<"p logp
<L (28.6)
Here (~) used the fact that fori 6 0, (C(J'QS‘) 2 f0;1g, and the last line used
(28.5).
Observe that foreach 1 i p, the set
Ui = Ki [ Ko
S
is an open subset oK, since itis equal toX n ;¢; Kj, and thusU := fUy;:::;Upg

is an open cover oKX .
Every element of the join covetUf is of the form

VIR B (V9 A W W R (VR



pairwise disjoint union of 2' elements of the join partition ¥ (some of which may be
empty sets). Thus every element o)< contains at most 2 elements of K. Taking
the union over a sub cover otJf with cardinality min Uf, we get that

# & 2XminUf;
and hence by part (i) of Proposition 26.11 we have
H(f) log# f
log(2 min U¥)
= H(Uf) + klog 2

Thus we obtain
h(f; ) h(f;U)+log2:

This is not quite what we want, since on the left-hand side we used the partition
and not our original partition . However by part (v) of Proposition 27.8 and
(28.6) we can estimate
h(f, ) h{ )+HC(j)
h(f; Uy+log2+1:
This proves (28.1), and concludes this rst step.
2. Since was arbitrary, it follows from (28.1) that

h(f) h(fiU+log2+1
hop(f) +l0g2+1;

where we used Corollary 10.23. We are almost done, apart from the annoying
1 +log 2 term. But this can be got rid o with the following trick (which we have
used before in the proof of Ste@ of Theorem 11.7). Namely, by repeat the same
argument with f 9 (for g2 N arbitrary) instead of f we obtain also that

h(f% hep(f)+log2+1: (28.7)
Now by Problem D.2 and Problem N.1 respectively, we have
h(f)=ch (f) and  hop(F% = chop(f9)
and thus dividing (28.7) by q and letting g tend to in nity gives
h(f) hop(f)

as desired.

3. Fix "> 0. In this step we will nd (modulo a technical detail that is
postponed until Step 4) a measure 2 M (f) with

1

h (f) h¥*P(f)" =limsup
ki K

log sep(; k;") (28.8)
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Since" > 0 is arbitrary, this shows that

hop(f)  sup h (f):

2M (f)

Let Ay X beamaximal k;")-separated set, and let , denote the atomic measure
concentrated uniformly on the points ofAy:

1 X
s.ep¢;k;")x2Ak *

k —

Now let )

}X fi .

K ke
i=0

k -

By compactness oM (X)) and the de nition of the limit supremum, we can choose
a sequences; ' 1 such that

lim 1 sepf; k;") = h*P(f)*
in kj

and such that , *  for some 2 M (f) (here we are using the recipe for con-
structing xed points from the proof of the Markov-Kakutani Fixed Point Theorem
24.6.

diameter smaller than" such that (@@ =0 for eachi. We claim that
H., X =logsep(;k;"): (28.9)

Indeed, no member of}‘ can contains more than one member of,, and so
sepf; k;") members of ¥ each have k-measurew, and all the others have

measure zero. Thus (28.9) follows directly from the de nition oH.
Now we would like to replaceH , with H ,. Fix 1 <q <k . We claim that

X 1
qlog sept; k;") Hr, ,( {)+20c logp: (28.10)
i=0

Let us assume (28.10) for the time being. Using (28.3) and dividing through lxy
we obtain
2

k-
Now by Lemma 28.7, for each membeA 2 [, we have (A) = 0. Thus by
Proposition 23.15. we have ,,(A) !  (A) for eachA 2 {. Thus

Jsep@iki") H,({)+ S logp: (28.11)
lim H, ()= H ()

Now by replacingk by k; in (28.11) and lettingj !'1  we obtain

gh*(f)"  H ()



Finally, dividing by g and letting q!1 we obtain (28.8).

4. It remains to prove (28.10). This is rather tedious, unfortunately. Fix

0O | g 1,andset I

(1) q
We can partition the setf0;1;2;:::;k 1ginto two sets: A;[ B,, whereA, denotes
those numbers that can be written as+ ag+ bforsome 0 a ¢(I) 1 and some
0 b g 1, andB, denotes those numbers which cannot be written in this form.
Thus B, certainly containsf0;1;:::;q 1g, but it is not too large: we leave it as
an easy exercise to check that

# B, 2q: (28.12)
What is the point of this? Let us apply this decomposition of 0;1;:::;k 1gto
write 0 1
c(l) 1
K=@7 f GeD A T f s
a=0 s2B

Thus by part (vii) of Proposition 26.11, we have

C§k) 1 X
H, () H (f @D+ H(f°)
a=0 s2B)
c§k) 1
Hier () +2qlogp;
a=0

where the last inequality used (28.12) and that ° hasp elements (cf. part (i) of
Proposition 26.11). Now sum this last equation overfrom 0 to g 1 to obtain

Xl
gH . ( ) Hii () +2d logp:
i=0

Since logseftk;" ) = H, ( ¥) by (28.9), from this (28.10) follows. This completes
this nal step, and hence also the proof of the Variational Principle. [

...and this also completes the course. Thank you all for attending, and
enjoy your winter vacation!




LECTURE 29

Hyperbolic Linear Dynamical Systems

[ Welcome to Dynamical Systems II! ]

We began Dynamical Systems | by studying topological dynamical systems, i.e.
continuous maps on metric spaces. In Dynamical Systems Il we will upgrade these
to di erentiable dynamical systems

Why study di erential dynamics? As you no doubt had drilled into you
during your rst analysis course, the dual concepts of being able to measure the
rate at which things change| di erentiation |and being able to measure the to-
tal amount accumulated over time| integration|are arguably the most important
mathematical ideas we humans have happened upon.

It should therefore not surprise you to learn that there is a rich and exciting
sub eld of dynamical systems concerned with di erentiable systems. In this course
will focus on a particularly interesting class of such systems, namehyperbolic dif-
ferentiable dynamical systems. Hyperbolicity was rst identi ed by Poincae (130
years ago) during his work on the famou$hree Body Problem The precise de -
nition is rather complicated (we will study a very special case later in this lecture),
but very roughly speaking, hyperbolicity can be characterised by the presence of
both expanding and contracting directions for the derivative (think saddle points).

Hyperbolicity is the main mechanism through which a di erential dynamical
system exhibits chaotic behaviour. It also has a remarkable \persistence" property:
namely, if a given system is hyperbolic then so are all su ciently \nearby" systems.
We will see many instances of this in the course, starting with Proposition 30.14
next lecture.

Before we can begin with the study of hyperbolic dynamics, however, we rst
need to address dierentiable dynamics in general. Unfortunately the process
of moving from topological dynamics to di erentiable dynamics is not entirely
straightforward. The rst thing to realise is that the de nition of di erentiabil-
ity doesn't even make senseon an arbitrary metric space! Indeed, if : X ! X
IS a continuous map on a metric space then you might naively try to de ne the
derivative of f using the same formula you learnt in high school:

f O(X) non:s:ense lim f(x+y) f(x) :
yl 0 Yy

(29.1)

However this is nonsense. Why?

On a metric space one cannot simply \add" points together, so neithex y"
nor\f(x+y) f(x)"are de ned.

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
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In a metric space there is no \zero element”, and thus the expressiop\ 0"
has no meaning.

The solution to these woes is to restrict our attention to special class of metric
spaces where these expressions can be meaningfully interpreted. Such spaces are
known as (smooth) manifolds , and they are commonly studied in Di erential
Geometry. If you have not taken a class on Di erential Geometry before thefear
not [we will cover all the necessary prerequisites from scratch in this course.

Before diving into manifolds, however, we will spend the rst seven lectures
focusing on an even more restrictive class of metric spaces for which you all already
know how di erentiation works: vector spaces .

Let us begin.

Convention:  Throughout this course, all vector spaces are assumed to b
real and nite-dimensional, unless stated otherwise.

Definition  29.1 A normed vector space consists of a vector spac& and a
choice of normk k on E.

SinceE is nite-dimensional, E is automatically a Banach space, i.e. the asso-
ciated metricd(v;w) = kv wk is complete (De nition 6.7).

Remark 29.2 In fact, everything in this section continues to make sense if we drop
the assumption thatE is nite-dimensional, and assume tha€E is aBanach space
(although some of the proofs would need tweaking a bit). However since this course
does not assume functional analysis as a prerequisite, we will (almost always) work
with nite-dimensional spaces only. Nevertheless, the interested reader is invited
to recast all the de nition and theorems in a Banach space setting.

Recall that two normsk k; andk k, on E are calledequivalent if there exists
a constantc 0 such that for allv 2 E, one has

%kvkl k vk,  ckvk;:

In fact, sinceE is nite-dimensional*, all norms are equivalent.

Definition  29.3 Let (E; k k) denote a nite-dimensional normed vector space
and supposeL: E ! E is alinear map. We will call L a linear dynamical
system. Note 02 E is a automatically a xed point of L.

Notation.  Given a norm onE. we will use the notationk k° to denote the
operator norm ofL with respect to the normk k. Thus

KLk® :=supfk Lvk j kvk =1g:

LIn the in nite-dimensional case one needs to make sure one only works with norms equivalent
to our original one.



Definition  29.4 Let L be a reversible linear dynamical system ok. We say
that L is a hyperbolic linear dynamical system if E splits into a direct sum

E=E® E"
which is L-invariant in the sense that
LE® ES3; LEY EY
and such that there exist constant€C 1 and 0< < 1 such that
kLkvk C *kvk; 8v2ES; 8k O

and such that
kL vk C Kkvk: 8v2EY: 8k O

or in terms of operator norms:
(Lie) ™ € (L %)™ C &
One callskE® the stable space for L and one callsE" the unstable space .

Remark 29.5 The connection between this de nition and the de nition of hy-
perbolicity we saw in De nition 8.12 will become clear soon; see Proposition 29.7.
(Spoiler: The two de nitions are the same.)

Since all norms are equivalent ofe, the de nition of hyperbolicity is indepen-
dent of the choice of normk k used. Note that it could be the case thaE*® = fOg
or EY = f0g.

Remark 29.6 SinceES? is L-invariant, the inequalities in the de nition hold not
only for positive iterates but actually for all iterates:

KL*(L"V)k C KkL"vk; 8V2ES: 8n2Z: 8k O
In particular, taking n =k gives
kL kvk %kvk; 8v2 ES; 8k O
A similar statement holds forEY. Moreoveras < < 1, we see thakL *vk!1

ask!1 forv2 ES,andkLkvk!1l ask!1 forv2 EVY.

On Problem Sheet O you will prove the following equivalent de nition of hy-
perbolicity.

Proposition  29.7. A reversible linear dynamical systenL.: E ! E is hyperbolic
if and only if every eigenvalue of L has absolute value di erent tol.

As a corollary, we obtain:

Corollary 29.8 The space of hyperbolic linear dynamical systems is an open
subset in the space of reversible linear dynamical systems.
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We will prove shortly that the hyperbolic splitting is unique. First let us intro-
duce some more notation. Suppode = E® EY is a direct sum (not necessarily a
hyperbolic splitting). Denote s: E! ES the projection ontoE*Sand ,:E! E“
the projection onto EY. We set

Vs = Vi Vy = Vo

If :E! Eisany map, wedenotebys= ¢ :E! E®and = , :E!
EY.If L: E! E preserves the splittingg = ES EY, it makes sense to de ne

Lss = Lgjes: ES! ES;

and similarly
Luu = Lquu: EY! EY:

Then for anyv 2 E,
Lsv = Lgvg = LggVs; Lyv=Lyv, = LuwV:

Definition  29.9 Supposd.: E ! E is ahyperbolic linear dynamical system with
splitting E = ES E". Given" > 0, we de ne the"-cones about E® and EY by:

cone(E®) = fv2 E jkvwyk "kvskg;

and

cone(E"Y) = fv2 E jkvsk "kv,kg;

Proposition  29.1Q SupposeL: E ! E is a hyperbolic linear dynamical system
with splitting E = ES EY. Then E*® can be alternatively characterised as:

ES= v2EjL*v! Oask!1l
V2Ej9r> 0; kL*vk r; 8k 0
V2E|j9"> 0; L*v2 cone(E®); 8k O :

Similarly

EY= v2EjL “v! Oask!1
V2Ej9r> 0; kL *vk rforallk O

V2Ej9"> 0; L v2 cone(EY) forallk O :

In particular, the hyperbolic splitting is unique: if E = F* F" is another hyper-
bolic splitting for L then E® = F*>and EY = F".

Proof. We give the proof forE*® only. Of the three sets on the right-hand side, it is
clear that E*® is contained in the rst subset, and that the rst subset is contained
in the second. Let us prove that the second subset is contained in the third. Indeed,
suppose

uz v2Ej9"> 0, Lv2 cone(ES) forallk 0



This means there existk, 0 such thatw = L*ou satis es w 2 cong(ES®). In
particular, wy, 6 0. Then we havekLkwyk ! 1 and kL*wsk ! O ask!1 (cf.
Remark 29.6) . This means that

kLkwk k L*wyk k L*wek!'1

Thus the sequencekL kwk . Is unbounded, and thereforev does not belong to the
second set on the right-hand side.

To complete the proof, we show that the third set on the right-hand side is
contained in ES. Indeed, ifv 2 ES then v, 6 0, and hencekL¥v,k ! 1  and
kLkvsk ! Oask!1 by Remark 29.6 again, which implies that for any > 0 one
hasL*v 2 cone(E®) for k large enough.

Since both the rst and second sets on the right-hand side are manifestly inde-
pendent of the splitting E* EY, it follows that E*® is unique. This completes the
proof. [

Up to changing the norm, one can assume th& = 1.

Proposition 29.11 LetL: E! E be a hyperbolic linear dynamical system with
hyperbolic splitting E = E® EY. There exists a normk k, on E and a constant
0< < 1such that

KLv ka kvka; 8v2ES;
kKL vk,  kvkg; 8v2EY;
One calls such a nornk k, an adapted norm for L.

Proof. Denote the original norm byk k, and letC 1 and 0< < 1 denote the
original constants. Choosen large enough so thalC " < 1. We de nek k; by

X 1
kvk, = kL vk:
k=0
P
Then k k, is obviously a norm onE. Setting = [_;+C ¥, one has

kvk, kvk; 8v2ES?;

and similarly
kvk, KL" vk; 8v2EY:

Now supposev 2 ES. Then
kLvk, = kvk, k vk + KL"vk
k vka (1 C ")kvk
1 1(1 C ") kvkg:

Similarly if v2 EY one has

KL vk, = kvk, + KL vk k L" vk
kvka (1 C "KL" vk

1 l(1 C ") kvkg:



Set 1
= 1 =1 CM

Since 1 one has & < 1. This completes the proof. [

Definition  29.12 SupposeL: E ! E is a hyperbolic linear dynamical system
with splitting E = ES EY. Let k k, be an adapted norm forL with associated
operator normk k$P. We de ne the skewness of L with respect to this norm by

n 0
(L) =max KLgk®;k(L 1) kP < 1.

In fact, it is convenient to tweak k k, even further. For this we need another
more de nition.

Definition  29.13 Suppose E; k k) is a nite-dimensional normed vector space
andE = F G is a direct sum. We say that the normk k is of box type with
respect to the splittingF G if

kvk = max kvegk; kvgk ;

wherevg and vg are the components of/ in this splitting. It is easy to make a
box-type norm: if kK k is any norm then the functionk k, de ned by

kvkp = max kvgk;kvgk ; (29.2)

is another norm which is of box-type. One call& ky the box-adjusted norm  of
k k.

Lemma 29.14 Let L: E! E be a hyperbolic linear dynamical system with split-
ting E = E® EY. There exists a normk k,, on E which is adapted toL and of
box-type with respect to the hyperbolic splitting.

Proof. Let k k, denote an adapted norm forL, and then let k k., denote the
box-adjusted norm de ned by (29.2). Thenk Kk, is another adapted norm with
the same skewness ds k. [ |

In the future, we will typically assume from the outset when discussing hyper-
bolic linear dynamical systemd. that the norm k k on E is both adapted to L
and of box-type with respect to the hyperbolic splitting. In other words, we will
omit the subscript \ab", and assume that the construction from Lemma 29.14 has
already been performed.



LECTURE 30

Hyperbolic Fixed Points

In this lecture we continue to work on a nite-dimensional normed vector space
(E; k k), but we move outside the realm of linear dynamical systems. Again, all of
the following continues to hold with only minor modi cations if E is an arbitrary
Banach space. We begin with some preliminaries on di erentiable maps.

Suppose E;k ke and F;k kg are two normed vector spaces. Ldt(E;F)
denote the set of linear mapd.: E ! F. Then L(E;F) is a vector space of
dimension

dimL(E;F)=dim E dimF:

We makel (E; F) into a normed vector space via the operator norm:
KLke= =sup KLvkg jkvke =1

When the norms onE and F are clear from the context, we will simply writekL k°°.

Convention: In this lecture and beyond, the symbol is reserved for an
opensubset ofE, even if this is not explicitly said.

Definition  30.1 Supposef : E ! F is acontinuous map. We say thaf is
di erentiable at u 2 if there exists a linear mapL 2 L (E;F) such that
. kf (u+ f Lvk
im Ku+v) f(u) Lvke

=0:
kvke! O kvke

Denoting L by Df (u), if f is dierentiable at every point u 2 then the dif-
ferential of f isthe map 'L (E;F) given by u 7! Df (u). We say that f
is continuously di erentiable or of class Ctifthe mapDf : !L (E;F)is
continuous with respect to the normsk ke and k kg respectively.

Example 30.2 If L 2 L (E;F) then L is dierentiable with DL (v) = L for all
v2E.

Definition  30.3 We say that aC* mapf is adi eomorphism onto its image
if f() = Yis an open subset oF, and there exists anothelC! mapg: °! E
with imageg( 9= ,andsuchthat f g=g f =id.

Although we won't need them in this section, let us just quickly recall how one
de nes the higher derivatives.

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zdarich.  Last modi ed: June 08, 2020.

!Actually since all norms are equivalent on nite-dimensional spaces, it doesn't matter which
norm we choose when checking whethedf is continuous.

2We will need this when we talk about manifolds later.



Definition  30.4 Givenp 1 we de neLP(E;F) to be the space of alimultilin-
ear maps
. I .
M : - 7 I F:
p times
This is once again a normed nite-dimensional vector space, where this time the
norm is given by:

There is a natural linear isomorphism froni (E; L (E; F)) to L?(E;F). Namely,
givenL 2L (E;L(E;F))we dene M 2L?E;F) via

M (u; V) = L(u)(Vv); (30.1)
The same thing works for all highemp too: thus
L3(E;F) = L(E;L(E; L(E;F)):

Definition  30.5 Supposef : E ! F is a continuously di erentiable map.
Then we can ask whether the maf : 'L (E;F) is itself di erentiable. If it
is, then its derivative, D?f = D(Df ) is a map

D% : L (E;L(E;F)):
Using the identi cation (30.1), we usually regardD?f as a map
D%f: IL %E;F):
If D?f exists and is continuous, we say that is of class C?2.

The other higher-order derivatives are de ned inductively: we sa¥ is of class
CPforp 2iff isofclassCP !, and the mapDP f: 'L P 1(E;F)is dieren-
tiable, and its derivative DPf := D(DP If) is itself continuous. Finally we sayf is
smooth , or of classC! , if f is of classCP for everyp 2 N.

Remark 30.6 In di erential geometry, the word \di eomorphism" is usually re-
served for a smooth map with a smooth inverse, contrary to De nition 30.3. In
dynamical systems however it is important to keep track of the regularity, and
typically C! is su cient (the Denjoy Theorem 18.5 is an example of this).

Hopefully you are all familiar with the following foundational theorem.

Theorem 30.7 (The Inverse Function Theorem) Suppose E is an open set
andf : ! F isacontinuously di erentiable map. Suppose@ 2 has the property
that Df (u) is invertible®. Then f is locally a di eomorphism onto its image near
u. That is, there exists an open sét ob suchthatu2 sandfj ,: o! E
is a di eomorphism onto its image.

3Note that Df (u) can only be invertible when dimE = dim F.
4The notation b meansthat and ( is compact.



Just as with topological dynamics and measure-theoretic dynamics, we will
primarily be interested in the casé&e = F. Thus let us make the following de nition.

Definition  30.8 Let (E; k k) be a normed vector space. Aocal di erentiable
dynamical system is a pair (f; ), where E isanopenset,and: ! E
is a di eomorphism onto its image.

Just as we did previously with topological and measure-theoretic dynamics,
when there is no danger of confusion, we will omit the adjectives and simply refer
tof: ! E as adynamical system

Remark 30.9 Why the word \local"? De nition 30.3 is slightly at odds with
our previous de nitions of \dynamical systems", since we do not requiré to be
de ned on the entire spaceE, merely on some open set . The reason for this is
twofold:

Firstly, the Inverse Function Theorem 30.7 tells us that iff : ! E is
a continuously di erentiable map, then up to shrinking , we can always
assume thatf is a di eomorphism onto its image. Thus one could think
of a local di erentiable dynamical system as being obtained in the following
manner: start with an arbitrary continuously di erentiable map f, de ned
on some open set dE. Find u in the domain off so that Df (u) is invertible.
Then shrink the domain off appropriately.

The second reason will only make sense if you already know basic di erential
geometry (if you don't, don't worry|we will cover this material from scratch).
Later on in the course, we will de ne adi erentiable dynamical system to
be dieomorphismf: M ! M, whereM is a smooth manifold. The local
representation of such a map (i.e. when viewed in charts avi) is then a
local di erentiable dynamical system in the sense of De nition 30.3.

ff: ;! Eandg: ,! E are two dynamical systems with ;\ , 6 ;,
then givenanyu2 ;\ ,wecan nd b ;\ ,suchthatu?2 and both

fj ;g : ! E are dynamical systems. Thus when comparing two dynamical
systems, we can without loss of generality assume that they are de ned on the
same open set.

Definition ~ 30.1Q Supposef;g: ! E are two dynamical systems (de ned on
the same open set ). We de ne theC!-distance between them to be

di(f;g) =supmax kf(u) g(u)k;kDf (u) Dg(u)k® : (30.2)
u2

Note the rst term on the right-hand side of (30.2) is the norm onF, whereas the
second norm is the operator norm of the linear operatdf (u) Dg(u).

If f: ! E isadynamical system, we denote bg,(f; ;") the set of dynami-
cal systemgy (with the same domain ) which satisfy d;(f;g) <" . Thus By(f; ;")
is the \open ball" about® f of radius" in the space of local di erentiable dynamical

5This is a slight abuse of language (hence the quotation marks), as this is not a true open call
in the space of all local di erentiable dynamical systems onE, since we are requiring the domain
g of f to be same as .



systems onE. Similarly By(f; ;") denotes the closed ball.

We need to quote one more result before we can get started on the meat of this
lecture. As with the Inverse Function Theorem 30.7 this result should be familiar
to all of you (possibly formulated slightly di erently).

Theorem 30.11 (The Mean Value Theorem)Let E be a convex open set,
and supposd : | E is aC! map such thatkDf (u)k®* C forallu2 . Then
foranyv;w2

kf (v) f(w)k Ckv wk:

Recall from De nition 11.11 thatamap : ! E is calledLipschitz if there
exists 0 such that for allv;w 2 E, one has

k (v) (Ww)k kv wk:

The minimal such is called theLipschitz constant of and is denoted by lip( ).
Any linear map is Lipschitz. More generally, the Mean Value Theorem 30.11 tells us
that any continuously di erentiable map de ned on a convex open set with compact
closure is automatically Lipschitz.

Let us nally prove something:

Proposition  30.12 Supposef : ! E is a dynamical system. Fixu2 . Then
for any " > O there existsr > Osuch thatifg: ! E is a dynamical system with
di(f;g) 5 then

lip(g Df (u) "  onB(ur):

Here B (u;r) denotes the closed ball irE about u of radiusr.

Proof. Recall that if L is a linear map thanDL (v) = L for all v (cf. Example
30.2). Thusifg: ! E is a dynamical system then for anyu;v 2 one has

D(g Df (u)(v) = Dg(v) Df (u):

Fix u2 . Since Df is continuous atu, there existsr > 0 such that

kDf (u) Df (v)k° > 8v2 B(u;r):

Now supposedy(f;g) 5. Then forv 2 B(u;r) we have:

kD(g Df (u))(v))k®® = kDg(v) Df (u)k°
k Dg(v) Df (v)k°® + kDf (u) Df (v)k®
di(f;g) + kDf (u) Df (v)k°

2 2

The claim now follows from Mean Value Theorem 30.11. ]

Let us now give the key de nition of this lecture.



Definition ~ 30.13 Supposef : ! E is a dynamical system, andu 2 is a
xed point of f. We say that u is a hyperbolic xed point of f if the map
Df (u): E! E is a hyperbolic linear dynamical system.

In Corollary 29.8 we saw that a perturbation of a hyperbolic linear dynamical
system is again another hyperbolic linear dynamical system. In other words, hyper-
bolicity is persistent This is in fact the central theme of the course, and the reason
why hyperbolic dynamics are interesting: they are stable under perturbation. The
next result is a rst step in this direction.

Proposition 30.14 Let f: ! E be a dynamical system. Suppose 2 is

a hyperbolic xed point of f. Then there exists";ro > 0 such that any g 2

Bi(f; ;"o) has at most one xed point in B (u;ry). Moreover, ifO<r <r o then

there exists0 < " (r) <", such that any g 2 By(f; :;"(r)) has at least one (and
hence exactly one) xed point inB (u;r).

Remark 30.15 Denoting the xed point of g by ug, Proposition 30.14 says that
Ug! uasg! f inthe C* distance. Thusug varies continuously ing. In fact,
the xed point uq is a hyperbolic xed point of g, and moreover the hyperbolic
splitting also varies continuously withg, but we will not prove this until the next
lecture.

The key step in the proof of Proposition 30.14|and numerous other results in
this course|is the Banach Fixed Point Theorem Let us recall the statement.

Definition 30.16 Letf : X ! X be a continuous map on a metric spaceX(d).
We say that f is a strict contraction if there exists O < 1 such that
dif (x);f(y)) d(x;y)forall x;y 2 X.

Clearly any strict contraction has at most one xed point. However not all strict
contractions have any xed points. The next famous theorem gives a criterion for
when they do.

Theorem 30.17 (The Banach Fixed Point Theorem) Let (X;d) be a complete
non-empty metric space. Then any strict contractiorf : X ! X has a xed point
(which is necessarily unique).

(] ) Proof. Fix xo 2 X and setx,: f¥(xq). Sincef is a strict contraction, the
sequenceXy) is Cauchy. SinceX is complete, there existyy 2 X such that (up to
a subsequence)y ! y. Thisy is our desired xed point. [

Notation.  We denote byE(r) := B(0;r) the closed ball of radiusr about 02 E.

Proposition  30.18 SupposelL: E ! E is a hyperbolic linear dynamical system
with hyperbolic splitting E = E® E". Assume the normk k on E is both adapted
with respect toL and of box-type with respect to the splitting. Let = (L) denote
the skewness of. Suppose : E(r) ! E is a Lipschitz continuous map satisfying

lip( )< 1 (30.3)
Then L + has at most one xed point inE(r). If in addition one has

k Ok 1 lip( ) r: (30.4)



thenL + has at least one xed point inE(r). Denoting this (necessarily unique)
xed point by u , one has

ku k < 1Lol)li;() (30.5)
Proof. We wish to solve the equation
L+ )V)=v; (30.6)
for v 2 E(r) which is equivalent to
Lv+ V= Vg Lyv+ v=vy,
or equivalently
LesVe + sV = Ve, Lotve  Lyd wv= v

Dene X:E(r)! E by setting
X (V)= LesVs+ sVilyive Lyt wv:

Then v solves (30.6) if and only ifv is a xed point of X. To show thatL + has
at most one xed point, it su ces to show that X is a strict contraction. For this
we argue as follows, using the fact that the norm is of box type:

kX (v) X(w)k max kvs wsk+lip( )kv wk; kv, wyk+ lip( )kv wk
( +lip( )kv wk
< kv wk;

where the last line used (30.3). Now assume in addition that (30.4) holds. To
show that L + does indeed have a unique xed point, it suces to show that
X(E(r)) E(r), since then the Banach Fixed Point Theorem 30.17 furnishes the
desired xed point. For this we note that

kX(@k= 5(0); Ly u(0) k (Ok
Now x v 2 E(r) and argue:

kX (Vk k X(0)k+ kX (v) X(0O)k
k (Ok+( +lip( ))kvk
r:

This proves the existence of a unique xed point of X. Moreover the calculation
above tells us that

kv k k (O)k+( +lip( )kv k;
and hence L

This completes the proof. [



We now complete the proof of Proposition 30.14.

Proof of Proposition 30.14.Without loss of generality we may assume thati = 0.

SetL = Df (0), so that L is a hyperbolic linear dynamical system ort. If the

statement holds for one norm ork then it holds for any norm, and hence without
loss of generality we may assume tha& k is a norm which is adapted toL and of
box-type with respect to the hyperbolic splitting ofE. Let 0 < < 1 denote the
skewness of. and choose < < 1. By Proposition 30.12 there exist§, and rg

such that for any g2 By(f; ;"o),themap 4:=g L:E(ro)! E satises

lip( o)

Then by the rst statement of Proposition 30.18,= L + 4 has at most one xed
point in E(rg). Now let0<r<r g, and set

"(r) =minf"q; (1 )rg:
Then if g2 By(f; ;"(r)) one has
k g(O)k = kg(O)k = kg(0) f(O)k di(f;g) (1 )r

Thus by the second part of Proposition 30.18, such @ has a unique xed point
Ug 2 E(ro). Infact, ug 2 E(r), since by (30.5),

@
1 lip( o)

This completes the proof. [

Kugk




LECTURE 31

Persistence of Hyperbolic Fixed Points

Supposef : E ! E is a dynamical system, andu 2 is a hyperbolic xed
point. We proved last lecture that if g is another dynamical system su ciently close
to f, then g has a unique xed pointug which is close tou. In this lecture we prove
that ug is actually a hyperbolic xed point of g. Here is the precise statement.

Theorem 31.1 (The Local Persistence Theorem)et f: ! E be a dynamical
system. Supposeal 2 is a hyperbolic xed point of f. There exists";;r; > 0
such that everyg 2 By(f; ;";) has a unique xed pointug 2 B(u;ry), which is

a hyperbolic xed point for g. Moreover, ug, as well as the subspaces®(Dg(ug))
and EY(Dg(ug)) all vary continuously with g.

Despite the fact that we have already proved most of Theorem 31.1 last lecture
in Proposition 30.14, the remaining assertion will take us the entire lecture. Just as
Proposition 30.14 depended on the linear statement of Proposition 30.12, the proof
of Theorem 31.1 comes down to the following statement about hyperbolic linear
dynamical systems.

Proposition 31.2 LetL: E! E be ahyperbolic linear dynamical system. There
exists > Osuchthatif M: E ! E is another linear map such thatkM Lk <
then M is also a hyperbolic linear dynamical system. Moreover the stable and
unstable space€(M) and EY(M) vary continuously with M .

The only content of Proposition 31.2 is the claim that the hyperbolic splitting
varies continuously inM . We emphasise that this is anuch deeper statement than
the trivial assertion of Corollary 29.8.

Proof of Theorem 31.1, assuming Proposition 31.2Jse Proposition 31.2 and ar-
gue as in the proof of Proposition 30.14. [

The proof of Proposition 31.2 will require several preliminary results and de -
nitions.

Definition  31.3 Supposeh: E ! F is a homeomorphism between two nite-
dimensional normed vector spaces. We say théatis bi-Lipschitz if both h and
h ! are Lipschitz.

Asking both h and h ! to be Lipschitz is a fairly strong requirement (see Prob-
lem O.6 for an example of this).

Definition 31.4 E;k kg and F;k kg are two normed vector spaces. Given
L 2L (E;F), the conorm of L is de ned by

colL) =inf KkLvkg jv2 E; kvkg =1 ;

wherek kg and k kg are the norms onE and F respectively.

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.

1



Warning: The terminology is slightly abusive, as the conorm igot a norm!
The following statements are left as an exercise:

Lemma 31.5 . LetL 2L (E;F). Then:

(i) The conorm is bounded by the operator norm:

0 co(L) k LKk°:

(i) If L is invertible then co(L) > 0. Indeed:

1

o) = (i Tkop”

(31.1)

(iif) Conversely ifdimE = dim F then if co(L) > Othen L is invertible and (31.1)
holds.

(iv) IfL2L(E;F)andM 2L (F;G), then

colL)coM) coML) k MLk®® k M k°PKLK®P:
(| ) Remark 31.6 Another way to think about the relation between the operator
norm and conorm is the following. Suppose that dife =dim F = n. Then if L 2

L(E;F) then the gperator L L is a positive semi-de nite operator. Enumerate
the eigenvalues of L L as

(L) 2(L) n(L);

repeated according to multiplicity. These numbers are usually called thengular
values of L. Then

KLk® = 4(L);  coL)= n(L):

This can be understood pictorially as follows: the imageE (1) of the closed unit
ball E(1) E is an ellipse inF. The lengths of the two semi-axis of this ellipse
are precisely the operator norm and the conorm respectively. See Figure 31.1.

We now present a version of the Inverse Function Theorem for Lipschitz maps.

Theorem 31.7 (The Lipschitz Inverse Function Theorem)Let L: E ! F be a
reversible linear dynamical system, and let: E! F be Lipschitz. If

lip( ) < co(L); (31.2)

then L + is bi-Lipschitz and

1 .
colL) lip( )’

lip (L+ )1 (31.3)



Figure 31.1: The operator norm and the conorm.

Proof. We rst show that L + is bijective. That is, for anyw 2 F, we want to
prove that there exists a uniquev 2 E such that (L + )(v) = w. This is equivalent
to proving that the map

Xw:E! E; Xu(W)=L w L (v

has a unique xed point. As in the proof of Proposition 30.18 it su ces by the
Banach Fixed Point Theorem 30.17 to show thakK,, is a strict contraction. For
this we argue as follows:

kXw(u) Xw(Wke kL' (U L *'(v)ke
k L 1k‘F’f’E lip( )ku  Vvkg
< ku Vkg

by the last line used (31.2).
It is clear that L+ is Lipschitz. It remains to prove that (L+ ) ?!is Lipschitz,
with Lipschitz constant satisfying (31.3). Givenu;v 2 E. we have

k(L+ )(u) (L+ )Wke kLu vke k (u)  (Vke
colL) lip( ) ku vkg:
Thus writng u=(L+ ) Y(w)andv=(L+ ) (z2), this gives
kw zke colL) lip( ) (L+ ) *w) (L+ ) X2 ;
which proves (31.3). This completes the proof. [

We will also need the following extension of the Banach Fixed Point Theorem
30.17.

Theorem 31.8 (Parametric Banach Fixed Point Theorem) Suppose(X;dyx) and
(Y;dy) are two metric spaces. Assume thaYt is complete. EndowX Y with the
box metric

d((x;y); (x%y9) =max dx (x;x9;dy (y;¥) :

3



Suppose: X Y ! Y is a continuous map with the property that there exists
0< < 1 such that

dv ( X;y1); ( X;y2) dv(y1;¥2); By y2)2 X Y Y

Then for eachx 2 X, the map ( x; ): Y ! Y has a unique xed point. If we
denote this xed point by (x), thenthe map : X ! Y is continuous. Moreover
if is Lipschitz then so is .

Proof. Each map (x; ) is a strict contraction, and hence by the Banach Fixed
Point Theorem 30.17 has a unique xed point. Thus is well de ned. Now x
X1; X2 2 X. We compute

dv (Xx1); (X2) =dy X1, (X1) 5 X2 (X2)
dy X1, (X)) 5 X1 (X2) +dy Xy (X2) 5 X2 (X2)
dy (X2); (X1) +dy X1 (X2) 5, Xz (X2)

where we used the fact that (x;) is a xed point of ( X;; ) and analogously for
(x2). Since 0< < 1, we have

1

dv  (X1); (X2) 1

dy (x5 (X2) 5 X2; (X2) :

Since (; (X)) is continuous by assumption, the result follows. [
Notation.  Givenr > 0 we denote by
L, (E;F)=fL2L(E;F)jkLK® rg

the closed ball in the operator norm of radius about the zero map (thus., (E;F) =
L(E; F)(r) in earlier notation.)

We now prove the main technical step needed to establish Proposition 31.2.

Proposition  31.9 SupposeE = F G is a normed vector space, endowed with
a normk kg which is of box-type with respect to the splitting. LetL: E! E be
a reversible linear dynamical system, and writé in matrix form as

A B

- . ' .
LCD.FG.FG.

Suppose there exist two constants" > 0 such that

+r< 1 (31.4)

and
max kA 'kZ;kDkFs < ; (31.5)
max kBkZe;kCkig <™ (31.6)

Then there is a unique linear mapK : F ! G with kK k¥ 1 such that the
linear subspace
ogr(Ky) = f(v;K,v)jv2Fg E

4



is L-invariant. Moreover for allu 2 gr(K,) one has
1
KLuk — " Kkuk: (31.7)

Finally, K_|and hence also gr(K_)|depends continuously on L.

Proof. As before, we will reduce the problem to nding a xed point for a map
X:Li(F;G) 'L 1(F;G). It suces to show there is a unique mapK 2 L 1(F; G)
such that L(gr(K))  gr(K). Indeed, sinceL is invertible, such an inclusion is
necessarily an equality, so

L(gr(K)) =gr(K):

Thus supposeK 2 L 1(F; G) has the property that L(gr(K)) gr(K). Takev 2 F.

Then since
A B v _  Av+ BKv

C D Kv _ Cv+DKv '

we must have
K(Av + BKv) = Cv+ DKv:

This holds for allv 2 F and hence
K(A+ BK)= C+ DK:

By (31.5) and (31.6) and the fact thatkk ki 1, we have
1. op ",
COA) —; KBK ke’ ;

and hence by the Lipschitz Inverse Function Theorem 31.7, the map + BK is
invertible. Thus
K=(C+DK)A+BK) %

and we are led to consider the map
X:Ly(F;G)!'L (F;G)

given by
X(K)=(C+ DK)A+BK) % (31.8)
We need to check thatX is a contraction, and that X mapsL ;(F; G) into itself. To

see the latter point note that using (31.5) and (31.6), the Lipschitz Inverse Function
Theorem tells us that

k(A + BK) 'k
and hence

kX (K)kfs k C+ DK ks k(A+ BM) ki
+ [1]

T - < L




Since for anyK 2 L 1(F; G) one has
X (K)(A+ BK)= C+ DK;
we have by rearranging that for anyK 1; K, 2 L 1(F; G),
X(K1) X(Kz)=(D X(K)B)(Ki Ky)(A+BK;) ™

SincekX (K )kZ%s 1 we therefore have

KX (KD X (K kKy Kok

which proves that X is a contraction.

Since the normk kg on E is of box-type with respect to the splittingF G
and K has norm at most 1, the norm of a vector in gi) is given by the rst
component. Since.(v;Kv) belongs to grK ) we thus have

KL(v; Kv)ke = kAv + BKvV kg E " kvkg;

which proves (31.7).

Finally, we want to show that the mapL 7! K = K is continuous. Denoting
by S the set of linear mapsL: E ! E that satisfy the hypotheses of Proposition
31.9, consider the map

S L i(FG)!L 41(F;G), (LK) = XL (K);

where X is the map de ned above for a given specidc. The map is contin-
uous with respect to bothL and K, and the computation above shows that the
hypotheses of the Parametric Banach Fixed Point Theorem 31.8 are satis ed, with

+ "
i ([

Thus Theorem 31.8 tells us that the mapg. 7! K is continuous, and hence the
same is true of the magd- 7! gr(K_.) E. This completes the proof. [

We conclude this lecture by proving Proposition 31.2.

Proof of Proposition 31.2.We may assume that the nornk k on E is adapted to
L and of box-type with respect to the hyperbolic splitting. Let = (L) denote
the skewness ok, so that

L O
L= 0 L
with
KL, k% 5  KLgsk

Fix < < l1and0<"< 1 g. Choose > 0 small enough so that if
kM  LKk°P then both M and M ! are invertible and:



(i) M satis es the hypotheses of Proposition 31.9 with respect to the decompo-
sition E = EY E® (note the order!)

(i) M 1! satis es' the hypotheses of Proposition 31.9 with respect to the decom-
position E = E® EY (again note the order!)

Thus by Proposition 31.9 there are two mapK y 2 L ((EY;ES)andKJ 2 L 1(ES;EY)
such that gr(K v ) and gr(K ) are both M -invariant, and such that M jgx,, ) iS €x-
panding andM jg(k 0 ) is contracting. Therefore griku )\ gr(K3) = f0g. Since the
spaces have complementary dimensions, we see thats the direct sum of gr )
and gr(K%). Thus M is a hyperbolic linear dynamical system with hyperbolic
splitting

ES(M) =gr(Ky);  E“(M):=gr(Ky):

Finally, the continuity statement follows from Proposition 31.9. This completes the
proof. [

Here we are using the fact that ifkL Mk is small thenkL 1 M kP is also small,
since
Lt mi=Lm LM L



LECTURE 32

The Hartman-Grobman Theorem

Suppose : E ! E isadynamical system, and thau 2 is a xed point. As
you learnt in Calculus, the di erential Df (u) can be thought of as the \best linear
approximation” to f at u. That is, nearu the function g(v) = f (v) Df (u)(v u)
is't o(v. u). From a dynamical point of view though, the fact that Df (u) is a
good linear approximation tof nearu means practically nothing: in general there
is no relation whatsoever between the dynamics of the non-linear systénand the
linear systemDf (u).

In the presence of hyperbolicity however, it's another story entirely. The aim of
today's lecture is to prove a celebrated theorem of Hartman and Grobman, which
roughly speaking says that a dynamical systerh is conjugate to its di erential in
a neighbourhood of a hyperbolic xed point. To make this precise let us introduce
the following notion.

Definition  32.1 Supposef : X ! X andg: X ! X are dynamical systems on
the same spaceX, and that x 2 X is a common xed point off and g. We say
that f and g are locally conjugate at x if there exists a neighbourhoodJ of x
and a continuous maph: U[ g(U) ! X which is a homeomorphism onto its image
such that

h gu=1f hju:

Note that the local conjugacyh is not a true conjugacy since neithef jy or
Oin(u) is a dynamical system (i.e. we are not assuming that is g-invariant or that
h(U) is f -invariant). Here is the statement of the Hartman-Grobman Theorem.

Theorem 32.2 (The Hartman-Grobman Theorem)Letf: ! E be adynamical
system. Assume thatu 2 is a hyperbolic xed point of f. Then f is locally
conjugate toDf (u) at u.

The assumptionu = 0 is made only to simplify the statement (since 0 is always
a xed point of Df (0)).

Remark 32.3 Theorem 32.2 tells us that the dynamics of a (perhaps arbitrarily
complicated) mapf near a hyperbolic xed point are entirely determined by a
single linear map. This is a remarkably strong result|it e ectively reduces the
study of the local hyperbolic dynamics of non-linear systems to the study of linear
dynamical systems. Do not however let this fool you into thinking that hyperbolic
dynamics are in any way \simple"! In fact, quite the opposite is true, as we shall
see later on in the course when we explore the relationship between hyperbolicity
and chaos and positive entropy.

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
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Notation.  Let? C(E) denote the space of continuous functions: E'! E. Given
2 C°(E), we set
k ko =supk (v)k

V2E

(the \0" stands for the fact that this is the C° norm). We denote by C2(E) the
bounded functions:

CAE)= 2C%E)jk ko<1
The space CJ(E);k ko is a Banach space.
The main step in the proof of Theorem 32.2 is the following result.

Proposition 32.4 LetL: E ! E be a hyperbolic linear dynamical system, and
supposek k is a norm which is adapted toL and of box-type with respect to the
hyperbolic splitting E = E®* EY. Let = (L) denote the skewness df with
respect tok k, and suppose; 2 CJ(E) are Lipschitz with

maxflip( );lip( )g< minfl ; co(L)g: (32.1)

Then there exists a unique 2 C2(E) such thatid+ is a homeomorphism which
serves as a topological conjugacy from+ to L +

id + id + (32.2)

Mm<———m
Mm<———m

L+
e
_

L+

Remark 32.5 The assumption (32.1), together with the Lipschitz Inverse Function
Theorem 31.7, tells us that bothL+ andL+ are bi-Lipschitz homeomorphisms.

Proof of Proposition 32.4.Again, the proof strategy is to rst reformulate the prob-
lem to nding a xed point. For this observe that (32.2) is equivalent to

L+ + (L+ )=L+L + (d+ );

or
+ (L+ )=L + (d+ ):
Writing this in terms of the splitting E = E® EY we get
st s(L+ )=Lss s+ s(id+ );
and
U+ U(L+ ): LUU U+ U(id+ )1
that is,

2We adopt slightly di erent notational conventions here than in Dynamical Systems |, as it
will be important to keep track of the regularity.
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s=(Lss s+ s(id+ ) s)(L + )1;
b= Ly (ot w(L+ ) u(id+ )):

Thus we are led to the map
X:CH(E)! Cu(E); X =(XsXu); (32.3)
where

Xs( )= Lss s+ s(id+ ) s (L+ )1
Xo( )= Ly ot oL+ ) (id+

Note that X is well de ned, since as; and all belong to CJ(E) so does X ().
We now verify that X is a strict contraction, which as usual then furnishes us a
unique xed point via the Banach Fixed Point Theorem 30.17. For this suppose
;2 C2(E). Write X =(Xsg; Xy). Sincek k is of box-type it su ces to estimate
kKXs() Xs( )koandkXy( ) Xy( )ko. We compute:

Xs() Xs() g= Lss(s o)+ s(d+ ) o(d+ ) (L+ )*
=sup  Ls(s o)+ s(id+ ) s(d+ ) (L+ ) (V)

V2E

=sup Le(s o)+ sfid+ ) s(d+ ) (W)

w2E

sup  k s(w) s(wk+lip( ) k (w)  (w)k

w2E

+lip( ) k Ko:
A similar computation shows that
KXu( ) Xu( ko + lip( ) k Ko: (32.4)

Thus X is indeed a contraction, and hence has a unique xed point, and hence
we have solved (32.2). It remains to show that id + is a homeomorphisr Inter-
changing and , we ndaunique suchthatid+ is a conjugacy fromL + to
L +

id+ id+ (32-5)

m<<———m
m<<————m

L+
_—
_—

L+

3This can be seen explicitly by taking =0 in (32.4).

4You have probably seen this argument in various other guises in your other courses. Ab-
stractly, this comes down to a category-theoretic statement thatmorphisms de ned by universal
properties are always isomorphismsignore this footnote.
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If we splice the diagrams (32.2) and (32.5) together we obtain

E—"" L E

id+ id+

~ ~

E—" LE

id+ id+

~ ~

E—" E
we see that (id+ )(id+ ) is a conjugacy fromL + to itself:

L+

(d+ )id+ ) (id+ )id+ )

]

Mm<———m

However another conjugacy fronL + to itself is given by the identity id!

|

M= m
Mmée———m
o

L+
Thus by uniqueness of such conjugacies, we must have
(id+ )(d+ )=id :

Similarly
(id+ )(id+ )=id:

This proves that id+ is a homeomorphism, and thus completes the proof. m

(| ) Remark 32.6 Here is an alternative slicker proof of Proposition 32.4. As
mentioned in Remark 29.2 there was no real need (other than to slightly simplify
things) to restrict to nite-dimensional normed vector spaces in all our de nitions.
In particular, Proposition 30.18 is valid for hyperbolic operators on Banach spaces.

The operator X : CJ(E) ! C2(E) de ned in the proof of Proposition 32.4 is
actually itself a Lipschitz perturbation of a hyperbolic operator on the Banach
spaceC{(E), and thus Proposition 32.4 is an immediate corollary of Proposition
30.18. Let us brie y explain the details.

Let L: E ! E be a reversible linear dynamical system. Using, we de ne
another reversible linear dynamical system ofi, on the Banach spac&Cl(E):

T :CUE)! CXE); T.()=1L L L



With a bit of work, one can show that ifL is hyperbolic with splitting E = E® E“
then so isT,. The corresponding hyperbolic splitting ofC(E) is given by

C)E)=E EY;
where

EE= 2CXE)j (E) E°S ;
E'= 2CJE)j (E) E“

Now consider a perturbed operator
TL()=L  (L+ )%

Provided lip( ) is small, T,.. is a Lipschitz perturbation of T_, and henceT,. is
also hyperbolic (this follows from either Corollary 29.8 or Proposition 30.18).
Finally, the operator X from (32.3) can be written in the form

X:TL; +

where 2 CY(C2(E)) (i.e. a bounded function on the space of bounded functions).
Moreover lip( ) can be estimated in terms of lip(), and hence if lip( ) is small
enough thenX is a Lipschitz perturbation of the hyperbolic operatorT,. . Using
this, the desired xed point could be found by applying Proposition 30.18 td,. +

on CJ(E). See also Problem R.4, which studies the manifold version of this
statement.

We now prove Theorem 32.2.

Proof of Theorem 32.2.Without loss of generality we may assume that1t =0 2 .
If the theorem holds for one norm ork then it holds for all norms onE, so without
loss of generality we may assume that the norik k is adapated toDf (0) and of
box-type with respect to the hyperbolic splitingE = E* EY. Let be the
skewness oDf (0) with respect to k k. The idea of the proof is very simple:
since in a neighbourhood of {, is a Lipschitz small perturbation ofDf (0) (by the
Mean Value Theorem 30.11), we hope to apply Proposition 32.4 with= Df (0),
=f Df(@©)and =0.

There is a bug with this argument however: the Lipschitz constant df Df (0)
is only small near 0, and not on the entire spaceE. Unfortunately, in the proof
of Proposition 32.4 it wasessentialthat we worked on the entire spac&. Indeed,
if we tried to prove the same result for maps de ned only on a ball, then to apply
the Banach Fixed Point Theorem 30.17, we would need to show that the operator
X from (32.3) mapped the ball to itselfland this in general is false. So we need
another idea.

Luckily, cuto functions come to the rescue, and we proceed as follows: Choose
a continuously di erentiable function : E ! [0;1] such that

1, kvk
0; kvk

(v) = with iD (v)] 3 8v2E:

WIN W=

SEven worse:f is only de ned on , and not on all of E!
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Now consider the map =f Df(0): ! E. Then (0)=0and D (0) =0.
Choosery > 0 small enough such thaE(rg) . For0 <r<r o consider

EVOE; r(V) = \r_/) (V); kv To;

0; kvk ro:

Then . is a bounded continuous function on all oE, which agrees with onE %
and which vanishes outside o %r .

We claim that lip( ;) ! O asr ! 0. By the Mean Value Theorem 30.11 it
su ces to show that sup,,g kD (v)k°®! 0 asr! 0. For this note that

kD (Vk® D ¥ Flk WMk+ ¥ kD (V)k*: (32.6)

Since (0)= D (0)=0, for any "> 0 there exists O<r (") <r o such that

kk r(y ) k(WK ékvk and kD (Vk® - (32.7)

Since , vanishes outside ot %r we have

supkD (v)k? = sup kD (v)k:

V2E V2E(r)

If r<r (") then from (32.6) and (32.7) we obtain that forv 2 E(r),

l " 11}
KD (WK® 3 = — r+1
V) T 6 2

—+ - = ":
2 2
This proves the claim.

In particular, if we set

"=min 1 ;co(Df (0) ;
then for r <r (") the function

+ satis es the hypotheses of Proposition 32.4 with
L = Df(0), = | as above and = 0. Thus there exists a homeomorphism
h=id+ :E! E such that
h (Df (0)+ ,)= Df (0) h:
SettingU = E 3 , we have

h fj, = Df (0) hjy:
This completes the proof.



LECTURE 33

Stable and Unstable Manifolds

In this lecture we introduce the stable and unstable manifolds of a dynamical
system.

Definition  33.1 Supposef : E ! E is a dynamical system, and suppose

u 2 U is a hyperbolic xed point of f . We de ne the local stable manifold of u

with radius r to be
n

Wee (uif)= v2 kf*v) uk rforallk O; and Jim f¥v) = u

(0]

Thus W3, (u; f) is the set of vectorsv 2 such that f¥(v) 2 B(u;r) forall k 0,
and which are eventually asymptotic tou. Similarly we de ne the local unstable

manifold of u with radius r to be
n 0

W, (u;f) = v2 kf ¥(v) uk rforallk O; and Jim “(v) = u

The de nition also makes sense for = 1 , but this has a di erent name.

Definition  33.2 Supposef : ! E is dynamical system andu 2 is a hyper-
bolic xed point of f. The global stable manifold of u is the set
n 0

WS(u;f)= v2 Jim fX(v)=u ;

and the global unstable manifold of u is the set
n 0
WU(u;f)y= v2 Jim f “(v) = u

The local stable manifold depends on the choice of norm d&h, whereas the
global one does not. It is clear from the de nition that

WS(0;f) = | Wiee, (0;1); WY(0;f) = | Wige, (0;F): (33.1)
r>0 r>0
Both the local and global stable manifolds aré -invariant sets:
fWee, (Uif)  Wie, (usf);  f We(uif)  We(uf);
and the local and global unstable manifolds arg *-invariant sets:
forwWee (uf) W (uf), P whuf)  wWYu;f):

At the moment you should think of W* and WY as being sets. The name
\stable manifold" is rather suggestive, and indeed, we will prove these are genuine
manifolds next lecture. In this lecture, however, we will simply regard them as
subsets of. In the linear case, the stable manifold coincides with the stable space:

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
L Amusingly enough, we will prove they are manifolds before de ning the word \manifold". . .
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Example 33.3 Let L: E ! E be a hyperbolic linear dynamical system with
hyperbolic splitting ES EY. Then

W*(;L) = E® and WY(O;L)= E"“:

Moreover if the normk k on E is adapted and of box-type with respect to the
hyperbolic splitting and E3(r) = E(r)\ E®andEY(r) = E(r)\ EY, then for any
O0<r< 1 one has

Wiger (L) = E3(r)  and W, (O;L) = E"(r):

Remark 33.4 In fact, these de nition even make sense without the assumption
that uis a xed point. If f: X ! X is a reversible dynamical system on a metric
space, then forany point x 2 X, we de ne the stable manifold

n 0
WS(x;f)= y2X I(Ililmdf"(x);f"(y) =0 ;

and the unstable manifold
n 0
WU(x;f)= y2X lim d f K(x);f *(y) =0

In this level of generality however, the name is a misnomer, since the s@é#s' (x;f )
and Ws(x; f ) are typically not manifolds!

Let us suppose now that=0 2 and f is of the special form
f=L+; where (0)=0; (33.2)

wherelL is a hyperbolic linear dynamical system and is a Lipschitz map satisfying
with su ciently small Lipschitz constant.

Remark 33.5 Assumption (33.2) is not really a restriction, provided we are only
interested in the local dynamics. Indeed, Proposition 30.12 tells us that any dy-
namical systemf is of (33.2) in a small neighbourhood of a hyperbolic xed point
u, with L = Df (u)and =f Df (u).

We now present several alternative characterisations of the (local) stable mani-
folds, in a similar veirt to Proposition 29.10. The results are stated only for stable
manifolds, but it is easy to reformulate them for the unstable manifolds.

Proposition 33.6 LetL: E! E be a hyperbolic linear dynamical system with
splitting E = ES EY of skewnes® < < 1 with respect to a normk k which is
adapted to L and of box-type with respect to the splitting. Let : E(r) ! E be
Lipschitz continuous map satisfying

lip( )<1 ; (0)=0:

Set
f =L+ ;

2Indeed, in the case = 0, the next result reduces to Proposition 29.10, by Example 33.3.
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Then the local stable manifoldwWg... (0;f) can be alternatively characterised as:

Wi (0;f)= v2E(r)jkf¥wv)k rforallk 0
nv 2E(r)jf*wv) 2 E(r)\ cong(E®S) forallk O

v2 E(r)jkfkvk ( +lip( ))kkkaorall k 0 :

Proof. First note that for any v;w 2 E(r), we have

kfs(v) fs(Wk= Lg(vs Ws)+ (V) s(w)
( +lip( ) kv wk: (33.3)

Next, we claim that for any v;w 2 E(r), one has
v w Zcong(E®) ) f(v) f(w)2cong(E®): (33.4)
Indeed,
kfu(v)  fuwk= Lu(vu W)+ u(v)  u(w)
}kvu wyk lip( kv wk:

Since the normk Kk is of box-type, ifv w 2 cong(E*®) then kv wk = kv, wk,
and hence

kfu(v) fu(w)k 1 lip( ) kv wk: (33.5)
Combining this with (33.3), we obtain

* lip()
( +lip( )

Since +lip( ) < 1, we havel lip( )> 1, and hence

kf,(v) fu(w)k kfs(v) fs(w)k:

kfu(v)  fu(w)k> kfs(v) fs(wk;

thatis, f (v) f(w) Zcong(E?®). This proves (33.4).

We now prove the proposition. It is clear thatWy . (0;f) is a subset of the
rst set on the right-hand side. Let us prove that the rst set on the right-hand
side is contained in the second. Suppose there existsin the rst set on the
right-hand side, but such thatu does not belong to the second set on the right-
hand side. Thusfk(u) 2 E(r) for all k 0, but there exists ann 0 such that
v = f"(u) 2 cong(E®). By (33.5) applied with w = 0, we havef (v) Z cong(E?),
and thus from (33.5) we have

Ok S lip( ) kvk

Arguing inductively, we see thatf X(v) 2 cong(ES) for all k 0, and moreover

k
Kk S dip( ) kk:



Sincev 2 cong(E®) we have in particular that v 6 0. Thus kf K(u)k « oIS an
unbounded sequence of real numbers, which contradicts the facbelongs to the
rst set on the right-hand side.

Next, let us prove that the second set on the right-hand side is contained in the
third. Assume v has the property that for anyk 0, f¥(v) 2 E(r)\ cong(E3).
Then by (33.3),

kf (V)k = kfs(V)k ( +lip( )) kvk;

and thus inductively for any k 1,
kf“(v)k  ( +lip( ))* kvk:

Finally, itis clear that the third set on the right-hand side is contained inW3. (0; f ).
This completes the proof. [

Here is the global version.

Corollary 33.7 Let L: E! E be a hyperbolic linear dynamical system with
splitting E = E® EY of skewnes® < < 1 with respect to a normk k which

is adapted toL and of box-type with respect to the splitting. Let : E ! E be

Lipschitz continuous map satisfying

lip( )<1 ; (0)=0:

Set
f =L+ ;

Then the global stable manifoldW=(0; f) can be alternatively characterised as:

WS(:;f)= v2Ej9r OsuchthatkfX(v)k rforallk O
= v 2 Ejf*(v) 2 cong(E®) forallk 0 o
= V2Ejkf*WwWk ( +lip( )*kvkforall k 0 :
Proof. Immediate from (33.1) and Proposition 33.6. [

Now let us apply Proposition 33.6 to the local stable manifold of an arbitrary
dynamical system with a hyperbolic xed point.

Proposition 33.8 Letf: ! E be a dynamical system and suppose?2 is
a hyperbolic xed point of f. Then for r su ciently small there exists C 1 and
0< < 1 such that the local stable manifold of radiug can be characterised as

Wee, (u;f)= v2 jkf¥v) uk rforallk O
= v2 jkf¥v) uk r kf¥v) uk C ¥kv ukforallk O :

Similarly for r su ciently small there exists C 1and0< < 1 such that the
local unstable manifold of radiug can be characterised as

Wie, (U;f) = v2  jkf K(v) uk rforallk O
= v2 jkf ¥v) uk r kf ¥(v) uk C kv ukforallk O :
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Proof. We will prove the result for the stable manifoldW. (u;f) only. If the
claim holds for one norm then it holds for all norms (albeit with di erent constants
C and ), and hence without loss of generality we may assume the noknk on E
is adapted toDf (u) and of box-type with respect to the hyperbolic splitting ofE.
The only non-obvious part is that the rst set on the right-hand side is contained
in the second set on the right-hand side for appropriat€; and all smallr.

Without loss of generality we may assuma = 0. Let0 < < 1 be the skewness
of Df (0) with respecttok k. TakeC =1andlet < < 1. By Proposition 30.12
forr suciently small =f Df (0): E(r)! E satiseslip( ) . Then if
v satis es kf X(v)k r for all k 0 then

kf K(Wk = (Df (0)+ )*(v) ( +lip( ))*kvk kkvk;
by Proposition 33.6. This completes the proof. [

A corollary of this result is the following statement, which strengthens Theorem
31.1.

Corollary 339 Letf: ! E be adynamical system and suppose2 is a
hyperbolic xed point of f. There existsr > 0 such thatifv2 satises

kfk(v) uk 8k 2 Z;
then v = u. That is, for r su ciently small, one has
lec;r(U; f ) \ ngc;r(U;f ) = qu:

The proof of Corollary 33.9 is left for you on Problem Sheet P.



LECTURE 34

The Stable Manifold Theorem

In this lecture we will prove that the global stable manifold of a dynamical system
f = L+ , wherelL is a hyperbolic linear dynamical system and is a Lipschitz
continuous map whose Lipschitz constant is su ciently small, has a di erentiable
structure. For variety this time round we will work with the unstable manifolds.
One can think of the next result as the nonlinear version of Proposition 31.2 (cf.
Example 33.3 and Remark 34.2 below).

Theorem 34.1 SupposeL: E! E is a hyperbolic linear dynamical system with
splitting E = E5 EY, and letk k be a norm which is adapted td. and of box-
type with respect to the splitting. There exists > Osuch thatif :E! E isa
Lipschitz map with
lip( ) < ; (0)=0;
then if we set
f =L+ ;

then there is a Lipschitz continuous map : EY ! ES satisfying

lip( ) L (0)=0;

and such that
WH(0;f) =gr( ):

Finally, if isC!thensois .

We will not prove the red part of Theorem 34.1. Most of the interesting ideas
are contained in the Lipschitz statement, and verifying that is C!if is as well is
tedious and rather technical. Nevertheless, the consequences of the red statement
are very important. Indeed, it is precisely this statement that tells us thatvV"(0; f )
is a manifold|thus justifying the name \unstable manifold”|since the graph of
a C! map is itself aC*-submanifold. In fact, with a bit more work one can show
thatif isCPforp 1thensois , and hence if is smooth thenWY(0;f) is a
smooth embedded submanifold. If you are not happy about what this means, fear
not: we will discuss manifolds in the next lecture.

Proof of Theorem 34.1.As usual, we will rst reformulate the statement into a
xed point problem. Let 0 < < 1 denote the skewness a&f with respect tok K.
Set

= min

;colL) ;

and suppose : E! E is a Lipschitz map with (0) =0 and lip( ) < . We will
look for a Lipschitz continuous map : EY! ES® satisfying (0)=0andlip( ) 1
such that

far()) ar(): (34.1)
Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
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Then at the end of the proof we will show that (34.1) actually implies that gr() =
WUY(0;f). We argue in three steps.

1. In this step, we show that (34.1) can be reformulated as a xed point
problem. The condition (34.1) is equivalent to saying that for every 2 EY,

fu(v; (V) = fs(v; (V)
SinceL( (v)) =0 and Lgv =0, this reduces to
LuwV+ u(vi (V) = Lss (M) + s(vi (V));
or, denoting by id, the identity map on EY,
(L + o(idy; )= Lss + o(idy; ):

Since we assume lip) 1, we have

lip( u(idy; ))  2lip()<2 1

and since col,,) %, by the Lipschitz Inverse Function Theorem 31.7 the map
Lw + u(idy; ) is invertible. Thus

= Lg + s(idu;) Lo + u(idu;) 1:

This tells us we should consider the ma de ned by

X()= Les + s(idy; ) Lu+ o(dy;) 5 (34.2)

Finding a map which solves (34.1) is equivalent to nding a xed point ofX..

2. In this step we aim to apply the Banach Fixed Point Theorem 30.17 tX
and thus obtain our desired xed point . Note that we have not yet speci ed the
domain of X. This requires a bit of care: choosing the domain of in such a way
that X is a contraction is the most subtle part of the proof. First, let us extend
the operator norm to non-linear maps: given a continuous map: F ! G between
two linear spaces, de ne < ()

" V)Kg .
k k : SV‘QE’ ke

If s linear, this is just the operator norm.
Now set
= 2CY%E%E®j (00=0;kk <1

The space equipped with the normk k is a Banach space, as you will enjoy
proving on Problem Sheet P. If 2 C%E;E) is Lipschitz continuous, then clearly
2 with

k k lip( ):
However there exist non-Lipschitz functions that belong to . Givenr > 0 let

(r)=f 2 | s Lipschitz with lip( ) rg:



The set (1) is a closed subset of the unit ball of , and hence is itself a Banach
space. We consider the maj from (34.2) as a map
X: (1) !

To apply the Banach Fixed Point Theorem 30.17, we must show thaX ( (1))
(1) and that X is a strict contraction. The fact that X maps (1) into itself is
easy: if 2 (1) then X ( )(0)=0and X ( ) is Lipschitz with

+2lip( ) _ ..

lip(X()) 1 1; (34.3)

= 2lip( )
and thus X () 2 (1). The proof that X is a strict contraction is rather trickier.
Fix ; 2 (1). Let us abbreviate
A= Ly + y(dy; ): EYD EY; (34.4)
B=Lw+ u(dy ):EY! EY“
Then as already mentionedA and B are both bi-Lipschitz, thanks to the Lipschitz

Inverse Function Theorem 31.7, and hence in particular both are homeomorphisms.
This means that we can compute th&k k norm usingA(v) or B (V) instead ofv:

—aqm K Wk K (AWK _ Kk (B(V)K,
TSR Tk TR TIamk TS kB (k-
Fix v2 E. We compute:

XO)AW)  X()(AV) X(O)AW)  X()(B(V)
+ X()B(V) X )A(V)
Les( (V) (V) +  s(vi (V) s(vi (9))
+lip( X ( )kB(v) A(v)k
k (V) (Vk+lip( )k (v) (V)k
+lip( )k (v)  (v)k
+2lip( ) k (v)  (V)k;
where the penultimate inequality used that lipK ( )) < 1. Next, since (0) =0
and (0) =0, we have
kKA(VKk= LuwVv+ ulv; (v)) u(0; (0)

Livk lip( ) kvk+lip( kvk
1 i) kv

Combining these last three statements, we see that
+2lip( ) k (v) (vk
X X
O X0 1500 W kK
+2lip( )
=—————Kk k :
1 2lip()

L1f you are concerned about whetherX ( ) belongs to for 2 ( r), see (34.3) below.
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Since 51— < 1, it follows that X is a contraction, as required.

3. The Banach Fixed Point Theorem 30.17 therefore gives us a unique
such that (34.1) holds. Note that for any ¢; (v)) 2 gr( ), letting u= A v, where
A is as in (34.4), gives

f(u; (u)=(v; (v):
Thus we actually have

flarC ) =gr( ):

Finally we prove that gr( ) = WY(0;f). Since (0) =0 and lip( ) 1, one has
gr( ) cong(EY). We will use Corollary 33.7 but applied tof ! (recall last lecture
we used stable manifolds). Set .= f ! L 1. Since lip( ) is small, the Lipschitz
Inverse Function Theorem 31.7 tells us that lip() is also small, and therefore after
possibly shrinking , we may therefore assume that '+ satis es the hypotheses
of Corollary 33.7. Since gr() is invariant under f ! and is contained in cong(E")
(note the stable subspace df ! is EY!), it follows from Corollary 33.7 that

gr()  WH(0;f):

Now suppose there existy 2 WY(0;f) ngr( ). Let w = (vy; (W)), so that
w2gr()andv, = w,. Thenv w 2Zcong(E"). By equation (33.5) from the last
lecture (but again usingL !+ instead), it follows that

fkv) f Kw) 11
But since both v and w belong toW"(0;f ), we also have
f kv f Kw) ! o
This contradiction shows that gr() = WY(0;f ), and thus completes the procf =

Remark 34.2 If L: E! E isahyperbolic linear dynamical systemand: E! E
is C! and has a su ciently small Lipschitz constant, then both L + D (0) and
(L + D (0)) ! will satisfy the hypotheses of Proposition 31.2 and thus + D (0)
is hyperbolic. In this case not only is the map continuously di erentiable, but
one can also show that

gr(D (0)) = EY(L + D (0)): (34.5)

In words, this is saying that the unstable manifold oL + is tangent at zero to
the unstable subspace of the hyperbolic linear dynamical system+ D (0). We
will use this in the proof of Theorem 34.3 below.

We now prove the following theorem, which is one of the cornerstones of hyper-
bolic dynamics. Again, for variety this time we will use the stable manifold.

Theorem 34.3 (The Local Stable Manifold Theorem)Let f: ! E be a dy-
namical system and suppose 2 is a hyperbolic xed point of f. Then forr > 0
su ciently small the stable manifold W3 (u;f) is an embeddedC! submanifold
of E which is di eomorphic to a ball in ES.

2Apart from the red statement, which we are skipping. . .
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If you are not yet familiar with submanifolds, don't worry: the proof will make
it clear exactly what exactly we mean by an \embedded! submanifold”. The
following proof is non-examinable, since it is rather involved.

(| ) Proof. Denote by k k the norm on E. Without loss of generality we may
assume thatu =0 2 . Let E = E® EY denote the hyperbolic splitting corre-
sponding toDf (0). Since the local stable manifold depends on the choice of norm,
this time we cannot assume our normk Kk is already adapted toDf (0) and of
box-type with respect to the hyperbolic splitting. Thus let us denote by kg, the
norm obtained fromk k via the procedure from Lemma 29.14, and let® < 1
denote the skewness ddf (0) with respect tok kz,. We will rst prove the result
using the normk kg,, and then explain how to deduce the same result for the
original norm k k. To help distinguish the two norms, let us denote by

E(r) = the closed ball of radiusr about 0 with respect tok Kk,
Fl?(r) = the closed ball of radiusr about 0 with respect tok kg,

and

Wee (u; f) = the local stable manifold with respect tok k.

Igc;r(u; f) = the local stable manifold with respect tok Kkagp.

Fix a C! function :E ! [0;1] such that:

. 1.
0; kaab 3
Let :=f Df@): ! E. Then (0)=0and D (0) =0. We now want to

extend toafunction ,:E! E. Chooser> 0 small enough so thali_f’(:%r)
We will later shrink r further. De ne

W= o W

Then , is C! and agrees with on I@(r). Just like in the proof of the Hartman-
Grobman Theorem 32.2, ifr > 0 is su ciently small, then lip( ) will be small
enough so that the hypotheses of both Corollary 33.7 and Theorem 34.1 are satis ed
(with respect to k ka,). This means thereis a&C*map ,: ES! EYwith ,(0)=0
and lip( ;) 1 such that

We 0;Df (0)+ + =gr( ():

SinceD ;(0) = D (0) =0, the stable subspace of the hyperbolic linear dynamical
systemDf (0)+ D (0) is just E®, and hence it follows from (34.5) that

D ((0)=0:
Since the normk kg, is of box type, we can writé
B(r)= B5(r) BY(r);

3Here we are performing the harmless (ab)use of notatiofeS E!Y = ES EV.
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where Ii_f’s(r) is the closed ball inE® with respect to k k., etc. Consider theC?
embeddingi,: ES! E given by

ir(v) = (v; ((V)):

Theni mapsE® onto gr( ;). Since lip(;) 1, we have
i, BS(r) = W o;Df (0)+ , \ B(r):

We claim that
We, (0;F)= Ws 0;Df (0)+ , \ B(r): (34.6)

Since ; = onE(r),itis clear that
W, (0;f) WS oDf (0)+ , \ B(r)

To prove the other direction it su ces to show that if v 2 %vs 0;Df (0)+ , \ B(r)
then (Df (0) + ,)¥(v) 2 B(r) for all k 0, since then Df (0) + ,)k(v) = f¥(v)
for all k 0. The fact that (Df (0) + ,)¥(v) 2 E’(r) for all k 0 is clear from
Corollary 33.7, which gave us the alternative description d&vs 0;Df (0)+ , as:

n 0]
WeoDf )+ ; = V2E| (DT @+ W) ,, ( *+lip( )" kvka

Thus
ngc;r(O;f): ir @s(r) ;

which shows that®/? .,
Bs(r).

It remains to deduce the same result for the local stable manifoMy/;... (u;f)
with respect to the original normk k. Sincek k andk kg, are equivalent, we may
choose Xr, <r; <r such that

(O; f) is an embedded submanifold di eomorphic to the ball

ngc;rg(O; f ) lec;rl(O; f ) ngc;r (O; f ):

Set
B :

irl ngc;rl(O;f) :

Then B is a neighbourhood of 0 inES which is di eomorphic* to a ball (it is a
star-shaped set with respect to the origin irE®, which is squeezed in between the
two balls I*E’S(rz) and I@S(r)). Moreover ijg is a C! embedding from this ball onto
Wi, (0;f). This completes the proof. |

4We are concealing some details here. ..



LECTURE 35

Introduction to Di erential Geometry

In the next two lectures we will give a brief introduction to the aspects of di erential
and Riemannian geometry that we will need during the rest of the course. Most of
this should be familiar to anyone who has attended an introductory course on Dif-
ferential Geometry, although we seize the opportunity to de ne in nite-dimensional
Banach manifolds , which you are probably less likely to have seen before.

None of the material in the next two lectures islirectly examinable. ]

To motivate the de nition of a manifold, let us rst take a step back.

SupposeA and B are sets. Let
Maps(A; B)

denote the set of all mapg : A! B. SinceA and B are just sets, it doesn't
make sense to ask whether a given eleméntof Maps(A; B) is continuous.

A metric space (or more generally, any topological space) consists of a Xet
equipped with an extra structure|the metriclwhich allows us make sense
of continuity. If X and Y are metric spaces, we can therefore speak of the
subset

Co(X:Y) Maps(X;Y)

of all continuous functions.

Roughly speaking, amooth manifold consists of a metric spackl, equipped
with an extra structurelan atlas |[which allows us make sense of di eren-
tiability. Thus if M and N are manifolds, we can speak of the subset

CP(M;N) C°(M;N);  p=1;::51;
of functions onM that are p times di erentiable.

We already know one special type of metric space on which it makes sense to
di erentiate things: namely, normed vector spacesk; k k . In fact, normed vector
spaces are the prototypical examples of manifolds, and in a sense all manifolds are
obtained by piecing together normed vector spaces.

Definition  35.1 Let E denote a nite-dimensional normed vector space, and let
M be a separable metric space. AlB-atlas onM isacollectionE:=f ;: U ! Eg
of functions on open subsets d¥1, such that:

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
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f Uig is an open cover oM,
the maps ;: U;! E are homeomorphisms onto their images,

for each pairi;j , the set ;(U;\ U;) is an open (possibly empty) subset cE.
If it is non-empty then the map

R CANC = (35.1)

must be a smooth (i.e. of clas€! ) map in the sense of Remark 30.5, which
moreover is a di eomorphism onto its image.

We call the individual functions ; the charts of the atlasE. If an E-atlas exists,
we call the pair M; E) a smooth manifold modelled on E.

In practice, we refer to a manifold M; E) simply by M, leaving the E -atlas to
be understood. Here are some comments on the de nition.

Remarks 35.2

(i) One could start with weaker point-set topological hypotheses: namely, one
could require merely thatM was a separable Hausdor space. The exis-
tence of anE-atlas implies that the topology onM is metrisable, and thus a
posteriori, M admits the structure of a metric space.

(i) It may very well be the case that two di erent E -atlasesk; andE; onM de ne
the \same" smooth manifold (this is analogous to the fact that there are often
many ways to specify the topology on a given topological space). This can be
formally recti ed by working with equivalence classes oOE -atlases: say that
E; and E; areequivalent if E;[ E; is anotherE-atlas. Then de ne a smooth
manifold modelled onE to be a separable metric space equipped with an
equivalence class oE-atlases. Nevertheless, we will avoid the pedantry and
work solely with honestE -atlases.

(iif) Since all normed vector spaces of a given nite dimension are isomorphic,
the only thing that matters is the dimension of E. So instead it is more
common to say thatM is ann-dimensional smooth manifold if M admits
an E-structure for some (and hence anyg-dimensional normed vector space.
Normally, one just takesE = R". Nevertheless, it can often be insightful
to keep track of E: for example, the manifold version of Stable Manifold
Theorem states thatW? is a manifold modelled orEs*.

(iv) The \smooth" in the name \smooth manifold" refers to the fact that the
functions j in (35.1) are of classC! . It is sometimes useful to work with
less regularity. Given 1 p < 1, a CP-manifold modelled on E consists
of a pair (M; E), where E is an atlas of class CP, i.e. an atlas with the
property that the maps j from (35.1) are of clas<CP.

(v) Exactly the same de nition works if E is a Banach (or Hilbert) space. This
gives rise to the notion of aBanach manifold . In this case, however, one
really does need to keep track oE |the \dimension" alone is not enough!
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Moreover whenE is in nite-dimensional, the requirement that the topology
on M is metrisablecannot be replaced with \Hausdor " (cf. (i) above). An
example of an in nite-dimensional manifold is given in Example 35.18 below.

Convention.  For convenience, all manifolds we consider are implicitly assumed to
be connected From a dynamical systems point of view, this is harmless|if a given
manifold has two connected components, then we simply treat it as two manifolds.

Example 35.3 Let E;k k be anormed vector space. TheR admits an E -atlas
consisting of exactly one elemente = fid: E! Eg.

Definition  35.4 SupposeM is a manifold modelled onE and N is a manifold
modelled onF. A continuous mapf: M ! N is said to be ofclass CP if for
everyx 2 M, every chart : U! E with x 2 U, and every chart : V! F with
f (x) 2 V, the corresponding map

f.oo= f LUy Jv) ! F (35.2)

is of classCP. We sayf is adieomorphism of classCP (forp 1)iff isa
homeomorphism and 1: N ! M is also of clas<CP.

We call the mapsf . the local representations off . When the precise choices
of charts and are not important, we will refer to the local representation using
the simpler notation f" instead off . .

Definition  35.5 We denote by Di P(M; N ) the group of all di eomorphisms from
M to N of classCP, and abbreviate Di P(M) =Di P(M;M).

Now let us introduce thetangent spaceto a manifold at a point x. The tan-
gent spaceTyM will be a nite-dimensional normed vector space which is non-
canonically isomorphic toE. There are various ways this can be done, here is
one:

Definition  35.6 Let (M; E) be a smooth manifold modelled ot and x x 2 M.
Let Ex  E denote the subset consisting of those charts: U; ! E for which x
belongs toU;. Note that E, is non-empty, since by assumption thd¢ U,g are an
open cover ofM .

If ; and ; are two elements ofg, then the dierential of the map ; from
(35.1) at {(x) is a linear isomorphism

D i ( i(X))Z E! E:
Thus we can de ne an equivalence relation on E, E by declaring that
(iu) (V) , D j(i(x)u=v:

Let [ i;u] denote the equivalence class containing(u). The set of equivalence
classes is denoted by,M and is called thetangent space to M at x. Any chart
i 2 Ex determines an isomorphisnd ,..: TyM ! E given by

J x:TxM ! E; [ i;v] 7! v (35.3)
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It is important to understand that the isomorphism TyM = E in (35.3) is not
canonical if E, contains more than one chart.

Example 35.7. Let E;k k be a normed vector space. Think dE as a manifold,
equipped with the E atlas consisting of the identity only (cf. Example 35.3). Then
for any u 2 E, the setE, contains exactly one element (the identity), and thus in
this case the identi cation T,E = E is canonical. In this case we write simply
instead ofJiq.:

Ju: T,E! E; [id;v] 7! v:

Convention. From now on we write a point inT,M simply as a vectorv, rather
than the more cumbersome notation |[j; v].

Definition  35.8 SupposeM and N are two manifolds modelled orE and F
respectively. Supposé : M ! N is a map of classCP. The dierential off ata
point x is a mapDf (x): TxM ! T;yN. This is the unique linear map with the
following property: if is any chart aboutx on M and is any chart aboutf (x)
on N then the following diagram should commute:

™™ — 2 L E

Df (x)l Df ; ( (x))

Tf (X)N T F
Here the map on the right-hand side is the di erentialDf . ( (x)): E! F of the
map (35.2).

The tangent spaces all t together to de ne thetangent bundle This is a special
case of a more general notion of aector bundle

Definition  35.9 SupposeM is a manifold modelled orE, and P is a topological
space. Suppose: P! M is a surjective continuous map. WriteP (x) = (x).
Let F denote another nite-dimensional normed vector space. AR-bundle atlas
of :P! M isacollectonF=f ;: YV)! V. Fgof functions de ned on
open subsets oP such that:

f Vig is an open cover ofM and the functions ;: XV) ! V., F are
homeomorphisms,

the homeomorphisms ; are required to make the following diagram commute:

Y(M) ‘ »Vi F

proj
i

where proj:V; F ! V, the projection onto the rst factor. Thus there is a
well-de ned map 4 : P(x)! F given by restricting ; to P(x),
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if Vi\' 'V, & ; then for eachx 2 Vi \ V, the map
ijix = jix . 1: F! F (354)
is alinear isomorphism.

The maps ; are calledtrivialisations . If such anF -trivialising structure exists,
we say that : P! M is avector bundle over M with bre F. We callP the
total space and M the base space.

Remarks 35.1Q0

() As with atlases on manifolds (cf. part (i) of Remarks 35.2), we should really
work with equivalence classes of bundle atlases. We won't bother, though.

@) If :P ! M is a vector bundle overM with bre F then each setP(x)
IS non-canonically isomorphic toF via the map ix. The total spaceP can
then be given the structure of a manifold modelled ok F, in such a way
thatthe map :P! M is of classC? .

Definition  35.11 Suppose : P! M and : Q! N are two vector bundles.
Letf: M ! N beaofclas€P. A bre-preserving map over f of classCY (for
1 g pisamap : P! Q of classCY with the property that the following

diagram commutes:
P Q
M

N
This means that restricts to de ne a map

x: P(x) 1 Q(f (x)):

If this map is alinear map for eachx 2 M then we say that the pair ¢; ) is a
vector bundle map . If f is a dieomorphism and  is a linear isomorphism for
eachx 2 M then we say that pair §; ) is a vector bundle isomorphism

_—
T T—
f

Definition  35.12 Suppose : P ! M is a vector bundle. Asection of of
classCP is a function : M ! P such that = Id. We denote by P(M;P)
the space of sections of. The space P(M;P) is a vector space, where addition is
de ned pointwise:

(1+ 2)(X)= 1(x)+ 2x):

The addition makes sense as it takes place in the vector spdeéx). If p< 1 , this
de nes a Banach space structure onP(M;P).

If U M is an open set we denote byP(U; P) the space of sections which are
only de ned on U. These are referred to afocal sections of P.



Definition  35.13 Suppose : P! M is avector bundle with breF. LetU M

elements of P(U;P) which form a basis for P(U;P) (thought of as a module over
Ct (U)).

If a local frame exists fortU = M then we call the vector bundletrivial . In this
caseP is isomorphic as a vector bundle ttM  F. Most vector bundles are not
trivial, however one can at least always nd a basis of local sections.

Example 35.14 Suppose : P! M is a vector bundle with bre F, and suppose
v) ! V F is atrivialisation. Let fvq;:::;v,g be a basis ofF. De ne
elements ; 2 1 (V;P) by

We now de ne the tangent bundle.

Definition  35.15 Now supposeM is a smooth manifold

[
™ = TM

xX2M

and let : TM ! M denote the map that sendsTyM to x. We call TM the
tangent bundle of M. We write an element of TM as a pair ;Vv)|this is
shorthand for saying thatv belongs toT,M .

Proposition  35.16 SupposeM is a smooth manifold modelled orE. Then the
tangent bundle : TM ! M is a vector bundle ovetM with bre E.

Proof (Sketch). Let E=f ;: U;! Egbe anE-atlas for M. We useE to de ne a
E-bundle atlas. De ne a function ;: (U;))! U E by

ixv) = xJ3  x(v); (35.5)

whereJ . was de ned in (35.3). We endowT M with a topology by declaring
that the ; are homeomorphisms. We claim thaF = f ;: }U)! U Egis
an E-bundle atlas. For this we need to check that the functions;, : E! E from
(35.4) are linear isomorphisms. But this is clear, since unravelling the de nitions
shows that.

ix =D 5 (i(x)
This completes the proof. [

Definition 35.17 Let M be a smooth manifold. Avector eld on M is an
element of 1 (M;TM).

Example 35.18 Here is an example of an in nite-dimensional manifold: if 1 p <
1 then Di P(M)is a Banach manifold (cf. part (v) of Remarks 35.2). Itis modelled
on the Banach space P(M; TM ) (i.e. vector elds of classCP). Note however that
Di ! (M) is not a Banach manifold, since * (M; TM) is not a Banach space.



Definition  35.19 Letf: M ! N be of classCP. DeneamapDf : TM! TN
by requiring that Df jr,y = Df (x). Then Df is of classCP 1, and the pair (f; Df )
is a vector bundle morphism.

We next de ne submanifolds of manifolds, which are smaller manifolds sitting
inside larger manifolds.

Definition  35.20 Let N be a smooth manifold and supposkl N is a subset.
We say that M is animmersed submanifold of N if there exists a topology on
M such that M can made into a smooth manifold. This topology neexdot coincide
with the subspace topology inherited fromN. If it does, however, we calM a
embedded submanifold of N.

In a similar way we can speak of submanifolds of cla€¥.
Definition  35.21 Supposef : M ! N is aCP map. We say thatf is:
animmersion if Df (x): TyM ! T¢ ()N is injective for allx 2 M,
a submersion if Df (x): TyM ! T; )N is surjective for allx 2 M.

Immersions can only exist when dirvi  dim N, and submersions can only exist
when dimM  dimN.

The manifold version of the Implicit Function Theorem that you no doubt re-
member from calculus shows how immersions and submersions can be used to create
new manifolds. We conclude today's lecture by stating it.

Theorem 35.22 (The Implicit Function Theorem). Supposef : M ! N is aCP
map.

(i) If f is an injective immersion thenf (M) is an immersed submanifold oN,
with dimf (M) =dim M.

(i) If f is an injective immersion which in addition is a homeomorphism onto its
image thenf (M) is an embedded submanifold dfl .

(i) If f is a submersion then for every poiny 2 f (M), the preimagef *(y) is
an embedded submanifold o of dimensiondimM  dimN.



LECTURE 36

Introduction to Riemannian Geometry

Today we focus on the elements of Riemannian geometry that we will need through-
out the remainder of the course.

Definition  36.1 SupposeM is a manifold modelled onE. A Riemannian
metric * of classCP on M is an assignment of an inner product

my: T,M T,M! R; 8x 2 M;
such that the mapx 7! my is of classCP.

The study of smooth manifolds equipped with Riemannian metrics is (unsur-
prisingly) referred to asRiemannian Geometry This is a rich and interesting eld
of modern mathematics, but not one we will touch upon. For us, however, the
Riemannian metric should simply be regarded as part of the \background".

Here are some remarks on this de nition.

Remarks 36.2

() The word \metric" is slightly unfortunate, since a Riemannian metric isnot
the same as a metric in the sense of point-set topology (i.e. metric spaces).
Nevertheless, the two concepts are closely linked (see Theorem 36.7 below).

(i) Let us make explicit exactly what it means to say thatx 7! my is of class
CP. Fix an inner producth; i onE, and x xo2 M. Let :U! E denote
a chart on M containing Xo. The chart determines an isomorphism

Jx:TxM ! E; 8x 2 U;

see De nition 35.6. The Riemannian metricm determines a mapx 7! Ay,
whereA,: E! E is a symmetric positive de nite matrix, by requiring

My (V;w) = PA « V;J « Vi ; v;w 2 T,M: (36.1)

We can think of A asamapU ! L (E;E). Saying that m is of classCP near
Xo IS equivalent to saying that the mapA is of classCP.

(i) It can be shown that every smooth manifold admits (many) Riemannian
metrics of any desired clas€P. Indeed, it is obvious that they exist locally
(i.e. on chart domains)|simply read equation (36.1) from right to left. To
go from local to global existence one then uses a partition of unity.
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(iv) Most of the time we will be interested in smooth (i.e. of clas€! ) Riemannian
metrics. To this end, we adopt the convention that &iemannian manifold
consists of a pair M; m), whereM is a smooth manifold andm is a smooth
Riemannian metric onM .

(v) Nevertheless, we will sometimes be forced to work witB° metrics. These
metrics are not very useful (for example, Theorem 36.16 below doesn't hold
for them), however they crop up naturally in hyperbolic dynamics. Roughly
speaking, this is because we will primarily work withC! di eomorphisms.
Next lecture we will introduce the notion of ahyperbolic set of such a
dynamical systemf . In analogy to Proposition 29.11, we will then show that
starting from a smooth Riemannian metric, one can construct a new metric
that is \adapted" with respect to the hyperbolic splitting. Sincef is only of
classC?, this new metric is only of clas<C°.

(vi) Just as smooth functions are dense in the set of continuous functions, smooth
Riemannian metrics are dense in the set @° metrics. Thus we can always
approximate aC° metric arbitrarily well with a smooth metric. Therefore in
practice, when working with a hyperbolic set of a di eomorphisnf , we rst
adapt the metric for f , and then approximate this new adapted metric with
a smooth one. See Proposition 37.15 for the details.

Example 36.3 Let E;h; i denote a vector space equipped with an inner prod-
uct Since on a vector space there is a canonical identi catioh,E = E for every
point u 2 E (cf. Example 35.7), we can vievn; i as de ning a smooth Riemannian
metric on E. Thus any vector space can be given the structure of a Riemannian
manifold.

Definition  36.4 A smooth curve on M is a smooth map : R! M, (here
we think of R as a 1-dimensional manifold, cf. Example 35.3. It is convenient to
abbreviate (t): = D (1)1, for 12 T;R = R. We call _(t) the velocity vector of
the curve attime t.

Using a Riemannian metric we can de ne thdength of a smooth curve. Here
and elsewhere, we writek k,, to denote the norm associated to a Riemannian
metric m.

Definition  36.5 Suppose : [a;! M is asmooth curvé andm is a Riemannian
metric on M. The length of with respect tom is given by
Y4 b
length,,( ) = k (t)kn, dt:
a
This allows us to endow any smooth manifold with a convenient choice of metric
(in the sense of topology).

2Strictly speaking we should introduce the notion of amanifold with boundary to make sense
of this, since f; b has boundary. If you really don't like this, think of as being de ned on
(@ ";b+")for some small" > 0.



Definition  36.6 SupposeM is a manifold andm is a Riemannian metric onM .
De ne
dm(X;y) =inflength ,( );

where the in mum is taken over all (piecewise) smooth curves: [a;f! M (for
any interval [a; ) such that (a) = x and (b) = y. Due to our standing implicit
assumption that all manifolds are connectedi,, (x; y) is a well-de ned nite number
for every pairx;y 2 M.

As the notation suggestsd,, is a metric.

Theorem 36.7. Let (M;m) be a Riemannian manifold. The functiond,,: M
M I [0;1) is a metric onM. Moreover the topology induced byd,, coincides
with the original manifold topology onM .

Proof. If is a smooth curve fromx to y, then by traversing along backwards
we get a new smooth curve frony to x. Denoting this curve by , one has

length,,( ) = length,( ):

This shows thatd,, is symmetric. Next, suppose is a smooth curve fromx to vy,
and is a smooth curve fromy to z. Then the concatenation of and , denoted
by , IS a piecewise smooth curve from to z. Moreover directly from the
de nition,

length,, ( ) =length ,( ) +length ,( ):

We now prove the triangle inequality. Fixx;y;z 2 M and " > 0 By de nition of
dm as an in mum, there exists a smooth curve from x to y, and a smooth curve
from y to z, such that

dm(X,y) < Iengthm( )+ é,dm(y’ Z) < Iengthm( )+ é:
Then
dn(x;z) length,( ) <dm(X;Y)+ dm(y;2) + ™

Since" was arbitrary, the triangle inequality follows.
The hardest part of the proof is to show that

dm(x;y) =0 ) X=y: (36.2)

To prove this, rst suppose we are given two pointx;y 2 M with the property

that there exists achart : U! E onM whose domain contains bothlx andy. If
is a smooth curve fronx to y whose image is entirely contained itJ, then

is a smooth curve inE from (x) to (y). Moreover there exists a constant > 0

depending only on such that

length,,( ) length( ); (36.3)

where the length on the right-hand side is measured with respect to some xed
norm on E. Now we use the \geometrically obvious" fact that the claim is true in
E. Indeed, the shortest path inE is a straight line, and thus

length( ) k (X) (Y)k; (36.4)
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for any smooth curve from (x) to (y). Combining (36.3) and (36.4), we see
that

length,,( )k (x) (VK

for any smooth curve from x to y whose image is entirely contained ikJ. Moreover
the same argument shows that if is any smooth curve fromx to y, then

length,,( ) length,(portion of contained inU)
inf k (x) vk
v2@ (V)
> 0

This shows thatd,, (x;y) > 0 for two points x;y contained in a chart domain. For
the general case, supposey are any two points inM. Let :U! E denote any
chart about x. If y 2 U we are done. Ify does not belong toE then every smooth
curve from x to y must pass through@ ) and thus

length,,( ) dn(x;@UY>0

by the argument above. This proves (36.2).

We now know thatd,, is a metric. It remains to shows that the topology induced
by d, coincides with the original topology orM . This argument however is a little
more involved, and we omit the details. [

Definition  36.8 Suppose M; m) is a Riemannian manifold. Ageodesic on M
Is a curve which is locally length minimising. That is, for anys <t in the domain
of with t s suciently small,

dn( (s); (1) =lengthy, iy

One can characterise geodesics as solutions to a certain second order ordinary
di erential equation on M. Therefore the usual existence and uniqueness theorems
for solutions to ordinary di erential equations proves the following statement:

Lemma 36.9 Let (M;m) be a Riemannian manifold. For everx 2 M and every
v 2 TyM there exists a unique geodesic,, whose maximal interval of existence is
an open interval containing0, such that

xv(0) = X; (@) =v

Geodesics behave nicely with respect to scaling. That is, for amy2 M,
v2 TyM andt> O,

xv () = xav (1) (36.5)
Here are some examples.
Example 36.10 Let E;h;i denote a vector space with an inner product. If
we regard E; h; i as a Riemannian manifold as in Example 36.3, then geodesics

are straight lines. In this case all geodesics are injective and de ned on all ®f
Moreover geodesics are globally length minimising.



Example 36.11 As a slightly more interesting example, consideE n fOg. This

is an open subset oE, and hence we can consider it as a Riemannian manifold.
Geodesics are still straight lines, but now not all of them are de ned on all d?.
Indeed, any straight line passing through the origin determines a pair of geodesics
that are only de ned for nite time in one direction (we introduced a \hole" in our
manifold).

Example 36.12 If we think of S? as the unit sphere inR2, then the Euclidean
inner product on R? restricts to de ne a Riemannian metric onS?. Geodesics in
this metric are great circles. In this case, all geodesics are de ned foraR R, but
no geodesics are injective|they are all periodic with period 2. Moreover geodesics
are only length minimising up to the antipodal point, after which going the other
way round the great circle gives a shorter curve.

In fact, when M is compact geodesics are always de ned for all time.

Proposition  36.13 Let (M;m) denote a compact Riemannian manifold. Then
every geodesic ., is de ned for all t 2 R.

From now on we will restrict our attention to compact Riemannian manifolds.

Definition  36.14 Let (M;m) be a compact Riemannian manifold. Theexpo-
nential map of m is the map exp = exg": TM ! M whose restriction exp to
T4«M is given by

exp.: TxM | M; exp (V) = v (1):

One can show that the map expTM ! M is smooth. Note that exp(0x) = X,
where Q 2 TyM is the origin.

Lemma 36.15 Under the canonical identi cation T, TyM = TyM,

Dexp, (0x) =id :
Proof. Let v2 T,M. Then
d
Dexp, (0)Vv = dt 1 exp, (tv)
d
T de W
) d
~ dt =0 Y ®
= _xv(0)
= V,
where () used (36.5). [

It follows from Lemma 36.15 and the Inverse Function Theorem that exps a
di eomorphism in a neighbourhood of Q. In fact, a much stronger result is true.
To state this, set

[
TM(r) = fv2 TyM jkvk, rg; TM(r) = TM(r);
x2M

and write B, (x; r) for the open ball of radiusr about x in the d.,-metric on M.
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Theorem 36.16 SupposeM;m) is a compact Riemannian manifold. Then there
existsr,, > 0 such that for eachO<r<r , theLestriction of exp, to TyM (r) is a
di eomorphism onto its image, which is exactlyB,, (x;r). In particular,

dm X;exp(v) = kvkpy; 8kvky < mn: (36.6)

We call r, the injectivity radius  of m. Equation (36.6) can be interpreted as
saying that exp, maps straight lines inTyM through 0, to geodesics irM .

Example 36.17 The injectivity radius of S?, equipped with the Riemannian struc-
ture from Example 36.12) is . (The distance from a point to its antipodal point).

A consequence of Theorem 36.16 is that for< r ,, we can use the inverse of
the exponential map as a chart oM . This concludes all the background material
we need from di erential and Riemannian geometry. In the next lecture we will
commence our study of di erentiable dynamical systems on smooth manifolds.



LECTURE 37

Hyperbolic Sets

Throughout this lecture, M denotes a compact smooth manifold modelled onca
dimensional normed vector spacg, and m denotes a xed (smooth) Riemannian
metric on M. To keep the notation uncluttered, when there is no possibility of
confusion we will write the induced norm on the tangent spaces simply &s k
instead ofk k.. If A is a subset ofM we abbreviate

[
TaM = Ty M:
X2A

Definition  37.1 Let M be a compact smooth manifold. Adi erentiable dy-
namical system onM is an elementf 2 Di *(M).

As usual when the context is clear we will simply cali a \dynamical system".

Remark 37.2 If f is a dierentiable dynamical system onM, then any local
representation off (cf. De nition 35.4) is a local di erentiable dynamical system
in the sense of De nition 30.8.

The following key de nition generalises the notion of a hyperbolic xed point
to a manifold setting.

Definition  37.3 Let f be a dynamical system oM, and suppose M is an
completely invariant set forf (i.e. f ()= .) We say that isa hyperbolic set
for f if for eachx 2 the tangent space TyM splits as a direct sum

M = E*(x) E"(X);
which is invariant for Df , i.e.
Df (X)E>(x) = E°(f (x));  Df (X)E"(x) = E*(f (x));
and such that there exists constant€ 1 and 0< < 1 such that
kDf ¥(x)vk  C Xkvk; 8x2 ; 8v2ESx); 8k O

and
kDf ¥(x)vk C kkvk; 8x2 ;8v2EYX): 8k O

(note the notation Df ¥ is unambiguous, sincd (f ¥) = ( Df )¥).

If is a single point x then x is called ahyperbolic xed point . If isa
periodic orbit Of°® (x) then O (x) is called ahyperbolic orbit

Remarks 37.4
Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
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(i) Since M is compact, the hyperbolicity of is independent of the choice of
Riemannian metric m. (The precise values of the constant€ and do
depend on the choice of metrien though).

(i) If is a hyperbolic set for f then it is also a hyperbolic set forf 1. Any
completely invariant subset of a hyperbolic set is hyperbolic. Conversely, any
nite union of hyperbolic sets is hyperbolic (just take the maximum of the
constantsC; ).

(i) The same argument as in Remark 29.6 shows that the inequalities in the
de nition of E3(x) and EY(x) actually hold for all iterates k 2 Z (and not
just kK 0). Thus in particular

kDf (x) *vk!1 forv2 ES(x) ask!1
kDf (x)*vk ! 1 forv2 EY(x)ask!1 ;

(iv) If x 2 thenas Df (x)is anisomorphism, the dimensions df *(x) and E"(x)
are constant along the orbit ofx. In fact, the dimensions ofE*(x) and E"Y(x)
are locally constant across all of . This is not immediate, and we will prove
in Proposition 37.12 below.

Nothing in the de nition of a hyperbolic set prevents eitherE® or E being 0.
Nevertheless, these hyperbolic sets are not very interesting, as the next proposition
shows.

Proposition  37.5 Let M be a hyperbolic set for a dynamical systen.
Suppose thatE®(x) = fOxg for eachx 2 . Then consists of nitely many
periodic orbits of f . The same is true if insteade"(x) = f0,g for eachx 2

The proof of Proposition 37.5 is on Problem Sheet Q. We say a periodic orbit
is expanding if ES = f0g along the orbit, and contracting if EY = f0g along the
orbit.

Example 37.6 If f: E ! E is a dierentiable dynamical system on a normed
vector space, withu 2 E a hyperbolic xed point in the sense of De nition 30.13,
then if we regardE as a smooth manifold therf ug is a hyperbolic set in the sense of
De nition 37.3. Indeed, the only di erence between De nition 30.13 and De nition
37.3 in this case is that in De nition 30.13 the hyperbolic splitting is ofE itself,
whereas in De nition 37.3 the hyperbolic splitting takes place inT,E. However
after we perform the canonical identi cationT,E = E (cf. Example 35.7), the two
de nitions become identical.

A much more interesting class of examples is:

Example 37.7. A hyperbolic toral automorphismf_: T2 ! T2 is di erentiable,
and the entire manifoldT? is a hyperbolic set. On Problem Sheet Q you are asked
to verify this.

Dynamical systems with the property that the entire manifold is hyperbolic get
their own special name.



Definiton 37.8 Letf: M ! M be a dynamical system. We say thaf is
Anosov ' if the entire manifold M is a hyperbolic set forf .

Thus hyperbolic toral automorphisms are examples of Anosov dynamical sys-
tems.

Here is the analogue of De nition 29.9. As in the linear case, given2 T,M for
X 2 ,we write v=(Vvg;V,) to indicate the components in the stable and unstable
spaces respectively.

Definition  37.9 Let M be a hyperbolic set forf with spliting T M =
ES EY. Givenx 2 and "> 0, we de ne the"-cones about ES(x) and E"Y(x)
by:

cone(E3(x)) = fv2 TyM jkvk "kvskg;
and

cone(E"(x)) :

fv2 TyM jkvsk  "kvykg;

Just as in Proposition 29.10 we can alternatively characterise the splitting as
follows.

Proposition  37.10Q Let M be a hyperbolic set forf with splitting T M =
ES EY. Foranyx 2 , ES(x) can be alternatively characterised as:
ES(x)= v2T,M jkDf (x)vk! Oask!1l
v2TM j9r> O; kDf “(x)vk r; 8k O
v2 TM j9"> 0; Df X(x)v 2 cone(ES(f ¥(x)); 8k 0

Similarly

E"(x)

v2 TM jkDf X¥(x)vk! Oask!1l
v2TM j9r> 0; kDf ¥(x)vk r; 8k O
v2T,M j9"> 0, Df *(x)v2 cone(E'(f ¥(x)); 8k O

In particular, the hyperbolic splitting is unique: if M = F3(x) FY(x),x2
is another hyperbolic splitting for f , then ES(x) = F3(x) and EY(x) = FY(x) for
eachx 2

Proof. We discussE® only. The proof is essentially the same as Proposition 29.10)|
one just needs to remember which tangent space the relevant vectors live in. For
instance, to show that the second set of the right-hand side is contained in the
third, suppose

V2T,Mn v2TM j9"> O; Df K(x)v 2 cone(E3(f¥(x)); 8k O :

Then there existsk 0 such thatw = Df K(x)v 2 TixyM does not belong to
cone (E3(f ¥(x)). Thus in particular w, 6 0, and thus by part (i) of Remark 37.4

KDf "(FX)wuk 11 jDF"(FK(x)ws! O

INamed after the Russian mathematician Anosov.
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asn!l . Thus
kDf n(fk(x))wk k Df n(1"‘(x))wuk k Df n(f"(x))wsk! 1 ;

asn!1l . ThusfDf K(x)vgk o is an unbounded sequence of numbers, and thus
does not belong to the second set on the right-hand side. [

We will now show that E®(x) varies continuously withx (and hence alsd"(x)).
For this to make sense, we need to introduce a topology on the set of linear sub-
spaces.

Definiton 37.11 Let1 | d=dim M. The |-Grassmannian space is the
set

GrassM ;1) = fF j F is anl-dimensional subspace of,M; x 2 Mg:

Let us introduce a topology on Gras${l;l). Suppose Ei) is a sequence in the
Grassmannian Grasd{l ;1) and F is another element of Gras¥{ ;l). We specify
what it means forF, ! F. SupposeF, Ty M andF T«M. Then we rst
require that xx ! x. Thus for k su ciently large we may assume thatx, and x all
belongtoachart :U! EofM. Let : U)! U E denote the associated
trivialisation of the tangent bundle overU (cf. the proof of Proposition 35.16). Via
the trivialisation we can see all the subspacds and F as subspaces d&. We then

SinceM is compact, the space Grash(;l) is also compact. Moreover by def-
inition of the topology on TM, if F, ! F then for any (x;v) 2 F there exists
(Xk; Vk) 2 Fx such that (xi;wv) ! (X; V).

Proposition  37.12 If is a hyperbolic set forf then ES(x) and EY(x) vary
continuously inx 2 . In particular, dim E®(x) and dim EY(x) are locally constant.

Proof. Let x 2 . We prove that E® is continuous atx. Since the Grassmannian
is compact, it su ces to show that if xx 2 is any sequence such thatES(xy)
converges to some subspaée TyM then F = E3(x).

Supposev 2 F. Then there existsvy 2 E3(Xx) such that (Xx;vk) ! (X;Vv). By
de nition of E3, there existsC 1 and 0< < 1 such that

kDf "(xx)vkk C "kvgk; 8n O k I
Fixing n and letting k!'1  tell us that
kDf "(x)vk C "kvk; 8n O

Thus F ES(x). Next, after passing to a subsequence, we may assume that
EY(xk) ! G. The same proof shows thaG  EY(x). SinceES(xx) EY(xx) =
Ty, M, it follows that F G = TM, and hence the fact thatF Es(x) and
G EY(x) implies that F = E®(x) and G = EY(x). This completes the proof. =

The proof prompts the following de nition.

4



Definiton 37.13 Let A M be a set. AC° subbundle of rank | of TaM
consists of a choice of-dimensional subspac&(x) T«M for eachx 2 A such
that S(x) depends continuously orx in the sense of De nition 37.11.

With this de nition the continuity of E® and E" proved in Proposition 37.12
can be succinctly stated as saying thalEs and EY are C° subbundles ofT M.

Proposition  37.14 If  is a hyperbolic set forf then its closure is also a
hyperbolic set.

Proposition 37.14 implies that, taking the closure if necessary, we may always
assume our hyperbolic sets are compact.

Proof. Let us rst check that is completely invariant. Indeed, if x 2 then
there existsxx 2 such that x, ! x. Sincef (xx) 2 and f(xc)! f(x) we have
f(x) 2 . Thus f() . The same argument with f replaced byf ! shows
complete invariance.

Now let us prove that is hyperbolic. It su ces to show that  n is hyperbolic.
Let x 2 n . Take a sequencexy 2 such that ES(xx) ! F T«M and
EY'(xk)! G TyM. The same argument as in the proof of Proposition 37.12 tells
us that

kDf X(x)vk C *kvk; 8v2F; 8k O
and 11

kDf ¥(x)vk E—kkvk; 8v2G; 8k 0
which implies that F \ G = f0g. But as before, sinceES(xx) E"(Xk) = Tx, M,
we haveF + G = T,M, and henceF G = T,M is a direct sum. We can therefore
de ne

E3(x) = F; EY(X) = G:

Since is completely invariant, if x 2 n then so is the entire orbit Of® (x).

We now construct a hyperbolic splitting at each point inO®® (x)  n . For this
we de ne

ES(f¥(x)) = Df K(X)ES(X); EY(f X(x)) = Df X(x)EY(x):

Since a linear isomorphism preserves direct sum, we halg )M = E5(f K(x))
EY(f *(x)) for eachk, and since the constant<C; were independent ok 2 , the
same argument as above shows that vectors E?(f ¥(x)) and EY(f (x)) satisfy the
required growth/decay conditions. Thus we have constructed a hyperbolic splitting
for every orbit in  n . This completes the proof. [

We now prove that analogue of Proposition 29.11, which says that up to chang-
ing the Riemannian metric, we may always assume th&a = 1.

Proposition  37.15 Let f be a dynamical system orM, and suppose is a
hyperbolic set with splitting T M = E® EY. There exists a Riemannian metric
m, on M and 0 < < 1 such that if kK ks denotes the norm associated to this
metric then

KDf (X)vka  kvkg; 8x2 ;v2ESX); (37.1)

kDf 1(x)vka  kvka: 8x2 :v2EYX); (37.2)



Such a Riemannian metriam, is said to beadapted to f and .

Proof. Let C 1 and O0< < 1 denote the original constants. Choose large
enough so thatC " < 1. We de ne aC° Riemannian metricim on M via
X 1
(Vi W) = Meigy DF(X)v; DF K(x)w ; 8v;w2 T,M; 8x 2 M:
k=0
Let us rst check that tm satis es the requirements of the Proposition. The proof is
essentially identical to that of Proposition 29.11, apart from the fact that there are

squares everywhere because we are working Witrlbinner products instead of norms.
Thenk kj is obviously a norm onE. Setting = [_ C? %, one has

kvki  kvkZ; 8v 2 ES(x);
and similarly
kvka, kDf " Y(x)VvKk2; 8v 2 EY(X):
Now supposev 2 ES(x). Then

kDf (x)vki = kvks, k vk2 + kDf "(x)vk?
k vka 1 C? 2 kvk?

1
1 =1 C?2 kvki:

Similarly if v 2 EY(x) one has

kDf (x)vki = kvki + kDf (x)vk3 k Df " (x)vk2
k vk 1 C2 2 kDf " Y(x)vk?

1
1 =1 C?2 kvki:

Set
0= 1 11 czom

Since 1one has & °< 1, and (37.1) and (37.2) hold fok ky and ©°
Finally, we approximate tm by a smooth Riemannian metricm, (cf. part (vi)
of Remarks 36.2.) This new metric will still satisfy (37.1) and (37.2), but now for
a slightly larger > © Nevertheless for a su ciently good approximation we will
still have < 1. This completes the proof. [

As in the linear case, going forward we will always assume that the process
outlined in Proposition 37.15 has already been carried out, and write simpin
instead ofm, for the metric.

Definition  37.16 If m is an adapted metric tof and , and k k denotes the
associated norm, then we can speak of tlekewness of m with respect tof and

;) = Sl;p Df (X)jes(x) . Df Y(X)jev (x) »
X



LECTURE 38

Persistence of Hyperbolic Sets

In this lecture we extend the persistence results proved in Lecture 31 to a manifold
setting. Let us rst introduce the notion of a norm of box type in this setting.

Definition  38.1 Suppose M is any set andT M has a splitting into two C°
subbundlesF and G, so that

M = F(x) G(x); 8x 2

Anormk konT M is said to be ofbox type with respect to the C° subbundles
F and G if
kvk = max kvegk;kvgk ; 8v2T M;

whereveg and vg are the components of in this splitting. As in the linear case, it
is easy to make a box-type norm: ik k is any norm then clearly the normk kj
de ned by

kvkp = max kvegk;kvgk ; 8v2T M;

is of box-type. On callsk k;, the box-adjusted norm of k k.

Remark 38.2 The box-adjusted normk ky will only be of classC® (since the
subbundles are only assumed to be of cla88). It is important to realise this trick
only works for norms, not metrics: a box-adjusted norm cannot be induced from
any (even C°) metric, since it violates the parallelogram law (unless eitheF or

G is zero). Moreover such a box-adjusted norm typically cannot be extended to
be de ned on the entire manifold. This means that using box type norms in this
setting is rather less useful than in the linear setting. We will only use them as
tools in the \middle" of proofs.

If f is a dynamical system and is a hyperbolic set, then ifn is a Riemannian
metric adapted tof , we can form a box-adjusted norm from the norm determined
by m. This will again satis es equations (37.1) and (37.2) from the previous lecture,
and will have the same skewness.

Definition  38.3 Supposef is a dynamical system and is a compact invariant
set. Suppose moreover that we are given tw° subbundlesF and G of T M. Let
us abbreviate byV(F; G;f) the set of bounded continuous maps :F ! G with
the property that (f; )is a C° vector bundle morphism from F to G. We make
V(F; G;f) into a Banach space with the operator norm
n o]
k ko =supk yk®=sup k ,vkjv2 F(x); kvk=1 ;
X2 X2

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
Thus 4:F(x)! G(f (x)) is a linear map for eachx 2 .
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note by assumptionk k° < 1 since is bounded. Givenr > 0 we set
Vi(F;G;f)=f 2V(F;G;f)jk ko rg:

Remark 38.4 If 2 V(F;G;id) then the graph of is another C° subbundle:

[ [
gr() = ar( )= f(v; xv)jv2F(X)g:

X2 X2

The next result is essentially a duplicate of Proposition 31.9.

Proposition  38.5 Supposef : M ! M is a dynamical system on a smooth
compact manifoldM and M is a compact invariant set forf . Assume we are
given:

A continuous map : T M ! T M such that (f; ) is a vector bundle iso-
morphism.

Two C° subbundlesF;G of T M suchthatT M = F G.

Let k k be aC® norm on T M which is of box type with respect toF G, and
write  in matrix form as

A B
= . ' .
C D F G! F G

Suppose there exist two constants” > 0 such that
+ "< 1

and
max kA ‘ko;kDkoy < ;

and
maxfk BKkg; kCkog <"

Then there is a unique linear map = 2 V1(F; G;id) such that the C° sub-
bundle gr() is -invariant:

X gr( x) =gr( f(x)); 8x 2
Moreover for allx 2 andu 2 gr( ) one has

k suk E " Kkuk:

Finally, |and hence also gr( )|depend continuously on

2|t would be more notationally consistent to write this V(F;G;f)(r), but a double pair of
parentheses is visually unpleasant.



(| ) Proof. The proof is literally word-for-word identical to that of Proposition
31.9, apart from the fact that everything has a subscript X" appended to it to
indicate the base point. Thus for instance the rst step in the proof is to show that
the desired map can be found as a xed point of the map

X =X :Vi(F;G;id) 'V (F;G;id)

de ned as follows: suppose 2 V,(F;G;id), x 2 and u 2 F(f(x)). Then
X () fpu is the vector in G(f (x)) given by

X() tpou=(Cx+ Dy ») (Ac+ By ) “(u):

If we agree to omit the basepoints from our notation (which is harmless, since by
assumption all our maps are bre-preserving), the above formula would read

X()=( C+D)(A+B) *;

which is then identical to the formula (31.8) in the proof of Proposition 31.9. As
usual, such a xed point is found by applying the Banach Fixed Point Theorem,
after verifying that X is a contraction. The rest of the proof is formally identical
to that of Proposition 31.9, and is thus omitted. [

AssumeM is a compact smooth manifold. Let us now explain how to de ne a
topology’ on Di (M). We proceed in three steps.

(i) Fix an arbitrary metric d on M that de nes the topology onM . For instance,
d could be a metric induced from a Riemannian metrim on M, cf. Theorem
36.7). This induces a metriady on C°(M; M ) via

do(f; @) = sup d(f (x); 9(x)):
x2M

(i) Now cover M by nitely many charts (this is possible asM is compact).
Choose a function : M ! (0;1 ) such that for every x 2 M the ball
Ba(x; 2 (x)) of radius 2 (x) is contained in the domain of a chart. Compact-

(i) Thenif f;g 2 Di (M) satisfy do(f;g) < , then for everyx 2 M there is a
chart containing both f (x) and g(x). We can therefore de ne theC? distance
di(f;g) betweenf and g by taking the maximum C?! distance in the sense
of (30.2) between the corresponding local representationsfolind g in these
charts (35.2).

3A similar de nition gives a topology on Di P(M) for all p 1, although we won't need this.
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SinceM is compact, a di erent set of choices would yield an equivalent metric
As hinted at in Example 35.18, the space Di*(M ) with this topology can be given
the structure of a Banach manifold modelled on*(M;TM ). We won't need this,
though.

Here is the analogue of Proposition 31.2 in this setting.

Proposition 38.6 Let f be a dynamical system oM and suppose is a compact
invariant hyperbolic set. Then there exists &C* neighbourhoodU of f in Di (M)
and a numbera > 0 such that for any g 2 U and any compactg-invariant set
with

B( ;a=fx2Mjd(x;) <ag;

the set is a hyperbolic set forg. Moreover asg I°* f and x 2 approaches
y 2 , the stable subspacé& 3(x; g) approaches the stable subspade®(y;f) in the
sense of De nition 37.11, and similarly for the unstable subspaces.

Remark 38.7. Note that Proposition 38.6 isnot asserting theexistenceof a hyper-
bolic invariant set, merely that if any such set exists, it is necessarily hyperbolic.
We will show later in Corollary 41.8 on that forg su ciently close to f, such a set
always does in fact always exist, but this is much harder to prove. This should be
contrasted to the linear case, where we rst proved the existence of a xed point
(Proposition 30.14) and only later on proved that the xed point is hyperbolic
(Proposition 31.2). Here it is the other way round.

Proof of Proposition 38.6.Let T M = E® E" denote the hyperbolic splitting of
. We may assume that the Riemannian metricm is adapted tof and . Since
is compact, the C° splitting of T M extends to de ne aCP? splitting of TyM for

some neighbourhoodJ of . Call this splitting F* FY, so that ES(x) = F35(x) if

x 2 , and similarly for the unstable spaces. Note however that iix 2 U n , then

this splitting is not preserved by Df .

Now let k k, denote the box-adjusted norm ok k. Thus k k;, is de ned on
TuM and is both adapted and of box type with respect to the hyperbolic splitting
of T M. Let0< < 1 denote the skewness d¢f and with respectto k k (and
hence alsk ky,.) ThenonT M, Df is represented by

_ (Of)w O
Df =
0  (Df)ss
with  (Df )} b and (Df)ss
Take < < landO<"< 1 . If U and a > 0 are su ciently small,
then for any invariant set B( ;a) U ofanyg?2 U, the four block bundle

homomorphisms oDg andDg ! represented undel M = FS FYj , with respect
to k ky, satisfy the hypotheses of Proposition 38.5. The proof is now completed
in exactly the same way as the proof of Proposition 31.2 was, and thus the details
are omitted. [

4We used compactness ol at every stage in the de nition of d;. With a bit more work the
de nition can be extended to non-compact manifolds as well, however in this case the metrid;
is not independent of the choices made.

SHere we write the splitting as EY  ES in order to t in with the notation from Proposition
38.5



As remarked at the beginning of this lecture, using norms of box type can some-
times be a little unfortunate, since these cannot come from Riemannian metrics. It
is therefore useful to be able to control the di erence between a norm of box type
and one induced from the Riemannian metric.

Definition  38.8 Let (M;m) be a Riemannian manifold. Suppose M is a
subset andF: G are two C° subbundles ofT M suchthatT M = F G. For
X2 ,set

] m F(X);G(x) =inf f] ,, (u;v)ju2 F(x)nfOsg; v2 G(x)nf0.qgg;

where] n (u;V) is measured using the inner producin,. We call] , F(x); G(x)
the angle between the subspacek (x) and G(x). We set

I n(FiG) = inf | m F(0;G() ;

and call] »(F; G) the angle between the subbundle$ and G.

SinceF and G are continuous subbundles, the functiox 7! | ,, F(x); G(x) is
also continuous. Thus if is compact and] (F(x); G(x)) > 0 for all x 2 then
so is] m(F; G). This implies:

Lemma 38.9 Let M be a compact hyperbolic set of a dynamical systemm,
with hyperbolic splitting T M = E® EY. Then for any Riemannian metricm on
M, one has] »(ES;EY) > O.

Now we use the following piece of Euclidean geometry.

Proposition  38.1Q SupposeE is a nite-dimensional normed vector space with
inner product h; i and associated normk k. For any > O, there existsc 1

suchthatif E = F Gisadirectsumand] (F;G) > ,thenif k k, denotes the
box-adjusted norm fromk k with respecttoF G then

(—1:kvk k vk, ckvk; 8v?2E:

The content of the Proposition is that the constantc depends only on . The
proof of Proposition 38.10 is on Problem Sheet R.

Now suppose is a compact hyperbolic set of . By a slight abuse of notation,
let us write k k for the box-adjusted norm for the splitting of T M. Thus k k
is only dened onT M. We now prove the following enhancement of Proposition
38.6.

Proposition  38.11 Let f be a dynamical system oM and suppose is a com-
pact invariant hyperbolic set. Letm denote an arbitrary Riemannian metric onM
(not necessarily adapted td and ). There exists aC! neighbourhoodU of f in
Di (M) and numbersa> 0 andc 1 such that for anyg 2 U and any compact

SHere] is measured with respect to the inner producth; i.
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g-invariant set  with B( ;a), notonlyis hyperbolic but the box-adjusted
norm k k is equivalent tok k with constant c, i.e.

%kvk k vk ckvk; 8v2T M: (38.1)
Moreover if the Riemannian metricm is adapted tof, then for any " > 0 there
exists a neighbourhood) U and a numberO<a- asuch that if B( ;a)
IS a compact invariant set forg 2 U-, then m is also adapted tog and
(9;) )+ ™

Proof. By Proposition 38.6, ifg is C! close enough td and is close enough to
, then for every x 2 there exists y 2 suchthat ES(x;g) EY(x;Q)is close to
ES(y;f) EU(y:f). Thus] m(ES(X;f);EY(X;0)) is close to] m(E®(y;f);E"(y:f)),
and hence is positive (c.f. the discussion before Proposition 38.10.) Thus by Propo-
sition 38.10 there exists a constant 1, independent of , such that (38.1) holds.
For the last statement, it is clear that if g is close enough tdé then m will also be
adapted tog and . The statement about the skewness then follows immediately
from the continuity statement in Proposition 38.6 about the stable and unstable
spaces ag approached . This completes the proof. [



LECTURE 39

Lifting Dynamical Systems

Let M be a compact manifold and letm be a Riemannian metric onM with
exponential map exp:TM ! M. We denote byr,, the injectivity radius of m (cf.
Theorem 36.16). Given a dynamical systerh on M, there existsr =r (f;m) > 0
such that

dixy) r ) dif ():f(y) <rm;  8xy2 M: (39.1)
Definition  39.1 We de ne the lifting of f, written £ to be the map
: T™ (r)! TM™; Ib(x;v) = expf(lx) f exp(v)

This map is well de ned thanks to the choice off and Theorem 36.16, and of
classC?, being the composition ofC! maps. Thus the following commutes (where
de ned)

™ —>1b ™™

expl lexp

M M

f

We should really writefd, since the maplb depends on the choice of Riemannian
metric m. Nevertheless, in keeping with the rest of the notation, we will typically
not do this.

The map P is bre-preserving overf . If one thinks of exp !(y) as being the
\vector from x to y" inside TyM , then {0 carries the vector fromx to y to the vector
from f (x) to f (y):

exp, *(y) = exp; 5, (F (¥)): (39.2)
It follows from (39.2) that
exp, 1(y)) = d(f (x);f (¥)): (39.3)

Note that if _ _
dif'(x):f'(y)) r;  8i=1;::p;
then f®(exp, 1(y)) is de ned, and satis es

®(exp.ty) = d(f P(x); fP(y)): (39.4)

Remark 39.2 Warning: The mapfb is typically not linear on the bres. Thus
(f; ) is not a vector bundle morphism.
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Definition  39.3 Suppose : TM(r) ! TM is a (not necessarily linear) bre-
preserving map overf . If we restrict to one bre, we get a map between two
linear spaces:

x: IxM(r) ! Tf(x)M:

Assume this map is di erentiable: then we can take the derivative of this map at
any point u2 T,M (r):

We call this map the bre derivative  of at the point ( x;u), and write
Dp ( x;u) =D 4(u):

If the map (x;u) 7! Dy ( X;u) is continuous, we say that is continuously
di erentiable on the bres , or C! on the bres.

Where possible we will omit the base-poink from the notation and just write
Dy ( U).

Remarks 39.4

() If is C!then is also C! on the bres. The converse is not true: any
C° vector bundle morphism is automaticallyC! on the bres (actually C?!),
since a linear map is always di erentiable.

(i) Moreover if is a vector bundle morphism then since the derivative of a linear
map is the linear map itself, we havdd , = .

(i) If is C! on the bres then D, is a C° vector bundle morphism (even
when is not itself a vector bundle morphism).

The bre derivative of fat 0, is not hard to guess:
Lemma 39.5 Letf: M ! M be a dynamical system. TherdX0,) = 0¢, and
D » 10,) = Df (x):
Proof. We have
0,) = exp, y f(exp,(0.)

= exp; & (F (X))
= Of (x)-

Di erentiating via the chain rule gives

D, f(x;v)= D exp o fexp (v)
= D(exp; ;)(f (expy(v)) Df (exp,(v)) D exp(v):

o t in with the manifold formalism, we are implicitly using the canonical identi cation
TuTxM = TyM from Example 35.7.



SinceD exp, (0x) = id by Lemma 36.15, we have

D, M0,)= D exp o Fexp (00)

=id jr, om  Df (x) idjr,m
= Df (x):

This completes the proof. [

Recall in Lecture 30 we looked for xed points of maps of the formm+ whereL
had a hyperbolic xed point and was Lipschitz small. In the Hartman-Grobman
Theorem 32.2 we applied this withL = Df and =f Df (sothatL+ =Tf).
Here we will do something similar, only withf® in place off . Set

=0 Df:TM(r)! TM:
The map ¢ is bre-preserving overf and satis es
(0x) =0t (x); Do (0x)=0; 8x 2 M: (39.5)

The map ; is only C°, even thoughfQis C%, sinceDf is only C°. However the
restriction of ; to each bre is C!, and the bre derivative D, ; is continuous
on TM(r ). Indeed, this is becausdf restricted to a bre is a linear map, and
hence of clas€?! . In particular, ¢ is Lipschitz on each bre.

Definition  39.6 Suppose : TM(r) ! TM is a (not necessarily linear) bre-
preserving map ovelf . Assume that the map

Is Lipschitz for eachx. We de ne the bre-Lipschitz constant of , written as
lipy, (), to be the number

lipy, () =suplip( x):

X2M

The next result is the analogue of Proposition 30.12 in this setting.

Proposition 39.7. Letf: M I M be a smooth dynamical system. For any> 0O
there exists a neighbourhood) of f in Di *(M) andr > 0 such that for anyg 2 U
one haslip, ( ¢) "onTM(r), where 4=108 Dg.

Proof. SinceD bfb is continuous onTM (r ) and sinceDy, :(0x) =0 and M s
compact, for any" > 0 there existsr > 0 such that for anyv 2 TM(r) one
has Dy (v) 5 Using compactness of M (r) again, there exists a neigh-
bourhood U of f in Di (M) such that for any g 2 U and v 2 TM(r), one has
Do o(v) ® . Applying the Mean Value Theorem 30.11 to the bres, we

obtain lip, ( ¢) : [



Now supposd is a dynamical system orM and M is a compact invariant
set. As usual we write °( ;T M) for continuous vector elds on , which is a
Banach space when endowed with th€® norm

kK ko =supk (x)k:
X2
If : TM ! T M is a bre-preserving map overf, we say a section is -

invariant  if
x( (x)= (f(x)); 8x2 ; (39.6)

l.e. that the following commutes

TM —— T M

|

\
7

f
We denote by 0 2 °( ;T M) the zero section:
0 (x) =0y; 8x 2
If we omit basepoints from the notation the invariance condition becomes simply
()=

which explains the name \invariant”. The following result is the analogue of Propo-
sition 30.18 in this setting. This result will be crucial in our proof of the stability
of hyperbolic sets in a few lecture's time.

Proposition  39.8 Let f be a dynamical system orM, and let be a compact
hyperbolic set off with splitting T M = E® EY. Assumem is adapted tof and
, and letk k denote aC® box adjusted norm onT M, with skewness = (f; ) .
Fix r> 0, and suppose: T M(r)! T M is a continuous bre-preserving map

over f which is brewise Lipschitz with

lip, () <1 : (39.7)
Then Df + has at most one invariant section. If in addition
supk 40k 1 lipp, () r (39.8)
X2
then Df + has at least one invariant section (which is thus unique). Denoting
this section by , one has

sup, k x(00)k.
1 lipy ()

k ko (39.9)



Proof. We wish to solve the equation

1
—

(Df +)
for 2 OC ;T M(r)), that is,
(Df +) (X)= (f(X); 8x 2

To keep the notation simple we will writeL instead of Df and omit the base-
point x from the notation. Writing the previous equation in components using the
hyperbolic splitting this becomes

Les )+ s( (X)) = s(f(X));  Luw O+ o (X)= u(f(x));

which can be rewritten as
Lss s(F 'O+ s (F (X)) = s(X); Lad o(F(X) Lus o (0= u(X):

Thus we consider the map< = X : 9 ;T M(r))! ©°( ;T M) given by

X()X) = Les s(f ')+ s (F *))iLyg o(f (¥) Ty v (X)

forx 2 . Thus s an invariant section ofL + if and only if is a xed point
of X. Just as in the proof of Proposition 30.18 the trick now is to show thaX is
a strict contraction if (39.7) holds. By de nition

KX() X (ko =supkX (1)) X ()()k:

Arguing as in the proof of Proposition 30.18, we see that tHeé* component is less
than or equal to

sup  S(f H(x) S X)) +lip, () (FR) (F (X))

X2

and similarly the EY component is less than or equal to
sup W) W) + lippy () (X)) (¥

and hence
KX() X ()ko +lip , () k Ko;

which on account of (39.7) shows thaK is indeed a contraction.

Now assume (39.8). We will show thatX maps °( ;T M(r)) into itself,
whence the desired xed point follows from the Banach Fixed Point Theorem 30.17.
For this we note that

kX (0 )(x)k= (0 19); Lyt u(00)
supk (0 y)k:
X2



Now x 2 9( ;T M(r)) and argue:

KX ( ko kX (0 )ko+ KX () X (0 )ko
supk (0 ,)k+  +lip , () k ko
X2

r

This proves the existence of a unique xed point of X. Moreover the calculation
above tells us that

k ko supk(@ x)k+ +lip,() k ko;
X2

and hence (39.9) holds. This completes the proof. [

The attentive reader will have noticed this proof was formally identical to the
proof of Proposition 30.18. In fact, Proposition 39.8 can be deduced from the
(in nite dimensional analogue of) Proposition 30.18, thanks to the following con-
struction.

Definition 39.9 Letf: M ! M be adynamical system, andlet M denote a
compact completely invariant set. De ne a linear operatot.s on the Banach space
°C ;T M) by

(Le )(x) = Df (f *(x)) (f *(x)):

Then we have the following result, which was originally due to Mather.

Proposition 39.1Q Let f: M ! M be a dynamical system, and let M
denote a compact completely invariant set. Then is hyperbolic if and only ifL;
is a hyperbolic linear dynamical system.

The proof of Proposition 39.10 is on Problem Sheet R. The importance of this
result should not be understated: it tells us that the study of hyperbolic sets can be
reduced to the study of linear hyperbolic dynamics, at the expense of passing from
a nite dimensional manifold to the in nite dimensional Banach space of vector
elds. However we will not make use Proposition 39.10 in the rest of the course
(even though doing so would speed up some of the proofs), since doing so would
require us to assume more background in functional analysis. Nevertheless, let
us note that Proposition 39.8 is an immediate corollary of Proposition 39.10 and
Proposition 30.18.



LECTURE 40

The Stable Manifold Theorem for
Hyperbolic Sets

In this lecture we study (un)stable manifolds for hyperbolic sets. Let be a dy-
namical system onM, and let be a compact completely invariant set. Letk k
denote aC® norm on T M (possibly only of classC?). The following de nition is
the analogue of De nition 33.1.

Definition  40.1 Fix ro > 0, and suppose : T M(ro) ! T M is a continuous
bre-preserving map overf which is brewise Lipschitz. We de ne thelocal bre

stable manifold W, (O;Df + )at x2 ofsize0<r rgto be the set

We_ (0:Df +) = v2T,M (Df +) ¥v) r 8k 0

loc;r
and lim (Df +) K(v) =0

Similarly the local bre unstable manifold ~ Wi, (Ox;Df + ) ofsize 0 <r rg
is the set

u (O;Df+) = v2T M ((Df+) *v) r 8k 0

loc;r
and lim (Df +) K(v) =0

Just as in De nition 33.2, the de nition also works whenry = 1 , only then one
drops the word \local" from the notation.

Definition  40.2 Suppose : T M ! T M is a continuous and bre-preserving
map overf which is brewise Lipschitz. We de ne the global bre stable man-
ifold associated toDf + at0 , 2 TyM to be the set

WS(0,:Df +) = v2TM lim - (Df +) Kv) =0

and similarly we de ne theglobal bre unstable manifold associated taDf +
at 0, 2 T,M to be the set

WU(O;Df +) = v2TM lim (Df +) Kv) =0

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zdarich.  Last modi ed: June 08, 2020.
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Remark 40.3 The bre stable manifolds are subsets of théangent spaceto the
manifold. In De nitions 40.5 and 40.6 below we will introduce yet another notion
of a stable manifold, written with a normal W* instead of a blackboardw?. This
will be a subset of themanifold itself. It is important you do not confuse the two!

The proof of the following result is essentially identical to the proof of Proposi-
tion 33.6, and hence we will omit it.

Proposition 40.4 Let f be a dynamical system orM, and let be a compact
hyperbolic set off with splitting T M = ES EY. Let k k denote aC® norm on
T M which is adapted tof and and of box type with respect to the splitting, and
let = (f; ) denote the skewness déf and with respecttok k. Fix ro > 0, and
suppose: T M(rg)! T M is a continuous bre-preserving map ovef which is
brewise Lipschitz with

lip, () <1 ; (0 x) =0¢x); 8x 2

Then foranyO<r rpandanyx 2 , one has

d 0]
WS, (0;Df +)=  Vv2TM(r) (Df +) %v) r, 8k 0

V2TM(r) (Of +) “(v) 2 cong(ES(f*(x))); 8k O
v2 TM(r) (Df +) ¥(v) ( +lipy()) Kkvk; 8k 0 :

Now we de ne the local stable manifolds oM itself. We caution the reader
again that without additional hypotheses, the stable manifolds areot necessarily
manifolds. The Stable Manifold Theorem 40.11 below tells us that hyperbolicity is
one such set of hypotheses.

Definition 40.5 Let f be a dynamical system oM . Let m denote a Riemannian
metric on M, and let d = d, denote the metric in the sense of topology oM
induced bym (Theorem 36.7). Givenx 2 M andr > 0, we de ne thelocal stable
manifold Wg... (x;f) at x of sizer to be the set

Wee, (xf)= y2M df*x);f*y) r, 8k 0

and kI!ilm dfX(y);fkx) =0

Similarly the local unstable manifold at x of sizer is given by
Wee, (f)= y2M df “x);f *y) 1,8k 0
and I(I!ilm df Xy);f x) =0

Finally we have the global stable manifolds.



Definition  40.6 Letf be a dynamical system oM . Let m denote a Riemannian
metric on M, and let d denote the Riemannian distance. Givex 2 M we de ne
the global stable manifold W?S(x;f ) at x to be the set

WS(x;f)= y2M Jim d fX(y);fk(x) =0
Similarly the global stable manifold at x is the set
WU(x;f)= y2M lim d f K(y);f X(x) =0
Remark 40.7. The local stable manifolds depend on the choice of Riemannian
metric m. The global stable manifolds do not.
On Problem Sheet S you will show that for any > 0, one has
[
WS(X;f ) = f “ ngc;r (f k(X); f) : (401)
k 0

The following result is the analogue of Proposition 33.8.

Proposition  40.8 Let denote a hyperbolic set forf. Then for all r > 0
su ciently small, there are constants C 1 and 0 < < 1 such that for any
X2 ,
n 0
Wee (x:f)= y2M df¥x);f*y) r8k 0
n 0
y2M dfkx);f%y) min r,C *d(x;y) :8k O ;

and similarly
n 0
Wee, (:f)= y2M df *x);f “y) r 8k 0
n 0
= y2M df Xx);f ¥y) min r;C kd(x;y) :8k O :

Proof. We prove the result for the stable manifold only. We may assume that the
Riemannian metricm is adapted tof and . It suces to show that there exist
ro>0,C 1l1landO< < 1 suchthatforallO<r ro, the rst set on the
right-hand side is contained in the second. Fox 2 M and y close tox, setting
v = exp, }(y) and applying (39.3), we have

d k) f ) = () = (Of + )W) ;

where ¢ = O Df , as long as the iterates make sense. Thus the statement reduces
to showing that there existro > 0,C 1 and 0< < 1suchthatifO<r ro
andv 2 TyM (r) then

(Df + )v) r 8k O ) (Df + {)¥(v) C *kvk; 8k O

We wish to apply Proposition 40.4, but this requires us to use a norm of box type.
So letk k denote the box-adjusted norm, which is only of clas€® and only
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denedonT M. Thenk k is equivalent to the normk k coming fromm with a
constant c, say:

%kvk k vk ckvk; 8v2T M:

(this is a special case of Proposition 38.11). Now I& = 1 and choose < < 1.
By Proposition 39.7, there isr > 0 su ciently small such that

lip, ;k k =
o’ fv2 T M jkvk crg. Thus
lip, ;k Kk
onfv2 T M jkvk rg. The result now directly follows from Proposition 40.4.

|
Let us now compare the local stable manifoldV;... (x;f ) with the local bre
unstable manifold W3, (Oy; ).

Corollary 40.9 Let f be a dynamical system orM and M a compact
invariant hyperbolic set. Then for allx 2 andr small enough, one has

VVlgc;r (X;f ) = expx Wlsoc;r(ox;ib) ;
where denotes the lift off .

Proof. Combining Proposition 40.4 and Proposition 40.8, we have for adl2 and

r > 0 su ciently small:
n o]

Wee, (x;f)= y2M df*x);f*y) r,8k O
n 0
Wfoc;r(ox;ib) = v2TM(@r) v 1, 8k O :

By (39.3), for x and y close enough,
ki (exp, H(y)k = d F4(x);f*(y) :
The result follows. [

Suppose : EY! E?®is a bre-preserving map over id, i.e. (EY(x)) ES(x).
If the map is Lipschitz when restricted to the bres, then just as before we can
speak of the bre-Lipschitz constant

lipp () = Sgplip( Jeu):

As before, we also say that is continuously di erentiable on the bres , if
the bre derivative
Dy, :EY!'V (EY;E®;id)
de ned by
Dy (V=D jesy (V):E'(X)! E(X);  v2E'(X)

exists and is continuous. The next result is the analogue of Theorem 34.1. We
state it for the bre unstable manifold for variety.

2Since there are now two norms in play, we won't use thel M (r) notation here ...
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Theorem 40.10 (The Fibre Stable Manifold Theorem) Let M be a compact
hyperbolic set forf with splitting T M = E®S EY. Let k k be aC° norm on
T M which is adapted tof and and of box type with respect to the splitting.
There is a > 0 with the following property: if : T M ! T M is a continuous
bre-preserving map overf satisfying

lipy, () <; (0 x) =0¢(x); 8x2
then there is a continuous bre-preserving map : EY! ES® overid such that
lip, () 1 (0x) =0x;  8x2

and such that for anyx 2  the global bre unstable manifold ofDf + at x is
the graph of :
WH(Ox; Df + ) =gr(  jeu):

Moreover if is continuously di erentiable on the bres then so is .

The proof of the Lipschitz case of Theorem 40.10 is very similar to the proof of
Theorem 34.1, and as such is omitted. The proof of the di erentiable case is also
omitted, since we skipped this part in the linear case.

The following theorem is the generalisation of Local Stable Manifold Theorem
34.3 to the setting of hyperbolic sets. It is arguably the single most important
result in hyperbolic dynamics.

Theorem 40.11 (The Stable Manifold Theorem for Hyperbolic Sets)Let f be a
dynamical system onM , and let M be a compact hyperbolic set with splitting
TM=ES EU

(i) Forallr> Osu ciently small and for every x 2 , the local unstable manifold
Wi (X f) is a C! embedded submanifold oM of dimension dim ES(x),
which is di eomorphic to a ball in ES(x). Similarly the unstable manifold
Wi (x;f) is a C' embedded submanifold oM of dimensiondim E"(x),
which is di eomorphic to a ball in EY(x).

(i) The global stable manifoldWs(x;f) is an C! immersed submanifold ofV
of dimensiondim E3(x), and the global unstable manifoldw(x;f ) is an C*
immersed submanifold oM of dimensiondim EY(x).

(] ) Proof. We consider the stable manifold only. Since exps a di eomorphism, it
su ces by Corollary 40.9 to show that W} r(Ox;ib) is a C! embedded submanifold

loc;
of TyM. The strategy is similar to how we proved Theorem 34.3. Let; =

£ Df: TM(r)! TM, wherer was de ned in (39.1). Then ; is a C° map
which is continuously di erentiable on the bres and satis es

£ (0x) = 0+ (x); Dy ¢(0)=0; 8x 2
(cf. (39.5)). FixaC?! function :R'! [0;1] such that:

1.
(t)= 3
t 3



Chooser > 0 small enough so thalTM (3r) TM(r ). De ne

W= W)

3r
After shrinking r if necessary, we may assume that ljp( ) is small enough to
satisfy the hypotheses of Proposition 40.4 and Theorem 40.10. This gives us a
continuous bre-preserving map : E®! EY which is di erentiable in the bres,
xes the zero section, and has bre-Lipschitz constant at most 1, such that for any
X2 ,
W3(0x;Df + ) =9r( jesp):

Just like in the proof of Theorem 34.3, the next step is to show that th€! em-
beddingi: ES(r)! T M given by

(V) =(v; (v);

satis es
i(E3(x;r)) = W3(O,;Df + )\ T,yM(r):

This is done in exactly the same way as in the proof of Theorem 34.3. Our choice
of r then tells us that

I(ES(;1)) = Wi, (0 D);

and henceW,Soc;r(OX;f@ is a C! embedded submanifold off,M. Actually, strictly
speaking we are using the wrong norm here, and so as in the proof of Theorem 34.3,
we must switch back to the original Riemannian norm, rather than the box-adjusted
norm. The details are left to you.

It remains to prove part (ii). This is a formal consequence of (40.1). Indeed,
since is invariant, we know that W;3... (f ¥(x);f) is an embeddedC* submanifold
of M for eachk. Thus the same is true off * W3_ (f¥(x);f) . Thus by (40.1),
Ws(x;f ) is union of a increasing sequence @' embedded submanifolds, whence
Ws(x;f) is itself a C! immersed submanifold. This completes the proof. [



LECTURE 41

Structural Stability

Supposef : M ! M andg: N ! N are two di erentiable dynamical systems.
Recall we say thatf and g are conjugateif there exists a homeomorphisnd : M !

N such that
M M

N ——5— N

f
_—

In today's lecture we introduce three notions ostability .

Definition 41.1 Fixp 1. Adynamical systenf 2 Di P(M)is CP structurally
stable if there exists a neighbourhootdU of f in Di P(M) such that anyg2 U is
topologically conjugate tof .

Remarks 41.2

(i) It doesn't make sense to talk aboutC°-structural stability. This is because a
CO perturbation can change almost anything about a dynamical system. For
instance, ifx is an isolated xed point off then a C°small perturbation g of
f may x an entire neighbourhood ofx. Thus it is hopeless to expect alC®
perturbations to yield conjugate dynamics| C° structural stability is never
satis ed. Thus structural stability is only interesting in the di erentiable
category, and there is no analogue in topological dynamics.

(i) On the other hand, it is crucial that we only require the conjugacyH to be a
homeomorphism and not a di eomorphism. This may at rst seem somewhat
unnatural, given that we are working in the di erentiable category. However it
is the correct notion to study. This is because asking and g to be conjugate
by a di eomorphism is too restrictive to be useful. Indeed, if and g are
conjugate via a di eomorphismH then the matrices Df (x) and Dg(H (x))
are similar for allx 2 M, as they are conjugated by the linear isomorphism
DH (x). But this already fails for linear maps: a generic perturbation of
an invertible linear map changes its eigenvalues. Thus structural stability is
never satis ed for di erentiable conjugacies.

In fact, in this course we will only ever be interested irC! structural stability,
and as such we will abbreviate € structurally stable" as simply \structurally
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entirely analogous forp > 1, and (b), in this course, however, we will only ever work with C*
structural stability.



simple” from now on.

To get a feel for the de nition, on Problem Sheet S you will prove:

Example 41.3 Supposef : [0;1] ! [0;1] is an orientation preserving di eomor-
phism. Thenf is structurally stable if and only if f {0) 6 1 and f 1) 6 1.

There is also a quantitative version of structural stability.

Definition 41.4 Letf be a dynamical system oM, and x "> 0. We say thatf
is structurally  "-stable if there exists a neighbourhoodJ of f in Di P(M) such
that any g 2 U is topologically conjugate tof via a homeomorphisnmH 4 satisfying
do(Hg;id) ™.

Structural stability guarantees that invariant sets persist.

Definition  41.5 Suppose M is a compact completely invariant set for a
structurally stable dynamical systemf. Then for g su ciently close to f, there
exists a homeomorphisnH = Hy conjugatingf and g. The image 4 := Hg() is
thus a compact completely invariant set forg. We call 4 the continuation  of

to g. If f is structurally "-stable then the continuation 4 is contained in the ball
B( ;") of radius" about .

Why is this useful? In Lecture 38 we set ourselves the goal of showing that
hyperbolicity \persists". That is, if is a compact hyperbolic set for f then for g
close enough td , we want to prove thatg has a compact hyperbolic set close to .
We already proved in Proposition 38.6 that forg close enough td , any compact
completely invariant set for g is necessarily hyperbolic, and thus it remains to
show such exists. The notion of structural "-stability provides a mechanism for
ensuring the existence of such |namely, one could take = .

Thus one might hope that hyperbolicity implies structural "-stability. Unfor-
tunately it turns out this is not quite true. Nevertheless, a slightly weaker notion
Is true, and this is still enough for our purposes. In the following, we denote by
i : 1 M the inclusion, and we continue to usel, for the supremum metric on
Co( ;M).

Definition  41.6 Supposef is a dynamical system onM and is a compact
completely invariant set. We say thatf is weakly structurally stable on if
there exists a neighbourhood) of f in Di *(M) such that if g 2 U then there exists
a continuous injective mapHy: ! M suchthatHg f =g Hgon . Similarly *
we say thatf is weakly structurally  "-stable if suchHy can be chosen to satisfy
dO(Hg;i )

Since is compact,Hy: ! Hg() is @ homeomorphism, and thus the contin-
uation 4 = Hy() of to g from De nition 41.5 is still a well-de ned compact
completely invariant set forg.

2As with the linguistic monstrosity surrounding the stable manifolds (eg. De nition 40.1), no
de nition in dynamical systems is complete without at least three adjectives. ..
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With these preliminaries out of the way, we are ready to state the following
fundamental result, which states, roughly speaking, that hyperbolicity implies weak
structural stability.

Theorem 41.7. Letf be a dynamical system on a manifol®1, and let M be
a compact hyperbolic set of . Then there exists" such thatf is uniquely weakly
structurally "-stable on . That s, there exists a neighbourhood of f in Di *(M)
such that for g 2 U there exists a unique continuous injectiotHg: ! M such
that Hy, f =g Hgon . Finally, do(Hg;i )! Oasdi(g;f)! O.

The proof of Theorem 41.7 will come next lecture. We will spend the rest of this
lecture working on auxiliary results that will be needed in the proof of Theorem
41.7. For now, however, let us note that Theorem 41.7 does indeed show that
hyperbolicity persists.

Corollary 41.8 (Persistence of Hyperbolicity) Let be a compact hyperbolic
set for f . There exists a neighbourhood) of f in Di *(M) and a numbera > 0
such that if g 2 U then g has a compact hyperbolic set  B( ;a).

Proof. Immediate from Proposition 38.6 and Theorem 41.7. [

Before continuing with the applications of Theorem 41.7, let us recall the fol-
lowing famous result.

Theorem 41.9 (Brouwer's Invariance of Domain Theorem)Let H: M ! N be a
continuous map between manifolds of the same dimension. Hf is injective then
H(M) is an open subset oN .

This beautiful proof is due to W. Kulpa.

(| ) Proof. The statement is local in nature, and thus it su ces to show that if B
denotes the closed unit ball irR" andH : B! R" is continuous, thenH (0) lies in
the interior of C := H(B).

Suppose for contradiction this is not the case. Without loss of generality we may
assume thatH (0) = 0. Since B is compact,H: B! C is a homeomorphism, and
hence by the Tietze Extension Theorem, there exists a continuous mg R" ! R"
suchthatG= H ! onC. Then G(0) = 0. Since 0 is not an interior point ofC, we
may perturb® G slightly to a new function F: C! R" such that

F(x) 60; 8x2 C: (41.1)
and
kF(x) G(Xx)k 1; 8x 2 C: (41.2)
Now consider the continuous map
f:B! R"; f(x)=x F(H(X)):

By (41.2),f(B) B. Moreover by (41.1),f has no xed points. This contradicts
the Brouwer Fixed Point Theorent, which states that any continuous maB ! B
has at least one xed point. [

3This is reasonably believable if you draw a picture. The proof is much less so, and we refer
the reader to Kulpa's original paper for the details.

4The Brouwer Fixed Point Theorem is easiest to prove using Algebraic Topology. If one
accepts the existence of (singular) homology, the proof is one line. See for instance here.
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Another immediate consequence of Theorem 41.7 is the following theorem of
Anosov.

Corollary  41.1Q Anosov di eomorphisms on compact manifolds are structurally
stable.

Proof. Letf : M ! M be Anosov. By Theorem 41.7, there exists a neighbourhood
U of f in Di *(M) such that if g2 U then there exists a continuous injective map
H=Hyg:M! MsuchthatH f =g H. We need only prove thatH is surjective.
By Theorem 41.9,H (M) is an open set. Sincéd (M) is also closed, it follows that
H(M)= M (recall we always assume our manifolds are connected). [

In order to prove Theorem 41.7, we will need the following result which is of
interest in its own right. Recall De nition 9.8: a reversible topological dynamical
systemf on a compact metric spaceX is weakly expansive if there exists a
constant > O such that

dfix);fky) ; 8k2z ) X=y:

The constant (which is not unique) is called aveak expansivity constant . We
now prove that the restriction of a di erentiable dynamical system to a hyperbolic
set is weakly expansive, as the next result shows. This result is the analogue of
Corollary 33.9 in this setting. In fact, we will prove a stronger statement that works
for nearby maps too, since this will be needed in the proof of Theorem 41.7 in the
next lecture.

Proposition  41.11 Let f be a dynamical system orM and let M be a
compact hyperbolic set. Thenfj is weakly expansive. Moreover there exists a
neighbourhoodU of f in Di (M) and :a > O such thatif g 2 U and s
a compact completely invariant set ofg with B( ;a) then g is weakly
expansive with weak expansivity constant.

Proof. We may assume that the Riemannian nornrm on M is adapted tof and

. Let d= d, denote the induced point-set topology metric oM from Theorem

36.7. Letus rst reformulate what it means forgj to be weakly expansive in terms
of the lifting b of g. Assume that is chosen smaller than the constant (g; )

de ned in (39.1). Then if d(g*(x);g*(y)) < for all k 2 Z, setting v = exp, 1(y),

we have from equation (39.4) that

d(g“(x); g“(y)) = kg*(V)k

forallk 2 Z. Set 4 =18 Dg. It thus suces to show that there exists > 0
such that if a vectorv 2 T,M satis es

(Dg+ *(v) ;  8k2Z;

then v =0y.
Let = (f; ) denote the skewness of and with respectto k k, and choose
< < < 1. Let

g =() * (Dg) %
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so that

(Dg) *+ g=(Dg+ ) g
Note that asg! f in C!, one also hagg ! f !. Now by Proposition 38.11,
there exists a neighbourhood) of f in Di (M) and two numbersa > 0 andc 1
such that for any g 2 U and any compactg-invariant set with B( ;a), the

set is hyperbolic and the box-adjusted norm k k is equivalent to k k with
constantc, i.e.

%kvk k vk ckvk; 8v2T M;
and nally the skewness ofg and with respect to k k satis es

(9;) 0

Next, by Proposition 39.7, up to shrinkingU, there exists a number > 0 such
that for any g 2 U, one has

lip, 4k k C2° and lip, gk k CZO;
on’
v2TM jkvk &
Thus also
lip, gk K 0 and lip, gk k 0
on

fv2T M jkvk Ccg:
Now suppose a vectov 2 TyM for x 2 has

(Dg+ (V) <; 8k 2 Z:

Then also
(Dg+ *(v) <c; 8k2 z:

In other words,
v2 WIL:)c;r(Ox; Dg+ g\ Wﬁ)c;r(ox; Dg+ ):

Sincek k is of box type, Proposition 40.4 is applicable. Thus as in the proof of
Corollary 33.9, we have

kvk = ((Dg) '+ g)(Dg+ g)(V)
otlip, gk k  (Dg+ (V)
otlip, gk k  o+lip, gk k v
2kvk

Since 2< 1, it follows that v = 0. This completes the proof. [

5Since there are now multiple norms in play, we refrain from using theT M (r) notation for
the remainder of this proof.



LECTURE 42

Hyperbolicity Implies Weak Structural
Stability

The aim of this lecture is to prove Theorem 41.7. In fact, we will prove a somewhat
stronger statement, which will be useful in future applications. Let us rst explain
the strategy in the proof.

Let (M;m) be a compact Riemannian manifold. We are given a smooth dy-
namical systemf with a hyperbolic set , and a nearby smooth dynamical system
g. We wish to nd a continuous functionH : ! M which is close to the inclusion
I : 1 M such that

g H=H f; on : (42.1)

As usual, we would like to recast this in such a way that it becomes a xed point
problem. Unfortunately, C°( ;M) does not have a Banach space structurewhich
complicates matters. So we pass to the exponential map. Sindeis meant to be
close toi , it will lie in the image of the exponential map. Thus if suchH exists,
there also exists a continuous section2 °( ;T M) such that

H(x)=exp,( (x)); 8x2

Indeed, one can simply de ne (x) = exp, }(H(x)). In terms of , our desired
equation (42.1) becomes

g exp( (X) =exps( (fF(x); 8x2

or equivalently,
exp 5y gEexp( () = (F(x); 82 : (42.2)

The expression on the left-hand side of (42.2) is similar to the Iiftinﬁ’, apart from
g is in the middle, notf . This motivates the following de nition.

Definition 42.1 Letf;g: M ! M denote two smooth dynamical systems which
are close to each other. De ne = r (f;g;m) > 0 by requiring that if

dix;y) <r ) d(f (x); 9(Y)) <Tm;
wherer, is the injectivity radius of our metric m. We then de ne the dual lift

B:TM(@r)! TM; ftg(x;v)=expf&) exp, (V) :

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
1You cannot add together functions that take values in a manifold!
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Just as with the normal lift £, the mapi’og is aC! bre-preserving map overf .
Note that 2 = £ The equation (42.2) is thus equivalent to asking that is an
invariant section oﬁbg:

)= () (42.3)

in the sense of (39.6). The existence of such an invariant sectiorwill follow from
Proposition 39.8, if we can show thatbg is a Lipschitz-small perturbation of Df if
g is su ciently close to f.

Let us now state the improved version of Theorem 41.7 that we will prove in
this lecture.

Theorem 42.2 Letf be a dynamical system on a compact manifolsl and let
be a compact hyperbolic set fof .

() There is aC* neighbourhoodU of f in Di *(M) and two numbersa > 0
and "o > O such that if g;h 2 U and B( ;a) is a compact completely
invariant set for g then there is at most one continuous mapi: ! M such
that H g=h Handdy(H;i ) "o.

(i) Moreover, for any0<" ", there is a neighbourhoodJ. U such that if
g;h2 U. and B( ;a) is a compact completely invariant set forg then
there is at least one (and hence exactly one) continuous m&p: ! M
suchthatH g=h H anddy(H;i ) ". Moreover this mapH is injective.

Theorem 41.7 follows immediately from Theorem 42.2 by takingy\ to be equal
to f and \h" to be equal to g.

Proof. We may assume our Riemannian metrim is adapted tof and . We prove
the result in ve steps.

1. First take V andr small enough so that the dual lifting
B TM(r)! TM
is well de ned for each pairg;h2 V. Now set
gh =00 Dg:TM(r)! TM;

so that g is a bre-preserving map overg. We claim that for any > 0 there
exists a neighbourhoodv V off and O<r <r such thatforanyg;h2V,
one has

lipp ( gn) on TM(r):

Indeed, from the proof of Proposition 39.7 given> 0 there is aC* neighbourhood
V off andr > 0 suchthatforg2V ,

Dyb(v) Dg(v) * > on TM(r):

Since
D b(v) = D(expy,)(g(exp (V) Dg(exp,(v)) D exp(v);
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and
D Bn(v) = D(expyk))(h(exp,(v)) Dh(exp,(v) D exp(v);
up to shrinking V , we may assume that

Dpoth(v) Dpb(v) * 5 on  TM(r):

Then

Dy gn(v) = Dpth(v) Dg(v) *
Dpbn(v) Dub(v) *+ Dub(v) Dg(v) *
4+ — =
2 2
Applying the Mean Value Theorem 30.11 on the bres, we obtain lip( ¢n)
onTM(r ).
2. Now let = (f; ) denote the skewness off with respect tom, and choose
< < < 1. By Proposition 38.11 there exists a neighbourhood/ of f and

a > 0andc 1suchthatifg2W and B( ;ap) is a compact invariant set
of g then is hyperbolic with skewness

(9;) o (42.4)

and the box-adjusted normk k is equivalent to the Riemannian normk k with

constant c. Now take
0.

C2
Thenif g;h2W\V | one has

lipp ( gnik K) (42.5)

o’ fv2 TM jkvk r g. The \norm switching" argument we used in the proof of
Proposition 40.8 then tells us that

lipyp ( gnik k) 0

on v2T M jkvk ~ . Finally, by Proposition 41.11 there existdJ W\V
O<a aand0<", 4 suchthatifg2U and is any compact completely
invariant set for g contained inB( ;ap), then gj is weakly expansive with weak
expansivity constant 2.

3. We claim that this choice ofU, a and " satis es part (i) of the Theorem.
Indeed, ifg;h 2 U and B( ;a) is a compact completely invariant set forg
then by (42.4) and (42.5)

lipyp ( gnik k) (g;) on v2T M jkvk c" :

Sincek k is of box type, Proposition 39.8 is applicable. We conclude thdg, =
Dg+ 4n has at most one invariant section with k (x)k c"oforall x 2 .

2As before, now there are multiple norms in play we will drop the T M (r) notation.
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As explained at the start of the lecture, this implies that there exists at most one
continuous functionH: ! M such thatdy(H;i ) "oandh H = H g
Indeed, given such &, if we de ne

(x) = exp, (H (x))
then is b, invariant and
supk (x)k ck (x)k
X2
¢ supd(x; H (x))
X2
c"o:
This nishes the proof of part (i).

4. Now suppose (X " <" 4 is given. We choosé)}. U such that for every
g2 U, one has
@a )

do(f; 9) iz (42.6)

Now supposeg;h2 U- and B( ;a) is a compact completely invariant set for
g. Then

Szup g;h(ox) =Sl;p 8.(0x)
= sup expy, (h(x))
csup expy (h(x)

Ch(g; h)
a .
C k)
where the last inequality used (42.6) and the triangle inequality. Thus by Proposi-
tion 39.8, the dual lift b, at least one invariant section 4 2 °( ;T M) satisfying
T )
.:.L (9;) lipy ( gk k)

supk g.n(X)k
X2

o
Switching back to the Riemannian norm, this g (which is necessarily unique)
satises sup, K gn(X)k ". Setting H(x) = exp,( g:n(X)), the continuous map
H: ! M satisesdy(H;i ) "andh H=H gon .

5. It remains to prove that H is injective. Supposex;y 2 satisfy H(x) =
H(y). Then for any k 2 Z, by the triangle equality, we have
d g“(x);g(y)  d g“(x)H(@(X) +d H(@(X);H(@ W) +dH@W):dWy)
"+ d h“(H(x));h“(H(y)) +"
="+0+"
< 2"0:
Sinceg] is expansive with weak expansivity constant'?, it follows that x = y.
This nally completes the proof. [



LECTURE 43

Isolated Hyperbolic Sets

In this lecture we look at isolated hyperbolic sets. Roughly speaking, an invariant
set is isolated if there are no other invariants sets su ciently close to it. The
notion of an isolated invariant set makes sense in the topological category, so we
begin there.

Definition 43.1 Let f: X ! X be a dynamical system on a compactmetric
space. Given any seA X, the maximal invariant set of f in A, written
inv(A;f ), is de ned to be

\
inv(A;f) = fKA):
k2z

Thus inv(A;f ) consists of points whose total orbit never goes out &.

Lemma 43.2 Letf : X ! X be a dynamical system on a compact metric space,
and let A X be either open or closed. Then:

() inv(A;f) Ais (possibly empty) completely invariant set, withinv(A;f ) =
A if and only if A is completely invariant.

@) if f (A) ( A theninv(A;f) is compact.
Proof. Part (i) is clear. Assumef (A) ( A, and let K be a compact set such that
inv(A;f) K ( A

Then inv(A;f) =inv( K;f ). SinceK is compact andf is continuous, invK;f ) is
compact. This proves part (ii). [

Definition  43.3 A compact completely invariant setY X of f is said to be
isolated if there is a neighbourhood U of Y such that

Y =inv( U;f):
In this case we callU an isolating neighbourhood for Y.

Remark 43.4 As the proof of Lemma 43.2 shows, ¥ is an isolated invariant set
with isolating neighbourhoodU, then if K is any compact set with

Y K K U

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zdarich.  Last modi ed: June 08, 2020.
LAl of this material works in the non-compact case too, albeit with minor changes. However
for the sake of a uniform presentation we stick to the compact setting.
2Recall our convention is that neighbourhoods are always open sets.
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then we also haveY = inv(K;f ). We then call K aisolating compactum ° for
Y. Conversely ifY is a compact completely invariant set with the property that
there exists a compact seK suchthatY K andY =inv(K;f ), then we also
haveY =inv(K ;f), and thusY is isolated.

In order to cut down on the number of adjectives, in later lectures we will adopt
the terminology that an isolating set for a compact completely invariant set is
either an isolating neighbourhood or an isolating compactum. Thus isolating sets
are rather malleable: once we have one we can shrink or enlarge it as required, and
we can choose it to be open or compact, depending on which is more convenient.

The entire spaceX is trivially always isolated. A more interesting example is:

Example 435 Letf:M ! M be adierentiable dynamical system, and suppose
X 2 M is a hyperbolic xed point. Then by Corollary 33.7, the setf xg is always
isolated.

Not all hyperbolic sets are isolated however. This is an important di erence
between hyperbolic xed points and more general hyperbolic sets, and explains
why hyperbolic dynamics can be more interesting than those of a xed point.

Our key example of a non-isolated hyperbolic set|which we will cover in detail
in Lecture 47[is the closure of the orbit of a transverse homoclinic point . The
dynamics near a non-isolated hyperbolic set are typically extremely complicated.
For instance, in Lecture 47 we will prove that a dynamical system is always chaotic
in a neighbourhood of a transverse homoclinic point (cf. Corollary 47.10).

Remark 43.6 Despite the fact that both Theorem 41.7 and its big brother, The-
orem 42.2, come with uniqueness clauses attached, they dot imply that all
hyperbolic sets are isolated (which is good, since they're not!) As an instructive
exercise, try to fallaciously use Theorem 42.2 to prove that all hyperbolic sets are
isolated. You will no doubt quickly see why the proof breaks down.

Our aim in this lecture is to improve Theorem 42.2 in the case where the hy-
perbolic set is isolated. We begin with the following piece of topological dynamics.

Proposition 43.7. Let X be a compact metric space anfl: X ! X a reversible
dynamical system. Assume&¥ X is an isolated completely invariant set with
isolating neighbourhoodU. For any a > 0 there exists a neighbourhoodJ of f in
Hom(X) such that if g 2 U then the maximal invariant set ofg in U is contained
in B(Z;a):

inv(U;g) B(Z;a):

Proof. For any a > 0 there isn 1 such that
\n
fkU) B(Z;a=2):

k= n

3A compactum is a fancy, if somewhat quaint, name for a compact set. The plural of com-
pactum is compacta



Since this is a nite intersection, there exists a neighbourhood of f in Hom(X)
such that for g 2 U one also has

\n
g“(U) B(Za):
k= n

Then by de nition one also has invU;g) B(Z;a). [

Before stating the improvement of Theorem 41.7 to isolated hyperbolic sets, let
us rstintroduce some more terminology, so as to make the forthcoming proof less
clunky.

Definition  43.8 Supposef and g are two reversible dynamical systems on a
compact metric space X;d). Let Y be a compact completely invariant set foff
and Z be a compact completely invariant set fog. We say thatfjy and gj; are
"-conjugate if there exists a homeomorphisnH : Y ! Z such that the following

commutes:
Y
H‘/
z

dH(x);x) ™ 8x2Y:

Note such anH can exist only when

_—

Y Y
lH
z

—_—
9)z

fj
and that

Y[ Z B(Y:")\ B(Z") :

This de nition is essentially just a rephrasing of the notion of weak structural
"-stability, and hence we have:

Example 43.9 Suppose is a compact completely invariant set forf , and as-
sumef is weakly structurally "-stable on . Then for g close enough tdf, the
continuation 4 of to gis well-de ned, andfj andgj , are"-conjugate.

We now present a strengthening of Theorem 41.7 in the isolated case.

Theorem 43.10 Let f be a dynamical system on a compact smooth manifoM .
Let be an isolated hyperbolic set with isolating neighbourhood. For any " > 0,
there is a neighbourhoodJ of f in Di *(M) such that if g 2 U then inv(U; g) is an
isolated hyperbolic set forg, and gjiny(ug) IS "-conjugate tofj .

Remark 43.11 Theorem 43.10 is rather similar to Theorem 41.7. Both of them
assert that if is hyperbolic for f then any su ciently near g will also have a

hyperbolic set , near to , and moreover fj andgj are"-conjugate. However

Theorem 43.10 is stronger than Theorem 41.7 for three reasons.

Firstly, Theorem 43.10 tells us that if original hyperbolic set was isolated
for f , then the new hyperbolic set is isolated forg.
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Secondly, Theorem 43.10 actually gives us a way tonstruct the new invari-
ant set , namely,
=inv( U;Q):

In contrast, Theorem 41.7 merely proves the abstract existence of sorhe
conjugacyH. It is not at all easy to extract from the proof of Theorem 41.7
a recipe for writing H down explicitly.

Finally, Theorem 43.10 tells us that the new isolated set only depends on
U and g. This is surprising, since the"-conjugacy H from Theorem 41.7
manifestly depends on botH and g.

The proof of Theorem 43.10 should remind you of the proof of the uniqueness
part of Proposition 32.4.

Proof of Theorem 43.10.To keep the notation uncluttered during the proof, we
will denote all inclusions simply byi. By Theorem 42.2 there is a neighbourhood
Up of f in Di (M) and two numbersag;", > 0 such that for anyg;h 2 U, and
any compact completely invariant set B( ;ap) of g, there is at most one
continuous mapH: ! M such that

H g=h Hon ;

do(H;i) "o (43.1)

Without loss of generality we may assume thaB( ;ap+ o) U. By Proposition
43.7 there is aC® neighbourhoodU; of f in Hom(M ) such that if g 2 U, then

inv(U;g)  B( ;ao):

Now let " > 0O be given. We may assume that"2< " ;. We apply Theorem 42.2
again to nd another neighbourhoodU U (\ (Di *(M)\U ;) such thatif g;h2 U
and B( ;ap) is a compact completely invariant set forg then there is atleast
one continuous injective map such that (43.1) holds (withi, replaced with™").

In particular, since inv(U; g) is one such set (cf. part (i) of Lemma 43.2), there
is a continuous injective mapH : inv(U;g) ! M with

H g=h H on inv(U;Q);
do(H;i) ™
Reversing the roles off and h gives another continuous injectiorG: inv(U;h) ! M

such that
G h=g Gon inv(U;h);

do(G;1) ™
Observe that
H inv(U;g) B inv(U;g);" B( ;ap+ "y U:

SinceH inv(U;g) is h-invariant and inv(U; h) is the maximal invariant set ofh in
U, it follows that
H inv(U;Q) inv(U; h):



Thus the compositionF = G H:inv(U;g) ! M is therefore a well-de ned
continuous injective map which satis es
(
F - F i c -
g. g on inv(U;g); (43.2)
do(F;1)  "+" "o
However the inclusioni: inv(U;g) ! M is another solution of (43.2), and thus by
the uniqueness of solutions to (43.1), we deduce thet= i. Similarly H G agrees
with the inclusion inv(U;h) ! M. Thus we must have

H inv(U; ) =inv( U; h)

and gjinv(u,g) and hjinyu:ny are"-conjugate. Now takeh = f to complete the proof.
[

We only used the hypothesis that was isolated right at the very end of the
proof. Thus the same argument proves:

Corollary 43.12 Let f be a dynamical system on a compact smooth manifold
M, and let be a compact hyperbolic set. There exists a compact getsuch that

K with the following property: For any " > 0, there is a neighbourhoodJ
of f in Di (M) such that if g 2 U then inv(K;g) is a hyperbolic set forg, and
Ojinv(k:g) IS "-conjugate tofj .

Applying Corollary 43.12 with g = f shows that inv(K;f ) is a hyperbolic set
for f with inv(K;f ). If is notisolated then this inclusion is necessarily strict
( inv(U;f). This proves:

Corollary 43.13 Let f be a dynamical system on a compact smooth manifold
M, and let be a compact hyperbolic set. There exists a compact skt with
K such thatinv(K;f ) is a compact hyperbolic set containing .

Remark 43.14 Warning: Corollary 43.13 doeshot assert that every compact
hyperbolic set can be extended to an isolated hyperbolic set (since it may not hold
that inv(K;f ) K ). In fact, there exist compact hyperbolic sets that cannot be
extended to isolated hyperbolic sets. The rst examples were found by Crovisier in
2001, and ten years later Fisher constructed various robust such examples.



LECTURE 44

The Shadowing Theorem

Letf: X ! X be areversible dynamical system on a compact metric space. Recall
from De nition 3.13 that a -chain is a sequencexy), k 2 Z such that

d f (Xk); Xk+1 : 8k 2 Z:

A -chain (xy) is periodic if there existsp > 0 such thatxy., = xi for all k 2 Z.
As explained in Remark 3.14, a (periodic)-chain can be thought of as a sequence of
points in X that are indistinguishable from a (periodic) orbit off by a \measuring
device" which is only accurate up to the nearest.

Definition 44.1 Letf: X I X denote a reversible dynamical system on a com-
pact metric space. Let kx) denote a -chain forf. A point y 2 X is said to
"-shadow the -chain (xy) if

df&y)rxe ™ 8k2 Z:

Roughly speaking, the main results of the next two lectures|the Shadowing
Theorem 44.3 and the Anosov Closing Lemma 45.1]assert that, for any > 0
there exists a > 0 such that any -chain (xi) is "-shadowed by exactly one point
y. Moreover if the -chain (xy) is periodic theny is a periodic point off .

Remark 44.2 In terms of our measuring device analogy, this tells us that an
accuracy of is \good enough". From a real-world point of view, the importance
of this statement cannot be overstated. No real-world measuring device can ever
be perfectly accurate, and therefore in practice it imever possible to detect with
100% certainty a periodic orbit of a real-world dynamical system. The Shadowing
Theorem tells us it su ces to use a device which is only accurate up toin order to
prove the existence of a true orbit. The price to pay is that we can only claim that
the true orbit lives somewhere within an’-neighbourhood of where our measuring
device thinks it does (and typically "). Nevertheless, this is still a signi cant
conceptual improvement|up to now, we had no way of proving the existence of
any periodic orbits at all!

Here is the precise statement of the main result we will prove today.

Theorem 44.3 (The Shadowing Theorem)Let f be a dynamical system on a
compact manifoldM and let M be a compact hyperbolic set. There i, > 0
and o > O such that every o-chain contained in is "g-shadowed by at most one
point. Moreover for any0 <" <" gthereisa0< < g such that every -chain
contained in is "-shadowed by at least (and hence exactly one) point.

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.

1



Remark 44.4 Note that Theorem 44.3 isnot asserting that the unique point that
"-shadows the -chain actually belongs to . However this is indeed the case if
is isolated, as you will prove on Problem Sheet S.

In order to prove Theorem 44.3 we will introduce a new concept: Our treat-
ment will be somewhat ad hoc, as treating this in full generality would lead to
unnecessarily complicated notation.

Definition  44.5 Supposex = (Xk) is any sequence irtM . Let
™M = (ksv)2Z TMjv2 T M ;

andlet! : TyM ! Z denote the map that sendskK;v) to k. If we think of Z as a
(disconnected!) zero-dimensional manifold, theh: TyM ! Z is a vector bundle
overZ. We call TyM the tangent bundle over x.

Definition  44.6 k k
A norm | | on TxM is a choice k ki ,,, of norms on each tangent space
Ty, M. Given such a norm| |, we denote by

TM(r)= (kv)2Z TMjv2 T, M;kvke r :

Remark 44.7. If U M is an open set containing every poink,, then any C°
norm on TyM induces a norm| | on TyM by restriction. However it is important
to realise that not every norm| | on TyM comes from a norm onTM. As an
extreme example, ifx is the constant sequencey, X then a norm | | on TyM
Is a simply a collection k ki of norms onTyM. Unlessk ki is also a constant
sequence of norms, the norrh | cannot be induced from a norm oM .

Definition  44.8 We denote by (x) the space of sections ofyM . Such a section
takes the form
1Z TM; (k) = (k; ~(k)); (44.1)

where ~ Z! TM is a map such that £k) 2 T, M.
Equip ( x) with the norm
| | = supk~(k)kg:
k2z
Let p(x) ( x) denote the bounded sections
()= 2 ()j] [<1

Then y(x);k k is a Banach space. Given 0, let (x) b(X) denote those
sections with | | .

Notation. Denote by+ : Z! Z the mapk 7! k + 1.

We will mainly be interested continuous bre preserving maps over + .

TxM —> TxM




Explicitly, this means is of the form
(k;v)= k+1; (V) ; (44.2)

where : T, M ! T, M is a continuous map. If each  is a linear map, we

say that is avector bundle morphism  over +.

(| ) Remark 44.9 The preceding de nitions may all seem somewhat contrived.
However they t into a standard di erential geometry construction of a pullback
bundle . For completeness, let us brie y recall how pullback bundles are de ned.
Supposef : M ! N is a smooth between two smooth manifolds, and: P! N is
a vector bundle overN with bre F. We de ne the pullback bundle f P! M
as follows: Set

fE= (xp2M Pjf(x)= (p ;

anddene! :f E! M by

L (X;p) = x:
It follows straightforwardly from the de nitions that ! : f E ! M is a vector
bundle overM with bre F, with

f E(X) = P(f (x)); 8x 2 M:

To t De nition 44.5 into this framework, observe that we can regard a sequence
X =(Xx)Iin M asasmoothmap: Z! M, whereZ is thought of as (disconnected!)
0-dimensional manifold. Then by de nition, we have

XTM = T,M:

Definition ~ 44.10 Fix a sequencex = (Xx) in M, and xanorm | | = k k
on TyM. A hyperbolic linear operator over X is vector bundle morphism

L:TyM ! TyM; (k;v) 7V (k+1;Lgv)
over + which is uniformly hyperbolic, in the sense that each
Ly iy M Ty, M

is a hyperbolic linear operatot, such that the same constants work for all .. That
is, each spacdy, M has a splitting

T M = Ef E;

such that L EZ EZ,; and Ly E! E},,;, and that there exist constantsC 1
and 0< < 1 such that forallk 2 Z,

kLk+i L+ I—kak+i+1 C ikak; 8v?2 EE; 8i 0;
kL, " LY, Lo'ke i C 'kvkg; 8v2E/;;8i O

IThis is a slight generalisation of our previous notion of a hyperbolic linear operator, as the
domain and range are not the same normed vector space.
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Since the constantsC; are independent ok, one can apply Proposition 29.11
to produce a norm| |, on the bundle T,M which is adapted to eachL (i.e. for
which C = 1) and for which the skewness of with respect to this norm:

(L) =sup (L) (44.3)
k2Z

is strictly less than oné. One can then also perform the process described in Lemma
29.14 to produce a norm| |, which is both adapted and of box type fol.. Note
that even if | | is induced from a norm orM (cf. Remark 44.7),| |,, may not be.

The notion of a Lipschitz perturbation of a hyperbolic linear operator is de ned
as you would guess:

Definition 44.11 Let :T,M ! TyM be acontinuous bre preserving map over
+. Write  asin (44.2). We say that is Lipschitz continuous if each map

K - T}khﬂ; k kk ! T.

Xk+1

M; K Kys1

is Lipschitz continuous, and moreover if the Lipschitz constants are bounded uni-
formly, that is,

lip( ) =suplip( ) <1:

k2z
Definition  44.12 Let :T,M ! T4M be a continuous bre preserving map
over + . A section is said to beinvariant if
( (k)= (k+1); 8k 2 Z:
that is, if
K(~(k))=~(k+1); 8k2Z
where ~and  are as in (44.1) and (44.2) respectively.

Let O denote the trivial section
O(K) = (k; Oy, ):
The following result is very similar to (but simpler than) Proposition 39.8.

Proposition  44.13 Let x = ( xx) denote any sequence in M. Suppose TyM !
T«M is a hyperbolic linear operator. Let| | denote a norm onT,M which is
adapted and of box type with respect td_, and let0< < 1 denote the skewness
of L with respectto| |. Fix r> 0, and assume : T,M(r)! TsM is a Lipschitz
continuous map satisfying

lip( )< 1

Then L + has at most one invariant section 2 (x). If in addition one has

| O] 1 lip( ).

then L + has at least one (and hence exactly one) invariant section 2 ,(x),
which moreover satis es
| (0)]

L TRy

2|f the constants C; were not bounded independently ofk then one could still produce an
adapted norm | |, on the bundle TxM, but then the supremum in (44.3) could be equal to 1.
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Proof. Argue as in Proposition 39.8, replacing allX" subscripts with \ k". [
We now prove the Shadowing Theorem 44.3.

Proof of the Shadowing Theorem 44.3Let k k denote aC® norm on T M which
is adapted and of box type with respect td and . Take "o > 0 and o> 0 small
enough such that for every &< < 4 and every -chain x = ( xx), the map

F:TiM("o)! TxM

given by
Fk;v) = k+1;expl, f exp,(v)

iswell de ned. Let0<" <" 4. Ifa pointy 2 M "-shadows a -chainx = ( Xx) then

(k) =k exp,'(f“(y)

is an F-invariant section belonging to -(x). Thus the existence of a pointy that
"-shadows a -chain is equivalent to the existence of an invariant section df.
First note that there exists a constantro > 0 such that if d(f (x);y) <r o then
the operator
Dyxy = D(expy) *(f(x)) Df (x): M ! T,M

is a well-de ned linear operator which depends continuously on botk and y and

agrees withDf (x) fory = f (x). Thusforr <r ¢ su ciently small, if x;y 2 satisfy

d(f (x);y)) r then the operatorD,., satis es the hypotheses of Proposition 31.9

with respect to the hyperbolic splitting of .M = E®(x) EY(x) and T/M =

ES(y) EY(y). Thus by Proposition 31.9, forr > 0 su ciently small, if x;y 2

satisfy d(f (x);y) r then D,., is a hyperbolic linear operator fromT,M to T,M.
Thus up to shrinking o, the operator

Df : Tx\M ! T M

de ned by
Df (k;v) = k+1;Dy.x.,V

iIs a hyperbolic linear operator overx. Moreover using the continuity statement
from Proposition 31.9 together with Proposition 38.10, we can produce frokn k
anewnorm| | = Kk kg ,,, on TxM which is both adapted and of box type with
respect to Df , and which is uniformly equivalent tok k in the sense that there
existsc 1 such that

%kvk k vk, ckvk; 8v2 Ty, M; 8k 2 Z:
Since
F(k;v) = k+1;exp5(k1+l eXPr (x,) fb(xk;v) ;

it follows from the same argument as Proposition 39.7 that for any > 0, there
exists" > 0 such that
=F Df:T,M! T,M



satis es lip( ;k k) <r on a small ball about the zero section iTyM. Since| | is
uniformly equivalent to k k, the \norm-switching" argument we saw in the proofs
of Proposition 40.8 and Theorem 42.2 tells us that lip(; | |) can also be made
arbitrarily small on a small ball in TyM.

Thus after shrinking o and "o, we can apply Proposition 44.13 td~. Both
statements of the Theorem follow immediately from Proposition 44.13, and so the
proof is complete. u



LECTURE 45

Axiom A and the Anosov Closing Lemma

We begin this lecture with an extension of the Shadowing Theorem that allows
us to \detect" periodic orbits (cf. Remark 44.2). This famous result is due to
Anosov. Recall we say that a -chain (xx) is periodic if there existsp > 0 such
that xx.p = X, for all k 2 Z. The minimal suchp is called theperiod of (xy).

Theorem 45.1 (The Anosov Closing Lemma)Let f be a dynamical system on a
compact manifoldM and let M be a compact hyperbolic set. For every> 0
there exists > 0 such that every periodic -chain in is"-shadowed by a periodic
point of f .

The name \Closing Lemma" stems from the fact that the Theorem allows us to
\close" a periodic chain up into a true orbit.

Proof. By the Shadowing Theorem 44.3 there arg > 0 and o > 0 such that every

o-chain can be"y-shadowed by at most one point, and moreover if9" "o then
there exists 0< = (") o such that every -chain is"-shadowed by at least
one point.

Now let"> O and let = (") be as above. Let Xx) be a periodic -chain of

period p. Then there exists a pointy that "-shadows the X):
df&y)ixe ™ 8k2 Z:
SinceXy+p = Xk, it follows that
d FXEPY));x) = d(fF * Py); Xk p) <™ 8k 2 Z:

Thus f P(y) also "-shadows Kx). By uniqueness, this implies thatf P(y) = y. Since
f is reversible,y is a periodic point. This completes the proof. [

We now prove an stronger version of the Shadowing Theorem 44.3 and the
Anosov Closing Lemma 45.1. This result allows the chain to slightly \escape” the
hyperbolic set. The improvement is mild and somewhat technical, but it will be
useful later on in the course.

Proposition 45.2 Letf be a dynamical system on a compact manifoldl and let
M be a compact hyperbolic set. For every> 0 su ciently small there exists
> 0 such that every -chain contained inB( ; ) is"-shadowed by a unique point
in M. Similarly for every" > 0 su ciently small there exists > 0 such that every
periodic -chain contained inB( ; ) in "-shadowed by a unique periodic point of
f.

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zsrich.  Last modi ed: June 08, 2020.
INote however that p does not have to be the minimal period ofy.
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Proof. We prove the rst statement only, since the second follows in exactly the
same way as the proof of of the Anosov Closing Lemma 45.1. Giver 0 su -
ciently small, the Shadowing Theorem 44.3 gives us> 0 such that every -chain
contained in itself is %-shadowed by a point, and moreover that there is at most
one point that %-shadows this point. Letr > 0 be such that

dw;z) r ) df wif (@) 3

Set

"32
Then if (x) is any r-chain and ) is any collection of points inM such that

= min

d(yk;xk) 8k 2 Z;

then (yx) is actually a -chain. Now supposexy) is a -chain contained inB( ; ).
Then there existsyy 2 such that d(Xg;Y«) . We claim that (yy) is itself a
-chain. Indeed:

df(ye)ikss  df(y)if(xe) +df(X);Xeer +d Xia1; Yisn

—+ +
3

Thus 3-shadowed by a poinz 2 M. Then since 3, (k) is also"-shadowed by
z. Finally, this point z is unique, since ifw is any point that "-shadows Ky), then
w also %-shadows theyy, and by assumption there is at most such point. [

Next, let us recall the notion of the chain recurrent set from De nition 3.13. If
f: X ! X isareversible dynamical system on a compact metric space then a point
x 2 X is said to bechain recurrent if forany > 0 there is a nite -chain that

such that xo = x, = x and d f (Xk); Xk+1 for eachk = 0;:::;p 1. The
set of chain recurrent points is denotedby chaf ). By Proposition 3.15 the chain
recurrent set is a non-empty compact completely invariant set which contains the
non-wandering setnw(f ), and hence also

per(f) chdf): (45.1)
We will need the following slight extension of Proposition 3.15.

Proposition 45.3 Letf: X ! X be areversible dynamical system on a compact
metric space. Forany' > Othereis > Osuch thatif (x«)k2z iS any periodic -chain
passing through a point inch&f) then (xx) B(chdf);").

2In De nition 3.13 we wrote chay(f) to indicate the dependence of the chain recurrent set
on the metric. However by Proposition 3.16, in the compact case the chain recurrent set is
independent of the metric. Since we will only be interested in compact spaces, we omit the in
our notation.



Proof. If the result is false we can nd numbers i) 2 N and sequencesx{) of
pointsin X fork2 Zand 0 i pg such that for eachk 2 Z:

(XK)o i p is @ nite periodic ¢-chain that starts in cha(f),

(X€)o i p is not contained in the ball of radius" about chaf), i.e. there
exists 1 I, pc 1 suchthatx) 2 B(chaf);").

Up to passing to a subsequence, we may assume thﬁt! y for some pointy 2 X.
This point y does not belong tochgf ), since it is a limit of points that lie at least
" from chg(f).

This means that there exists > 0 such that there is no nite periodic -chain
that starts and ends aty. Let r > 0 be such that

dw;z) r ) df Wit (@) 3
and choosek? such thatd y;x¢  r. Then

df(y)ixia  df)fed) +dfox)ixig

1 1
4+ -+ —
k 2 Kk
and similarly
dfoxi iy dfOx Dixi +dxi:y)
1
— 4+ =
2 Kk
Therefore
YViXi i i XE XS T XX TIXS Y
iIs a nite -chain fromy to itself, which contradicts the choice of . The proof is
complete. [

We will use Proposition 45.3 to show that if the chain recurrent set is hyperbolic
then (45.1) is actually an equality.

Proposition 45.4 Let f be a dynamical system on a compact manifolt . If
chgf) is hyperbolic thenchgf) = penf).

Proof. Let x 2 chgf) and take " > 0 small. By Proposition 45.2 there exists
> 0 such that every periodic -chain contained inB(ch&gf); ) in "-shadowed by
a periodic point off . Next, by the last statement of Proposition 45.3 there exists
0< < such that any periodic -chain through x is contained inB (chaf); ).
Sincex 2 chdf) such a -chain certainly exists. Thus there exists a periodic point
y of f that "-shadows this chain. In particular,d(x;f'(y)) " for some iterate
fi(y) of y. Since" was arbitrary, this shows thatx 2 perf), and sincex was
arbitrary it o lows that chaf) penf). Since the reverse inclusion always holds
by Proposition 3.15, the proof is complete. [
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If cha(f) is hyperbolic then
chaf) = nw(f);
since the non-wandering set is sandwiched betwepar(f ) and cha(f ). Thus
chaf ) hyperbolic ) nw(f ) hyperbolic.

The converse direction is not true. It is clear from Proposition 45.3 that a necessary
condition for the chain recurrent set to be hyperbolic is thahw(f ) is hyperbolic and
nw(f ) = per(f). Such a class of dynamical systems gets its own (rather unhelpful)
name.

Definition 455 Letf: M ! M be a dynamical system on a compact manifold.
We say thatf satis es Axiom A if the non-wandering setnw(f ) is hyperbolic and

nw(f ) = per(f):

The importance of the Axiom A condition will become clear in Lecture 50 when
we discussomega stability . For now let us just note that:

Corollary  45.6 Letf: M ! M be a dynamical system on a compact manifold.
If f does not satisfy Axiom A thench&f ) is not hyperbolic.

In fact, an equivalent formulation of the main theorem from Lecture 49 is that
the chain recurrent set is hyperbolidf and only if f satis es Axiom A and hasno
basic cycles. The latter condition will be de ned in Lecture 49.

We conclude this lecture by discussing (yet another) type of stable manifold.

Definition 45.7 Letf: X I X be a reversible dynamical system on a compact
metric spaceX and let A X be a compact completely invariant set. We de ne
the global stable manifold of A to be the set

WS(A;f)= x2Xjdfkx);A ! Oask!1l
and the global unstable manifold of A to be the set
WUA:f)= x2Xjdf ¥x);A ! Oask!1l

The name is a bit of a misnomer, as these sets are typicaligt manifolds. The
next lemma is on Problem Sheet S.

Lemma 45.8 Letf : X I X be areversible dynamical system on a compact metric
spaceX. Let A X be a compact completely invariant set. Then

X 2 W3(A;f) : Fe(x) A

and
X2 WY(A;f) , f(x) A

If x 2 Aandy 2 WS(x;f) then clearly y 2 W3(A;f), and similarly for the
unstable case. But what about the other direction?
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Definition 45.9 Letf: X I X be a reversible dynamical system on a compact
metric spaceX. Let A X be a compact completely invariant set. We say that
a pointy 2 W3(A;f) is in phase with a point x 2 A if y 2 W3(x;f). Similarly
we say that a pointy 2 WY(A;f ) is negatively in phase with a point x 2 A if

y 2 WY(x;f).

In general there is no reason why every point must be in phase. However for an
isolated hyperbolic set, this is always the case.

Theorem 45.10 (The In Phase Theorem)Let f be a dynamical system on a
compact manifoldM and let M be an isolated compact hyperbolic set. Then
every point is in phase: [
Ws3( ;)= We(x; f);
X2
and [
wWY( ;f) = WY (x;f):
X2
Proof. We give the proof for the stable sets only. It is clear that the right-hand
side is contained inW*s( ;f), and thus if su ces to show that if y 2 WS( ;f) then
y 2 W3(x;f ) for somex 2 .
Let r > O be the number from Proposition 40.8 so that for atk 2 ;

Wee, (x;f)= z2Mjdf¥z);f*x) 1 8k O:

Shrinking r if necessary, we may assume th&( ;r) is contained in an isolating
neighbourhoodU of . By the Shadowing Lemma 44.3, there is a G < £ such
that every -chainin is 5-shadowed by some point irM . Using continuity of f,
take 0<" < such that if (xk) is any sequence of points such that

dif“(y)ixi) " 8k O
then (x) is actually part of a -chain. Sincey 2 WS( ;f), there existsp 1 such
that d f*(y); " for all k p. This means that for allk  p there are points
X 2 such that d f¥(y); X ". Thus (Xk)k p, is part of a -chain. If we set

X = fK P(xp) for k < p then (Xy)k2z is a true -chain.
Thus (xk) is r=2-shadowed by some point. This implies that

or@(x) B( ;r=2) U:
SinceU is an isolating neighbourhood for , it follows that x 2 . Then for k p,

dfey)fx)  dfky)ixe +dxcffx) "+ r

NI =

By choice ofr, it follows that f P(y) 2 Wg... (f P(x);f). Thusy 2 Ws(x;f ) by (40.1)
(Problem S.1). This completes the proof. [

We will use the In Phase Theorem 45.10 in Lecture 49 (cf. Corollary 49.4 and
Proposition 49.11.)



LECTURE 46

The Inclination Lemma

The aim of this lecture is to prove the following theorem of Palis, which is one
of the cornerstones of chaotic dynamics. This result is sometimes also calldte
\Inclination Lemma".

Theorem 46.1 (The Inclination Lemma) Let f be a dynamical system on a com-
pact manifold M and supposex is a hyperbolic xed point. Setd = dim EY(X)
and x a point y 2 WS(x;f). SupposeB and D are two C! embedded discs of
dimensiond in M with

B WY(x;f); y 2 D;

and such thatD is transverse toWs(x;f ) at y:
T,D + TW3(x;f) = TyM:

Then for any " > Othere is ap 1 such that for allk p, f¥(D) contains aC*
embedded disc of dimensiod which is "-close toB in the C*-topology.

We will see next lecture why this theorem is powerful. There are three \sur-
prising" things about the statement: D could be very small,B could be very large,
and the angle betweerbd and W*(x;f ) could be very small. See Figure 46.1. The
di cult bit is, of course, the C! statement: the C° statement is (almost) obvious
from the picture.

Remark 46.2 The Inclination Lemma 46.1 has a straightforward extension to
hyperbolic periodic points. Indeed, ik is a hyperbolic periodic point off of period
p, then x is a hyperbolic xed point of f P. Moreover from the de nition we have

WYU(x;f) = WY(x;fP); WS(x;f) = W3(x; fP):

Thus in the statement of Theorem 46.1 the phrase \hyperbolic xed point" can be
replaced with \hyperbolic periodic point".

Let us rst consider a local version. Supposé: ! E is a local dynamical
system, and suppose @ is a hyperbolic xed point. We endow E with a norm
which is adapted toDf (0) and of box type with respect to the splittingE = E® EV.
Instead of the direct sum notation, it is more useful today to think oE = E® EU
as a product. Since the norm is of box type, one hds(r) = E3(r) EY(r). To
keep the notation in this lecture as simple as possible, we will always use the letter
u for a point in E, v for a point in ES, and w for a point in EY. Thus the notation
u=(v;w) means thatv = us and w = uy.

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zdarich.  Last modi ed: June 08, 2020.
1The reason for the name \ -Lemma" comes from the fact that Palis denoted a certain
constant|de ned in (46.2) below| by . (You might think I'm joking. I'm not.)
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Figure 46.1: The Inclination Lemma.

Now x r > 0 such that the conclusion of the Local Unstable Manifold Theorem
34.3 holds. Thus there areC! maps

st E3(r) ! EY(r); ot EN(r) 1 OES(r);

with
s(0) =0; D s(0)=0; w(0) =0; D ,(0)=0;

and such that
Wi (0:F) =ar( s); Wi, (0:F) = gr( u):
Consider the map
cES(r) EY(r)! E; (viw)= v y(whw (V) :

Then
(0;0)=(0;0); D (0;0)=1id;
and hence by the Inverse Function Theorem 30.7, after possibly shrinkimg the

map is aC?! di eomorphism onto its image. We can therefore view as a chart
on E, and look at the representationf” of f in this chart:

=" f LE(@)! E:
Then
f(0)=0;  DfY(0)= Df (0);

and hence 0 is also a hyperbolic xed point of. This coordinate change has the
nice e ect of putting the stable manifolds \on the axes". See Figure 46.2.

Lemma 46.3 The local stable manifold off is of the formBs f 0Og for BS a ball
in ES, and the local unstable manifold of" is of the formfOg BY for B a ball in
EY,



Figure 46.2: The coordinate change.

Proof. Observe that (v;w) = (v%0) for someVv®if and only if w = ¢(v). Thus for
r > 0 su ciently small,

VES(r) f Og  gr(s):
The lemma follows. ]

From now on we suppress thé" notation and simply write f again. Choose
r > 0 small enough thatES(r) B® and EY(r) BY. SetV = ES(r) EY(r).
Then every point inV of the form (v;0) belongs to the local stable manifold and
every point in V of the form (O; w) belongs to the local unstable manifold.
Consider a point @;0) 2 V and let D denote a disc of dimensionl := dim EY
which is transversal to the local stable manifold atd;0). For k 0 let D¢ denote
the connected component of (D) \ V containing f ¥(q;0). The di cult part of
the proof of Theorem 46.1 is contained in the following local version. See Figure
46.3.

Theorem 46.4 (The Local Inclination Lemma) Given " > 0 there existsp 1
such that for all k p, Dy contains aC! embedded disc of dimensiod which is
"-close tofOg EY(r) in the C! topology.

Let us show how the (global) Inclination Lemma follows from the local one.

Proof of the Inclination Lemma 46.1.We may assume thaty is in Wy (x;f) for
r small by replacingy with f ¥(y) for k large. Similarly by shrinking D if necessary
we may assume thaD is contained in small ball aboutx. It then su ces to show
that we can makeD close to a small disdB inside W ... (x;f ), since a small disc
in WY(x;f) gets mapped onto a larger disc by successive applicationsfof This
means that it is enough to prove a local statement. Moreover by choosing a chart
on M about x appropriately, we may assume that we are in the special situation
prescribed in the Local Inclination Lemma 46.4. Thus Theorem 46.1 is a direct
consequence of the Local Inclination Lemma. [

The rest of the lecture is devoted to the proof of Theorem 46.4. This proof is
non-examinable.



Figure 46.3: The Local Inclination Lemma.

Proof of Theorem 46.4.We proceed in ve steps.
1. In this rst step we set up notation. Let us abbreviateL = Df (0;0) and
A =Ls andB = L,,. Then we can write

f(v;w) def v+ ' (v;w);Bw+ (v;w) ;

for two C?! functions'; . Let < 1 denote the skewness af, so that
KAK® kB 'k°P
Note also that sincelL ,s = Lg, =0, one has
@ = @ =0:
@wWiog Eu(r)  @VES(r)f 0g

Thus by continuity of these partial derivatives there exists & < 1and0<r%<r
such that
1 (c 1)

2 ;

+ < 1 c= > 1 < (46.1)

and such that if V%= ES(r9 EY(r9 then
1 0p op
max Q ; @
VO @w @v

We may assume thaig2 ES(r® andthat D V% Now supposal is a unit length
vector in Tq0D. Write up = (Vvo; Wp). Note that wy 6 0 as D is transversal toE*®
at (g;0). Consider theinclination of ug:

kVok .
kWok ’
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The main goal of the proof is to show that under iteration byDf , the inclination
gets smaller in a uniform manner, which will imply thatT D approaches0g E“
under Df . This is essentially just a long, delicate, and rather tedious computation.
2. In this step we show we can control the inclination otip under iteration.
Set
(0:0) = £4(@:0); U =(visw) = Df (G ;;0)uc 1; kO

Let , denote the inclination ofuy:

- kak_
K (46.2)

Since the unit ball in Tiq0D is compact, we may assume that we have chosap
SO as to maximise . Let us now estimate . We have

v = A+ (00 2(q;0) Vo
= @ @
Av, + %v(q;oc()@vO + S (q:0w
Bwo + 5:(d;0)wo

Thus
@' @', .
kvik Kk Avok + @\Sq,O)vo + @VSq,O)WO
kvok + kvok +  kwgk:
Similarly
kw;k k Bwgk QVSq'O)VO
@ )
Ekwok kwok;
and hence
ot ot
1 1
o+
C
= 04 _
c ¢
Similarly we have
1+
2 C
o, i1
c? c c?



and more generally

e 2+ X 1
ck i C
0
— +
ck ¢ 1
Sinceg! Oask!l and
<&
c 1 4 "’
by (46.1), there existsp 1 such that for allk p,
c 1
k 2

3. Sincef is a di eomorphism, by the choice ofu, we know that know that
any non-zero vector inT(q,.0Dp has inclination less than or equal to;*. But
what about vectors inT,Dy for points z 6 ¢? In this short step we address this
point. Since D is a C' embedded submanifold and is of classC?, the tangent
planesT,D, depend continuously onz. Thus there exists a smallC! embedded
d-dimensional discD® D, with centre (g,; 0) such that for any z 2 D®and any
unit vector u 2 T,DC the inclination of u is at worst %

4. We have shown that we can bound the inclinations uniformly. But this is
not good enough|in order to show that the discs approachfOg E"Y we need to
prove that the inclinations converge to zero. We prove this now.

Let0< <  be arbitrary. Since

@ -
@wrog EU(r)
we may choose %< r ®such that on V%= ES(r% EY(r% we have

1 0p
max —

Vo @w

Up to increasingp and shrinking D®, we may assume thaD® V%and (g; 0) 2 V©°
forall k p. Fix z2 D%and let u®= (v® w9 denote a unit vector in T,D® Let

9 denote the inclination ofu®. As before, we may assume that®is chosen in such
a way to maximise the inclination © We again compute the inclination of the
iterates of u® under Df . This is the same computation as before, only the bottom
left-hand term no longer vanishes:

_ A+ %1 Sz VO
Df (2)u”= @) BYS(z) W



Thus the inclination is

AVO+ Z(7)v0+ D (7)vO kvkk + kvk+ kwk
@ (2)vo+ Bwo+ 2 (z)wo Tkwk  kwk  kvk
04 04
1 0
O+
c 0
) 0+
c 3 (c 1
O

where (~) used Step 3. Seh = % c+1) > 1. Denoting by ? the inclination of
the kth iterate u? = Df ku® as before we obtain

0
o .
K ak  a 1

Thus there existsl such that for all k |, one has

1
0 1+
k a 1

By choice ofu® this shows that for anyk |, every non-zero vector tangent to
f KDY\ V%has inclination at most

1

1+
a 1

Since was arbitrary, this shows we can makes the inclinations uniformly small.
5. We are almost done. The last step is to estimate the length of a vector
tangent to f (DY \ V% compared to that of its iterate. But this is easy: with
u? = (v%;w?) and ? as above,
kugk = max  kvPk; kwlk
= kwik;

provided 2 < 1. Moreover from the computation above,

kw1 k

0.
kwok K

0
Since ! 0Oandc > 1, we see thatki?lhk > 1 for k su ciently large. Thus the

kup k
length grows. ‘

Hence the diameter of K(D9Y\ V®increases. Combining this with Step 4 tells
us that for any " > 0, there existsp = p(") 1 such that, for allk p, the set
f k(DY \ V%contains aC! embedded disc which i§-close tof0g EV in the C*!
topology. This nally completes the proof. [



LECTURE 47

Homoclinic Tangles

These intersections form a sort of trellis, web, or in nitely tight mesh. ..
One is struck by the complexity of this gure, which | shall not even attempt to draw.

Henri Poincar e, 1889.

In this lecture we explore some applications of the Inclination Lemma 46.1 to
chaotic dynamics. Recall the de nition of homoclinic points and heteroclinic points
from De nition 16.8. A homoclinic tanglearises from a special type of homoclinic
point. Here is the de nition.

Definition  47.1 Let f be a dynamical system on a compact manifol, and
supposex 6 y are hyperbolic periodic points. A pointz 2 M is called atransverse
heteroclinic point if z 2 WS(x;f)\ WY(y;f) and the intersection is transverse
at z:

T,W3(x;f)+ T,W"(y;f) = T,M:

Similarly if x is a hyperbolic periodic point then a poinz 6 x 2 WS(x; f )\ WY(x; )
is called atransverse homoclinic point  for x if the intersection is transverse at
z

T,We(x;f)+ T,WY(x;f)= T,M:

The transversality condition by itself is nothing special, as the following result
shows.

Lemma 47.2 Let f be a dynamical system on a compact manifoly, and let
M be a compact hyperbolic set. Then there existg, > 0 such that for any
O0<r rgthere existsa > Osuch thatif x;y 2 satisfy d(x;y) then

WI?Jc;r (X; f ) \ ngc;r (y’ f ) = f Zg (471)
for a unique pointz 2 M, and moreover the intersection is always transverse.
The proof of Lemma 47.2 is deferred to Problem Sheet T.

Remark 47.3 In fact, more is true. Let denote the diagonal. Lemma
47.2 tells us that there is a well-dened map : B( ; )! M that sends a pair
(x;y) to the unique point z from the right-hand side of (47.1). In Problem T.1 you
will show that ' is itself a continuous function, and that is isolated if and only
ift im

Will J. Merry, Dyn. Systems Il, Spring 2020, ETH Zdarich.  Last modi ed: June 08, 2020.
!Actually in Problem T.1 you are only asked to prove ) . The converse direction|whilst
truelis sadly too hard to set as an exercise.



Nevertheless, the existence of a transverse homoclinic point h@efound con-
sequences for the nearby dynamics. It was Poincae who rst realised this, during
his work on the Three Body Problem in the late 19th century. His investigations
led him to imagine a gure of quite breathtaking complexity. The famous quote
at the start of the lecture sums up his bewilderment at the implications of this
discovery. This was arguably humanity's rst taste of (mathematical') chaos, and
the development of the entire modern theory of chaotic and hyperbolic dynamics
can be traced back to Poincae's observations.

So what is so special about a transverse homoclinic point? The starting obser-
vation is that if z 2 WS(x;f)\ WY(x;f) is a transverse homoclinic point then so
is f X(z) for any k 2 Z. Thus the existence of one implies the existence of in nitely
many. Now as an exercise (do this before turning the page!), try to draw what
the unstable stable and stable manifolds of must look like. The intersection is
transverse atz. In order for it to be also transverse aff (z), the unstable manifold
and the stable manifold must \double back" on themselves. Then in order for them
to be transverse atf 2(z), they have to double back on themselves again. By the
time you have reached 4(z), your picture will no doubt look rather messy. .. Since
fk(z) ! x forjkj! 1 , the upshot is that the unstable and stable manifolds
are forced to seesaw back on themselves in nitely often in a neighbourhoodxof
creating a \mesh" that Poincae named ahomoclinic tangle

Figure 47.1: A homoclinic tangle.

2The original French version reads:\Ces intersections forment une sorte de treillis, de tissu,
de eseaua maille in niment serees...On sera frappe de la complexie de cette gure, que je ne
cherche méme pasa tracer.” This is from Volume 3 of Poincae's series of paperdLes Methodes
nouvelles de la mecanique eleste; published in 1899. The original text is available online here.
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We shall shortly see how homoclinic tangles give rise to chaos. First, however,
we use the Inclination Lemma to extend hyperbolic sets over the orbits of transverse
heteroclinic (or homoclinic points).

Proposition  47.4 Suppose is a hyperbolic set, andx;y 2 are xed points.
Suppose there exists a poing 2 M such that z 2 WS(x;f)\ WY(y;f), and
assume that the intersection is transverse a. Then %= [O % (z) is another
hyperbolic set.

Proof. Let the hyperbolic splitting of be given by T M = ES EY. To extend
thisto © set
Es(f k(Z)) = Tfk(Z)WS(X;f)

and
EY(f*(2) = TrkWU(y;f):

We rst need to check this splitting is continuous. This means we need to show
that:

() ES(f¥(z))! ES(x)ask!l |,
(i) EY(f %2)! EY(y)ask!'!l
(i) ES(f ¥(2))! ES(y)ask!l
(iv) EY(f%(2))! EY(x)ask!1l

Of these (i) and (i) are obvious. However (iii) and (iv) are not. However the
Inclination Lemma comes to the rescue. Indeed, since the intersection is transverse,
(iv) follows directly from the Theorem 46.1. Similarly (iii) can be deduced from
applying Theorem 46.1 tof 1.

We still need to prove the splitting is hyperbolic. We may assume our norm is
adapted tof and . Let denote the skewness and choos& < 1. Since both
the splitting and Df are continuous, there exists a neighbourhood of x and a
neighbourhoodV of y and such that

n o]
f¥@2U[ VvV ) max  Df jesgry 5 Df lieeg vy

Sincez 2 W3(x;f)\ WU(y;f), by Proposition 40.8 there existgp 1 such that
fk(zy2 Uforallk pandf X(z) 2 V forall k p. Thus there are only nitely
many k such thatf*(z) 2 U[ V, and thereforethere exists a constar€ 1 such
that n o]

max Df jES(fk(Z)) Op; Df leu(f k(2)) op C: 8k 2 Z:

This completes the proof. [

As a special case, we can now give an important example of a hyperbolic set
that is not isolated (cf. the discussion after Example 43.5.

Corollary  47.5 If y is a transverse homoclinic point for a hyperbolic xed point
x then O (y) [f xg is a hyperbolic set which is not isolated.



Proof. Proposition 47.4 tells us that = OF°@ (y) [f xg is hyperbolic. Letrg
be as in Lemma 47.2 and choose 9r min d(x;y);ro . Let > 0 be the
constant associated tar from Lemma 47.2. Choosd& large enough so that both
f¥(y) and f *(y) belongs to the ball of radius; about x. Then Lemma 47.2
tells local (un)stable manifoldsW,g. (f K(y); ) and Wi, (f K(y); ) intersect at a
unique point z. See Figure 47.2. Thei®®?@ (z) is a completely invariant set which
is disjoint from but contained in B( ;r). Sincer was arbitrary it follows that

IS not isolated. [

Figure 47.2: A non-isolated hyperbolic set.

Here is another application of the Inclination Lemma.

Lemma 47.6 Let f be a dynamical system on a compact 2-dimensional manifold
M . Supposex is a hyperbolic xed point of f with a homoclinic loop (see Figure
47.3). Then every point on this loop is non-wandering.

Figure 47.3: A homoclinic loop.

Proof. Fix a point y on this loop, and letD denote a small disc transversal to
the loop passing throughy. The Inclination Lemma 46.1 tells fork large enough,
f k(D) will approach the stable manifold, and thus in particular fork large one has
fk(D)\ D & ;. SinceD is arbitrary, this shows thaty 2 nw(f). u



We will now state a famous theorem which explains how transverse homoclinic
points gives rise to chaotic dynamics. We rst recall the shift map from De nition
4.15.

Definition  47.7. Let , denote the space of in nite sequenceés = (xy) fork 2 Z,
where eachxy is either 0 or 1. Endow > with the metric
X . .
) Xe Y.
d(x;y) := ok
k2z

Let : ,! , denote the map that \shifts" a sequence along one position to the
right, i.e. (X)k = Xk+1-

The next result is the reversible reversion of Propositions 4.16 and 4.20 and
Problem F.1.

Proposition 47.8 The space , is a compact metric space without isolated points
which is totally disconnected. Moreover is a chaotic reversible dynamical system
on , with hygy( ) =log2.

Here is the main result of today's lecture.

Theorem 47.9 (Birkho -Smale). Let f be a dynamical system on a compact man-
ifold M. Let x 2 M be a hyperbolic periodic point, and supposg 2 M is a trans-
verse homoclinic point. For any neighbourhoodl of f x;yg, there existsp 1 and
a compact invariant set U of f P containing x and y such thatffj : ! is
topologically conjugate to the shift map .

Corollary 47.1Q Let f be a dynamical system on a compact manifoltfl . Let
X 2 M be a hyperbolic periodic point, and supposg2 M is a transverse homoclinic
point. Then the topological entropy off is positive, and in a neighbourhood of
fx;yg an iterate of f displays chaotic behaviour.

Proof. Using the notation from the statement of Theorem 47.9, we see th&af] is
chaotic and has positive topological entropy. Thus the topological entropy 6f on
all of M is positive, since the topological entropy is bounded below by the entropy
of the restriction to any invariant set (Proposition 8.5). Sinceh, (fP) = phiep (f)
by Problem D.2, we also see that the topological entropy éf is positive. [

The full proof of Theorem 47.9 is a bit too involved for us, but we will give a fairly
compelling sketch. To do so we rst introduce a special dynamical system calfed
the horseshoe map . The horseshoe map can be thought of as an abstraction of
the system near a homoclinic tangle.

Definition  47.11 Let Q R? be a square of size 1. De ne a di eomorphisrh
so that Q gets contracted horizontally and expanded vertically and folded into a
horse-shoe shape and then put back across itself. We dalthe horseshoe map .
See Figure 47.4.

3Strictly speaking in De nition 4.15 we focused on the non-reversible case and considered only
half-in nite sequences. However the extension to the reversible case is straightforward.

4And hence is homeomorphic to a Cantor set, by Remark 4.17.

5See Remark 13.10 for a comment on the terminology.
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