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LECTURE 1

The De�nition of a Dynamical System

Dynamical systems studies the long-term behaviour of evolving systems.

What does this mean? As a motivating example, consider a family P of
pigs. See Figure 1.1. Suppose at time k = 0; 1; 2; : : : there are pk pigs in P . Let us
assume that at time k+ 1 the number of pigs depends only on the number at time
k. This means that the population can be described by a law of the form

pk+1 = f(pk); k = 0; 1; 2; : : :

where f is an appropriate map. Inductively, we see that

pk = fk(p0);

and hence the behaviour of the population of P is completely determined by initial
number p0 of pigs and the map f .

Figure 1.1: The family P of pigs1.

Moving on from the pigs, let us suppose that the set of possible “states” of a
“system” (be it physical/chemical/ontological/whatever. . . ) are given by a set X,

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z�urich. Last modi�ed: June 08, 2020.
1Credit: Annie Spratt.
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and that the evolution of said system is described by a map f : X ! X. This
means that if the system at time k is given by xk 2 X, then at time k + 1 the
system is given by xk+1 := f(xk).

In order to get a more mathematically interesting theory, one typically endows
the set X with extra structure. The precise structure one chooses depends on the
nature of the system in question. Throughout these lectures, we will be concerned
with four such flavours of dynamics.

(i) The set X carries a metric d, and hence is a metric space. The study of
this type of dynamics is called topological dynamics, and it will form the
first half of this course.

(ii) The set X carries a measure �, and hence is a measure space. The study of
this type of dynamics is called measure-theoretic dynamics, or sometimes
ergodic theory, and it will form the second half of this course.

(iii) The set X carries a di�erentiable structure, and hence is manifold2. The
study of this type of dynamics is called di�erentiable dynamics. We will
come back to this in the first half of Dynamical Systems II.

(iv) The set X is the complex plane C, or more generally a Riemann surface.
The study of this type of dynamics is called complex dynamics, and this
will form the second half of Dynamical Systems II.

Once one has endowed the set X with extra structure, it makes sense to require
the map f : X ! X to preserve this structure. Thus in option (i) we require f
to be continuous, in option (ii) we require f to be measure-preserving, in option
(iii) we require f to be di�erentiable, and finally in option (iv) we require f to be
holomorphic (or meromorphic).

We begin in the topological setting. Here is our first formal definition.

Definition 1.1. A topological discrete dynamical system consists of a metric
space X and a continuous map f : X ! X.

Since this is rather a mouthful, whenever possible we will omit both the adjec-
tives topological and discrete and simply call f a dynamical system.

The word “discrete” in Definition 1.1 refers to the fact that time takes integer
values k = 0; 1; 2 : : : We will discuss the “continuous” time version later this lecture.

Remark 1.2. We could also work on an arbitrary topological space, rather than
restrict to metric spaces. This is more general (since not every topological space
is metrisable). However for us this extra level of abstraction is unnecessary—all of
our interesting examples of topological dynamical systems occur on metric spaces.
Therefore to minimise the topological prerequisites of this course we will work solely
with metric spaces.

2If you are not familiar with manifolds, don’t worry! There will be no manifolds in Dynamical
Systems I, and in Dynamical Systems II we will cover the basics of manifold theory from scratch.
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Sometimes we wish to be able to let time run backwards, and be able to compute
the value xk�1 from xk. For this to make sense the map f needs to be invertible
and have a continuous inverse.

Definition 1.3. A dynamical system f : X ! X is reversible if f is a homeo-
morphism.

Remark 1.4. By definition, all the dynamical systems we consider in this course
are deterministic. This means that for any state xk there is a unique state xk+1

that the system can take at time k + 1 (namely, xk+1 = f(xk)). Of course not
all systems that occur in “real life” are deterministic. Perhaps the simplest such
example is a coin toss. Take

X := fheads, tailsg ;

and declare that at time k the system is in the state “heads” if the kth coin toss
resulted in heads, and likewise for tails. This system is clearly not deterministic,
as it is not possible to predict what state the system will be in at time k + 1 given
knowledge of what state the system was at time k.

This is an example of a stochastic dynamical system, where instead of there
being a unique state xk+1 that a state xk can attain, there is a probability distri-
bution that governs the possible values of xk+1. Stochastic dynamical systems are
extremely important in real-world applications. However they are more complicated
to handle mathematically, and we will not even touch upon them.

Going back to our previous example of the family P of pigs, let us suppose that
the change in pk is proportional to its size, that is, there exists a constant c > �1
such that

pk+1 � pk
pk

= c:

Thus pk+1 = (1 + c)pk and the corresponding dynamical system can be described
by

f : [0;1)! [0;1); f(x) := (1 + c)x:

This model isn’t very realistic though. Pigs like to eat lots of food, and unfortu-
nately there isn’t an unlimited amount of food. So let us assume that the surround-
ings limits the maximum size of P , say by a number N > 0. One way to implement
this would be to assume that

pk+1 � pk
pk

= c(N � pk):

Rescaling by

xk :=
1

N + 1
c

pk; a := cN + 1;

we see that
xk+1 = axk(1� xk):

This leads us to our first example of a dynamical system.
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Example 1.5. The logistic map with value a is the dynamical system3

�a : R! R; �a(x) := ax(1� x):

Figure 1.2: Plots of �2, �3, and �4.

Despite its simple form, for certain values of a the map �a can exhibit very
complicated—or chaotic—dynamics. We will come back to this in Lecture 4 when
we define chaos precisely. The name “logistic” comes from the fact that this is the
discrete time version of the logistic population growth model discovered by the Bel-
gium mathematician Verhulst, who was one of the pioneers of population dynamics.

Let us now give a few of the basic definitions.

Definition 1.6. Given a dynamical system f : X ! X, the orbit of a point x 2 X,
written as Of (x) is the set

Of (x) := ffk(x) j k = 0; 1; 2; : : : g:

If f is a reversible dynamical system then we can also look at the negative
orbit

O�f (x) := Of�1(x) = ff�k(x) j k = 0; 1; 2; : : : g;

and the total orbit

Ototal
f (x) := Of (x) [ O�f (x) = ffk(x) j k 2 Zg:

The simplest case is when the orbit consists of a single point.

Definition 1.7. A point x is called a �xed point of f if f(x) = x, so that
Of (x) = fxg We denote by �x(f) the set of fixed points of f .

Returning to the logistic map, one readily sees that provided a 6= 0, one has

�x(�a) =
�

0; 1� 1
a

	
:

More generally, we can look at points that are fixed by some iterate of f .

3Note that we consider the domain and range of �a to be the entire real line R. Mathematically
this makes perfect sense, but as a model for population growth it loses its meaning for negative
values of x. (One cannot speak of a family P of -5 pigs, for instance.)
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Definition 1.8. A point x 2 X is called a periodic point of f if there exists
p � 1 such that fp(x) = x. We call such p a period of x. The minimal such p is
called the minimal period of the periodic point x. We denote by per(f) the set
of periodic points of f . Thus

per(f) =
1[
k=1

�x(fk):

Here is another example that we will come back to time and time again.

Example 1.9. Let S1 = R
�

Z denote the unit circle. Given � 2 [0; 1) the circle
rotation with angle � is the reversible dynamical system

�� : S1 ! S1; ��(x) := x+ � mod 1:

The dynamics of �� depend on whether � is a rational or an irrational number.
We will see many examples of this of during the course. For instance, on Problem
Sheet A you will prove:

Lemma 1.10. The circle rotation �� satis�es:

per(��) =

(
S1; � 2 Q;
;; � =2 Q:

Moreover if � =2 Q then O��(x) = S1 for every x 2 S1.

Here is another example of a dynamical system on S1. This one is not reversible.

Example 1.11. The circle expansion of order k is the dynamical system

ek : S1 ! S1; ek(x) := kx mod 1:

We usually call e2 the doubling map.

Remark 1.12. Sometimes it is more convenient to view S1 as the unit circle in C.
In this case the circle rotation �� is given by

��(z) = e2�i�z;

and the circle expansion ek is given by

ek(z) = zk:

Remark 1.13. Suppose f : X ! X is a dynamical system. If x 2 per(f) then
clearly Of (x) is a finite set, and when f is reversible the converse holds. However
without the reversibility assumption it may fail, as the doubling map shows: Oe2(1

2
)

is the finite set f0; 1
2
g but 1

2
is not a periodic point of e2.

An easy way to produce new dynamical systems from old ones is by restricting
to invariant sets.

5



Definition 1.14. Suppose f : X ! X is a dynamical system. A subset A � X is
called f-invariant or simply invariant if f(A) � A.

Thus if A is an invariant set then the restriction f jA : A! A is also a dynamical
system. Two examples of this are:

� If x 2 �x(f) then fxg is an invariant set for f . In this case the dynamical
system f jfxg : fxg ! fxg is not very interesting.

� If 0 � a � 4 then [0; 1] is an invariant set for �a : R ! R. (Exercise: Check
this.)

Remark 1.15. Suppose f : X ! X is a dynamical system and A � X is an
invariant set. Then by continuity of f , the closure A of A is also an invariant
subset. Thus any invariant set can be replaced by a closed invariant set.

Definition 1.16. Suppose f : X ! X is a dynamical system. An invariant subset
A is called completely invariant if f(A) = A.

Remark 1.17. If f is reversible and A is completely invariant then f jA is also
reversible. Moreover for a reversible system f a subset A is completely invariant if
and only if it is both f -invariant and f�1-invariant.

Every mathematical theory has its own notion of isomorphism.

Definition 1.18. Suppose f : X ! X and g : Y ! Y are dynamical systems. We
say that f and g are topologically conjugate, or just conjugate if there exists
a homeomorphism H : X ! Y such that g �H = H � f :

X X

Y Y

f

H H

g

We write f ’ g to indicate that f and g are conjugate. If we want to explicitly
mention the conjugacy H we write f ’H g.

Lemma 1.19. Conjugacy is an equivalence relation on the class of dynamical sys-
tems.

Proof. Clearly f ’ f for any f . Moreover if f ’H g then g ’H�1 f . Finally if
f ’H g and g ’K h then f ’K�H h.

Here is another example of a dynamical system.

Example 1.20. The tent map is the dynamical system on [0; 1] defined by

� : [0; 1]! [0; 1]; �(x) := 2 minfx; 1� xg:

Equivalently,

�(x) :=

(
2x; x 2 [0; 1=2];

2� 2x; x 2 [1=2; 1];

which explains the name “tent”. See Figure 1.3.
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Figure 1.3: Plots of � , � 2, and � 3.

Comparing the two red lines in Figures 1.2 and 1.3 suggests that the tent map
might be conjugate to �4. This is indeed the case. On Problem Sheet A you will
prove:

Lemma 1.21. The tent map � is conjugate to �4j[0;1].

A weaker notion than conjugacy is the following:

Definition 1.22. Suppose f : X ! X and g : Y ! Y are dynamical systems.
We say that g is a (topological) factor of f if there exists a continuous map
F : X ! Y with dense range such that F � f = g � F .

X X

Y Y

f

F F

g

One calls F a semiconjugacy.

Remark 1.23. If X is compact and F : X ! Y is a continuous map with dense
range then F is necessarily surjective.

The simplest example of a factor comes from products:

Example 1.24. Suppose f : X ! X and g : Y ! Y are dynamical systems. Then
the product dynamical system is

f � g : X � Y ! X � Y; (x; y) 7! (f(x); g(y)):

This dynamical system has both f and g as factors, where the semiconjugacy is the
projection onto X and Y respectively.

In all the examples so far, “time” has taken discrete values k = 0; 1; 2; : : : . In
many physical systems of interest however, it is desirable to let time be continuous.
It is quite easy to adapt the definitions to suit this case, as we now explain. In order
to keep the discussion concise, we jump immediately to the topological category,
and focus only on the reversible case.
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Definition 1.25. Let X be a metric space. A topological 
ow (or just 
ow)
on X is a map Φ: R � X ! X which is continuous with respect to the product
topology such that

Φ(0; x) = x; 8x 2 X; (1.1)

and
Φ(s;Φ(t; x)) = Φ(s+ t; x); 8x 2 X; s; t 2 R: (1.2)

Associated to a flow Φ is a family of maps ’t : X ! X for t 2 R defined by

’t(x) := Φ(t; x):

From this point of view the two properties (1.1) and (1.2) are rather more natural:

’0 = id; ’s � ’t = ’s+t: (1.3)

This shows that the maps ’t are necessarily homeomorphisms, since taking s = �t
in (1.3) tells us that ’�1

t = ’�t.

A flow on X can therefore be thought of as describing the evolution of a deter-
ministic system where time is a continuous parameter. The condition ’0 = id tells
us that at time t = 0 the system is at rest.

Remark 1.26. Flows are always reversible (by definition). There is an analogous
notion of a semi
ow, which is a continuous map Φ: [0;1) � X ! X satisfying
(1.1) and (1.2), and this plays the role of a “non-reversible” flow. Nevertheless,
for us all the continuous-time dynamical systems we will have cause to study are
reversible, and so we will work exclusively with flows.

Convention: We will typically use capital Greek letters Φ;Ψ to denote flows.
Moreover we will without comment always use the corresponding lowercase Greek
letter to denote the associated family of maps (thus ’t corresponds to Φ and  t
corresponds to Ψ, etc).

Before stating the next result, let us introduce a convention that will hold
throughout the entire course: anything marked with a (|) is non-examinable.
There are various reasons for marking something with a (|):

� it is only tangentially related to the course,

� it is rather technical or difficult,

� it is just a sketch,

� it requires more background knowledge (eg. differential geometry, func-
tional analysis, etc) than the rest of the course assumes.

This following statement allows us construct many examples of flows.
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Proposition 1.27. Let F : Rn ! Rn be a Lipschitz continuous map satisfying
F (0) = 0 . Then for any x 2 Rn , the initial value problem

(
u0(t) = F (u(t)) ;

u(0) = x;
(1.4)

has a unique solutionux (t) which is de�ned for all t 2 R. Moreover the map

�( t; x ) := ux (t) (1.5)

is a 
ow on Rn .

The proof is not particularly hard, but since it involves ideas better suited to a
class in analysis, it is non-examinable.

( | ) Proof. It follows from standard ODE theory that the initial value problem
(1.4) has a unique solutionux (t) which is de�ned for t in some interval containing
the origin. Moreover (t; x ) 7! ux (t) depends continuously on botht and x.

Fix now a point x 2 Rn . Let us show that ux is de�ned for all t 2 R. SinceF
is Lipschitz, there exists a constantC > 0 such that kF (y) � F (z)k � Cky � zk for
all y; z 2 Rn . Then since

ux (t) = x +
Z t

0
F (ux (s)) ds; (1.6)

we obtain

kux (t)k � k xk + C

�
�
�
�

Z t

0
kux (s)k ds

�
�
�
� ;

and hence4

kux (t)k � k xkeCjt j :

From this it follows that ux is de�ned for all t 2 R.
Next, �x s 2 R and consider the mapv: R ! Rn de�ned by v(t) := ux (s + t).

Then v(0) = ux (s) and

v0(t) = u0
x (s + t) = F (ux (s + t)) = F (v(t)) :

Thus v is also a solution on the initial value problem (1.4) with initial condition
v(0) = ux (s). Thus by the uniqueness of solutions with prescribed initial conditions
it follows that

v(t) = uux (s)(t):

This tells us that the map � from (1.5) satis�es

�( s + t; x ) = �( s; �( t; x )) ;

and hence is a 
ow. This completes the proof.

4This is an application of the Gronwall Lemma.
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Example 1.28. Apply Proposition 1.27 with F equal to the logistic map� a from
Example 1.5. The resulting 
ow is the continuous-time version of the logistic dy-
namical system. Takinga = 1 and restricting to [0; 1] for simplicity, one can solve
the ordinary di�erential equation

u0(t) = u(t)(1 � u(t))

by separating variables and integrating by partial fractions to see that the 
ow
' t : [0; 1] ! [0; 1] is given by

' t (x) =
xet

1 + x(et � 1)
:

Many of the basic de�nitions are formally identical for 
ows|one just substi-
tutes \for all k 2 Z" with \for all t 2 R". In order to avoid duplicating material
unnecessarily, in later lectures we will often leave you to �ll in the details. However
since today is the �rst lecture, we will be friendly and write everything out.

Definition 1.29. Given a 
ow � on X , the orbit O� (x), the negative orbit
O�

� (x), and the total orbit Ototal
� (x) are de�ned as you expect:

O� (x) := f ' t (x) j t � 0g; O�
� (x) := f ' t (x) j t � 0g;

and
Ototal

� (x) := O� (x) [ O �
� (x) = f ' t (x) j t 2 Rg:

Definition 1.30. For a 
ow � we de�ne

�x (�) := f x 2 X j ' t (x) = x for all t 2 Rg =
\

t> 0

�x (' t )

Similarly we say a pointx 2 X is periodic if there existsT > 0 such that ' T (x) =
x, and we call suchT a period of x. (Note it is important that we require T to
be strictly positive!) The in�mum of such T is said to be theminimal period 5 of
the periodic point x, and we set

per(�) := f x 2 X j x is a periodic point of � g :

Thus
per(�) =

[

t> 0

�x (' t ):

Next, the notion of invariant sets is de�ned similarly:

Definition 1.31. Let � be a 
ow on X . A subsetA � X is invariant if ' t (A) � A
for all t � 0, and completely invariant if ' t (A) = A for all t 2 R. If A is
completely invariant then � jR� A is a 
ow on A.

The notion of conjugacy in the continuous case is slightly more subtle though.

5This implies that the minimal period of a �xed point is 0. For any periodic point which is
not a �xed point, the minimal period is strictly positive (and the in�mum is a minimum).
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Definition 1.32. Let � be a 
ow on X and 	 be a 
ow on Y. We say that � and 	
are topologically conjugate , or just conjugate if there exists a homeomorphism
H : X ! Y such that  t � H = H � ' t for all t 2 R:

X X

Y Y

' t

H H

 t

Similarly we say that 	 is a (topological) factor of � if there exists a continuous
map F : X ! Y with dense range such thatF � ' t =  t � F for all t 2 R.

Actually for 
ows this notion of conjugacy is often too restrictive to be useful
(i.e. there exist 
ows that we would like to consider to be \isomorphic" yet they
are not conjugate). We therefore conclude this lecture by introducing a weaker
notion| orbit equivalence|which is typically more useful.

Definition 1.33. Let � and 	 be two 
ows on the same space X . We say that
	 is a time change of � if for every x 2 X both the orbit and the negative orbit
agree,

O� (x) = O	 (x) and O�
� (x) = O�

	 (x); 8 x 2 X: (1.7)

Remark 1.34. Equation (1.7) implies that the total orbits are also preserved:

Ototal
� (x) = Ototal

	 (x); 8 x 2 X: (1.8)

However (1.7) is stronger than (1.8). Indeed, if we set t := ' � t then (1.8) is
satis�ed but (apart from in trivial cases) (1.7) is not. Thus time changes also
require the \direction" of time to be preserved.

The next lemma clari�es the nature of time changes.

Lemma 1.35. If 	 is a time change of� then �x (	) = �x (�) . Moreover we can
write

 t (x) = ' � (t;x )(x);

where� : R � X ! R is a map such that

(i) � (�; x) : R ! R is surjective and strictly increasing for eachx 2 X .

(ii) For all s; t 2 R and x 2 X one has

� (s + t; x ) = � (t; x ) + � (s;  t (x)) : (1.9)

Conversely, if such a map� exists then	 is a time change of� .

Proof. The existence of� satisfying (i) is clear. Equation (1.9) is just (1.3) applied
to  t .
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Definition 1.36. Let � be a 
ow on X and 	 be a 
ow on Y. We say that � and
	 are orbit equivalent if 	 is conjugate to a time change of � (in the sense of
De�nition 1.32). Similarly we say that 	 is an orbit factor of � if 	 is a factor
of a time change of �.

Remark 1.37. The relationship of being orbit equivalent is another equivalence
relation on the set of 
ows. It is clear that if � and 	 are conjugate then they are
also orbit equivalent, but the converse is not true. (Exercise: Find an example of
this.)

We will not study 
ows much in this course. This is because most of the
interesting ideas are already contained in the discrete setting, and as the discussion
above shows, 
ows are often more complicated to handle. Nevertheless, 
ows will
crop up now and again (mainly in the Problem Sheets), and we encourage the
interested reader to correctly restate (and reprove) all the results from the course
for 
ows.
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LECTURE 2

Transitivity and Minimality

In the previous lecture we looked at the case where the orbitOf (x) of a point x
was as small as possible (i.e. �xed points and periodic points). Now we investigate
the other extreme, when the orbit is aslarge as possible. Since an orbitOf (x) is
certainly at most countable (and most interesting metric spaces are not countable),
it doesn't make sense to investigate points whose orbit is the entire space. Therefore
we look at the next best thing: pointsx 2 X whose orbitOf (x) is dense inX .

The following de�nition is the most important one of this lecture. As we will
see below, under mild hypotheses on the metric space this de�nition guarantees
(many) dense orbits.

Definition 2.1. A dynamical systemf : X ! X is calledtopologically transi-
tive , or just transitive , if for any pair U; V of non-empty open subsets ofX , there
exists somek � 0 such that f k(U) \ V 6= ; .

Remark 2.2. The transitivity condition is stronger than it appears at �rst sight.
Indeed, as you will prove on Problem Sheet A, iff : X ! X is transitive then for
any pair U; V of non-empty open subsets there are actuallyin�nitely many distinct
k � 0 such that f k(U) \ V 6= ; . This remarkable \recurrence" feature of transitive
maps is the main reason why their dynamics are interesting.

A �rst easy lemma about transitive systems is:

Lemma 2.3. A transitive dynamical system has dense range.

Proof. Let f : X ! X be a dynamical system whose range is not dense. This means
that there exists an open setV such that f (X ) \ V = ; . After possibly shrinkingV,
there exists1 an open setU such that U \ V = ; . Sincef k(U) � f k(X ) � f (X ) for
all k � 1 we also havef k(U) \ V = ; for all k � 0, and hencef is not transitive.

We will shortly investigate which of the examples from the last lecture are
transitive, but before doing so let us give several equivalent reformulations.

Proposition 2.4. Let f : X ! X denote a dynamical system. Then following
four conditions are equivalent.

(i) f is transitive.

(ii) X cannot be written as a disjoint unionX = A [ B where both A and B
have non-empty interior andA is f -invariant.

(iii) For any non-empty open subsetU � X , the set
S 1

k=0 f k(U) is dense inX .

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1The existence of such an open setU is clear, sinceX is a metric space (and thus Hausdor�).
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(iv) For any non-empty open subsetU � X , the set
S 1

k=0 f � k(U) is dense inX .

Proof. We �rst prove that (i) implies (ii). Suppose that X = A [ B with A \ B = ; ,
and suppose thatf (A) � A. Then A � (the interior of A) and B � are open sets
such that f k(A � ) \ B � = ; for all k � 0. By (i) at least one ofA � and B � must be
empty.

Now let us prove that (ii) implies (iii). For this, supposeU is a non-empty open
subset, and setA :=

S 1
k=0 f k(U) and setB := X nA. Then clearly A is f -invariant

and has non-empty interior (sinceA contains the open setU). Thus by (ii), B must
have empty interior, which is means thatA is dense inX .

Next, (i) and (iii) are obviously equivalent, and to see that (iii) and (iv) are
equivalent, note that f k(U) \ V is non-empty if and only if U \ f � k(V) is non-
empty. This completes the proof.

Corollary 2.5. If f is reversible thenf is transitive if and only if f � 1 is.

Proof. This is immediate from the equivalence of (iii) and (iv) of Proposition 2.4.

Armed with Proposition 2.4, we can prove:

Lemma 2.6. The tent map � is transitive.

Proof. To see this, note that� k is the piecewise linear map with� k(2i=2k) = 0 for
i = 0; 1; : : : ; 2k� 1 and � k((2i � 1)=2k) = 1 for i = 1; 2; : : : 2k� 1. Thus � k has 2k� 1

\tents". See Figure 1.3 again. Now supposeU � [0; 1] is open and non-empty.
Then U contains an interval I of the form I = [ i=2k ; (i + 1) =2k ] for somek and
somei . Then � k(I ) = [0 ; 1], and hence also� k(U) = [0 ; 1].

On Problem Sheet A you will prove:

Lemma 2.7. The circle rotation � � is transitive if and only if � is irrational.

As mentioned above, under reasonable assumptions onX , a transitive dynami-
cal system has (many) dense orbits. Here are the details.

Notation. If X is a metric space then we writeB(x; r ) for the openball of radius
r about x 2 X , and B(x; r ) for the closedball. If it is important to specify the
metric d then we write Bd(x; r ) and B d(x; r ).

Recall a metric space iscomplete if every Cauchy sequence converges. You are
hopefully already familiar with the next foundational result, but in case not, we
supply a proof anyway.

Theorem 2.8 (The Baire Category Theorem). If X is a complete metric space and
f Ukgk� 1 is a collection of open dense subsets ofX then

T 1
k=1 Uk is also dense inX .

This proof is non-examinable, since it belongs to a course on point-set topology.

( | ) Proof. Let V be a non-empty open subset. We need to show there exists a
point x 2 V such that x 2 Uk for all k. SinceU1 is open and dense, there exists
x1 2 V \ U1 and 0 < r 1 < 1 such that B(x1; r1) � V \ U1. Since eachUk is open
and dense, we can continue recursively to �nd sequencesxk and 0< r k < 1=k such
that B(xk ; r k) � B (xk� 1; r k� 1) \ Uk . Sincexn 2 B(xk ; r k) whenevern > k , the
sequence (xk) is a Cauchy sequence. SinceX is complete, it converges to a pointx
which satis�es x 2 B(xk ; r k) for all k. Thus x 2 V \ Uk for all k. This completes
the proof.
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A metric space isseparable if there exists a countable dense subset. Here is
our promised result:

Proposition 2.9. Let f : X ! X be a transitive dynamical system on a separable
complete metric space. Let

D(f ) := f x 2 X j O f (x) is dense inX g:

Then D(f ) is itself dense inX (and thus in particular, non-empty).

Proof. SinceX is separable there exists a countable collection of open setsf Ukgk� 1

which form a basis for the topology onX (take a countable dense set, and then
take all open balls of rational radii about those points). A pointx 2 X has a
dense orbit if and only if for everyk there exists a non-negative integern such that
f n (x) 2 Uk . This means that

D(f ) =
1\

k=1

1[

n=0

f � n (Uk):

Since f is transitive, each set
S 1

n=0 f � n (Uk) is itself dense (and open, sincef is
continuous), by the equivalence of parts (i) and (iv) of Proposition 2.4. Thus by
the Baire Category Theorem 2.8,D(f ) is a dense subset ofX . In particular it is
non-empty. This completes the proof.

The converse to Proposition 2.9 is (almost) true. The only di�erence is that
we require di�erent hypotheses onX . Recall that an isolated point in a metric
spaceX is a point x 2 X with the property that f xg is an open subset ofX .
For example, if X := f 0g [ [1; 2] (considered as a subset of the real line, with the
induced topology), then there is precisely one isolated point, namely 0.

Lemma 2.10. Let f : X ! X be a dynamical system on a metric space with no
isolated points. If x 2 X has a dense orbit then so doesf k(x) for any k � 1.

Proof. Note that Of (f k(x)) contains the set Of (x) n f x; f (x); f 2(x); : : : f k� 1(x)g.
In a metric space without isolated points, a dense set remains dense after removing
�nitely many points. Thus if Of (x) is dense then so isOf (f k(x)).

Corollary 2.11. Let f : X ! X be a dynamical system on a metric space with no
isolated points. If there exists a pointx 2 X with dense orbit then f is transitive.

Proof. Supposex has a dense orbit andU and V are non-empty open sets. Then
there existsk � 0 such that f k(x) 2 U. Sincef k(x) has a dense orbit by Lemma
2.10, there existsn � k such that f n (x) 2 V. Thus f n� k(U) \ V 6= ; . This
completes the proof.

Let us now discuss a strengthening of the notion of transitivity.

Definition 2.12. A dynamical systemf : X ! X is calledminimal if for every
point x 2 X , the orbit Of (x) is dense inX .

Lemma 1.10 shows that irrational rotations are minimal. The same argument
as in the proof of Corollary 2.11 shows:
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Corollary 2.13. A minimal dynamical system is transitive.

If a dynamical system is minimal then it cannot have �xed or periodic points
(apart from trivial cases when the metric space is �nite). Thus the tent map is an
example of a dynamical system that is transitive but not minimal.

There is an analogous version of Proposition 2.4 for minimal dynamical systems,
which goes as follows:

Proposition 2.14. Let f : X ! X be a dynamical system. The following are
equivalent:

(i) f is minimal.

(ii) The only closed invariant sets ofX are X itself and the empty set.

(iii) For any non-empty open subsetU � X , one has
S 1

k=0 f � k(U) = X .

Proof. To see that (i) implies (ii), suppose that A � X is a non-empty closed
invariant set. Let x 2 A. Then sinceA is invariant, Of (x) � A. SinceA is closed
we haveOf (x) � A. But since f is minimal, Of (x) = X , and thus A = X .

To see that (ii) implies (iii), let U � X be a non-empty open set. ThenA :=
X n

S 1
k=0 f � k(U) is closed and invariant. SinceA 6= X , by (ii) we must haveA = ; .

Finally to see that (iii) implies (i), let x 2 X and let U be an arbitrary non-
empty open subset. Then by (iii),x 2 f � k(U) for somek � 0. Thus f k(x) 2 U,
and henceOf (x) \ U 6= ; . SinceU was arbitrary, Of (x) is dense. This completes
the proof.

In general minimality is a less useful condition than transitivity, since it is too
restrictive. Nevertheless, sometimes the restriction of a dynamical system to an
invariant set can be minimal, even if the entire dynamical system is not.

Definition 2.15. Let f : X ! X be a dynamical system. A non-empty closed
invariant set A � X is calledminimal if the restriction f jA : A ! A is minimal.

Before proving the next result, we recall Zorn's Lemma.

Axiom 2.16 (Zorn's Lemma). Let S be a partially ordered set. If every totally
ordered subset ofS has an upper bound, thenS contains a maximal element.

Zorn's Lemma is equivalent to the Axiom of Choice (note: we used the Axiom
of Choice in the proof of the Baire Category Theorem!). Now recall the following
elementary bit of point-set topology.

Definition 2.17. Let X be a set andA := f A j j j 2 Jg be a collection of subsets
of X . We say that A has the �nite intersection property if given any �nite
subsetJ0 � J , one has

T
j 2 J0

A j 6= ; .

The �nite intersection property can be used to characterise compactness:

Proposition 2.18. A topological spaceX is compact if and only if every collection
of closed sets having the �nite intersection property has non-empty intersection.
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( | ) Proof. Let f A j j j 2 Jg be a collection of closed sets having the �nite inter-
section property. SetUj := X n A j . Then f Uj j j 2 Jg is a collection of open sets
with the property that for any �nite set J0 � J , the collection f Uj j j 2 J0g does
not coverX . Moreover if

T
j 2 J A j = ; then f Uj j j 2 Jg is an open cover ofX with

no �nite subcover. This shows that the hypotheses of the proposition are merely a
restatement of the de�nition of compactness.

This allows us to prove that dynamical systems on compact metric spaces always
have minimal sets.

Proposition 2.19. Let f : X ! X be a dynamical system on a compact metric
spaceX . Then f has a minimal set2.

Proof. Let F denote the collection of all closed non-emptyf -invariant sets. Then
F 6= ; since X 2 F . We de�ne a partial ordering on F by saying that A � B
if B � A (i.e. reverse inclusion). SupposeA � F is a totally ordered subset.
We claim that A has an upper bound. Indeed, it is clear thatA has the �nite
intersection property. Thus by Proposition 2.18,

T
A2A A 6= ; , and since we are

using reverse inclusion, this is an upper bound forA under � .
Thus by Zorn's Lemma 2.16,F has a maximal element. By the equivalence of

(i) and (ii) in Proposition 2.14, this maximal element is a minimal set forf . This
completes the proof.

Finally, let us conclude by brie
y mentioning how today's material translates
to 
ows. There are a few important di�erences in the statements.

Definition 2.20. Let � be a 
ow on X . We say that � is (topologically)
transitive if for any pair U; V of non-empty open subsets ofX , there exists some
t � 0 such that ' t (U) \ V 6= ; .

The next result is also on Problem Sheet A. This result isnot true for discrete
dynamical systems.

Lemma 2.21. Suppose� is a transitive 
ow on X . Then X is connected.

The next result is proved in the same fashion as Proposition 2.9. The conclusion
is slightly stronger since 
ows are always reversible by de�nition (compare Lemma
2.5).

Proposition 2.22. SupposeX is complete and separable, and that� is a transitive

ow on X . Let

D(�) :=
�

x 2 X j O � (x) and O�
� (x) are dense inX

	
:

Then D(�) is dense inX .

We move onto the 
ow version of Corollary 2.11. This time we do not need to
assume thatX has no isolated points in the statement. This is because the orbits
of 
ows are connected subsets.

2This is arguably the single most \abstract" result in the entire course. It is the only time we
will explicitly appeal to Zorn's Lemma.
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Proposition 2.23. Suppose there exists a pointx 2 X such that both O� (x) and
O�

� (x) are dense inX . Then � is transitive.

We leave it up to you to formulate the minimality property for 
ows, and prove
the analogue of Proposition 2.19.
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LECTURE 3

The Non-Wandering Set and Its Friends

In this lecture we will de�ne an entire menagerie of invariant sets associated to a
dynamical systemf : X ! X . So far we have met two: the �xed points, and the
periodic points, which satisfy

�x (f ) � per(f ):

Definition 3.1. Let f : X ! X denote a dynamical system, and letx 2 X . The
! -limit set of f at x, written ! f (x), is the set of all pointsy 2 X for which there
exists a sequencekn ! 1 such that f kn (x) ! y.

Equivalently,

! f (x) =
1\

k=1

[

n� k

f n (x) =
1\

k=1

Of (f k(x)) : (3.1)

We have the following result.

Proposition 3.2. The set ! f (x) is a closed invariant subset ofX . If X is compact
then ! f (x) is non-empty and completely invariant.

Proof. Supposeyk 2 ! f (x) converges toy. We want to show that y 2 ! f (x). For
eachj � 1, choosekj such that d(yk j ; y) < 2� j . Then choose numbersnj such that
d(f n j (x); yk j ) < 2� j , and such that nj < n j +1 . Then by the triangle inequality,
d(f n j (x); y) < 21� j , and hencey 2 ! f (x). This shows that ! f (x) is closed. It is
clear that f (! f (x)) � ! f (x).

Now suppose thatX is compact. Then! f (x) is certainly non-empty. It remains
to show complete invariance. Lety 2 ! f (x). Choosekn ! 1 such that f kn (x) ! y.
Compactness tells us that, after passing to a subsequence if necessary,f kn � 1(x)
converges to some pointz 2 X . Thus f kn (x) ! f (z), and hencef (z) = y. Since
z 2 ! f (x) we thus ! f (x) � f (! f (x)). This completes the proof.

Corollary 3.3. SupposeA is a minimal set forf . Then ! f (x) = A for all x 2 A.
Conversely if A is any non-empty compact subset ofX with the property that
! f (x) = A for all x 2 A then A is minimal.

Proof. By assumptionA is closed, invariant and non-empty. Ifx 2 A then

! f (x) =
1\

k=1

Of (f k(x))

=
1\

k=1

Of jA (f k(x))

=
1\

k=1

A

= A:

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.

1



To prove the converse, the assumption implies in particular thatA is invariant.
Thus by Proposition 2.19 there exists a minimal setB � A for f jA . The argument
above shows that! f (x) = B for all x 2 B, whenceA = B. This completes the
proof.

Corollary 3.4. Let f : X ! X be a dynamical system on a metric space without
isolated points. Then a pointx has dense orbit if and only if! f (x) = X

Proof. If ! f (x) = X then the orbit of x is certainly dense (this doesn't requireX
to have no isolated points). Conversely, Lemma 2.10 and (3.1) shows that ifx has
dense orbit then! f (x) = X .

Definition 3.5. Assume that f is reversible, and �x x 2 X . The � -limit set of
f at x, written � f (x), is the ! -limit set for f � 1 at x:

� f (x) := ! f � 1 (x):

Thus y 2 � f (x) if and only there exists a sequencekn ! 1 such that f � kn (x) ! y.

� f (x) =
1\

k=1

[

n� k

f � n (x):

A periodic point x has the property that f k(x) = x for in�nitely many k � 0.
Generalising this, we say a pointx is recurrent if f k(x) is arbitrarily close to x for
in�nitely many k � 0. This can be expressed concisely as follows:

Definition 3.6. Let f : X ! X be a dynamical system. A pointx 2 X is called
a recurrent point if x 2 ! f (x). The set of recurrent points is denoted byrec(f ).

Obviously one hasper(f ) � rec(f ).

Lemma 3.7. The set rec(f ) is invariant.

Proof. If x 2 rec(f ) then there exists kn ! 1 such that f kn (x) ! x. Thus
also f kn (f (x)) = f (f kn (x)) ! f (x) and hencef (x) 2 rec(f ). This completes the
proof.

Remark 3.8. The set �x (f ) is always closed inX (by continuity). In contrast,
neither per(f ) nor rec(f ) are necessarily closed subsets ofX .

Next we de�ne the notion of anon-wanderingpoint, which is a further gener-
alisation of a recurrent point.

Definition 3.9. A point x 2 X is called a non-wandering point if for any
neighbourhood1 U of x there existsk � 1 such that f k(U) \ U 6= ; . The set of
non-wandering points is denoted2 by nw(f ).

1We use the convention that in a topological space, aneighbourhood of a point is an open
set containing that point.

2Many books use the notation 
( f ) to denote the non-wandering set. We prefernw(f ) as it
is (a) more descriptive and (b) less likely to be confused with the! -limit sets.
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Remark 3.10. If f is transitive then nw(f ) = X . This does not quite follow
immediately from the de�nitions, since the de�nition of transitivity requires k � 0
and here we requirek � 1. However by Problem A.5 (see also Remark 2.2) iff is
transitive then for any non-empty openU there exist in�nitely many k � 0 such
that f k(U) \ U 6= ; .

Proposition 3.11. Let f : X ! X be a dynamical system.

(i) The non-wandering set is closed and invariant.

(ii) One has! f (x) � nw(f ) for all x 2 X .

(iii) One hasrec(f ) � nw(f ).

(iv) If f is reversible thennw(f ) = nw(f � 1) and nw(f ) is completely invariant.

Proof. To see that nw(f ) is closed, we show its complement is open. Ifx =2 nw(f )
then there exists a neighbourhoodU of x such that f k(U) \ U = ; for all k � 1,
and hence all pointsy 2 U also do not belong tonw(f ). Thus X n nw(f ) is open.

Now we shownw(f ) is invariant. Let x 2 nw(f ), and let V denote a neighbour-
hood of f (x). Then U := f � 1(V) is a neighbourhood ofx, and hence there exists
somek � 1 such that f k(U) \ U 6= ; . The image of this intersection underf is
contained in f k(V) \ V , and hence the latter is non-empty. Thusf (x) 2 nw(f ).
This proves (i).

Next, supposex 2 X and y 2 ! f (x). Let U be a neighbourhood ofy. We want
to �nd some k � 1 such that f k(U) \ U is non-empty. In other words, we want to
�nd z 2 U and k � 1 such that f k(z) 2 U. Sincey 2 ! f (x) there existskn ! 1
such that f kn (x) ! y. Thus there existskn0 < k n1 such that both f kn 0 (x) 2 U and
f kn 1 (x) 2 U. Set z = f kn 0 (x) 2 U and k = kn1 � kn0 . Then f k(z) 2 U as required.
This proves (ii).

By de�nition rec(f ) �
S

x2 X ! f (x), and thus by (ii) we have rec(f ) � nw(f ).
Sincenw(f ) is closed by (i), we also haveref(f ) � nw(f ). This proves (iii).

Finally, if f is reversible andx 2 nw(f ), then for every neighbourhoodU of x
there existsk � 1 such that f k(U) \ U 6= ; . The f � k-image of this intersection
is contained in U \ f � k(U), which is non-empty, and hencex 2 nw(f � 1). Thus
nw(f ) � nw(f � 1), and by symmetry, the two sets are equal. Thus

f � 1(nw(f )) = f � 1(nw(f � 1)) � nw(f � 1) = nw(f );

sonw(f ) is completely invariant. This proves (iv) and thus completes the proof.

Remark 3.12. On Problem Sheet B sheet you will show that ifx 2 nw(f ) then for
any neighbourhoodU of x there exist in�nitely many k � 1 such thatf k(U)\ U 6= ; .

We now move onto the �nal invariant set. For this set the choice of metricd on
X is important, so we include it in our notation.

Definition 3.13. Let f : X ! X be a dynamical system on metric space (X; d).
A tuple (y1; : : : ; yk) is called an"-chain if

d(f (yi ); yi +1 ) < "; 8 1 � i � k � 1:
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We say that x is "-pseudo-periodic if there exists an"-chain that starts and ends
at x. Finally, we say that x is chain recurrent if x is "-pseudo-periodic for all
" > 0. The set of all chain recurrent points is denoted bychad(f ).

Remark 3.14. Here is an informal way to think about chain recurrent points.
Suppose our \measuring device" that we use to \observe" points inX is accurate
only to the nearest" . All measurements of real-world dynamical systems have this
defect to some extent. Then as far as our measuring device is concerned, a periodic
orbit is indistinguishable from an"-pseudo-periodic orbit. Thus a chain recurrent
point is a point which is indistinguishable from a periodic point for an arbitrarily
precise measuring device.

The chain recurrent set is another closed invariant subset. It is the \largest" of
the various sets we have de�ned so far.

Proposition 3.15. Let (X; d) be a metric space andf : X ! X a dynamical
system. Then the chain recurrent setchad(f ) is a closed invariant subset which
contains nw(f ).

Proof. We �rst prove that chad(f ) is closed. Fixx 2 chad(f ) and " > 0. Sincef is
continuous at x, there exists 0< � < " such that

d(x; y) < � ) d(f (x); f (y)) < ": (3.2)

Now choosey 2 chad(f ) such that d(x; y) < � , and choose an"-chain (y; z1; : : : ; zk ; y).
Then we claim that (x; z1; : : : zk ; x) is a 2"-chain. Indeed, we need only check the
start and end points, and

d(f (x); z1) � d(f (x); f (y)) + d(f (y); z1)

< " + "

= 2";

and similarly d(f (zk); x)) < 2". Since" was arbitrary, this shows thatx 2 chad(f )
as required.

We now prove that chad(f ) is invariant. Let x 2 chad(f ) and �x " > 0. We will
produce an"-chain from f (x) to itself. This time choose 0< 
 < " such that

d(f (x); y) < 
 ) d(f 2(x); f (y)) < "

(such 
 exists asf is continuous at f (x)). Let ( x; y1; : : : ; yk ; x) denote a 
 -chain.
Then sinced(f (x); y1) < 
 we haved(f (y1); f 2(x)) < " and thus

d(f 2(x); y2) � d(f 2(x); f (y1)) + d(f (y1); y2)

< " + 


< 2":

Thus (f (x); y2; : : : ; yk ; x; f (x)) is a 2"-chain. See Figure 3.1.
Since " was arbitrary, this shows that f (x) 2 chad(f ), and since x was an

arbitrary point of chad(f ), this shows that chad(f ) is invariant.
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Figure 3.1: Provingchad(f ) is invariant.

Finally let us prove nw(f ) � chad(f ). Let x 2 nw(f ) and " > 0. Take �
as in (3.2), and let U be a neighbourhood ofx contained in the ball of radius�
about x. Sincex 2 nw(f ), there existsk � 1 such that f k(U) \ U 6= ; . If k = 1
then (x; x) is a 2"-chain. If k > 1 then there existsy 2 U such that f k(y) 2 U.
Then (x; f (y); f 2(y); : : : ; f k� 1(y); x) is an "-chain. Since" was arbitrary, we have
x 2 chad(f ) as required.

The next proposition tells us that on a compact metric space the chain recurrent
set is actually independent of the choice of metric. The proof is on Problem Sheet
B.

Proposition 3.16. Let (X; d1) be a compact metric space andf : X ! X be a
dynamical system. Ifd2 is any other metric onX de�ning the same topology then

chad1 (f ) = chad2 (f ):

Summary: Let f : X ! X be a dynamical system on a metric space (X; d).
Then we have invariant subsets

�x (f ) � per(f ) � rec(f ) � nw(f ) � chad(f ):

In general all of these inclusions can be strict. (Exercise: Find examples of
this!)

We conclude this lecture by brie
y discussing how these de�nitions work for

ows. If � is a 
ow on X then the de�nitions of the ! -limit set ! � (x), the � -
limit set � � (x), the recurrent set rec(�), and the non-wandering set nw(�) are
all formally identical to the discrete case. One just replaces \k" with \ t" where
appropriate. Thus ! � (x) consists of all pointsy 2 X such that there exists a
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sequencetn ! 1 such that ' tn (x) ! y, and a point x belongs tonw(�) if for every
neighbourhoodU of x there existst > 0 such that ' t (U) \ U 6= ; .

There is, however, a subtlety in the de�nition of the chain recurrent set of a

ow, so we will go over the details here in more depth.

Definition 3.17. Let � be a 
ow on a metric space (X; d). Given " > 0 andT > 0,
a tuple (y1; : : : ; yk ; t1; : : : ; tk� 1) is called an ("; T ) chain if for each 1� i � k � 1
one has

d(' t i (yi ); yi +1 ) < "; and 0 � t i � T:

We say that x is ("; T )-pseudo-periodic if there exists an ("; T )-chain that starts
and ends atx. Finally, we say that x is chain recurrent if x is ("; T )-pseudo-
periodic for all " > 0 and all T > 0. The set of all chain recurrent points is denoted
by chad(�).

It would appear at �rst glance that this de�nition is stronger than the corre-
sponding de�nition for discrete dynamical systems, since we require chains to exist
for all T > 0. Nevertheless, one has:

Theorem 3.18. Let (X; d) be a compact metric space and let� be a 
ow on X .
Let f := ' 1 so that f : X ! X is a reversible dynamical system. Then

chad(�) = chad(f ):

It is clear that chad(�) � chad(f ) (as one can just takeT � 1). The converse is
much harder and goes beyond the scope of this course3.

3The ambitious reader is encouraged to try and prove it!
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LECTURE 4

What Is Chaos?

Most people think of chaos as the so-called \butter
y e�ect", namely that a but-
ter
y 
apping its wings in Beijing can set o� a cascading chain of atmospheric
events that two weeks later leads to the formation of a catastrophic tornado that
obliterates central Z•urich.

More mathematically, this is sensitive dependence on initial conditions: in this
case the dynamical system in question is the weather, and the small change (the
butter
y) leads to a large change (the tornado) later down the road. A more
pedestrian example of a chaotic dynamical system1 that displays this \sensitive
dependence" is the double pendulum. This is de�ned exactly as you'd guess: take
a pendulum and then hang another pendulum on the end of it.

Unfortunately the mathematical de�nition of chaos is rather less glamorous than
the popular science one. This is actually true of most things in life: adding" 's and
� 's rarely make things exciting.

Definition 4.1. Let (X; d) be a metric space. A dynamical systemf : X ! X
hassensitive dependence on initial conditions if there exists a constant� > 0
such that for all x 2 X and all " > 0, there exists a pointy 2 X such that

d(x; y) < "

but that x and y move far apart under su�ciently many applications of f , that is,

there existsk � 0 such that d(f k(x); f k(y)) > �:

The number � is called asensitivity constant for f .

Remark 4.2. If X has isolated points then no dynamical system onX can have
sensitive dependence on initial conditions. Indeed, ifx is isolated then for su�-
ciently small " the only point y satisfying d(x; y) < " is y = x.

Remark 4.3. As we have de�ned it, the sensitivity constant� is not unique (since
if � is a sensitivity constant then so is� 0 for any 0 < � 0 < � ). This could be recti�ed
by taking the supremum of all such� 's. However in practice this supremum is
usually hard to compute, and since it is only important thatsome� exists (rather
than any precise value of� ), we will not do so.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1Formally the double pendulum is actually 
ow on cotangent bundle of the torus T2 := S1 � S1.

To see this, note that the position of the pendulum is entirely speci�ed by the two angles� and
! that the two pendulums make with the vertical, and hence the motion may be described by
recording these positions, together with their respective momenta. Newton's Second Law gives
a system of ordinary di�erential equations for the motion. These equations cannot be solved
analytically, but it is possible to use numerical methods. A MATLAB implementation of this can
be found here.
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On Problem Sheet B, you will show that both the tent map and the doubling
map have sensitive dependence on initial conditions. Meanwhile circle rotations do
not have sensitive dependence on initial conditions, as the following remark shows.

Remark 4.4. Recall that a contraction of a metric space (X; d) is a continuous
map f : X ! X such that d(f (x); f (y)) � d(x; y) for all x; y 2 X . A dynamical
system which is a contraction cannot have sensitive dependence on initial condi-
tions. In particular, an isometry (i.e. a map such thatd(f (x); f (y)) = d(x; y) for
all x; y 2 X ) cannot have sensitive dependence on initial conditions.

When the metric space is compact, the property of having sensitive dependence
on initial conditions does not depend on the metric. (Compare this to Proposition
3.16).

Lemma 4.5. Let (X; d1) be a compact metric space, and supposef : X ! X is a
dynamical system which has sensitive dependence on initial conditions with respect
to d1. If d2 is any other metric onX de�ning the same topology thenf has sensitive
dependence with respect tod2 as well.

Proof. Let
� (r ) := supf d2(x; y) j d1(x; y) � r g:

and
� (r ) := inf f d2(x; y) j d1(x; y) � r g:

By compactness,� (r ) ! 0 as r ! 0 and � (r ) is strictly positive for all r > 0.
Suppose� is a sensitivity constant for f with respect to d1. We claim that � (� ) is
a sensitivity constant for f with respect to d2. Since� (r ) ! 0 asr ! 0, it su�ces
to show that for any x 2 X and r > 0 we can �nd y 2 X and k � 0 such that

d2(x; y) � � (r ); and d2(f k(x); f k(y)) > � (� ): (4.1)

Since f has sensitive dependence on initial conditions with respect tod1 we �nd
y 2 X and k � 0 such that d1(x; y) < r and d1(f k(x); f k(y)) > � . It follows
from the de�nition of � and � that this same y satis�es (4.1). This completes the
proof.

Lemma 4.5 isnot true for non-compact metric spaces. An explicit example
of this is on Problem Sheet B. This means that on non-compact metric spaces,
sensitive dependence on initial conditions is a \bad" condition to study. Before
stating this precisely, let us formalise the notion of \good" and \bad" properties.

Definition 4.6. We say that a property P is a (topological) dynamical in-
variant 2 of a dynamical system if it is preserved under conjugacy, i.e., iff satis�es
property P and g is conjugate tof then g also satis�es propertyP.

There is also the stronger notion of aninheritable property.

Definition 4.7. A property P is said to be(topologically) inheritable if it is
preserved under passing to factors, i.e., iff satis�es property P and g is a factor
of f then g also satis�es propertyP.

2Do note confuse this with an invariant set. These are two di�erent meanings of the word
\invariant". (Don't blame me, I didn't come up with the terminology. . . )
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Here is an example of an inheritable property:

Lemma 4.8. Transitivity is an inheritable property.

Proof. Let f : X ! X be a transitive dynamical system. Supposeg: Y ! Y is a
factor of f , and let F : X ! Y denote a semiconjugacy. We show thatg is also
transitive. Thus suppose thatU and V are non-empty open subsets ofY. Then
F � 1(U) and F � 1(V) are non-empty open subsets ofX , sinceF is continuous and has
dense range. Thus there existsx 2 F � 1(U) and k � 0 such that f k(x) 2 F � 1(V).
Thus if y := F (x) one hasy 2 U and gk(y) = F (f k(x)) 2 V. This completes the
proof.

We can now give meaning to our claim that sensitive dependence on initial
conditions is a \bad" property.

Proposition 4.9. Sensitive dependence on initial conditions is not a dynamical
invariant. However it is a dynamical invariant when restricted to dynamical systems
on compact spaces.

Proof. To prove the �rst claim we need only exhibit asingle example of a pair of
conjugate dynamical systems with the property that one of them has sensitive de-
pendence on initial conditions and the other does not. By Problem B.5 there exists
a topological space3 X with two metrics d1 and d2 that de�ne the same topology,
together with a dynamical systemf : X ! X such that f has sensitive dependence
on initial conditions with respect to d1 but not with respect to d2. Sinced1 and d2

de�ne the same topology, the identity map id:X ! X is a homeomorphism from
(X; d1) to (X; d2), and hence a conjugacy fromf to itself:

X X

X X

f

id id

f

This proves the �rst claim. To prove the second claim, supposeX and Y are
compact andf : X ! X and g: Y ! Y are conjugate dynamical systems on via a
homeomorphismH : X ! Y.

X X

Y Y

f

H H

g

Let dX be an arbitrary metric de�ning the topology onX and let dY be an arbitrary
metric de�ning the topology on Y. Assumef has sensitive dependence on initial
conditions with respect todX . We must prove that g has sensitive dependence on

3In fact, X = (0 ; 1 ) with d1 the standard metric works.
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initial conditions with respect to dY . For this we argue in two steps. First, observe
that

d0
X (x1; x2) := dY (H (x1); H (x2))

is another metric onX such that H : (X; d0
X ) ! (Y; dY ) is an isometry. By Lemma

4.5, f has sensitive dependence on initial conditions with respect tod0. Suppose
� is a sensitivity constant for f with respect to d0

X . Then sinceH is an isometry
it then follows easily that g has sensitive dependence on initial conditions with
respect to dY , with the same sensitivity constant. Indeed, �x y 2 Y and " > 0.
Set x := H � 1(y). Then there existsz 2 X and k � 0 such that d0(x; z) < " and
d0

X (f k(x); f k(z)) > � . Set w := H (z). Then

dY (y; z) = d0
X (x; z) < ";

and
dY (gk(y); gk(w)) = d0

X (f k(x); f k(z)) > �:

This completes the proof.

We now move onto the mathematical de�nition of chaos. In contrast to the pop-
ular science de�nition, chaos has three ingredients, of which sensitive dependence
on initial conditions is only one. To begin with we de�ne chaos only on metric
spaces without isolated points (we will shortly rectify this).

Definition 4.10 (Preliminary Version). A dynamical system f : X ! X on a
metric space (X; d) without isolated points is said to bechaotic if it satis�es the
following three conditions:

(i) f has sensitive dependence on initial conditions.

(ii) f is transitive.

(iii) The set of periodic points of f is dense inX .

Even though chaos is de�ned using the notion of sensitive dependence on initial
conditions, the next result shows that chaos is an invariant (and actually inherita-
ble) property.

Theorem 4.11. Let X be a metric space without isolated points, andf : X ! X
a dynamical system onX which is topologically transitive and for which the set of
periodic points is dense inX . Then f has sensitive dependence on initial conditions
with respect to any metric de�ning the topology onX .

Proof. Fix a metric d de�ning the topology on X . SinceX is necessarily an in�nite
set as it has no isolated points, we can choose two pointsy1; y2 2 per(f ) such that
Of (y1) \ O f (y2) = ; . Let

� :=
1
8

d(Of (y1); Of (y2)) :

We claim that � is a sensitivity constant forf . Fix x 2 X and � > 0. The triangle
inequality implies that at least one ofd(x; Of (y1)) and d(x; Of (y2)) is at least 4� .
Without loss of generality assume the former:

d(x; f k(y1)) � 4�; 8 k � 0: (4.2)
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Next, since the periodic points are dense inX , we can choosez 2 per(f ) with

d(x; z) < minf "; � g: (4.3)

Supposez has periodp � 0. Sincef is continuous, there exists a neighbourhood
U of y1 such that

d(f k(y1); f k(w)) < �; 8 k = 0; 1; 2; : : : ; p and w 2 U: (4.4)

Sincef is transitive, there exists a pointx1 2 X and n � 0 such that d(x; x1) < �
and f n (x1) 2 U. We now claim that one ofz or x1 is the point we are looking for.
Since both of them are at within" of x, we need only show that at least one of
them gets mapped at least� far away from x after some number of iterations off .
Let q � 0 denote the unique integer such thatn � qp < n + p. Then sincez has
period p,

d
�
f qp(z); f qp(x1)

�
= d

�
z; f qp� n (f n (x1)

�
;

and by the triangle inequality the right-hand side is at least

d
�
z; f qp� n (f n (x1))

�
� d

�
x; f qp� n (y1)

�
� d

�
f qp� n (y1); f qp� n (f n (x1))

�
� d(x; z)

> 4� � � � �

= 2 �;

where we used (4.3),(4.2), and (4.4). Thus by the triangle inequality one last time,
at least one ofd

�
f qp(x); f qp(z)

�
and d

�
f qp(x); f qp(x1)

�
is at least � . This completes

the proof.

We can now extend De�nition 4.10 to all metric spaces, and show that it is a
dynamical invariant.

Definition 4.12 (Final version). A dynamical systemf : X ! X is said to be
chaotic if it is topologically transitive and the set of periodic points off is dense
in X .

Theorem 4.11 tells us that De�nition 4.12 is equivalent to De�nition 4.10 for
metric spaces without isolated points. To prove that chaos is inheritable, we �rst
prove:

Lemma 4.13. The property of having a dense set of periodic points is inheritable.

Proof. Let g: Y ! Y be a factor of f : X ! X with semiconjugacyF : X ! Y.
Let U � Y be an open non-empty set. We want to �nd a periodic pointy 2 U for
g. SinceF is continuous and has dense range,F � 1(U) is an open non-empty set
of X , and hence by assumption there exists a periodic pointx 2 F � 1(U) of S. If
f p(x) = x then gp(F (x)) = F (x), and hencey := F (x) is a periodic point for g.

Corollary 4.14. Chaos is an inheritable property.

Proof. Immediate from Lemma 4.8 and Lemma 4.13.

We now introduce another example of a dynamical system that is rather di�erent
to any that we have seen before. This dynamical system will turn out to be chaotic.
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Definition 4.15. Let � 2 denote4 the space of all sequencex = ( x0; x1; x2; : : : )
where eachxk 2 f 0; 1g. We de�ne a metric on d on � 2 by setting

d(x; y) :=
1X

k=0

jxk � yk j
2k

:

Recall that a topological spaceX is totally disconnected if the only connected
subsets are the empty set and the singletonsf xg for x 2 X .

Proposition 4.16. The space(� 2; d) is a compact metric space without isolated
points which is totally disconnected.

( | ) Remark 4.17. A theorem5 from point-set topology tells us that: any two com-
pact totally disconnected metric spaces without isolated points are homeomorphic.
A metric space with these properties that you are probably already familiar with is
the Cantor Set (see Proposition 11.16 if you have forgotten the de�nition). Thus
� 2 is homeomorphic to the Cantor Set. We will not use nor need this result in the
course, however.

Proof. We begin by noting the following trivial statements about the metricd:
given x; y 2 � 2, one has

xk = yk 8 k = 0; : : : n ) d(x; y) �
1
2n

; (4.5)

and
d(x; y) <

1
2n

) xk = yk 8 k = 0; : : : n: (4.6)

We now show that � 2 has no isolated points. Assume for contradiction that there
exists x 2 � 2 and " > 0 such that B(x; ") = f xg. Choosen so large, that 2� n < � .
Let y 2 � 2 denote any element of �2 such that xk = yk for 0 � k � n and
yn+1 6= xn+1 . For instance if xn+1 = 0 then

y = ( x0; x1; : : : ; xn ; 1; 1; 1; : : : )

works. Then by (4.5) we have

d(x; y) =
X

k� n+1

jxk � yk j
2k

�
1
2n

< ":

Sincey 6= x this contradicts the assumption thatB(x; ") = f xg.
Now we show that � 2 is compact. Let (xn ) = (( xn

0 ; xn
1 ; xn

2 ; : : : )) � � 2 be a
sequence. Either there exist in�nitely manyn � 1 for which xn

0 = 0 or there exist
in�nitely many n � 1 for which xn

0 = 1. Hence, passing to a subsequence we obtain

4The \2" in � 2 refers to the fact that each entry has exactly two choices: 0 or 1. There are
similar spaces �k for any k � 1, where each entry is allowed to take one ofk designated values.

5See for instance Corollary 30.4 in Willard's book General Topology for a proof.
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that xn
0 is constant in n. Similarly by induction we pass to subsequences such

that xn
k is constant in n for every �xed k � 0. A diagonal argument now gives a

subsequence which is convergent by (4.5).
Finally to see that � 2 is totally disconnected it su�ces to show that given any

x 6= y we can �nd open disjoint setsU and V such that U [ V = � 2 and x 2 U and
y 2 V. If x 6= y, then there isn > 0 such that xn 6= yn . Without loss of generality
assume thatxn = 0 and yn = 1. De�ne

U := f z 2 � 2 j zn = 0g; V := f z 2 � 2 j zn = 1g:

These sets have the desired properties. This completes the proof.

Here is an example of a dynamical system on �2.

Example 4.18. The shift map � : � 2 ! � 2 is the map

� (x0; x1; x2; : : : ) := ( x1; x2; x3; : : : ):

This map is obviously continuous. We have:

Lemma 4.19. A point x 2 � 2 is periodic under� if and only if the sequence(xk)
is periodic. Moreover a pointx has dense orbit under� if and only if every �nite
0; 1 sequence appears as a block inx.

Proof. The �rst statement is obvious. For the second, supposex has a dense orbit
under � and suppose (y0; y1; : : : yn ) is a �nite (0 ; 1)-sequence. Let

y := ( y0; y1; : : : ; yn ; 0; 0; : : : ):

Then there existsk � 0 such that d(� k(x); y) < 2� n . It follows from (4.6) that
(xk ; : : : ; xk+ n ) = ( y0; : : : ; yn ). The converse follows similarly, using (4.5).

Lemma 4.19 allows us to prove the shift map is chaotic.

Proposition 4.20. The shift map � : � 2 ! � 2 is chaotic.

Proof. Since the set of all �nite (0; 1)-sequences is countable, we can construct a
(0; 1)-sequence that contains each �nite (0; 1)-sequence as a block. Thus by Lemma
4.19,� has a point with dense orbit. Since �2 has no isolated points by Proposition
4.16, Corollary 2.11 implies that� is transitive. Now let y 2 � 2 and � > 0. We will
�nd a periodic point x for � which satis�es d(x; y) < � . Choosen large enough so
that 2 � n < � . Then de�ne

x = ( y0; y1; : : : ; yn ; y0; y1; : : : ; yn ; y0; y1; : : : ):

By Lemma 4.19,x is periodic under� , and by (4.5) one hasd(x; y) < 2� n . This
completes the proof.

On Problem Sheet B you will show that the doubling map is a factor of the
shift map. Combining this with Corollary 4.14 we obtain:

Corollary 4.21. The doubling map is chaotic.
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We conclude this lecture with a remark on the terminology.

( | ) Remark 4.22. Warning: Now that we have de�ned chaos precisely, it is
only prescient to warn you that the de�nition we have adopted is in fact but one
of several possible di�erent mathematical formulations of chaos. This should not
surprise you: since chaos is a natural phenomenon, any mathematical de�nition is
at best a \model". So why should there be only one?

The de�nition of chaos given in De�nitions 4.10 and 4.12 is due to Devaney,
and hence is commonly referred to asDevaney chaos . Another popular de�nition
of chaos is calledLi-Yorke chaos (which is due to Li and Yorke), and there are
many more6. In general none of the de�nitions are equivalent, although there are
various implications.

Nevertheless, in these notes we will only ever be concerned with Devaney chaos
(i.e. De�nition 4.12), and thus we will simply refer to it as \chaos".

6To mention a few by name: Block-Cappel chaos, Wiggins chaos, Martelli chaos,. . .
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LECTURE 5

Mixing and Weakly Mixing Dynamical
Systems

In this lecture we de�ne a stronger version of transitivity, which is calledmixing,
and the intermediate notion of beingweakly mixing, and explore various di�erent
characterisations of these properties.

Definition 5.1. A dynamical systemf : X ! X is called(topologically) mix-
ing if for any pair U; V of non-empty open subsets ofX , there existsn � 0 such
that for all k � n,

f k(U) \ V 6= ; :

Clearly any mixing system is also transitive, but the converse is false, as we will
shortly explain. Let us see an example:

Lemma 5.2. The tent map � : [0; 1] ! [0; 1] is mixing.

Proof. Let U andV be a pair of non-empty open subsets. As the proof of Lemma 2.6
showed, for any open setU � [0; 1] there exists a �nite n such that � n (U) = [0 ; 1].
Thus also � k(U) = [0 ; 1] for all k � n, and so in particular � k(U) \ V 6= ; for all
k � n.

Meanwhile a circle rotation is never mixing (cf. Example 5.7 below). Thus an
irrational circle rotation is an example of a dynamical system that is transitive but
not mixing. The next result is proved in the same way as Lemma 4.8.

Lemma 5.3. Mixing is an inheritable property.

Proof. Let f : X ! X and g: Y ! Y be dynamical systems, and suppose thatg is
a factor of f with semiconjugacyF : X ! Y. Let U and V be a pair of non-empty
open subsets ofY. Then sinceF is continuous and has dense range,F � 1(U) and
F � 1(V) are non-empty open subsets ofX . Thus there existsn � 0 and points
xk 2 F � 1(U) for eachk � n such that f k(xk) 2 F � 1(V). Then if yk := F (xk) one
hasyk 2 U and gk(yk) = F (f k(xk)) 2 V. Thus gk(U) \ V 6= ; for all k � n.

Recall from Example 1.24 that given two dynamical systemsf : X ! X and
g: Y ! Y, we denote byf � g: X � Y ! X � Y the product system (x; y) 7!
(f (x); g(y)).

Proposition 5.4. Supposef : X ! X and g: Y ! Y are dynamical systems.
Then:

(i) If f � g has a dense orbit then so do bothf and g.

(ii) If f � g is transitive then so are bothf and g.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.

1



(iii) If f � g is chaotic then so are bothf and g.

(iv) If f and g are both transitive and at least one of them is mixing thenf � g
is topologically transitive.

(v) The systemf � g is mixing if and only if both f and g are.

Proof. Both f and g are a factor off � g (cf. Example 1.24). Thus (ii) and (iii)
and the \) " direction of (v) follow from Lemma 4.8, Corollary 4.14, and Lemma
5.3 respectively. A similar argument to the proof of Corollary 4.14 shows that the
property of having a dense orbit is also inheritable, which proves (i).

To prove (iv), without loss of generality suppose thatf is mixing and g is
transitive. Let O; Q � X � Y be open non-empty sets. By de�nition of the
product topology we can �nd open non-empty setsU; V � X and W; Z � Y such
that U � W � O and V � Z � Q. Now note that

(f � g)k(U � W) \ (V � Z ) = ( f k(U) \ V) � (gk(W) \ Z );

Choosen � 0 such that for all k � n one hasf k(U) \ V 6= ; . Now using Problem
A.5 we �nd a k � n such that gk(W) \ Z 6= ; . For this k, one thus has (f � g)k(U �
W) \ (V � Z ) 6= ; , and hence also (f � g)k(O) \ Q 6= ; .

Finally the proof of the \ ( " of (v) is a very similar argument.

Corollary 5.5. If f is mixing then f � f is transitive.

Proof. Take f = g and apply part (iv) of Proposition 5.4.

Corollary 5.5 is not an if and only if statement: there exist dynamical systemsf
which are not mixing but for which f � f is transitive. Such dynamical systems are
not easy to construct though|at the end of this lecture we will give an example.
Nevertheless, this condition is important in its own right, and it gets its own name:

Definition 5.6. A dynamical systemf : X ! X is said to beweakly (topolog-
ically) mixing if f � f is transitive.

Lemma 5.7. No circle rotation is weakly mixing.

Proof. This follows immediately from Problem B.7, since the setf �; �; 1g is never
rationally independent.

Therefore an irrational rotation is an example of a dynamical system that is
transitive but not weakly mixing, which proves that weakly mixing is a strictly
stronger property than transitivity. It is considerably harder to construct an exam-
ple of a dynamical system that is weakly mixing but not mixing|we will construct
such a system at the end of the next lecture (see Proposition 6.16).

Lemma 5.8. A dynamical systemf : X ! X is weakly mixing if and only if for
any quadrupleU; V; W; Z of non-empty open subsets ofX , there existsk � 0 such
that

f k(U) \ V 6= ; and f k(W) \ Z 6= ; :

See Figure 5.1.
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Figure 5.1: A weakly mixing dynamical system.

Proof. This is immediate from the fact that|as remarked in the proof of part (iv)
of Proposition 5.4|any non-empty open set O � X � X contains a set of the form
U � W, whereU; W are non-empty open subsets ofX .

Weakly mixing is again inheritable:

Lemma 5.9. Weakly mixing is an inheritable property.

Proof. Let f : X ! X and g: Y ! Y be dynamical systems, and suppose thatg
is a factor of f . with semiconjugacyF : X ! Y. Then F � F is a semiconjugacy
from f � f to g � g, and henceg � g is a factor of f � f . The claim now follows
from Lemma 4.8.

Corollary 5.10. Let f : X ! X and g: Y ! Y be dynamical systems. Iff � g
is weakly mixing then so are bothf and g.

We can unify the concepts of transitivity, mixing and weakly mixing via the
notion of return times.

Definition 5.11. Let f : X ! X denote a dynamical system. Given non-empty
open subsetsU; V � X we de�ne the set ofreturn times for f as

retf (U; V) := f k � 0 j f k(U) \ V 6= ;g � f 0; 1; 2; : : : g:

The next result expresses the three concepts in terms of return times.

Corollary 5.12. A dynamical systemf : X ! X is:

(i) transitive if and only if given any non-empty open subsetsU; V � X one has
retf (U; V) 6= ; ;

(ii) mixing if and only if given any non-empty open subsetsU; V � X , the subset
retf (U; V) is co�nite in f 0; 1; 2: : : g;

(iii) weakly mixing if and only if given any four non-empty open subsetsU; V; W; Z �
X one has

retf (U; V) \ retf (W; Z) 6= ; :
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Proof. Parts (i) and (ii) are immediate. Part (iii) is just a rephrasing of Lemma
5.8.

In fact, we can reduce the number of sets needed to check the weakly mixing
condition from four to two:

Proposition 5.13. Let f : X ! X denote a dynamical system. Then the following
three statements are equivalent.

(i) f is weakly mixing.

(ii) For any three non-empty open subsetsU; V; W � X , one has

retf (U; V) \ retf (U; W) 6= ; :

(iii) For any two non-empty open subsetsU; V � X , one has

retf (U; U) \ retf (U; V) 6= ; :

See Figure 5.2.

Figure 5.2: Weakly mixing with three and two sets.

Proof. It is obvious that (i) ) (ii) ) (iii).
Let us prove that (ii) ) (i). Let U; V; W; Z � X be non-empty open sets. By

part (iii) of Corollary 5.12 it su�ces to show that

retf (U; V) \ retf (W; Z) 6= ; :

We apply (ii) to the triple U; W; Z to �nd an element k 2 retf (U; W) \ retf (U; Z).
In particular, this tells us that both 1

U0 := U \ f � k(W) 6= ; and f � k(Z ) 6= ; :

We now apply (ii) again, this time to the triple U0; V; f � k(Z ), to �nd an element
n 2 retf (U0; V) \ retf (U0; f � k(Z )).

1Actually f � k (Z ) is always non-empty; see the proof of (iii)) (ii) below.
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Sincen 2 retf (U0; f � k(Z )) there exists x 2 U0 with f n (x) 2 f � k(Z ). Let y :=
f k(x). Sincex 2 U0 we havey 2 W. Moreover f n (y) = f n+ k(x) = f k(f n (x)) 2 Z .
Thus f n (W) \ Z 6= ; , and hencen 2 retf (W; Z). Finally since retf (U0; V) �
retf (U; V) as U0 � U, it follows that

n 2 retf (U; V) \ retf (W; Z)

and thus this intersection is non-empty, as desired.
Now we prove that (iii) ) (ii). Let U; V; W � X be non-empty open sets. This

time we want to show that retf (U; V) \ retf (U; W) 6= ; . Since f is necessarily
transitive by (iii), there exists somek � 0 such that

U0 := U \ f � k(V)

is a non-empty open set. Since transitive maps have dense range by Lemma 2.3,
f � k(W) is a non-empty open set. Then by (iii) applied to the pairU0; f � k(W),
there exists some

n 2 retf (U0; U0) \ retf (U0; f � k(W)):

This means there existsx; y 2 U0 with f n (x) 2 U0 and f n (y) 2 f � k(W). Since
x 2 U and f n+ k(x) 2 V, we see thatn + k 2 retf (U; V). Similarly f n+ k(y) 2 W
and hencen + k 2 retf (U; W). SinceU0 � U, one also hasn + k 2 retf (U; W), and
thus

n + k 2 retf (U; V) \ retf (U; W) 6= ; :

This completes the proof.

We conclude by restating how the various properties �t together.

Summary: Let f : X ! X be a dynamical system. Then

mixing ) weakly mixing ) transitive,

and neither of the implications can be reversed.

Note that we have not yet established that mixing really is a stronger property
than weakly mixing; as mentioned earlier this is fairly tricky and will be done next
lecture in Proposition 6.16.
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LECTURE 6

Furstenberg's Theorem

In this lecture we continue our discussion of weakly mixing dynamical systems,
starting with an important theorem of Furstenberg. We then take a brief excursion
into linear dynamical systems on Banach spaces and construct an example of a
dynamical system which is weakly mixing but not mixing, thus ful�lling a promise
from the last lecture.

Definition 6.1. Two dynamical systemsf : X ! X and g: X ! X are said to
commute if

f � g = g � f:

We begin with the following useful trick.

Lemma 6.2. Let f : X ! X be a transitive dynamical system, and letU; V; W; Z be
non-empty open subsets ofX . Suppose there exists a dynamical systemg: X ! X
which commutes withf and satis�es

g(U) \ W 6= ; and g(V) \ Z 6= ; : (6.1)

Then
retf (U; V) \ retf (W; Z) 6= ; : (6.2)

Informally, Lemma 6.2 can be thought of as saying that the existence of such
a systemg implies that f is \weakly mixing for this particular quadruple of sets
U; V; W, and Z".

Proof. Sinceg is continuous, (6.1) implies there exist non-empty open subsetsU0 �
U and V0 � V such that g(U0) � W and g(V0) � Z . See Figure 6.1. Suppose
k 2 retf (U0; V0). Then there exists x 2 U0 such that f k(x) 2 V0. Then since
g(x) 2 W and f k(g(x)) = g(f k(x)) 2 Z , one sees thatk 2 retf (W; Z), which shows
that

retf (U0; V0) � retf (W; Z):

Since clearly retf (U0; V0) � retf (U; V), we therefore always have

retf (U0; V0) � retf (U; V) \ retf (W; Z): (6.3)

Sincef is transitive the left-hand side of (6.3) is non-empty, and thus the right-hand
side of (6.3) is also non-empty. This completes the proof.

Our �rst application of Lemma 6.2 is the following curiosity.

Corollary 6.3. Let f : X ! X be a topologically transitive dynamical system,
and supposeU; V; W; Z are four open non-empty subsets ofX . Then

retf (U; W) \ retf (V; Z) 6= ; ) retf (U; V) \ retf (W; Z) 6= ; :

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Figure 6.1: Commuting systemsf and g.

Proof. Supposek 2 retf (U; W) \ retf (V; Z). Set g := f k . Then g commutes withf
and satis�es (6.1). Thus Lemma 6.2 implies that retf (U; V) \ retf (W; Z) 6= ; .

We could attempt to strengthen the weakly mixing condition by requiring higher
products to be transitive.

Definition 6.4. Let f : X ! X be a dynamical system. We say thatf is n-fold
transitive if the n-fold product

f � � � � � f
| {z }

n times

: X � � � � � X| {z }
n times

! X � � � � � X| {z }
n times

is transitive.

With this terminology, a transitive system is a 1-fold transitive system and a
weakly mixing system is a 2-fold transitive system. Moreover ifk � n then the
k-fold product is a factor of then-fold factor, and hence ann-fold transitive system
is alsok-fold transitive for all k � n.

Actually De�nition 6.4 turns out to be redundant. This is the content of the
next result, which is due to the Israeli mathematician Furstenberg. The proof
makes use of Lemma 6.2 again.

Theorem 6.5 (Furstenberg's Theorem). Let n � 2. A dynamical system isn-fold
transitive if and only if it is weakly mixing.

Proof. We prove by induction on n that if f is n-fold transitive then f is also
(n + 1)-fold transitive. By arguing as in Lemma 5.8, to show thatf is (n + 1)-
fold transitive it su�ces to show that given any 2n + 2 non-empty open subsets
Uk ; Vk � X for k = 1; : : : ; n + 1, one has

n+1\

k=1

retf (Uk ; Vk) 6= ; : (6.4)

2



Sincef is weakly mixing, applying Lemma 5.8 to the quadrupleU1; U2; V1 and V2

we �nd k � 0 such that

f k(U1) \ U2 6= ; ; and f k(V1) \ V2 6= ; :

Then by Lemma 6.2, applied withg = f k , we �nd non-empty open subsetsU0 � U1

and V0 � V1 such that

retf (U0; V0) � retf (U1; V1) \ retf (U2; V2) (6.5)

(see (6.3)). Now by the induction hypothesis applied to the 2n non-empty open
setsU0; U3; : : : ; Un+1 and V0; V3; : : : ; Vn+1 , we obtain that

retf (U0; V0) \

 
n+1\

k=3

retf (Uk ; Vk)

!

6= ; : (6.6)

Then (6.5) and (6.6) imply that (6.4) holds, which thus completes the proof.

Here is an application of Furstenberg's Theorem, which gives us another way to
characterise weakly mixing maps.

Proposition 6.6. Let f : X ! X be a dynamical system. Thenf is weakly mixing
if and only if for any two non-empty open subsetsU; V � X , the set retf (U; V)
contains arbitrarily long intervals.

Proof. First assume that f is weakly mixing. Let U; V � X be non-empty open
sets and letn � 2. We will show that retf (U; V) contains an interval of lengthn.
By Furstenberg's Theorem 6.5,f is n-fold transitive, and hence there exists some
i � 0 such that

i 2
n\

k=1

retf (U; f � k(V));

that is,
f i (U) \ f � k(V) 6= ; 8 1 � k � n:

This implies that i + k 2 retf (U; V) for each 1� k � n.
To prove the other direction, it is convenient to use part (ii) of Proposition 5.13.

Let U; V; W � X be non-empty open sets. We will prove that

retf (U; V) \ retf (U; W) 6= ; :

Since retf (V; W) is certainly non-empty, by continuity there exists k � 0 and a
non-empty open subsetV0 � V such that f k(V0) � W. Then by assumption there
exists n � 0 such that the interval [n; n + k] � retf (U; V0). In particular

n + k 2 retf (U; V0) � retf (U; V):

To complete the proof we show thatn + k also belongs to retf (U; W). But this
follows from the fact that f n+ k(U) \ W contains the setf n+ k(U) \ f k(V0), which
itself contains the setf k(f n (U) \ V0). Since alson 2 retf (U; V0) by assumption,
the latter set is non-empty. This completes the proof.
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On Problem Sheet C you will �nd yet another characterisation of weakly mixing.

There remains a serious defect of our de�nition of weakly mixing: we have
yet to exhibit a single example of a dynamical system that is weakly mixing but
not mixing! We now rectify this. The example we construct (Proposition 6.16)
is not the simplest example of such a system, but it has the virtue of being easy
to understand and gives us an excuse to introduce linear dynamical systems. Our
construction will use a little bit of elementary functional analysis1.

Definition 6.7. A Banach space is a vector spaceE equipped with a normk � k
such that the associated metricd(v; w) := kv � wk is complete.

Any �nite-dimensional normed vector space2 is a Banach space. Here is an easy
to understand example of an in�nite-dimensional Banach space:

Definition 6.8. Let

`1 (R) := f sequencesx = ( xk)k� 0 of real numbersj supjxk j < 1g

denote the space of allbounded sequences . This is a Banach space under the
norm

kxk1 := sup
k� 0

jxk j:

We denote byek the vector with a 1 in the kth position and 0 in all the other
entries. Thus (ek)k� 0 is a basis of̀ 1 (R).

Definition 6.9. Let

c0(R) :=
n

x 2 `1 (R) j lim
k!1

xk = 0
o

denote the space of allnull sequences . This is a closed subspace of`1 (R) and
hence is a Banach space under the same normk � k1 .

Remark 6.10. The spacec0(R) is typically better behaved than `1 (R). For in-
stance, c0(R) is separable as a metric space, whereas`1 (R) is not. We will not
need nor use this fact however.

Definition 6.11. Let

c00(R) := f x 2 c0(R) j there existsn � 1 such that xk = 0 for all k � ng

denote the space of all�nite sequences .

It is easy to see thatc00(R) is dense inc0(R). However c00(R) is not closed in
c0(R), and hence isnot a Banach space with respect tok � k1 .

Definition 6.12. Suppose (E; k � k) is a Banach space. A continuous linear map
L : E ! E is called alinear dynamical system .

1Do not worry if you are not familiar with functional analysis and Banach spaces|the only
Banach spaces we will meet in Dynamical Systems I are Euclidean spacesRn , or the space of
bounded sequences de�ned below.

2By convention, all vector spaces in this course are assumed to be vector spaces overR or C.
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Remark 6.13. A linear map L : E ! E is continuous if and only if it is bounded
in the sense that there existsc > 0 such that3

kLvk � ckvk; 8 v 2 E:

If E is �nite-dimensional then every linear map is continuous (and hence bounded).

Just as in Example 4.18, one can consider shift operators on the spaces`1 (R),
c0(R), and c00(R).

Example 6.14. The shift operator 4

� (x0; x1; x2; : : : ) := ( x1; x2; : : : )

is a linear dynamical system on both̀ 1 (R) and c0(R).

With these preliminaries out of the way, we present a useful (albeit somewhat
contrived) criterion for a linear dynamical system to be weakly mixing.

Theorem 6.15. Let L : E ! E be a linear dynamical system on a Banach space.
Assume there exists a dense subset5 X � E and a dynamical systemf : X ! X
such that:

Lf (v) = v; 8 v 2 X: (6.7)

Assume moreover that there exists a strictly increasing sequence(kn ) of numbers
such that for all v 2 X ,

lim
n!1

L kn v = 0; and lim
n!1

f kn (v) = 0 : (6.8)

Then L is weakly mixing.

Theorem 6.15 is a special case of a result due to Gethner and Shapiro. In our
case however the proof is almost easier than the statement.

Proof. Let U; V; W; Z be non-empty open sets inE. By part (iii) of Corollary 5.12
it su�ces to show that

retL (U; V) \ retL (W; Z) 6= ; :

SinceX is dense inE, we can �nd vectors

u 2 U \ X; v 2 V \ X; w 2 W \ X; z 2 Z \ X:

For n su�ciently large it follows from (6.8) that

u + f kn (v) 2 U; v + L kn u 2 V; w+ f kn (z) 2 W; z + L kn w 2 Z: (6.9)

Next, using (6.7) we have

L kn (u + f kn (v)) = L kn u + v; Lkn (w + f kn (z)) = L kn w + z: (6.10)

Combining (6.9) and (6.10) shows that retL (U; V) \ retL (W; Z) 6= ; .

3By convention, for a linear map where possible we omit the brackets and writeLv instead of
L (v).

4We use the word \operator" instead of \map" to help distinguish this from the shift map in
Example 4.18.

5We do not assume thatX is a linear subspace, and the mapf doesnot have to be linear.
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We will use Theorem 6.15 to produce an example of a linear dynamical system
on c0(R) that is weakly mixing but not mixing. For this let w; w0 2 `1 (R) denote
the vectors

w= ( wk) :=
�
2; 1

2 ; 2; 2; 1
2 ; 1

2 ; 2; 2; 2; 1
2 ; 1

2 ; 1
2 ; 2; 2; 2; 2; 1

2 ; 1
2 ; 1

2 ; 1
2 ; : : :

�
;

and
w0 = ( w0

k) :=
�

1
2 ; 2; 1

2 ; 1
2 ; 2; 2; 1

2 ; 1
2 ; 1

2 ; 2; 2; 2; 1
2 ; 1

2 ; 1
2 ; 1

2 ; 2; 2; 2; 2; : : :
�
:

De�ne an operator

L : c0(R) ! c0(R); L(x0; x1; x2; : : : ) := ( w0x1; w1x2; w2x3; : : : ):

One can think of L as a \weighted" version of the shift operator from Example
6.14. NoteL is continuous by Remark 6.13.

Proposition 6.16. The operator L is weakly mixing but not mixing.

Proof. To show that L is weakly mixing we apply Theorem 6.15. TakeX = c00(R),
and de�ne

f : c00(R) ! c00(R); f (x0; x1; x2; : : : ) :=
�
0; w0

0x0; w0
1x1; w0

2x2; : : :
�
:

Then clearly
Lf (x) = x; 8 x 2 c00(R);

and moreover
lim

k!1
L k(x) = 0; 8 x 2 c00(R);

where0 := (0 ; 0; 0; : : : ). Thus to apply Theorem 6.15 we need only �nd a sequence
(kn ) of increasing numbers such that

lim
n!1

f kn (x) = 0; 8 x 2 c00(R):

We take kn := n2. Observe that

n2Y

i =1

w0
i � 1 =

1
2n

;

and hence
f n2

(e1) =
�
0; : : : ; 0; 1

2n
|{z}

nth position

; 0; 0; : : :
�
;

and thus limn!1 f n2
(e1) = 0. Similarly f n2

(ek) ! 0 for any basis vectorek . Since
any element ofc00(R) can be written as a �nite sum of theek , it follows that

lim
n!1

f n2
(x) = 0; 8 x 2 c00(R):

Theorem 6.15 therefore implies thatL is weakly mixing.
Finally we show that L is not mixing. For this observe that if

mn := n2 + n
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then
mnY

i =1

wi � 1 = 1;

Lmn (x0; x1; x2; : : : ) = ( xmn ; � ; � ; : : : );

where the value of the� 's are unimportant. This means that if

U := f x 2 c0(R) j kxk < 1g

and
V := f x 2 c0(R) j jx0j > 1g

then U and V are open sets6 in c0(R) for which

Lmn (U) \ V = ; ; 8 n � 1:

Thus L is not mixing. This completes the proof.

We will return to linear dynamical systems next semester when we discuss hy-
perbolicity.

6To see that V is open, note that sincejxk j � k xk for any x 2 c0(R) and k � 0, the projection
operators Pk : c0(R) ! R de�ned by Pk (x) = xk are all continuous.
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LECTURE 7

Topological Entropy

Let f : X ! X be a dynamical system on a compact metric space. In this lecture
we introduce the topological entropy htop (f ) of f . This is a non-negative real
number (or 1 ), which attempts to give a quantitative measure of how \complex"
the dynamics off are. As one might expect, trying to reduce the entire dynamics
of f to a single number is only partially successful. Nevertheless, it is remarkable
quite how much information can be captured by the topological entropy1.

The de�nition of htop (f ) is rather complicated, but roughly speaking it measures
the rate at which orbits of a dynamical system move apart as time increases. Before
getting started with the formal de�nition, let us give a more heuristic outline in
a similar vein to our informal discussion of the chain recurrent set from Remark 3.14.

Suppose we start with a dynamical systemf : X ! X . As a �rst measure of
complexity of f , we could try and \count" the number of orbit segments off up
to time k:

f x; f (x); f 2(x); : : : ; f k(x)g:

Suppose that our measuring device is only accurate up to the nearest" , and hence
it is unable to distinguish between two orbits segmentsf x; f (x); f 2(x); : : : f k(x)g
and f y; f (y); f 2(y); : : : f k(y)g if at every stage the distance betweenf i (x) and f i (y)
is less than". However as time goes on one might hope that the orbits of distinct
points diverge. This would mean that eventually the measuring device could dis-
tinguish them. See Figure 7.1.

Figure 7.1: The orbit segments ofx and y cannot be distinguished until timek = 3.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1See Problem E.5.
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Let us temporarily denote byn(k; " ) the total number of orbits segments our
measuring device �nds at timek. We then look at the growth rate of the function
k 7! n(k; " ), that is, the growth rate of orbits over time, as seen by our measuring
device. If our dynamical system has \simple" dynamics then given two nearby
states x and y, it may take a very long time before our detector can tell that the
orbits of x and y are di�erent, and hence the growth rate could be low. If however
our dynamical system has sensitive dependence on initial conditions (i.e. is chaotic),
then the orbits of nearby states will diverge very rapidly. This will therefore give
rise to a large growth rate.

Next, note that with a better measuring device (i.e. one with a smaller error
value), less time will be required to tell distinct orbits apart. Thus the growth rate
of the function k 7! n(k; " ) increases as" decreases. Since we are mathematicians
(and don't need to do any actual experiments!), we can quite happily pretend that
we have access to measuring devices of unlimited precision and let" ! 0. The
resulting quantity can therefore be thought of as the growth rate of orbits over
time, as seen through the eyes of an arbitrarily precise measuring device. This is
what we call the topological entropy of the system.

Now onto the formal de�nitions:

Throughout our discussion of topological entropy, we will always2 assume that
the underlying metric spaces arecompact . This will considerably simplify
the construction, and is su�cient for all of our examples.

Definition 7.1. Let (X; d) be a compact metric space andf : X ! X a dynamical
system. For eachk � 1, we can de�ne a new metricdf

k on X by setting

df
k (x; y) := max

0� i � k� 1
d
�
f i (x); f i (y)

�
:

Thus df
1 = d and df

k � df
k+1 for all k � 1. Sincef is continuous andX is

compact, one easily sees that all metricsdf
k are strongly equivalent. In the new

metric df
k , points are " close if they remain" close fork iterations of f .

Given a setA, we denote by #A its cardinality. We now introduce three related
notions that \count" the number of orbits segments off of length k that are
distinguishable at the scale".

Definition 7.2. Let f : X ! X denote a dynamical system on a compact metric
space. A subsetA � X is called a (k; " )-spanning set for f if for every x 2 X
there existsy 2 A such that df

k (x; y) < " . Compactness ofX implies there exist
�nite ( k; " )-spanning sets, and we set

span(f; k; " ) := min f # A j A is a (k; " )-spanning set forf g:

2The exception to this is the (non-examinable) Remark 7.17 at the end of the lecture, where we
brie
y outline how to go about extending the de�nition of entropy to certain dynamical systems
on non-compact spaces.
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Remark 7.3. We should really include the metricd in our notation and write
spand(f; k; " ), since this quantity doesdepend on the choice of the metric. Never-
theless, we have elected not to, since the notation is already pretty horrendous.

Next, we have:

Definition 7.4. Let f : X ! X denote a dynamical system on a compact metric
space. A subsetB � X is called a (k; " )-separated set for f if given any two
distinct points x; y 2 B one hasdf

k (x; y) � " . Compactness ofX implies that any
such set is �nite, and we set

sep(f; k; " ) := supf # A j A is a (k; " )-separated set forf g:

The proof of Proposition 7.6 below will show this is a �nite number.

Recall given a setA in a metric space (X; d), we de�ne the diameter ofA as

diamd(A) := supf d(x; y) j x; y; 2 Ag:

Finally, we have:

Definition 7.5. Let f : X ! X denote a dynamical system on a compact metric
space. We denote by cov(f; k; " ) the minimum cardinality of an open covering of
X by sets whosedf

k diameter is less than". By compactness, cov(f; k; " ) is �nite.

The three quantities are related as follows:

Proposition 7.6. For eachk � 1 and " > 0, one has

cov(f; k; 2")
(7:1)
� span(f; k; " )

(7:2)
� sep(f; k; " )

(7:3)
� span(f; k; "= 2)

(7:4)
� cov(f; k; "= 2):

Proof. We �rst prove inequality (7.1). SupposeA is a (k; " )-spanning set forf of
minimum cardinality. Then the open balls of radius" in the df

k metric centred at
points of A must coverX . By compactness the same is true for some 0< � < " .
The diameter of such a set is 2� < 2", and hence

cov(f; k; 2") � span(f; k; " ):

We next3 prove (7.3). Let A be a minimal (k; "=2)-spanning set and letB be an
arbitrary ( k; " )-separated set. We de�ne an injective map� : B ! A as follows: If
x 2 B there exists at least oney 2 A such that df

k (x; y) < "= 2. Pick one suchy
and call it � (x). If � (x1) = � (x2) then by the triangle inequality we have

df
k (x1; x2) � df

k (x1; � (x1)) + df
k (� (x2); x2) < ":

SinceB is a (k; " )-separated set, this implies thatx1 = x2. Therefore� is injective,
and hence #B � # A. SinceB was an arbitrary (k; " )-separated set andA was a
minimal (k; "=2)-spanning set, this shows that

sep(f; k; " ) � span(k; f; "= 2):

3The reason for proving (7.3) before (7.2) is that until we proved (7.3), we do not know that
sep(f; k; " ) is �nite. Note also that (7.3) implies that we can replace the \sup" in De�nition 7.4
with \max".
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Now we prove (7.2). letB be a (k; " )-separated set forf with maximal cardi-
nality. Then df

k (x; y) � " for all x; y 2 B. We claim that B is also a (k; " )-spanning
for f . For this let x 2 X . We must produce somey 2 B such that df

k (x; y) < " . If
x 2 B there is nothing to prove. If x 2 X n B and no suchy existed thenB [ f xg
would also be a (k; " )-separated set forf . This contradicts the maximality of B .
Thus B is also a (k; " )-spanning set forf , and hence in particular we have.

span(f; k; " ) � sep(f; k; " ):

Finally let us prove (7.4). Supposef U1; : : : ; Ung is any cover ofX consisting of
sets ofdf

k -diameter less than". Pick any point x i 2 Ui . Then the set f x1; : : : ; xng
forms a (k; " )-spanning set forf . This shows that

span(f; k; " ) � cov(f; k; " );

and so the proof is complete.

Before going any further, let us recall the following elementary lemma from
calculus:

Lemma 7.7 (Fekete's Lemma). Let � : N ! R denote a subadditive function, i.e.

� (k + n) � � (k) + � (n); 8 k; n 2 N: (7.5)

Assume thatinf k
� (k)

k > �1 . Then the limit of � (k)
k exists ask ! 1 , and moreover

lim
k!1

� (k)
k

= inf
k2 N

� (k)
k

:

This proof is non-examinable, since it belongs to a course on real analysis.

( | ) Proof. Let a := inf k
� (k)

k . Fix " > 0. By de�nition of the in�mum there exists
n � 1 such that �

�
�
�
� (n)

n
� a

�
�
�
� <

"
2

: (7.6)

Choosem large enough such that

� (i )
mn

<
"
2

; 8 1 � i < n: (7.7)

Now choosek � mn. Then there exist integersq; r such that k = qn + r where
q � m and 0� r < n . Then

� (k)
k

(7.5)
�

� (qn)
qn+ r

+
� (r )

qn+ r
(7.5)
�

q� (n)
qn

+
� (r )
mn

(7.6)
< a +

"
2

+
� (r )
mn

(7.7)
< a + ":
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This shows that �
�
�
�
� (k)

k
� a

�
�
�
� < "; for k � mn;

and hence the limit of � (k)
k as k ! 1 exists and is equal toa. This completes the

proof.

We can now prove:

Proposition 7.8. Let f : X ! X be a dynamical system on a compact metric
space and let" > 0. Then the limit

hcov
" (f ) := lim

k!1

1
k

log cov(f; k; " )

exists and is �nite.

Proof. We will show that
� (k) := log cov(f; k; " ) (7.8)

is a subadditive function.
SupposeU hasdf

k -diameter less than" and V hasdf
n -diameter less than". We

claim that if U \ f � k(V) is non-empty4 then the df
k+ n diameter of U \ f � k(V) is

also less than". Indeed, if x; y 2 U \ f � k(V) then sincex; y 2 U one has

max
0� i � k� 1

d
�
f i (x); f i (y)

�
< ":

But also f k(x) and f k(y) 2 V, and hence

max
0� i � n� 1

d
�
f i (f k(x)) ; f i (f k(y))

�
< ":

Therefore
df

k+ n (x; y) = max
0� i � k+ n� 1

d
�
f i (x); f i (y)

�
< ";

as claimed.
Thus if f Ui gi 2 I is a covering ofX of sets withdf

k -diameter at most" and f Vj gj 2 J

is a covering ofX of sets with df
n -diameter at most " then

f Ui \ f � k(Vj ) j (i; j ) 2 I � Jg

is a covering ofX of sets with df
k+ n -diameter at most " . The cardinality of this

covering is at most #I � # J (equality holds when each intersectionUi \ f � k(Vj ) is
non-empty). This shows that

cov(f; k + n; " ) � cov(f; k; " ) � cov(f; n; " ):

Taking log of both sides shows that (7.8) satis�es (7.5). The result now follows
from Fekete's Lemma 7.7.

4If we de�ne the diameter of the empty set to be zero then we don't need to make a case
distinction here.
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Corollary 7.9. Let f : X ! X be a dynamical system on a compact metric space
and let " > 0. Then all four of the following quantities are �nite:

hspan
" (f )+ := lim sup

k!1

1
k

log span(f; k; " )

hspan
" (f )� := lim inf

k!1

1
k

log span(f; k; " )

hsep
" (f )+ := lim sup

k!1

1
k

log sep(f; k; " )

hsep
" (f )� := lim inf

k!1

1
k

log sep(f; k; " )

Remark 7.10. The quantities hspan
" (f )� and hsep

" (f )� are less well-behaved that
hcov

" (f ). In general it may happen that

hspan
" (f )+ 6= hspan

" (f )�

and
hsep

" (f )+ 6= hsep
" (f )� ;

and thus unlike hcov
" (f ) the limits need not exist. Indeed, there are examples5 of

dynamical systems for which limk!1
1
k log span(f; k; " ) diverges for arbitrarily small

values of" .

Proof. By Proposition 7.6 we have

hcov
2" (f ) � hspan

" (f )� � hsep
" (f )� � hsep

" (f )+ � hspan
"=2 (f )+ � hcov

"=2(f ); (7.9)

and the result follows by Proposition 7.8.

Returning brie
y to the heuristic discussion at the start of the lecture, we see
that the quantities hspan

" (f )+ and hsep
" (f )+ are two (in general, di�erent) ways of

formalising the notion of the growth rate of orbits over time as seen through the
eyes of a measuring device with error" . The quantity hcov

" (f ) is slightly harder
to understand heuristically, but it is mathematically better behaved (i.e. the limit
exists). Moreover in the limit " ! 0 it doesn't matter which quantity we use.

The quantity cov(f; k; " ) is obviously a monotonically increasing function as"
decreases, and hence" 7! hcov

" (f ) does as well. Thus the limit as" ! 0 exists. We
�nally arrive at our main de�nition.

Definition 7.11. Let f : X ! X be a dynamical system on a compact metric
space. The limit

htop (f ) := lim
" ! 0

hcov
" (f ) 2 [0; 1 ]

exists and is called thetopological entropy of f .

We can alternatively de�ne htop (f ) using the other two quantities:

5If I manage to think of a su�ciently simple one it will appear on a forthcoming Problem
Sheet.
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Proposition 7.12. Let f : X ! X be a dynamical system on a compact metric
space. Then

htop (f ) = lim
" ! 0

hspan
" (f )� = lim

" ! 0
hspan

" (f )+ = lim
" ! 0

hsep
" (f )� = lim

" ! 0
hsep

" (f )+ :

Proof. Immediate from (7.9).

Remark 7.13. As Remark 7.10 shows, onecannot compute the topological entropy
using spanning or separating sets and just taking a limit|one must use either the
limsup or the liminf. This subtle fact is occasionally stated incorrectly in textbooks.

The exact value ofhtop (f ) is usually very hard to compute. However as we will
see, what typically matters most is whetherhtop (f ) = 0 or htop (f ) > 0, and this is
usually much easier to discover.

A priori, the quantity htop (f ) might depend on the choice of metricd, since the
quantities span(f; k; " ), sep(f; k; " ) and cov(f; k; " ) certainly do (cf. Remark 7.3).
However luckily this is not the case, as we now prove.

Proposition 7.14. Let f : X ! X be a dynamical system on a compact metric
space. Thenhtop (f ) does not depend on the choice of metric de�ning the topology
on X .

Proof. Supposed1 and d2 are two di�erent metrics de�ning the same topology on
X . As in the proof of Lemma 4.5, we consider the function

� (r ) := supf d2(x; y) j d1(x; y) � r g:

SinceX is compact, � (r ) ! 0 asr ! 0, and hence with the obvious notation we
can alternatively compute

htop (f; d 2) = lim
r ! 0

lim
k!1

1
k

log covd2 (f; k; � (r ))

(this only works because we already know the limit exists).
If U has (d1)f

k -diameter at mostr then U has (d2)f
k -diameter at most� (r ). Thus

covd2 (f; k; � (r )) � covd1 (f; k; r );

and hence

htop (f; d 2) = lim
r ! 0

lim
k!1

1
k

log covd2 (f; k; � (r ))

� lim
r ! 0

lim
k!1

1
k

log covd1 (f; k; r )

= htop (f; d 1):

Interchanging the roles ofd1 and d2 shows that htop (f; d 1) � htop (f; d 2), and the
result follows.

Corollary 7.15. Topological entropy is a dynamical invariant.
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Proof. Supposef : X ! X is conjugate to g: Y ! Y via a homeomorphism
H : X ! Y:

X X

Y Y

f

H H

g

Let d be a metric onY. By Proposition 7.14 we are free to choose a convenient
metric on X . For this we choose

~d(x1; x2) := d
�
H (x1); H (x2)

�
;

which is a metric onX generating the topology onX for which H is an isometry.
For this choice of metric, we have

~df
k (x1; x2) = max

0� i � k� 1
~d
�
f i (x1); f i (x2)

�

= max
0� i � k� 1

d
�
H (f i (x1)) ; H (f i (x2))

�

= max
0� i � k� 1

d
�
gi (H (x1)) ; gi (H (x2))

�
;

= dg
k

�
H (x1); H (x2)

�
:

SinceH is a bijection, it is clear that coverings as well as spanning and separated
sets must have the same cardinality for bothf and g. The result follows.

On Problem Sheet D you will prove the following stronger version of Corollary
7.15:

Corollary 7.16. If g is a factor off then htop (g) � htop (f ). In particular, having
zero topological entropy is an inheritable property.

( | ) Remark 7.17. Let us brie
y outline how to (partially) remove our standing
assumption that the underlying metric spaces are compact. Recall that a dynamical
systemf : X ! X on a metric space (X; d) is said to beuniformly continuous
with respect to d if for any " > 0 there exists� > 0 such that

d(x; y) < � ) d(f (x); f (y)) < ":

If X is compact then any dynamical system is uniformly continuous. However in
the non-compact case this ceases to be case.

We say that two metricsd1 and d2 are uniformly equivalent if there exists a
constant c > 0 such that

1
c
d1(x; y) � d2(x; y) � cd1(x; y); 8 x; y 2 X:

Two uniformly equivalent metrics de�ne the same topology, but the converse is
false (even when the underlying space is compact). Ifd2 is a uniformly equivalent
metric to d1 and f : X ! X is uniformly continuous with respect tod1 then f is
also uniformly continuous with respect tod2.
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Suppose now that (X; d) is an arbitrary metric space andf : X ! X is uni-
formly continuous with respect tod. If K � X is compact then by mimicking the
construction above one can de�ne the topological entropy off with respect to the
compact setK , denoted byhtop (f; d; K ). We then de�ne the topological entropy
of f as

htop (f; d ) := sup f htop (f; d; K ) j K � X is compactg:

One can show thathtop (f; d 1) = htop (f; d 2) if d1 and d2 are uniformly equivalent.
Moreover this new de�nition of topological entropy includes the original as a special
case (since ifX is compact we can takeK = X ).
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LECTURE 8

Hyperbolic Toral Automorphisms

Over the next few lectures we will compute the topological entropy of most of our
model dynamical systems. Along the way we will also introduce another important
class of dynamical systems, calledhyperbolic toral automorphisms . The results
of our various computations are summarised in Table 8.1 below.

Dynamical system Topological Entropy Proved in

The circle rotation � � htop (� � ) = 0 Corollary 8.2

The circle expansionek htop (ek) = log k Corollary 8.7

Any reversible systemf : S1 ! S1 htop (f ) = 0 Proposition 8.8

Any reversible systemf : [0; 1] ! [0; 1] htop (f ) = 0 Problem D.3

A hyperbolic toral automorphism f L htop (f L ) = log � Theorem 8.18

Any expansivef htop (f ) < 1 Theorem 9.10

The tent map � htop (� ) = log 2 Corollary 11.8

The logistic map � 4j [0;1] htop (� 4j [0;1]) = log 2. Corollary 11.9

The shift map � htop (� ) = log 2 Problem F.1

Table 8.1: The topological entropy of some of our model dynamical systems.

We begin with the following trivial computation.

Lemma 8.1. Supposef : X ! X is a dynamical system on a compact metric
space. Suppose there exists a metricd de�ning the topology on X for which f is
an isometry. Thenhtop (f ) = 0 .

Proof. For such a metric d, one hasdf
k = d for all k, and hence cov(f; k; " ) =

cov(f; 1; ") for all k. Thus for any " > 0 one has

hcov
" (f ) = lim

k!1

1
k

log cov(f; k; " ) = 0 ;

and hencehtop (f ) = lim " ! 0 hcov
" (f ) = 0.

Corollary 8.2. Any circle rotation has zero topological entropy.

Proof. A circle rotation is an isometry with respect to the usual metric onS1 (cf.
the proof of Problem A.2).

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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The next result shows how entropy behaves with respect to products.

Proposition 8.3. Let f : X ! X and g: Y ! Y be dynamical systems on com-
pact metric spaces. Thenhtop (f � g) = htop (f ) + htop (g).

Proof. Consider the metricd on X � Y given by

d
�
(x1; y1); (x2; y2)

�
:= maxf d(x1; x2); d(y1; y2)g

(where by a slight abuse of notationd also denotes both the metrics onX and Y).
With this metric one has

df � g
k

�
(x1; y1); (x2; y2)

�
= max

n
df

k (x1; x2); dg
k(y1; y2)

o
:

Thus if U � X has df
k -diameter at most " and V � Y has dg

k diameter at most " ,
then U � V hasdf � g

k diameter at most " , whence it follows that

cov(f � g; k; ") � cov(f; k; " ) � cov(g; k; ");

and hence taking logs of both sides tells us that

htop (f � g) � htop (f ) + htop (g):

To see the other direction, with the same metric we observe that ifA � X is (k; " )-
separated with respect tof and B � Y is (k; " )-separated with respect tog then
A � B is also (k; " )-separated with respect tof � g. Thus

sep(f � g; k; ") � sep(f; k; " ) � sep(g; k; ");

and hence taking logs of both sides tells us that

htop (f � g) � htop (f ) + htop (g):

Thus we must havehtop (f � g) = htop (f ) + htop (g). This completes the proof.

Corollary 8.4. Any product of rotations

� � 1 � � � � � � � n : Tn ! Tn

has zero topological entropy.

Now we investigate how topological entropy behaves with respect to invariant
sets.

Proposition 8.5. Supposef : X ! X is a dynamical system on a compact metric
space. IfA � X is a closed invariant set thenhtop (f jA ) � htop (f ). Moreover if
A1; : : : ; An are closed (not necessarily disjoint) invariant sets whose union is all of
X then

htop (f ) = max
1� i � n

htop (f jA i ):
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Proof. Suppose thatA is a closed invariant set. A subsetB � A that is (k; " )-
separated forf jA is also clearly (k; " )-separated forf itself, and hence

sep(f jA ; k; ") � sep(f; k; " ):

Thus htop (f jA ) � htop (f ). To see the second statement, note that ifB i � A i is a
(k; " )-spanning set forf jA i then

S n
i =1 B i is a (k; " )-spanning set forf itself. Thus

span(f; k; " ) �
nX

i =1

span(f jA i ; k; ") � n � max
1� i � n

span(f jA i ; k; "):

Thus

hspan
" (f )� = lim inf

k!1

1
k

log span(f; k; " )

� lim
k!1

1
k

logn + lim inf
k!1

max
1� i � n

1
k

log span(f jA i ; k; ")

= 0 + max
1� i � n

lim inf
k!1

1
k

log span(f jA i ; k; "):

Letting " ! 0 shows thathtop (f ) � max1� i � m htop (f jA i ). Sincehtop (f jA i ) � htop (f )
for eachi by the �rst part, we must have equality. This completes the proof.

Here is a more involved explicit computation.

Proposition 8.6. The doubling mape2 : S1 ! S1 satis�es htop (e2) = log 2.

Proof. We endowS1 with the usual metric d, given explicitly by

d(x; y) := min fj x � yj; 1 � j x � yjg; (8.1)

where we think of S1 as the unit interval [0; 1] with 0 and 1 identi�ed. Observe
that:

d(x; y) �
1
4

) d(e2(x); e2(y)) = 2 d(x; y): (8.2)

Now let Ak denote the set of numbers of the formi
2k for i = 0; 1; : : : ; 2k � 1. Note

Ak has cardinality 2k . Fix 0 < " < 1=4 and choosen � 2 such that

1
2n+1

< " �
1
2n

:

We claim that for any k � 1, An+ k is a (k; " )-spanning set fore2. Indeed, if x 2 S1

then there exists 0� i � 2n+ k � 1 such that

i
2n+ k

� x <
i + 1
2n+ k

:

Take
y :=

i + 1
2n+ k

;

so that y 2 An+ k . Then d(x; y) � 2� n� k , and for any 0� i � k � 1, one has using
(8.2) repeatedly that

d
�
ei

2(x); ei
2(y)

�
� 2i d(x; y) <

1
2n+1

< ":
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Next, we claim that An+ k� 1 is a (k; " )-separated set fore2. For this take two distinct
points x; y 2 An+ k� 1. We must show that there exists 0� i � k � 1 for which
d
�
ei

2(x); ei
2(y)

�
� " . Since" < 1=4 by assumption we may assume (for if not, we

are done) that d
�
ei

2(x); ei
2(y)

�
� 1=4 for all 0 � i � k � 1, and hence by (8.2) we

have
d
�
ek� 1

2 (x); ek� 1
2 (y)

�
= 2 k� 1d(x; y):

Sincex 6= y both belong to An+ k� 1, we haved(x; y) � 21� k� n , and thus

d
�
ek� 1

2 (x); ek� 1
2 (y)

�
�

2k� 1

2n+ k� 1
=

1
2n

� ":

We have therefore shown that

span(e2; k; ") � 2n+ k and sep(e2; k; ") � 2n+ k� 1:

Thus

hspan
" (e2)+ = lim sup

k!1

1
k

log span(e2; k; ")

� lim sup
k!1

(n + k) log 2
k

= log 2;

and similarly

hsep
" (e2)+ = lim sup

k!1

1
k

log sep(e2; k; ")

� lim sup
k!1

(n + k � 1) log 2
k

= log 2:

Letting " ! 0 shows that

log 2 � htop (e2) � log 2;

and thus htop (e2) = log 2. This completes the proof.

Corollary 8.7. The circle expansionek : S1 ! S1 satis�es htop (ek) = log k.

Proof. The proof is very similar to that of Proposition 8.6|one just uses fractions
with denominators ki instead of 2i .

The dynamical systemek is not reversible fork � 2, since it is not injective.
We next prove that any reversible system onS1 necessarily has zero topological
entropy.

Proposition 8.8. Supposef : S1 ! S1 is a reversible dynamical system. Then
htop (f ) = 0 .
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Proof. We know that f maps intervals to intervals because the intervals are the
connected subsets ofS1. Fix " > 0 and let B be a (k; " )-separated set forf of
cardinality sep(f; k; " ). Let n denote the integer part of 1=" and choose a subset
Y � S1 of n +1 evenly spaced points. Then any consecutive pointsz; w 2 Y satisfy
d(z; w) < " . Set

Yk :=
k� 1[

i =0

f � i (Y);

then # Yk � k(n +1). Now let I be an interval ofS1 nB having endpointsx; y 2 B.
Then d

�
f i (x); f i (y)

�
� " for some 0� i � k � 1. The distanced

�
f i (x); f i (y)

�

is the smallest of the lengths of the intervalf i (I ) and its complementary interval
S1 n f i (I ). Thus f i (I ) must have length at least" and therefore contains a point
of Y. Thus I itself must contain a point of Yk .

This shows that the cardinality of B , which is the same as the number of
components ofS1 n B, is less than or equal to the cardinality ofYk . Hence

sep(f; k; " ) � k(n + 1) ;

and hence

hsep
" (f )+ = lim sup

k!1

1
k

log sep(f; k; " )

� lim sup
k!1

1
k

log(k(n + 1)) = 0 :

Letting " ! 0 shows thathtop (f ) � 0, and hencehtop (f ) = 0. This completes the
proof.

Remark 8.9. On Problem Sheet D you will prove that Proposition 8.8 is also true
for any reversible dynamical system on [0; 1]. However as Theorem 8.18 shows, this
result is not true for reversible dynamical systems onT2.

We now introduce another important class of dynamical systems on tori. We
regard the n-dimensional torusTn as Rn

�
Zn (equipped with quotient topology),

and we let
� : Rn ! Zn (8.3)

denote the quotient map.

Definition 8.10. Let L : Rn ! Rn be a linear map which can be represented by
a matrix (also denoted byL) whose entries are all integers. ThenL induces a map

f L : Tn ! Tn

such that the following diagram commutes:

Rn Rn

Tn Tn

L

� �

f L

5



This map is continuous by de�nition of the quotient topology, and hence is a dy-
namical system onTn . We call f L the toral endomorphism induced by L. If
f L is reversible we say thatf is a toral automorphism .

The following easy lemma is left as an exercise.

Lemma 8.11. The dynamical systemf L is reversible if and only ifj detL j = 1.

Definition 8.12. A matrix L is said to behyperbolic if j� j 6= 1 for every eigen-
value � of L.

See Remark 8.16 below for a partial explanation of the word \hyperbolic".

Definition 8.13. Let f L : Tn ! Tn denote a toral endomorphism. We say that
f L is a hyperbolic toral endomorphism if L is a hyperbolic matrix, and that
f L is a hyperbolic toral automorphism if f L is reversible andL is a hyperbolic
matrix.

Example 8.14. Take n = 1. Then the circle expansionsek : S1 ! S1 are hyperbolic
toral endomorphisms fork � 2.

To focus the ideas, let us now concentrate on the casen = 2. We come back to
the generaln in Remark 8.19 at the end of the lecture. Forn = 2, an easy way to
check hyperbolicity is to look at the trace:

Lemma 8.15. Let L : R2 ! R2 be a linear map represented by a matrix with integer
entries. Suppose thatj detL j = 1 and that j tr L j > 2. Then L is hyperbolic.
Moreover the two eigenvalues� 1 and � 2 of L are real and irrational and there exists
a unique� > 1 such that fj � 1j; j� 2jg = f �; � � 1g.

Proof. Let t = tr L . Then the eigenvalues ofL are given by

� � :=
t �

p
t2 � 4 detL

2
:

If jt j > 2 then these are both real. Moreover these numbers are rational if and
only if there exists ak 2 N such that t2 � 4 = k2. However if such ak exists then
(t � k)( t + k) = � 4, which implies that either

t + k = 4; t � k = 1

or
t + k = � 1; t � k = � 4:

No such integerk exists.

From now on to avoid needing to make case distinctions, let us assume that
j tr L j > 2 and that detL = 1. Then the eigenvalues ofL can be written as
f �; � � 1g for some� > 1. Let v1; v2 be unit length eigenvectors ofL such that

Lv1 = �v 1; Lv2 = � � 1v2:
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If d̂ is a metric onRn that is translation-invariant then d̂ induces a metricd on
Tn for which the map � from (8.3) becomes a local isometry. In this case

d
�
� (v); � (w)

�
= d̂

�
� � 1([v]); � � 1([w])

�
:

In the following it will be convenient to work with a metric on R2 that is nicely
adapted to the eigendirections ofL. Since f v1; v2g is basis ofR2, given any two
vectorsv; w 2 R2 we can write

v � w = a1v1 + a2v2

for a1; a2 2 R. We then de�ne a metric d̂ on R2 by

d̂(v; w) := maxfj a1j; ja2jg: (8.4)

This is translation-invariant metric on R2, and hence de�nes a metricd on T2. A
\ball" in this metric is a parallelogram whose sides are parallel tov1 and v2. See
Figure 8.1 below. If` i is a su�ciently short line segment in T2 parallel to vi then
f L (` i ) is another line segment inT2 whose length (with respect to the induced
metric d on T2) is multiplied by � or � � 1. Since � > 1, we see thatf L acts an
expansion in the direction v1 and as acontraction in the direction v2.

Remark 8.16. Hyperbolic toral automorphisms will play a much greater role in
the �rst half of Dynamical Systems II, when we study di�erentiable dynamics, and
in particular, hyperbolic dynamics . The precise de�nition of \hyperbolic" is a
little complicated, and so we defer it until next semester, but roughly speaking
it means that the dynamical system expands in some directions and contracts in
others. The argument above shows thatf L is indeed a hyperbolic dynamical system
on T2.

As we will see in Dynamical Systems II, hyperbolicity will turn out to be the
main mechanism for producing positive topological entropy for di�erentiable dy-
namical systems. Theorem 8.18 below should be thought of as an example of this
mechanism at work.

On Problem Sheet D you will prove:

Proposition 8.17. Any hyperbolic toral automorphism f L : T2 ! T2 is mixing.

Here we compute topological entropy of a hyperbolic toral automorphism.

Theorem 8.18. Let f L : T2 ! T2 be a hyperbolic toral automorphism as above.
Then htop (f L ) = log � .

Proof. Let d̂ denote the translation-invariant metric from (8.4). Abbreviate1 by
d̂k = dL

k and dk = df L
k . Since� is a local isometry for" > 0 su�ciently small one

has
Bdk

�
� (v); r

�
= �

�
B d̂k

(v; r )
�

(8.5)

A \ball" of radius r in the d̂k metric of radius is a parallelogram whose sides are
parallel to v1 and v2 and whose (Euclidean) lengths are 2"� � k and 2" respectively.
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Figure 8.1: Thed̂k ball of radius ".

See Figure 8.1 . The Euclidean area of such a ball is 4c"2� � k , where 0< c � 1 is a
constant that depends on the angle betweenv1 and v2 (if v1 and v2 are orthogonal
then c = 1).

This means that to cover the unit square [0; 1]� [0; 1] (which has Euclidean area
1) we need at least � k

4c"2 such balls. Since any set withdk-diameter less than" is
contained in adk-ball of radius ", using (8.5) we see that

cov(f L ; k; ") �
� k

4c"2
; for " su�ciently small,

and hence

htop (f L ) � lim
" ! 0

lim inf
k!1

1
k

log
� k

4c"2

= lim
" ! 0

lim inf
k!1

1
k

�
log� k � log 4c"2

�

= log �: (8.6)

For the converse direction, we tileR2 by closedd̂k-balls (i.e. parallelograms). If
" is small enough then any such ball that intersects the unit square [0; 1] � [0; 1]
is entirely contained in the larger square [� 1; 2] � [� 1; 2]. This larger square has
Euclidean area 9, and hence this tiling ofR2 has at most 9� k

c"2 balls that intersect
the unit square. The image under� of all the open balls that intersect the unit
square form an open cover ofT2, and using (8.5) again we therefore obtain

cov(f L ; k; ") �
9� k

c"2
; for " su�ciently small.

1Strictly speaking, d̂L
k does not �t into the framework of De�nition 7.1 as ( Rn ; d) is not a

compact metric space. This does not matter as far as the forthcoming proof is concerned.
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Then

htop (f L ) � lim sup
" ! 0

lim inf
k!1

1
k

log
9� k

c"2

= lim
" ! 0

lim inf
k!1

1
k

�
log� k � log

1
9

c"2

�

= log �: (8.7)

Comparing (8.6) and (8.7) we see thathtop (f L ) = log � . This completes the proof.

( | ) Remark 8.19. Theorem 8.18 generalises to tori of arbitrary dimension. Sup-
posef L : Tn ! Tn has is a hyperbolic toral automorphism such that detL = 1.
Order the eigenvalues ofL as

j� 1j � j � 2j � � � � � j � j j > 1 > j� j +1 j > : : : j� n j:

Then an argument similar to that of Theorem 8.18 shows that

htop (f L ) =
jX

i =1

logj� i j: (8.8)

Note that (8.8) includes both Corollary 8.7 and Theorem 8.18 as a special case.
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LECTURE 9

Expansive Dynamical Systems

In this lecture we introduce two related notions of expansiveness, and prove that
expansive dynamical systems always have �nite topological entropy. This lecture
contains two reasonably tricky proofs, Theorem 9.9 and Theorem 9.10, which|at
least in my opinion|are rather more involved than anything else we have done so
far1.

Definition 9.1. Supposef : X ! X is a dynamical system on a metric space
(X; d). We say that f is expansive if there exists a constant� > 0 such that

d
�
f k(x); f k(y)

�
� �; 8 k � 0 ) x = y:

Any constant � > 0 with this property is called anexpansivity constant for f .

Remark 9.2. An expansivity constant is not unique, since if� is an expansivity
constant then so is� 0 for any 0 < � 0 < � . As in Remark 4.3 (which was concerned
with the similar situation of sensitivity constants), one could take the supremum
of all expansivity constants to obtain something unique. However this is rarely
helpful, and typically hard to compute.

The doubling map is our prototypical example of a expansive map.

Example 9.3. ConsiderS1 with the standard metric. We claim that the doubling
map e2 : S1 ! S1 is expansive with expansivity constant� = 1=4. Indeed, this
follows immediately from equation (8.2). Ifx; y 2 S1 satisfy d

�
ek

2(x); ek
2(y)

�
< 1=4

then
d
�
ek+1

2 (x); ek+1
2 (y)) = 2 d

�
ek

2(x); ek
2(y)

�
:

Thus if d
�
ek

2(x); ek
2(y)

�
< 1=4 for all k � 0 then d(x; y) = 0.

Here is a slightly more exotic example.

Example 9.4. Consider the logistic map� a for a > 2 +
p

5. Set

X :=
1\

k=0

� � k
a ([0; 1])

Then X is a compact� a-invariant subset of [0; 1]. EquipX with the metric inherited
from the standard metric on [0; 1]. We claim that � ajX is expansive, and that
moreover an expansivity constant can be taken as 0< � < b :=

p
1 � 4=a.

To see this, set

I := [0; (1 � b)=2]; J := [(1 + b)=2; 1]:

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1Hopefully I won't mess things up too badly in lecture. . .
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Since� a(x) = 1 for x = (1 � b)=2 we haveI [ J = � � 1
a ([0; 1]) and moreover that

j� 0
a(x)j = aj1 � 2xj � ab; 8 x 2 I [ J: (9.1)

Now supposex; y 2 X satisfy j� k
a(x) � � k

a(y)j � � for all k � 0. Then for each
k � 1, either � k

a(x) and � k
a(y) both belong to I or they both belong toJ . Thus by

the mean value theorem, one has from (9.1) that

� � j � k
a(x) � � k

a(y)j � (ab)k jx � yj

for all k � 1. Sincea > 2 +
p

5 one hasab > 1, and hencex = y.

Example 9.5. Consider � 2 with its natural metric d (De�nition 4.15). In Problem
F.1 you will prove that � : � 2 ! � 2 is expansive.

The next result is similar to Lemma 4.5, and the proof is left as an exercise.

Lemma 9.6. Let (X; d1) be a compact metric space, and supposef : X ! X is a
dynamical system which is expansive with respect tod1. If d2 is any other metric
on X de�ning the same topology thenf is expansive with respect tod2.

We emphasise however that the precise value of an expansivity constantdoes
depend on the metric.

Remark 9.7. An expansive dynamical system automatically has sensitive depen-
dence on initial conditions. However expansive systems are not necessarily chaotic,
since the periodic points need not be dense.

In the reversible case another de�nition is possible.

Definition 9.8. Supposef : X ! X is a reversible dynamical system on a metric
space (X; d). We say that f is weakly expansive 2 if if there exists a constant
� > 0 such that

d
�
f k(x); f k(y)

�
� �; 8 k 2 Z ) x = y:

Again, any such constant� > 0 with this property is called anweak expansivity
constant for f .

It is obvious that an expansive reversible dynamical system is also weakly ex-
pansive, but the converse is not true. In fact, provided the metric space is not a
�nite set, no expansive dynamical system is ever reversible:

Theorem 9.9. SupposeX is an in�nite compact metric space. Then any expansive
dynamical systemf : X ! X is not injective.

2Warning: The terminology \weakly expansive" is not standard. Many textbooks continue
to use the name \expansive" for what we are calling \weakly expansive". This can be misleading,
since|as Theorem 9.9 shows|expansive and weakly expansive reversible systems arenot the
same thing!
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Proof. Assume3 for contradiction that f is both injective and expansive, and let
� > 0 be an expansivity constant forf . We prove the result in three steps.

1. We �rst claim there exists p � 1 such that

d
�
f i (x); f i (y)

�
� � 8 i = 1; : : : ; p ) d(x; y) � �: (9.2)

Indeed, if (9.2) is not true then for everyk � 1 we can �nd points xk ; yk such that

d
�
f i (xk); f i (yk)

�
� � 8 i = 1; : : : ; k and d(xk ; yk) � �:

By compactness, we can choose convergent subsequencesxkn ! x and ykn ! y.
Then d(x; y) � � ; in particular x 6= y. However we claim thatf (x) = f (y). Indeed,
by continuity for any i � 0 we have

d
�
f i (x); f i (y)

�
= lim

n!1
d
�
f i (xkn ); f i (ykn )

�
: (9.3)

Sinced
�
f i (xkn ); f i (ykn )

�
� � for all 1 � i � kn we deduce from (9.3) that

d
�
f i (x); f i (y)

�
� �; 8 i 2 N:

Then expansivity (applied to the pointsf (x) and f (y)) tells us that f (x) = f (y),
which contradicts f being injective. This shows that (9.2) holds, and �nishes the
proof of Step 1.

2. In Step 2 we will show that thisp actually has a stronger property: for any
x; y 2 X and m � 0 if

d
�
f i (x); f i (y)

�
� �; for m + 1 � i � m + p; (9.4)

then in fact
d
�
f i (x); f i (y)

�
� � 0 � i � m: (9.5)

We prove this by induction onm; equation (9.2) was the casem = 0. For the
inductive step, let us suppose thatx; y satisfy

d
�
f i (x); f i (y)

�
� �; for m + 2 � i � m + 1 + p:

Then d
�
f i (f (x)) ; f i (f (y))

�
� � for m + 1 � i � m + p so by applying the inductive

hypothesis to f (x) and f (y) we haved
�
f i (f (x)) ; f i (f (y))

�
� � for i = 0; : : : ; m,

and hence we have

d
�
f i (x); f i (y)

�
� �; for i = 1; : : : ; m + 1 + p: (9.6)

Applying (9.2) to (9.6) we also obtaind(x; y) � � . This �nishes the inductive step.

3. We are now ready to prove the theorem. SinceX is compact, there exist
�nitely many points z1; : : : ; zq such that the balls of radius �

2 in the df
p+1 metric

cover X . SinceX is assumed to be an in�nite metric space, in particular there
exists a subsetA � X containing q+ 1 points.

3This elegant proof is due to Coven and Keane.
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For every k � 0 by the Pigeonhole Principle there existsxk 6= yk in A such that
f k(xk) and f k(yk) lie in the same ballBdf

p+1

�
zi ; �

2

�
. Thus from (9.4) and (9.5) we

have that df
k+ p+1 (xk ; yk) � � .

Since there are only �nitely many pairs of theseq+ 1 points, by the Pigeonhole
Principle again there existsx 6= y 2 A such that xk = x and yk = y for in�nitely
many k. Thus d

�
f i (x); f i (y)

�
� � for all i � 0. This violates expansivity. We have

therefore obtained a contradiction to our assumption thatf was both injective and
expansive; the proof is complete.

So far all the dynamical systems whose topological entropy we've computed4

have had �nite topological entropy. In general there is no reason for this to be the
case, and on Problem Sheet F there is an explicit example of a dynamical system
whose topological entropy is in�nite. However, as the next pair of results show, any
(weakly) expansive dynamical system necessarily has �nite topological entropy.

Theorem 9.10. Let f : X ! X be an expansive dynamical system on a compact
metric space. Thenhtop (f ) < 1 .

Proof. Let � denote a (weak) expansivity constant forf , and choose

0 < 4
 < " < �: (9.7)

We will prove that there existsp = p(
; " ) � 1 such that

sep(f; k; 
 ) � sep(f; k + 2p; "); 8 k � p: (9.8)

Let us assume (9.8) for the moment and show how the result follows. Using Propo-
sition 7.6 we then have

cov(f; k; 2
 ) � cov
�
f; k + 2p; "

2

�
:

Thus

hcov
2
 (f ) = lim

k!1

1
k

log cov(f; k; 
 )

� lim
k!1

1
k

log cov
�
f; k + 2p; "

2

�

= lim
n!1

1
n

log cov
�
f; n; "

2

�

= hcov
"
2

(f ):

Since
 < "
4 we always havehcov

2
 (f ) � hcov
"
2

(f ), and thus

hcov

 (f ) = hcov

"
2

(f ):

Since 0 < 4
 < " < � were arbitrary, this shows that the quantity hcov
r (f ) is

independent ofr for all r < �
2 . Since for any �xed value ofr the quantity hcov

r (f ) is
�nite (by Proposition 7.8), we see that htop (f ) is also �nite.

4Admittedly, this is a rather short list.
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It remains therefore to prove (9.8). We claim that there existsp = p(
; " ) such
that:

d(x; y) � 
 ) d
�
f i (x); f i (y)

�
� " for some 0� i � p: (9.9)

The proof of (9.9) is similar to that of (9.2): if no suchp exists then we �nd
sequencesxk ; yk such that d(xk ; yk) � 
 for all k but d

�
f i (xk); f i (yk)

�
< " for all

0 � i � k. Passing to a subsequence we may assume thatxk ! x and yk ! y.
Then d(x; y) � 
 but d

�
f i (x); f i (y)

�
< " for all i � 0. Since" < � this violates

expansivity.
Finally 5 let us see how (9.9) implies (9.8). Letk � p and suppose now that

B is a maximal (k; 
 )-separated set forf . Then for z 6= w belonging to B, one
has df

k (z; w) � 
 . Thus there exists 0� j � k � 1 such that d(f j (z); f j (w)) � 
 .
Applying (9.9) with x = f j (z) and y = f j (w), we see there exists 0� i � p such
that

d
�
f i + j (z); f i + j (w)

�
� ":

Since certainly 0� i + j � k + p � 1, this shows thatdf
k+ p(z; w) � " . This shows

that B is (k + p; ")-separated set forf . SinceB was a maximal (k; 
 )-separated
set, we obtain

sep(f; k + p; ") � # B = sep(f; k; 
 ):

The proof is complete.

Corollary 9.11. Let X be compact metric space and letf : X ! X be a re-
versible weakly expansive dynamical system. Thenhtop (f ) < 1 .

Proof. The argument is mostly the same as in the proof of Theorem 9.10. If� is
a weak expansivity constant forf , then with 
; " as in (9.7), we again claim there
exists p = p(
; " ) such that (9.8) holds. Using weak expansivity, we �rst argue as
in (9.9) that there exists p = p(
; " ) such that

d(x; y) � 
 ) d
�
f i (x); f i (y)

�
> " for some � p � i � p: (9.10)

It then readily follows that if B is a (k; 
 )-separated set thenf � p(B ) is a (k+2p; ")-
separated set. In the reversible case #B = # f � p(B ), and thus sep(f; k + 2p; ") �
sep(f; k; 
 ). The proof concludes as before.

Remark 9.12. In practice, perhaps the most useful consequence of theproof of
Theorem 9.10 and Corollary 9.11 is that for (weakly) expansive systemsf , it is not
necessary to take the limit as" ! 0 of hcov

" (f ) in order to compute the topological
entropy. This makes computing the topological entropy much easier. We will see
an example of this in Lecture 11.

Remark 9.13. We will see another proof of Theorem 9.10 and Corollary 9.11 which
is slightly slicker.

5Thank you to J. H•achl for simplifying this proof.
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LECTURE 10

Topological Entropy via Open Covers

In this lecture we will �rst give another related way of de�ning expansivity. We
will then build on this to give a new way of de�ning topological entropy. This new
de�nition will be the main ingredient we use to �nd the link between topological
entropy and measure-theoretic entropy in Lecture 28. Finally, we use our new
de�nition of expansiveness and our new de�nition of entropy to give a second proof
of Theorem 9.10 (and Corollary 9.11).

Definition 10.1. Let X be a metric space and letf : X ! X be a dynamical
system. Let U = f U1; : : : ; Uqg be a �nite open cover ofX . We say that U is a
generator for f if given any sequence (i k)k� 0 wherei k 2 f 1; : : : ; qg for eachk � 0
the intersection

1\

k=0

f � k
�
U i k

�

is either empty or contains exactly one point.

In the reversible case we can also de�ne the notion of a weak generator.

Definition 10.2. Let X be a metric space and letf : X ! X be a reversible
dynamical system. LetU = f U1; : : : ; Uqg be a �nite open cover ofX . We say that
U is a weak generator for f if given any sequence (i k)k2 Z where i k 2 f 1; : : : ; qg
for eachk 2 Z the intersection

1\

k= �1

f � k
�
U i k

�

is either empty or contains exactly one point.

If U is a generator for a reversible systemf then clearly U is also a weak
generator. The converse is not necessarily true though. In fact, it follows from
Proposition 10.5 and Theorem 9.9 that reversible maps on in�nite compact metric
spacesnever admit generators.

Let us now recall the following basic piece of point-set topology.

Lemma 10.3. Let X be a compact metric space and letU denote a (not necessarily
�nite) open cover of X . Then there exists � > 0 such that any set A � X of
diameter less than� is contained in some element ofU.

Remark 10.4. In general aLebesgue number for an open coverU of a metric
space (X; d) is a positive number� > 0 with the property that any set A � X of
diameter less than� is contained in some element ofU. Thus Lemma 10.3 tells us
that on a compact metric space, every open cover admits a Lebesgue number.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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The following proof is non-examinable, since it belongs to a course on real-
analysis.

( | ) Proof of Lemma 10.3.SinceX is compact, by passing to a �nite subcover, we
may assumeU is �nite, say U = f U1; : : : ; Uqg. We may also assume thatUi 6= X for
eachi , otherwise there is nothing to prove. Consider the functiona: X ! [0; 1 )
given by

a(x) :=
1
q

qX

i =1

d(x; X n Ui ):

This is a continuous positive function on a compact set, and hence� : = inf a > 0.
Then if A has diameter less that� and x 2 A then A � B(x; � ). Since a(x) � �
there must exist at least oneUi such that d(x; X n Ui ) � � . Thus B(x; � ) � Ui for
somei , and hence alsoA � Ui . This completes the proof.

We can now prove:

Proposition 10.5. Let f : X ! X be a dynamical system on a compact metric
space. Then:

(i) f is expansive if and only iff admits a generator.

(ii) If f is reversible thenf is weakly expansive if and only iff admits a weak
generator.

Proof. We prove (ii) only; the proof of (i) is almost identical. Assume thatf is
weakly expansive, and let� denote a weak expansivity constant forf . SinceX
is compact, there is a �nite coverU = f U1; : : : ; Uqg of X by open balls of radius
�
2 . Suppose we are given a sequence (i k)k� 0 where i k 2 f 1; : : : ; qg for eachk � 0.
Suppose

x; y 2
1\

k= �1

f � k
�
U i k

�

Then in particular d
�
f k(x); f k(y)

�
� � for all k 2 Z, whence by weak expansivity

we havex = y. Thus U is a weak generator.
For the converse, letU = f U1; : : : ; Uqg be a weak generator forf and let � be a

Lebesgue number forU. Suppose thatd
�
f k(x); f k(y)

�
� �

2 for all k 2 Z. Then for
eachk we can choose an elementUi k 2 U such that f k(x); f k(y) 2 Ui k . Then both
x and y belong to

T
k2 Z f � k

�
U i k

�
, whencex = y. Thus f is weakly expansive with

weak expansivity constant� . This completes the proof.

Corollary 10.6. Let f : X ! X be a dynamical system on a compact metric
space. Then

(i) f is expansive if and only iff k is expansive for allk � 1.

(ii) If f is reversible thenf is weakly expansive if and only iff k is weakly expan-
sive for all k 6= 0.
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Proof. This easiest way to prove this is to use (weak) generators. Again, we prove
(ii) only. If U is a weak generator forf then the collection of sets of the form

U0 \ f � 1(U1) \ f � 2(U2) \ � � � \ f � (k� 1)(Uk� 1);

where (U0; : : : ; Uk� 1) runs over all possiblejkj-tuples of elements ofU, is a weak
generator forf k (this is true for any k 6= 0). Conversely any weak generator forf k

is also a weak generator forf . This completes the proof.

Having seen that we can characterise (weakly) expansive maps via the existence
of special open covers, we now proceed to study open covers in general.

Definition 10.7. Let X be a metric space. SupposeU and V are two (not neces-
sarily �nite) open covers ofX . We de�ne their join to be the open cover

U _ V := f U \ V j U 2 U; V 2 Vg:

Similarly given �nitely 1 many open coversf Ui g, i = 1; : : : ; k, we de�ne their joinWk
i =1 Ui to be the open cover whose sets are all intersections of the form

T k
i =1 Ui ,

whereUi 2 Ui .

Definition 10.8. Let X be a metric space. SupposeU and V are two open covers
of X . We say that V is a re�nement of U if for each V 2 V there existsU 2 U
such that V � U. We write U � V to indicate that V is a re�nement of U.

Two examples of this are:

� If V is a subcover (i.e. a collection of elements ofU that also coversX ) of U
then U � V.

� If U and V are any two covers then

U � U _ V; and V � U _ V: (10.1)

Definition 10.9. If U is an open cover ofX and f : X ! X is a dynamical system,
we denote byf � 1(U) the open cover

f � 1(U) := f f � 1(U) j U 2 Ug:

We de�ne f � k(U) inductively.

Definition 10.10. Let f : X ! X be a dynamical system on a metric space, and
supposeU is an open cover ofX . For k 2 N we denote byUk

f the open cover

Uk
f :=

k� 1_

i =0

f � i (U):

1Note we cannot form the join of in�nitely many open covers, since in this case the intersections
may fail to be open in X .
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Thus
U1

f = U; U2
f = U _ f � 1(U);

and in a general a typical element ofUk
f is an intersection of the form

U0 \ f � 1(U1) \ � � � \ f � (k� 1)(Uk� 1);

whereUi 2 U. Moreover for anyk; n � 0 one has

Uk+ n
f = Uk

f _ f � k
�
Un

f

�
: (10.2)

Remark 10.11. With this language the proof of Corollary 10.6 can be shortened:
if U is a generator forf then Uk

f is a generator forf k .

The next lemma is immediate.

Lemma 10.12. Let f : X ! X be a dynamical system on a metric space, and
supposeU and V are two open covers ofX . Then

f � 1(U _ V) = f � 1(U) _ f � 1(V); (10.3)

and
U � V ) f � 1(U) � f � 1(V): (10.4)

We will now work towards an alternative de�nition of topological entropy that
uses open covers. This generalises the de�nition of entropy usinghcov

" , and has the
advantage that it gives us more freedom in the choice of open covers we use. This
will be crucial in our proof of the Variational Principle in Lecture 28. The �rst step
is to de�ne the entropy of a cover.

Definition 10.13. Let X be a compact metric space. IfU is an open cover of
X , we denote by minU the number of sets in a �nite subcover ofU of minimal
cardinality. We de�ne the entropy of a coverU to be

H(U) := log min U:

Proposition 10.14. Let D(") denote the cover consisting of all open sets with
diameter strictly less than". Then

min D(")k
f = cov( f; k; " )

( | ) Proof. An element ofD(")f
k is an intersection of the form

V = U0 \ f � 1(U1) \ � � � \ f � (k� 1)(Uk� 1)

where eachUi has diameter less than". Let x; y 2 V. Then for each 0� i � k � 1
one has

f j (x); f j (y) 2 Uj

and thus asUj has diameter less than" we haved(f j (x); f j (y)) < " . This shows
that

x; y 2 V ) df
k (x; y) < ";
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and hence
cov(f; k; " ) � min D(")f

k :

The converse is rather trickier2. We will �rst show that if W is any set with df
k -

diameter less than" then there existsV 2 D(")f
k such that W � V.

Indeed, if W has df
k -diameter less than" then there exists 0< � < " such that

diamdf
k

W � � . Now set

V :=
k� 1\

i =0

f � i

 
[

x2 W

Bd

�
f i (x);

" � �
3

� !

:

Then clearly W � V. We claim that V 2 D(")f
k . To see this we must show that

diamd

 
[

x2 W

Bd

�
f i (x);

" � �
3

� !

< ":

Suppose

y1; y2 2
[

x2 W

Bd

�
f i (x);

" � �
3

�
:

Then there existx1; x2 2 W such that

y1 2 Bd

�
f i (x1);

" � �
3

�
; y2 2 Bd

�
f i (x2);

" � �
3

�
:

Then

d(y1; y2) � d
�
y1; f i (x1)

�
+ d

�
f i (x1); f i (x2)

�
+ d

�
f i (x2); y2

�

�
" � �

3
+ dk

f (x1; x2) +
" � �

3
< ":

Thus V 2 D(")f
k as claimed.

We now complete the proof of the converse direction. Suppose cov(f; k; " ) = n.
Then there exists an open coveringW1; : : : ; Wn of X of sets with df

k diameter less
than ". By the above procedure we can �nd setsV1; : : : ; Vn that belong to D(")f

k

and satisfy Wn � Vn . Thus V1; : : : ; Vn also coversX , and hence minD(")f
k � n.

This completes the proof.

Proposition 10.15. Let f : X ! X be a dynamical system on a metric space,
and supposeU and V are two open cover ofX . Then:

(i) H(U) � 0, and H(U) = 0 if and only if X 2 U.

(ii) If U � V then H(U) � H(V).

(iii) H(U _ V) � H(U) + H(V).

2Thanks to J. H•achl for this argument.
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(iv) H
�
f � 1(U)

�
� H(U). If f is surjective thenH

�
f � 1(U)

�
= H(U).

Proof. The proof of (i) is immediate. To prove (ii), supposef V1; : : : Vqg is a subcover
of V with minimum cardinality. For each 1 � i � q there existsUi 2 U such that
Vi � Ui . Thus f U1; : : : ; Uqg also coversX , and hence minU � q.

To prove (iii), if f U1; : : : ; Upg and f V1; : : : ; Vqg are subcovers of minimal car-
dinality, then Ui \ Vj for 1 � i � p and 1 � j � q is a subcover ofU _ V, and
thus

min U _ V � min U � min V:

To prove (iv), if f U1; : : : Uqg is a subcover ofU of minimum cardinality then the
collection f f � 1(U1; ); : : : ; f � 1(Uq)g is a subcover off � 1U, so

min f � 1(U) � min U:

If f is surjective andf f � 1(V1); : : : ; f � 1(Vp)g is a subcover off � 1(U) of minimum
cardinality then f V1; : : : ; Vpg also coversX , and hence minU � min f � 1(U). This
completes the proof.

The next result generalises Proposition 7.8 to arbitrary covers.

Proposition 10.16. Let f : X ! X be a dynamical system on a compact metric
space. IfU is an open cover ofX then the limit limk!1

1
k H(Uk

f ) exists.

Proof. This is another application of Fekete's Lemma 7.7. De�ne� : N ! [0; 1 )
by

� (k) := H
�
Uk

f

�
:

We will show that � is subadditive. Indeed,

� (k + n) = H
�
Uk+ n

f

�

� H
�
Uk

f

�
+ H

�
f � k(Un

f )
�

� � (k) + � (n)

where the �rst inequality used (10.2) and part (iii) of Proposition 10.15, and the
second inequality used part (iv) of Proposition 10.15. Now the result follows from
Fekete's Lemma 7.7.

We can therefore make the following de�nition.

Definition 10.17. Let f : X ! X denote a dynamical system on a compact metric
space. LetU denote an open cover ofX . We de�ne the entropy of f relative to
U, written h� (f; U) to be

h� (f; U) = lim
k!1

1
k

H
�
Uk

f

�
:

By taking the supremum over all open covers we get another quantity.

Definition 10.18. Let f : X ! X be a dynamical system on a compact metric
space. We de�ne

h�
top (f ) := sup

U
h� (f; U);

where the supremum is over all open covers ofX .
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Lemma 10.19. Let f : X ! X be a dynamical system on a compact metric space.
Then

htop (f ) � h�
top (f ):

Proof. By Proposition 10.14 for any" > 0 we have

hcov
" (f ) = h� (f; D(")) ;

and thus
hcov

" (f ) � h�
top (f ); 8 " > 0:

Letting " ! 0 yields the result.

In fact, we always have equality:

htop (f ) = h�
top (f ): (10.5)

We will prove this in Corollary 10.23 after a couple of preliminary statements.

Remark 10.20. If we take (10.5) as for given for a moment, then at �rst sight, it
may appear that we have taken the already rather complicated de�nition of topo-
logical entropy from Lecture 7 and made it. . . worse. Indeed, to computeh�

top (f ),
one is faced with with an ungainly supremum over all open covers, which certainly
doesnot appear to be a pleasant thing to compute. Nevertheless, this new de�ni-
tion has a number of advantages over the old one. We will come back to this in
Remark 10.24 below.

Lemma 10.21. If U � V then h� (f; U) � h� (f; V).

Proof. If U � V then by applying (10.4) repeatedly we see that

Uk
f � Vk

f

for all k 2 N, and thus by part (ii) of Proposition 10.15 we obtainh� (f; U) �
h� (f; V).

Let us de�ne the diameter of a coverU to be

diamU := sup
U2 U

diamU:

Proposition 10.22. Let X be a compact metric space and letf Ung be a sequence
of covers such thatdiamUn ! 0. Then if f : X ! X is any dynamical system on
X one has

h�
top (f ) = lim

n!1
h� (f; Un )

(where both sides could be equal to1 ).

Proof. First suppose thath�
top (f ) < 1 . Fix � > 0 and let V denote an open cover

with h� (f; V) > h�
top (f ) � � . Let � > 0 denote Lebesgue number forV. Choose

p � 1 large enough such that for alln � p, one has diamUn < � . Then V � Un for
all n � p, and henceh� (f; V) � h� (f; Un ) for all n � p.
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Thus for n � p one has

h�
top (f ) � h� (f; Un ) > h�

top (f ) � �:

Since� was arbitrary we deduce thath�
top (f ) = lim n!1 h� (f; Un ).

If h�
top (f ) = 1 then for any c > 0 we can �nd an open coverV with h� (f; V) �

c. The same argument as above then shows that limn!1 h� (f; Un ) = 1 . This
completes the proof.

We can now prove that the two de�nitions of entropy coincide.

Corollary 10.23. Let f : X ! X be a dynamical system on a compact metric
spaceX . Then

htop (f ) = h�
top (f ):

Proof. Apply Proposition 10.22 with Uk = D1=k.

Remark 10.24. Let us now come back to Remark 10.20 and explain why computing
h�

top (f ) is often easier than computinghtop (f ) directly. Firstly, Lemma 10.21 tells us
that in De�nition 10.18 we need only take the supremum over�nite coversU (since
every open cover admits a �nite subcover by compactness). This is already a major
improvement over our de�nition of htop (f ) as lim" ! 0 hcov

" (f ), since by Proposition
10.14 this is equivalent to working with the (very non-�nite) coverD("). Secondly,
Proposition 10.22 tells us that to computeh�

top (f ) we are free to choose our favourite
sequence of covers (Un ), provided their diameters go to zero. This freedom allows
for major computational simpli�cations. Indeed, several of the proofs later on in
the course will hinge upon choosing a \clever" such sequence (Un ).

To illustrate this idea, we conclude this lecture by giving a new proof of Theorem
9.10 that makes use of generators. We will see another example next lecture (cf.
Step 3 of the proof of Theorem 11.7).

Theorem 10.25. Let X be a compact metric space.

(i) Let f : X ! X be an expansive dynamical system onX . Let U be a generator
for f . Then

h�
top (f ) = h� (f; U);

and henceh�
top (f ) < 1 .

(ii) Let f : X ! X be a weakly expansive reversible dynamical system onX Let
U be a weak generator forf . Then

h�
top (f ) = h� (f; U);

and henceh�
top (f ) < 1 .

Proof. We give the proof of (i) only. The modi�cations needed for (ii) are minor
and can be safely left to you.

SupposeU = f U1; : : : ; Uqg. We �rst show that for any " > 0 there existsp 2 N
such that

diamUp
f < ": (10.6)
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The argument is very similar to the argument used to prove (9.9). If (10.6) is false,
then we �nd sequences (xk); (yk) of points, and tuples (i k

j )1� j � k of integers such
that i k

j 2 f 1; : : : ; qg such that

d(xk ; yk) � "; and xk ; yk 2
k\

j =0

f � j
�
Ui k

j +1

�
:

SinceX is compact we may assume thatxk ! x and yk ! y. Then d(x; y) � " ,
and hence in particular x 6= y. Next, by the Pigeonhole Principle there exists
i 0 2 f 1; : : : ; qg such that i k

0 = i 0 for in�nitely many k. This implies that

x; y 2 U i 0 :

Similarly there exists i 1 2 f 1; : : : ; qg such that i k
1 = i 1 for in�nitely many k, and

hence
x; y 2 f � 1

�
U i 1

�
:

Continuing inductively, we �nd a sequence (i j ) such that

x; y 2
1\

j =0

f � j
�
U i j

�
:

Sincex 6= y, this contradicts U being a generator.
Now suppose thatV is an arbitrary open cover. Let� > 0 be a Lebesgue number

for V, and choosep 2 N such that

diamUp
f < �:

Then V � Up
f , and hence by Lemma 10.21,

h� (f; V) � h�
�
f; Up

f

�
:

Then using (10.2) we compute

h�
�
f; Up

f

�
= lim

k!1

1
k

H

 
k� 1_

i =0

f � i
�
Up

f

�
!

= lim
k!1

1
k

H
�
Uk+ p

f

�

= lim
n!1

1
n

H
�
Un

f

�

= h� (f; U):

This completes the proof.
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LECTURE 11

Piecewise Monotone Dynamical Systems

In this lecture, we start by investigating another situation where it is possible to
compute the topological entropy on the nose. This will allow us to �nally com-
pute the entropy of the tent map � , thus concluding the list of computations we
announced in Table 8.1.

Definition 11.1. Let f : [0; 1] ! [0; 1] be a dynamical system. We say thatf is
piecewise monotone if there existsm � 1 and closed intervalsI 1; : : : ; I m whose
interiors are pairwise disjoint such that

S m
k=1 I k = [0; 1] and such thatf : I k ! [0; 1]

is strictly monotone for eachk = 1; : : : ; m. We denote by mon(f ) the minimal such
m.

Example 11.2. The tent map � is piecewise monotone with mon(� ) = 2. More
generally, thekth iterate � k has 2k� 1 tents (see Figure 1.3 and the proof of Lemma
2.6), and hence mon(� k) = 2 k .

Lemma 11.3. Let f; g : [0; 1] ! [0; 1] be two piecewise monotone dynamical sys-
tems. Thenf � g is also piecewise monotone, and moreover

mon(g) � mon(f � g) � mon(f ) � mon(g):

Proof. Assume that f has maximal intervals of monotonicity f I i gm
i =1 and g has

maximal intervals of monotonicity f Jj gn
j =1 . If g� 1(I i ) \ Jj 6= ; then f � g is strictly

monotone ong� 1(I i ) \ Jj . Thus f � g is piecewise monotone, and each interval of
monotonicity of f � g is contained in an interval of monotonicity ofg. This implies
that mon(f � g) � mon(g). Moreover

mon(f � g) � #
�

(i; j ) j g� 1(I i ) \ Jj
�

6= ;
	

� mon(f ) � mon(g):

This completes the proof.

Corollary 11.4. Let f : [0; 1] ! [0; 1] denote a piecewise monotone dynamical
system. Then

mon(f i + j ) � mon(f i ) � mon(f j ); 8 i; j � 0; (11.1)

and
mon(f k) � mon(f k+1 ); 8 k 2 N: (11.2)

Proof. Take f = g in Lemma 11.3.

Remark 11.5. The bound (11.1) is sharp, as the tent map illustrated in Example
11.2.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Corollary 11.6. Let f : [0; 1] ! [0; 1] denote a piecewise monotone dynamical
system. Then the quantity

m(f ) := lim
k!1

1
k

log mon(f k)

exists and is a �nite number.

Proof. The map k 7! log mon(f k) is subadditive by (11.1). Thus by Fekete's
Lemma 7.7 the limit exists and is equal to infk� 1

1
k log mon(f k).

We now prove that m(f ) agrees with the topological entropy off . This is a
fairly involved result.

Theorem 11.7. Let f : [0; 1] ! [0; 1] denote a piecewise monotone dynamical sys-
tem. Then m(f ) = htop (f ).

This proof is non-examinable.

( | ) Proof. We prove the result in three steps.

1. In this �rst step, we prove that m(f ) � htop (f ). Fix " > 0 and k � 1. Let
n := sep(f; k; " ) and let A = f x1; : : : ; xng denote a maximal (k; " )-separated set for
f . Thus for each 1� i � n � 1 there exists 0� r i � k � 1 such that

�
�f r i (x i ) � f r i (x i +1 )

�
� � ":

The Pigeonhole Principle then tells us that there exists:

� a positive integerq � n
k ;

� an integer 0� r � k � 1;

� a subset
f x i 1 < � � � < x i q g � A

of cardinality q,

such that �
�f r (x i j ) � f r (x i j +1 )

�
� � "; 1 � j < q: (11.3)

Set
c := sup

x2 [0;1]
jf (x)j:

Then (11.3) tells us that f r has at least q"
c intervals of monotonicity, and hence

mon(f r ) �
q"
c

�
n"
ck

:

Sincer � k we have by (11.2) that also

mon(f k) �
" � sep(f; k; " )

ck
:
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Thus

m(f ) = lim
k!1

1
k

log mon(f k)

� lim sup
k!1

1
k

�
log(sep(f; k; " ) � (log c + log k � log")

�

= lim sup
k!1

1
k

log sep(f; k; " )

� lim
k!1

1
k

log cov(f; k; 2")

= hcov
2" (f );

where the last inequality used Proposition 7.6. Since" was arbitrary, we obtain

m(f ) � lim
" ! 0

hcov
2" (f ) = htop (f ):

2. Before proving the converse direction, in this step we will show that for any
p 2 N one has

m(f p) = p � m(f ): (11.4)

To prove this �x p 2 N and setg := f p.

p � m(f ) = lim
k!1

p
k

log mon(f k)

= lim sup
k� 1

p
k

log mon(f k)

(~ )
� lim sup

n!1

1
n

log mon(gn )

= lim
n!1

1
n

log mon(gn )

= m(g);

where (~ ) used the fact
� log mon( gn )

n

�
n� 1

is a subsequence of
� p log mon( f k )

k

�
k� 1

. On
the other hand by Lemma 11.3 we have

p � m(f ) = lim
k!1

p
k

log mon(f k)

� lim
k!1

p
k

log
�

mon
�
gbk

p c�
� mon

�
f k� bk

p cp� �

� lim
k!1

p
k

�
log mon

�
gbk

p c�
+ max

0� i � p� 1
log mon(f i )

�

= lim
n!1

1
n

mon(gn ):

3. In this last step we prove thatm(f ) � htop (f ), which combined with Step
1 completes the proof. It is convenient to use Corollary 10.23. Let us denote by
f I i gm

i =1 the maximal intervals of monotonicity of f , ordered so that 02 I 1 and the
neighbouring intervals are labelled consecutively. LetU denote the open cover of
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[0; 1] whose elements are open intervals formed from neighbouring intervals of the
f I i g:

U1 := I 1 [ I �
2 ; Um := I �

m� 1 [ I m ;

and for 2 � i � m � 1,
Ui := ( I i � 1 [ I i [ I i +1 )�

Now for eachk � 1, every non-empty and non-trivial1 interval of the form

I i 0 \ f � 1
�
I i 1

�
\ � � � \ f � (k� 1)

�
I i k � 1

�

is an interval of monotonicity for f k which intersects at most 3k elements of the
cover Uk

f (the 3 comes from that eachUi intersects up to three ofI j ). This shows
that

mon(f k) � 3k min Uk
f :

Thus

htop (f ) = h�
top (f )

� h� (f; U)

= lim
k!1

1
k

log minUk
f

� lim
k!1

1
k

log
mon(f k)

3k

= lim
k!1

1
k

log mon(f k) � log 3

= m(f ) � log 3:

At �rst glance this estimate is not so useful, due to the annoying� log 3. This is
where Step 2 comes in handy. Sincehtop (f p) = phtop (f ) by Problem D.2, using
(11.4) we obtain for anyp 2 N that

htop (f ) =
1
p

htop (f p)

�
1
p

(m(f p) � log 3)

= m(f ) �
log 3

p
:

Sincep � 1 was arbitrary, it follows that htop (f ) � m(f ), and this completes the
proof.

Theorem 11.7 gives a very simple way to compute the topological entropy of
the tent map.

Corollary 11.8. The tent map � hashtop (� ) = log 2.

Proof. By Example 11.2 we have

m(� ) = lim
k!1

1
k

log mon(� k) = lim
k!1

1
k

log 2k = log 2:

Thus by Theorem 11.7,htop (� ) = log 2 as well.
1A \trivial" interval is, by de�nition, a single point.
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Corollary 11.9. The restriction of the logistic map� 4 to [0; 1] hashtop
�
� 4j [0;1]

�
=

log 2.

Proof. Use Lemma 1.21, Corollary 7.15 and Corollary 11.8.

We can also now give a quick solution to Problem D.3.

Corollary 11.10. Let f : [0; 1] ! [0; 1] be a reversible dynamical system. Then
htop (f ) = 0 .

Proof. If f is reversible thenf is strictly monotone; thus mon(f k) = 1 for all k.

We conclude this lecture by exploring another criterion that guarantees �nite
topological entropy.

Definition 11.11. Let f denote a dynamical system on a compact metric space
(X; d). De�ne the Lipschitz constant lipd(f ) by

lipd(f ) := sup
x6= y

d(f (x); f (y))
d(x; y)

2 [0; 1 ]

We say that f is Lipschitz continuous if lip d(f ) < 1 .

Remark 11.12. SinceX is compact, if d1 and d2 are any two metrics de�ning the
topology on X then lipd1

(f ) < 1 if and only if lip d2
(f ) < 1 .

Under a mild assumption on the metric space, Lipschitz continuous dynamical
systems always have �nite topological entropy. Before proving this, we need another
de�nition. Let us denote by B(") the open cover of all balls of radius", and
abbreviate by

� (") := min B("):

Thus � (") is the minimum cardinality of a cover ofX by open balls of radius".

Definition 11.13. Let (X; d) be a compact metric space. We de�ne theball
dimension of (X; d) to be the quantity

ball-dimd(X ) := lim sup
" ! 0

H
�
B(")

�

j log" j
= lim sup

" ! 0

log� (" )
j log" j

:

Thus the ball dimension is either a non-negative real number or +1 . It is not
necessarily an integer.

To get a feeling for this de�nition, let us prove:

Proposition 11.14. The ball dimension of[0; 1]n with the standard metric d is n.

Proof. Consider �rst the casen = 1. One clearly has� (") � 1
2" . Moreover one also

has � (") �
�
2 + 1

2"

�
, since the

�
2 + 1

2"

�
balls centred at the pointsk" (2 � ") for

k = 0; 1; : : : ;
�
2 + 1

2"

�
cover [0; 1].
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Thus

ball-dimd([0; 1]) � lim
" ! 0

log(1=2")
j log" j

= lim
" ! 0

log 2 + log"
log"

= 1;

and similarly

ball-dimd([0; 1]) � lim
" ! 0

log(
�
2 + 1

2"

�
)

j log" j
= 1:

A similar argument shows that it takes (ignoring constants that don't matter) about
(1 + 1=")n balls to cover [0; 1]n . Thus (ignoring constants) we have

ball-dimd([0; 1]n ) = lim sup
" ! 0

log(1 + 1=")n

j log" j

= lim sup
" ! 0

n log"
log"

= n:

This completes the proof.

( | ) Remark 11.15. The ball dimension is a way of assigning a \dimension" to
spaces that do not have a well-de�ned \dimension" in the usual sense. It follows
from Proposition 11.14 that the ball dimension of ann-dimensional topological
manifold is n. Thus for well-behaved spaces, the ball dimension agrees with the
standard notion of dimension.

The next result, whose proof is on Problem Sheet F, shows that for badly
behaved spaces the ball dimension is rather harder to grok. It isnot a topological
invariant (i.e. homeomorphic spaces can have di�erent ball dimensions).

Proposition 11.16. Let C denote the Cantor ternary set obtained by iteratively
deleting the open middle third from subintervals of[0; 1]:

C := [0; 1] n

0

@
1[

k=0

3k � 1[

n=0

�
3n + 1
3k+1

;
3n + 2
3k+1

�
1

A :

Then if d denotes the metric inherited from[0; 1], one has

ball-dimd(C) =
log 2
log 3

:

Here then is our �nal promised result.

Proposition 11.17. Let f denote a dynamical system on a compact metric space
(X; d). Then

htop (f ) � ball-dimd(X ) � maxf 0; log lip(f )g:

In particular, provided X has �nite ball dimension, any Lipschitz continuous map
has �nite topological entropy.
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Proof. There is noting to prove if ball-dimd(X ) = 1 or lipd(f ) = 1 , so we may
assume thatf is Lipschitz continuous and (X; d) has �nite ball dimension. Let

c > maxf 1; lip( f )g

be arbitrary, and choosek 2 N and " 2 (0; 1). Then, for any 0� i � k, we have

f i
�
Bd(x; c� k" )

�
� Bd(f i (x); "):

It follows that
Bd(x; c� k" ) � Bdf

k
(x; " );

and thus also
span(f; k; " ) � � (c� k" ):

Sincej log(c� k" )j = k logc � log" we can write

k =

�
�
�
�
log(c� k" )

logc

�
�
�
�

�
1 +

log"
j log(c� k" )j

�

The fraction in the last bracket tends to 0 ask ! 1 , and hence using Proposition
7.6 we obtain

hcov
2" (f ) = lim

k!1

1
k

log cov(f; k; 2")

� lim sup
k!1

1
k

log span(f; k; " )

� lim sup
k!1

log(� (c� k" ))
k

� logclim sup
k!1

log(� (c� k" ))
j log(c� k" )j

= log c � ball-dimd(X )

Letting " ! 0 we obtain

htop (f ) � logc � ball-dimd(X ):

Finally since c > maxf 1; lip( f )g was arbitrary the result follows.
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LECTURE 12

Chaos Versus Positive Entropy

In this lecture we investigate the relationship between chaos1 and positive topolog-
ical entropy. This is a remarkably rich and interesting story, and many seemingly
basic problems remain unsolved.

Both chaos and positive entropy are ways of measuring the amount of complexity
(or instability) in the system, and thus one would naturally infer that the two
concepts are related. However in fact they are quite di�erent: chaos is aglobal
property, in the sense that it makes an assumption on the dynamics off across the
entire spaceX . Meanwhile positive topological entropy is alocal property. Indeed,
Proposition 8.5 shows that iff has an invariant setA such that htop (f jA ) > 0, then
also htop (f ) > 0. This means that on many spacesX , it is possible to construct
dynamical systems which are not chaotic (e.g. for which the periodic points are
not dense), but which have arbitrarily large topological entropy.

It is perhaps more reasonable to hope that iff is chaotic thenhtop (f ) is positive.

Question A. Let X be a compact metric space. Iff : X ! X is chaotic, does it
necessarily follow thathtop (f ) > 0?

The answer to Question A is de�nitelyno for some spacesX : for example, there
exists2 a chaotic dynamical systemf : � 2 ! � 2 which has zero topological entropy.
Now perhaps this doesn't surprise you: after all, �2 is about as badly behaved a
space as it is possible to be (it is homeomorphic to the Cantor Set, cf. Remark
4.17). So what about more reasonable spaces? ForX = [0; 1] or X = S1 the answer
to Question A is yes, although in both cases this is di�cult to prove (we will deal
with the case X = [0; 1] in this lecture). Amazingly however, ifX = [0; 1]n , or
X = Sn , or X = Tn , then for n � 2 the answer to Question A is3 not known!

A related question concerns the in�mum of the topological entropies of all pos-
sible chaotic maps. To this end, we de�ne:

hinf
top (X ) := inf f htop (f ) j f : X ! X is chaoticg:

Then one can ask:

Question B. Let X be a compact metric space. Ishinf
top (X ) > 0?

For X = [0; 1] the answer to Question B is againyes. Indeed, as we will prove
in Theorem 12.1 below, the in�mum is log

p
2. Meanwhile forX = S1 however the

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1We remind the reader (who may get confused when googling) that by \chaos" we mean

Devaney chaos(see Remark 4.22).
2An explicit example is constructed by Weiss here.
3To the best of my knowledge.
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answer to Question B isno: it is possible to construct chaotic dynamical systems
on S1 with arbitrarily small topological entropy. In general Question B is slightly
easier to answer than Question A, although there remains many open problems.

The following table summarises some of what is known:

Space X Chaos ) positive entropy? What is hinf
top (X )?

X = [0; 1] Yes log
p

2

X = S1 Yes 0

X = � 2 No 0

X = [0; 1]n for n � 2 Open problem! 0

X = Sn for n � 2 Open problem! 0

X = Tn for n � 2 Open problem! 0

Most other spacesX Open problem! Open problem!

Table 12.1: Chaos versus positive topological entropy.

The main result of the next two lectures is the following theorem, which justi�es
the �rst row of Table 12.1.

Theorem 12.1. Let f : [0; 1] ! [0; 1] be a chaotic dynamical system. Then
htop (f ) � log

p
2.

A partial converse to Theorem 12.1 is also true.

Theorem 12.2. Let f : [0; 1] ! [0; 1] be a dynamical system such thathtop (f ) > 0.
Then there exists a closed invariant setI � [0; 1] such that f j I is chaotic.

We will prove Theorem 12.1 next lecture (see Theorem 13.18). Theorem 12.2
is actually slightly easier than Theorem 12.1, but we don't have time for both and
Theorem 12.1 is the more important and interesting of the two. In today's lecture
we will establish several intermediate results that will be needed in the proof of
Theorem 12.1.

Remark 12.3. Theorems 12.1 and 12.2 are stated for the unit interval [0; 1]. How-
ever we could instead consider dynamical systemsf : [a; b] ! [a; b] de�ned on an
arbitrary compact interval [a; b] and obtain the same result. Indeed, this is imme-
diate from Corollary 7.15, since [a; b] is homeomorphic to [0; 1]. We will use this
observation without further comment (including in the next remark).

Remark 12.4. The bound in Theorem 12.1 is sharp. To see this consider the
dynamical systemf : [� 1; 1] ! [� 1; 1] de�ned by

f (x) :=

8
><

>:

2x + 2; � 1 � x � � 1=2;

� 2x; � 1=2 � x � 0;

� x; 0 � x � 1:
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Figure 12.1: Plots off and f 2.

See Figure 12.1.
By arguing as in the proof of Lemma 2.6, we see thatf is transitive4. Thus

by Proposition 12.6 below,f is chaotic, and therefore Theorem 12.1 tells us that
htop (f ) � log

p
2. On the other hand, from Figure 12.1 it is clear that the dynamical

systemf 2 is Lipschitz, with Lipschitz constant equal to 2. Thus5 by Proposition
11.17 one hashtop (f 2) � log 2. Sincehtop (f 2) = 2 htop (f ) by Problem D.2, it follows
that

htop (f ) = log
p

2:

Remark 12.5. Combining Theorem 12.1 and Theorem 12.2 yields the following
curiosity: there exists no dynamical systemf : [0; 1] ! [0; 1] such that 0 < htop (f ) <
log

p
2. Thus the functional

htop : f dynamical systems on [0; 1] g ! [0; 1 ]

has a \gap".

The �rst step in the proof of Theorem 12.1 is the following result, which is
interesting in its own right.

Proposition 12.6. Let f : [0; 1] ! [0; 1] be a transitive dynamical system. Then
per(f ) is dense in[0; 1], and hencef is chaotic.

Proposition 12.6 requires two preliminary lemmas.

Lemma 12.7. Let f : [a; b] ! R be continuous. If f
�
[a; b]

�
� [a; b] or [a; b] �

f
�
[a; b]

�
then f has a �xed point.

Proof. Let g(x) := f (x) � x. If f
�
[a; b]

�
� [a; b] then g(a) � 0 andg(b) � 0. By the

Intermediate Value Theorem, there existsc 2 [a; b] such that g(c) = 0. If instead
[a; b] � f

�
[a; b]

�
then there existsa1; b1 2 [a; b] such that f (a1) � a and f (b1) � b.

Then g(a1) � 0 and g(b1) � 0, and thus as before we �ndc such that g(c) = 0.

The next result shows how Lemma 12.7 can be strengthened whenf is transitive.

Lemma 12.8. Let f : [0; 1] ! [0; 1] be a transitive dynamical system. Then:

4The map f 2 is not transitive; thus this is an example of a dynamical system which is transitive
but not weakly mixing (cf. Problem C.3).

5Alternatively, one could argue using Theorem 11.7 here.
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(i) There exists a �xed point a of f such that 0 < a < 1.

(ii) The image of a non-trivial interval underf is another non-trivial interval.

(iii) f is surjective.

The proof of Lemma 12.8 is deferred to Problem Sheet F. Instead we now prove a
somewhat technical looking result, which is the lynchpin of the proof of Proposition
12.6.

Lemma 12.9. Let f : [0; 1] ! [0; 1] be a dynamical system. Let(a; b) � [0; 1] be an
open interval such that(a; b) \ per(f ) = ; . Let x; y 2 (a; b) and suppose there exist
p; q2 N such that f p(x) 2 (a; b) and f q(y) 2 (a; b). Then

x < f p(x) ) y < f q(y):

Proof. Assume that f p(x) > x . We �rst prove by induction on k that

f kp(x) > x; 8 k 2 N: (12.1)

The casek = 1 is by assumption. For the inductive step, abbreviate byg := f p

and let
z = gj (x) := min

�
gi (x) j 1 � i � k � 1

	
;

so that z > x . Now assume for contradiction thatgk(x) � x. Then by the
Intermediate Value Theorem and connectedness,

[x; z] �
�
gk(x); gk� j (x)

�
� gk� j

�
[x; z]

�
:

Lemma 12.7 tells us thatgk� j has a �xed point in [x; z], and thus f has a periodic
point in [x; z]. But since z � g(x) by de�nition, we have [x; z] � (a; b), and this
contradicts the assumption (a; b) \ per(f ) = ; .

Assume now that f q(y) � y. Then in fact f q(y) < y as y is not periodic. A
similar induction argument as above (but in reverse order) tells us that

f kq(y) < y; 8 k 2 N: (12.2)

Combining (12.1) and (12.2) tells us that

x < f pq(x); and y > f pq(y): (12.3)

f x < y then f pq
�
[x; y]

�
� [x; y]. If y < x then [y; x] � f pq

�
[y; x]

�
. In either case,

Lemma 12.7 furnishes a pointw lying betweenx and y such that f pq(w) = w. Thus
w 2 (a; b) \ per(f ), which is a contradiction. The proof is complete.

We can now prove Proposition 12.6.

Proof of Proposition 12.6.Let f : [0; 1] ! [0; 1] be a transitive dynamical system,
and suppose there exists 0� a < b � 1 such that (a; b)\ per(f ) = ; . By Proposition
2.9 there exists a pointx 2 (a; b) with a dense orbit. Thus there existsp; m; n 2 N
with m < n such that

x < f p(x) < b; and a < f n (x) < f m (x) < x:

Set y := f m (x) and q := n � m. Then

a < f q(y) < y < x < f p(x) < b:

This contradicts Lemma 12.9.
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The eventual proof of Theorem 12.1 will make a case distinction depending
whether the dynamical system is mixing or not. The rest of this lecture is devoted
to understanding the di�erence between mixing and transitivity on the interval.

Proposition 12.10. Let f : [0; 1] ! [0; 1] be a dynamical system. Thenf is mixing
if and only if for every open interval(a; b) � [0; 1] and every" > 0 there existsn 2 N
such that

["; 1 � " ] � f k
�
(a; b)

�
; 8 k � n: (12.4)

Proof. Suppose �rst that f is mixing, and let " > 0. Then there existsn1 2 N such
that

f k
�
(a; b)

�
\ (0; ") 6= ; ; 8 k � n1;

and similarly there existsn2 2 N such that

f k
�
(a; b)

�
\ (1 � "; 1) 6= ; ; 8 k � n2;

Then if n := maxf n1; n2g, the set f k
�
(a; b)

�
intersects both (0; ") and (1 � "; 1).

Sincef k
�
(a; b)

�
is connected, this implies that ["; 1 � " ] � f k

�
(a; b)

�
for all k � n.

Conversely, suppose that (12.4) holds. LetU; V be two nonempty open subsets
of [0; 1]. Choose open intervals (a; b) � U and (c; d) � V such that there exists
" > 0 such that " < c < d < 1 � " . By (12.4) there existsn 2 N such that

(c; d) � ["; 1 � " ] � f k
�
(a; b)

�
; 8 k � n:

In particular, f k(U) \ V 6= ; for all k � n. Thus f is mixing, and the proof is
complete.

Corollary 12.11. Supposef : [0; 1] ! [0; 1] is mixing. Then there exists a peri-
odic point whose minimal period is odd and at least three.

Proof. Sincef is transitive, the set �x (f ) of �xed points has empty interior. More-
over �x (f ) is closed. Thus there exists a non-empty open interval (a; b) � [0; 1]
such that [a; b] \ �x (f ) = ; . By Proposition 12.10 there existsn 2 N such that

[a; b] � f k
�
[a; b]

�
; 8 k � n:

Let q � n be odd. By Lemma 12.7 there exists a �xed pointz of f q in [a; b]. This
point is not a �xed point of f by assumption. It it therefore a periodic point whose
minimal period dividesq. Sinceq is odd, the minimal period is not 2.

Remark 12.12. We will see next lecture in Corollary 13.7 that the existence of
a periodic point whose minimal period isexactly three implies the existence of
periodic points with minimal periods ofall orders.

The next result is on Problem Sheet F.

Proposition 12.13. Let f : [0; 1] ! [0; 1] be a transitive dynamical system. Sup-
pose there exists a �xed pointa 2 (0; 1) such that either a lies in the interior of
f

�
[0; a]

�
, or a lies in the interior of f

�
[a;1]

�
. Then f is mixing.

So much for mixing dynamical systems. What about systems that are transitive
but not mixing?
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Proposition 12.14. Let f : [0; 1] ! [0; 1] be a transitive dynamical system that is
not mixing. Then �x (f ) = f ag for some0 < a < 1. Moreover

f
�
[0; a]

�
= [ a;1]; f

�
[a;1]

�
= [0; a];

and both f 2j [0;a] : [0; a] ! [0; a] and f 2j [a;1] : [a;1] ! [a;1] are mixing dynamical
systems.

Proof. By part (i) of Lemma 12.8 there exists a �xed point a 2 (0; 1) of f . By
Proposition 12.13 this �xed point does not lie in the interior off

�
[0; a]

�
or in the

interior of f
�
[a;1]

�
. By part (ii) of Lemma 12.8 it follows that f

�
[0; a]

�
= [ a;1]

and f
�
[a;1]

�
= [0; a]. Moreover f 2j [0;a] and f 2j [a;1] are transitive. By part (i) of

Lemma 12.8 ,f 2j [0;a] has a �xed point b 2 (0; a). This �xed point must satisfy the
hypotheses of Proposition 12.13, as if not then arguing as above we would deduce
that f 2j [0;a] permuted the two intervals [0; b] and [b; a], which is impossible asa
is a �xed point. Then by Proposition 12.13,f 2j [0;a] is mixing. Similarly f 2j [a;1] is
mixing. This completes the proof.

This allows us to extend Corollary 12.11 to an if and only if statement:

Corollary 12.15. Supposef : [0; 1] ! [0; 1] is a transitive dynamical system.
Then f is mixing if and only if there exists a periodic point whose minimal period
is an odd number at least three.

Proof. Proposition 12.14 tells us that iff is not mixing then every periodic point
that is not a �xed point has even minimal period.

Another useful corollary is:

Corollary 12.16. Let f : [0; 1] ! [0; 1] be a transitive dynamical system. If
# �x (f ) � 2 then f is mixing.

6



LECTURE 13

Turbulent Dynamical Systems

In this lecture we introduce the notion of aturbulent dynamical system on the
interval, and use this to prove Theorem 12.1. Along the way, we show that the
existence of a point of period 3 implies the existence of periodic points of all order,
which is a special case of the famousSharkovsky Theoremthat we will prove next
lecture. We begin with some notation.

Definition 13.1. If x; y 2 R, we denote byJx; yKthe interval whose endpoints are
x and y. Thus Jx; yK= [ x; y] if x � y and Jx; yK= [ y; x] if y � x. Similarly we
denote by ((x; y)) the interior of Jx; yK.

Here is the �rst key de�nition for today.

Definition 13.2. Let I; J � [0; 1] be closed1 intervals, and let f : [0; 1] ! [0; 1]
be a dynamical system. We say thatI f -covers J if J � f (I ). We write this
symbolically asI ! f J . If the dynamical systemf is understood we will often say
simply that I covers J and write I ! J .

The next lemma is merely a restatement of (half) of Lemma 12.7.

Lemma 13.3. SupposeI ! f I . Then f has a �xed point in I .

Definition 13.4. SupposeI 0; I 1; : : : ; I k are closed intervals such thatI i ! f I i +1

for 0 � i � k � 1. In this case we call (I 0; : : : ; I k) a chain of intervals for f and
write

I 0 ! f I 1 ! f � � � ! f I k :

The next lemma is somewhat technical. The payo� is worth it, though.

Lemma 13.5. Let f : [0; 1] ! [0; 1] be a dynamical system. Suppose(I 0; : : : ; I p) is
a chain of intervals forf . There exists a closed intervalJ � I 0 such that:

(i) f i (J ) � I i for 1 � i � p � 1;

(ii) f p(J � ) = I �
p and f p(@J) = @Ip.

Proof. We will prove a stronger statement. We will show by induction onk (for
1 � k � p) that there exist closed intervals

Jk � Jk� 1 � � � � � J1 � I 0 (13.1)

such that
f j (Ji ) � I j ; 8 1 � i � k and 0 � j � i � 1: (13.2)

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1Throughout this lecture we implicitly assume all our closed intervals are both non-empty

and non-trivial: i.e., they are not just a single point.
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and
f i (J �

i ) = I �
i and f i (@Ji ) = @Ii ; 8 1 � i � k: (13.3)

The casek = p implies the lemma, withJ := Jp.
First we do the base casek = 1. In this case (13.2) is implied by (13.1), so

we need only constructJ1 � I 0 such that (13.3) holds fori = k = 1. Suppose
I 1 = [ a; b]. Then sinceI 0 ! I 1 there exist points z0; w0 2 I 0 such that f (z0) = a
and f (w0) = b. Then f

�
Jz0; w0K

�
= I 1. This may not satisfy (13.3) however, since

there could be a smaller closed subinterval ofJz0; w0Kwhich also maps ontoI 1. To
�x this suppose for de�niteness that z0 � w0 (the other case is symmetric). Then
de�ne

z := min f x � z0 j f (x) = bg; w := max f y � z j f (y) = ag:

Then if J1 := [ w; z] then I 1 satis�es (13.3).
Now we prove the inductive step. Assume 1� k � p� 1 and that we have already

found closed intervals as in (13.1), (13.2), and (13.3). Sincef k+1 (Jk) = f (I k) we
have Jk ! f k +1 I k+1 . Thus applying the casek = 1 to the map f k+1 and the two
intervals Jk and I k+1 , we �nd a new closed intervalJk+1 � Jk such that

f k+1 (J �
k+1 ) = I �

k+1 ; and f k+1 (@Jk+1 ) = @Ik+1 :

Thus (13.3) is satis�ed. Moreover sinceJk+1 � Jk we also havef j (Jk+1 ) � I j for
all 0 � j � k � 1, which shows that (13.2) holds too. This completes the proof.

Our main use of Lemma 13.5 is the next corollary, which shows how the existence
of a chain of intervals can be used to �nd periodic points.

Corollary 13.6. Let f : [0; 1] ! [0; 1] be a dynamical system. Suppose(I 0; : : : ; I p)
is a chain of intervals for f such that I 0 � I p. Then there exists a pointx 2
per(f ) \ I 0 of (not necessarily minimal) periodp such that

f i (x) 2 I i ; 8 1 � i � p: (13.4)

Proof. Lemma 13.5 tells us there exists an intervalJ � I 0 such that J ! f p J .
Lemma 13.3 tells us thatf p has a �xed point in J , and thus f has a periodic point
x 2 J of period p. Finally, (13.4) is immediate from part (i) of Lemma 13.5.

Corollary 13.6 is completely elementary|the proof was essentially nothing more
than repeated applications of the Intermediate Value Theorem. Nevertheless, it has
the following surprisingly deep consequence.

Corollary 13.7. Let f : [0; 1] ! [0; 1] be a dynamical system. Supposef has a
point x of minimal period 3. Then for any p 2 N there exists a periodic point of
minimal period p.

Proof. Replacingx with f (x) or f 2(x) if necessary, we may assume that

x < f (x) < f 2(x); (13.5)

or
x < f 2(x) < f (x): (13.6)
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Assume to begin with that (13.5) holds, and set

I := [ x; f (x)]; J := [ f (x); f 2(x)]:

Then I ! J , J ! J , and J ! I . Now let p � 2, and consider the chain of intervals

I ! J ! � � � ! J| {z }
p� 1 times

! I

Corollary 13.6 implies that f has a point y of period p in I . Now suppose that
p � 4 and that the minimal period m of y is less thanp. Then y = f m (y) 2 J , and
hencey 2 I \ J , i.e. y = f (x). But then by (13.4) we havef i (f (x)) 2 J for all
1 � i � p � 1. This is false fori = 2.

Finally, if (13.6) holds, the argument proceeds similarly, withI = [ x; f 2(x)] and
J = [ f 2(x); f (x)].

Corollary 13.7 should be thought of as a \baby" version of the Sharkovsky
Theorem that we will state and prove next lecture. We next introduce the notion
of a turbulent dynamical system, which will be helpful in the proof of Theorem
12.1.

Definition 13.8. Let f : [0; 1] ! [0; 1] be a dynamical system. We say thatf is
turbulent if there exist two closed intervalsI; J � [0; 1] such that I \ J contains
at most one point and such that

I [ J � f (I ) \ f (J ):

Equivalently, this means that all four of the following holds:

I ! f I; I ! f J; J ! f I; J ! f J:

We call (I; J ) a turbulent pair for f . If I and J can be chosen such thatI \ J is
empty then we sayf is strictly turbulent , and that (I; J ) is a strictly turbulent
pair .

On Problem Sheet G you will show that iff is (strictly) turbulent then f k is
also (strictly) turbulent for all k � 1 (see part (i) of Problem G.5).

Example 13.9. The tent map � : [0; 1] ! [0; 1] is turbulent. Indeed, one may take
I = [0; 1=2] and J = [1=2; 1]. However it is easy to see that the tent map is not
strictly turbulent.

Remark 13.10. In the literature the name \horseshoe" is often used for what we
have called a turbulent pair. Whilst this is certainly a visually appealing moniker,
we will not use it. This is because there is another dynamical system commonly
referred to as a horseshoe. This is a di�erentiable dynamical system on the square
[0; 1]2. We will study it next semester in the context of hyperbolic dynamics (see
De�nition 47.11 in Lecture 47).

The next result gives an equivalent formulation of the turbulence condition.
The proof is deferred to Problem Sheet G.
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Lemma 13.11. A dynamical systemf : [0; 1] ! [0; 1] is turbulent if and only if
there existsa; b; c2 [0; 1] such that

c 2 ((a; b)); f (a) = f (b) = a; f (c) = b: (13.7)

Turbulent maps have periodic points of all orders.

Proposition 13.12. Let f : [0; 1] ! [0; 1] be turbulent. Then f has a periodic
point of minimal period 3.

Proof. Assume to begin with thatf is strictly turbulent, and let ( I; J ) be a strictly
turbulent pair. Then we have a chain of intervalsI ! J ! J ! I , and hence by
Corollary 13.6, there is a point of period 3. SinceI \ J = ; , this point is not a
�xed point by (13.4).

Now assumef is just turbulent, and let ( I; J ) denote a turbulent pair. Then
without loss of generality we may writeI = [ a; b] and J = [ b; c] wherea < b < c. If
b is not a �xed point then we can argue as before. If insteadb is a �xed point of f
then we proceed as follows. Set

z := min f x � b j f (x) 2 f a; cgg:

Then the image of [b; z) under f contains neithera or c. Thus f
�
[z; c]

�
contains

both a and c since [a; c] � f
�
[b; c]

�
. Therefore [z; c] � f

�
[z; c]

�
, and hence (I; [z; c])

is a strictly turbulent pair for f . This completes the proof.

The converse to Proposition 13.12 is not true: there exist dynamical systems
which have a periodic point of minimal period 3 but are not turbulent. Let us now
connect turbulence with the results from last lecture.

Proposition 13.13. Let f : [0; 1] ! [0; 1] be mixing. Thenf 2 is strictly turbulent.

The proof of Proposition 13.13 is deferred until next lecture (see Proposition
14.12), when we will prove it at the same time as the Sharkovsky Theorem. For now
we concentrate on �nishing the proof of Theorem 12.1. This requires a preliminary
lemma, whose proof is deferred to Problem Sheet G.

Lemma 13.14. Let f : [0; 1] ! [0; 1] be a mixing dynamical system. Suppose that
0 =2 f

�
(0; 1]

�
. Then there exists a sequence(xk) of �xed points of f such that

xk ! 0.

Proposition 13.15. Let f : [0; 1] ! [0; 1] be a transitive dynamical system which
has at least two �xed points. Thenf is turbulent.

Proof. Suppose thatf is transitive and has at least two �xed points. Then by
Corollary 12.16,f is mixing. The closed set�x (f ) has empty interior by transitivity,
and hence we may assume that there exist �xed points 0� a < b � 1 such that
(a; b) \ �x (f ) = ; . Thus either f (x) > x for all x 2 (a; b), or f (x) < x for all
x 2 (a; b). We prove the �rst case only; the latter is similar.

If f (x) > a for all x 2 (a;1] then [a;1] is an invariant set. By transitivity,
this implies a = 0. But then by Lemma 13.14 there exists a whole sequence of
�xed points xk of f tending to 0. This contradicts the hypothesis there are no �xed
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points in (a; b). Therefore there existsz 2 (a;1] such that f (z) � a. Sincef (x) > x
for all x 2 (a; b), we must havez 2 (b;1]. Moreover sincef (b) = b > a, by the
Intermediate Value Theorem there exists a point in (b; z] which maps ontoa. We
can therefore de�ne

d := min f x 2 (a;1] j f (x) = ag:

Suppose thatf (x) 6= d for all x 2 (a; d). Then f (x) < d for all x 2 (a; d), and
minimality of d implies that f (x) > a for all x 2 (a; d). This means that [a; d] is an
invariant set. As before, this forcesa = 0 and d = 1. But this then implies that 1
is not the image off , and this contradicts the fact that f is surjective by part (iii)
of Lemma 12.8.

We can therefore de�ne

c := min f x 2 (a; d) j f (x) = dg:

Then
f

�
[a; c]

�
= [ a; d] = f

�
[c; d]

�
:

Thus
�
[a; c]; [c; d]

�
is a turbulent pair for f . This completes the proof.

Corollary 13.16. Let f : [0; 1] ! [0; 1] be transitive. Then f 2 is turbulent.

Proof. If f is mixing then f 2 is turbulent by Proposition 13.13. If f is not mixing,
then by Proposition 12.14,f has a unique �xed pointa, which lies strictly between
0 and 1. Moreover

f
�
[0; a]

�
= [ a;1]; f

�
[a;1]

�
= [0; a];

and both f 2j [0;a] : [0; a] ! [0; a] and f 2j [a;1] : [a;1] ! [a;1] are mixing dynamical
systems. The mapf 2j [0;a] has at least two �xed points by part (i) of Lemma 12.8
(sincea is a �xed point of f 2jj [0;a]). Thus by Proposition 13.15,f 2j [0;a] is turbulent,
and hence alsof 2 is turbulent.

We now connect turbulence to entropy. It is the �nal step needed for Theorem
12.1.

Theorem 13.17. Let f : [0; 1] ! [0; 1] be a turbulent dynamical system. Then
htop (f ) � log 2.

Proof. We prove only the case wheref is strictly turbulent (which is su�cient for
the proof of Theorem 12.1). The extension to the turbulent case is left for you on
Problem Sheet G (see part (iii) of Problem G.5.)

So let (I 0; I 1) be a strictly turbulent pair. Choose disjoint open setsU0; U1 such
that I 0 � U0 and I 1 � U1. Set U2 := [0; 1] n (I 0 [ I 1). Then U = f U0; U1; U2g is an
open cover of [0; 1]. We shall prove that

h� (f; U) � log 2:

Fix k 2 N and let (i 0; : : : ; ik� 1) be a k-tuple, wherei j 2 f 0; 1g for eachj . De�ne

C(i 0; : : : ; ik� 1) :=
�

x 2 [0; 1] j f j (x) 2 I i j ; 8 0 � j � k � 1
	

:
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Then by Lemma 13.5, each setC(i 0; : : : ; ik� 1) is nonempty. Moreover it is contained
in a unique element of the coverU(f; k ), namely:

C(i 0; : : : ; ik� 1) � Ui 0 \ f � 1
�
Ui 1

�
\ � � � \ f � (k� 1)

�
Ui k � 1

�
:

Since there are 2k di�erent choices of tuples (i 0; : : : ; ik� 1), this shows that

min U(f; k ) � 2k :

Thus
h� (f; U) � lim

k!1

1
k

log 2k = log 2:

This completes the proof.

Modulo the proof of Proposition 13.13, which will come next lecture, we can
now �nally prove Theorem 12.1, which for convenience we restate for transitive
systems.

Theorem 13.18. Let f : [0; 1] ! [0; 1] be transitive. Then htop (f ) � log
p

2.

Proof. Corollary 13.16 tells us that f 2 is turbulent. Then htop (f 2) � log 2 by
Theorem 13.17. Thereforehtop (f ) � 1

2 log 2 = log
p

2 by Problem D.2.

Remark 13.19. With a bit more work, one can show that if f : [0; 1] ! [0; 1]
is transitive and hashtop (f ) = log

p
2 then f is conjugate to the system de�ned

in Remark 12.4. Moreover iff : [0; 1] ! [0; 1] has at least two �xed points and
htop (f ) = log 2 then f is conjugate to the tent map.
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LECTURE 14

The Sharkovsky Theorem

In today's lecture we state and prove the famousSharkovsky Theorem, which can
be thought of as a massive generalisation of Corollary 13.7. Along the way we will
also wrap up the one remaining result from the last two lectures that has yet to be
proved (Proposition 13.13).

Definition 14.1. We de�ne a new ordering� on N called theSharkovsky order-
ing such that 1 is the smallest number and 3 is the largest number. Any element
n 2 N can be written uniquely asn = 2 r p where p is odd andr 2 N [ f 0g. The
ordering is given as follows:

1 � 2 � 4 � � � � � 2r � 2r +1 � � � �

� � � �

� 2r (2k + 1) � 2r (2k � 1) � � � � 2r 7 � 2r 5 � 2r 3

� 2r � 1(2k + 1) � 2r � 1(2k � 1) � � � � 2r � 17 � 2r � 15 � 2r � 13

� � � �

� 2k + 1 � 2k � 1 � � � � 7 � 5 � 3:

The symbols� , � , and � are de�ned from � as you would expect.

Here is the main result of today's lecture.

Theorem 14.2 (The Sharkovsky Theorem). Let f : [0; 1] ! [0; 1] be a dynamical
system. If f has a periodic point with periodn > 1 then f has a periodic point
with period k for all k � n.

Corollary 13.7 is of course a baby case of Theorem 14.2, since by de�nitionk � 3
for all k 2 N. Although not strictly necessary, the proof of the Sharkovsky Theorem
can be made more visual by introducing the notion of agraph of a periodic orbit.

Definition 14.3. Let f : [0; 1] ! [0; 1] be a dynamical system, and supposex 2
[0; 1] is a periodic point of minimal periodp � 2. Enumerate the orbit as

Of (x) = f x1 < x 2 < � � � < x pg;

and let
I i := [ x i ; x i +1 ]; 1 � i � p � 1:

The graph of the periodic orbit Of (x) is the directed graph G
�
Of (x)

�
with

vertex set
V

�
Of (x)

�
= f I i j 1 � i � p � 1g;

and such that there is an edge fromI i to I j if and only if

I j � Jf (x i ); f (x i +1 )K (14.1)

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Remark 14.4. Warning: Equation (14.1) isnot quite the same as requiring that
I j � f (I i ). We will therefore use abold arrow to denote this relation:

I i !! I j , (14.1) is satis�ed.

Since we always have (by the Intermediate Value Theorem) that

Jf (x i ); f (x i +1 )K� f (I i );

we see that (14.1) is a stronger condition than De�nition 13.2, i.e.

I i !! I j ) I i ! I j :

See Figure 14.1 below for an example of such a graphG
�
Of (x)

�
. The following

lemma is (almost) immediate from the de�nition; see Problem G.4.

Lemma 14.5. Let J 2 V
�
Of (x)

�
, and supposey 2 @J. Then there is a unique

vertex K 2 V
�
Of (x)

�
such that J !! K and such that f (y) 2 @K.

Definition 14.6. A cycle of length k is a cycleJ0 !! J1 !! � � � !! Jk� 1 !! J0 in
the graph G

�
Of (x)

�
. A cycle is calledprimitive if it is not obtained by iterating

a shorter cycle.

We will be interested in a special class of cycles.

Definition 14.7. Supposex has minimal period p. A cycle J0 !! J1 !! � � � !!
Jp� 1 !! J0 of length p in the graph G

�
Of (x)

�
is calledfundamental if there exists

an endpoint1 y of J0 such that

f k(y) 2 @Jk for all 0 � k � p � 1:

It is not immediate from the de�nition that fundamental cycles exist. Let us
prove that they do.

Proposition 14.8. Let x be a periodic point of periodp. There exists a unique
(up to cyclic permutation) fundamental cycle in the graphG

�
Of (x)

�
. Moreover in

the fundamental cycle, no vertex appears more than twice, and at least one vertex
appears exactly twice. The fundamental cycle can be decomposed into two shorter
primitive cycles.

Proof. Let Of (x) = f x1 < x 2 < � � � < x pg and set I i := [ x i ; x i +1 ] for i = 1; : : : ; p �
1. Set J0 := I 1. Lemma 14.5 tells us there exists a unique sequence (Jk)k� 0 �
V

�
Of (x)

�
such that

f k(x1) 2 @Jk ; and Jk !! Jk+1 : (14.2)

Sincef p(x1) = x1 and x1 < x i for 2 � i � p, the interval Jp must be equal toJ0.
Thus J0 !! J1 !! � � � Jp� 1 !! J0 is a fundamental cycle. This proves existence.

To prove uniqueness, supposeK 0 !! K 1 !! � � � !! K p� 1 !! K 0 is another
fundamental cycle. Lety 2 @K0 satisfy f k(y) 2 @Kk for eachk. There exists a

1Note that if y is an endpoint of a vertex in G
�
Of (x)

�
then y must belong to Of (x).
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unique 0 � j � p � 1 such that y = f j (x1). Then f p� j (y) = f p(x1) = x1 is an
endpoint of K p� j . Thus K p� j = J0, and the uniqueness part of Lemma 14.5 tells
us that

(K 0; K 1; : : : ; K p� 1; K 0) = ( Jj ; Jj +1 ; : : : ; Jp� 1; J0; J1; : : : ; Jj ):

Thus the fundamental cycle is unique up to a cyclic permutation.
Next, for each 1� k � p� 1, there exist two distinct integersi; j such that I k =

[f i (x1); f j (x1)]. Therefore Ji and Jj are the only two vertices of the fundamental
cycle that may be equal toI k . Thus each vertexI k appears at most twice in the
fundamental cycle. Since the fundamental cycle has lengthp and there are only
p � 1 vertices inG

�
Of (x)

�
, at least one vertex must appear exactly twice.

Finally, if we cut the fundamental cycle at the unique vertex that appears twice,
we obtain two shorter cycles. Each of these cycles is necessarily primitive.

We now reinterpret Lemma 13.6 in terms of the graph of a periodic orbit. This
lemma shows us how to �nd other periodic points off provided we understand the
structure of the graph of one periodic orbit.

Lemma 14.9. Let f : [0; 1] ! [0; 1] be a dynamical system, and supposex is a
periodic point. Suppose the graphG

�
Of (x)

�
contains a primitive cycleJ0 !! J1 !!

� � � !! Jq� 1 !! J0 of length q. Then there exists a periodic pointy of minimal period
q such that f i (y) 2 Ji for each1 � i � q � 1.

Proof. By Corollary 13.6 there exists a periodic pointy with (not necessarily)
minimal period q such that f i (y) 2 Ji for each 1� i � q � 1.

Supposey has minimal periodm. Then m divides q. If f i (y) =2 O f (x) for each
0 � i � q� 1 then Ji is the unique vertex ofG

�
Of (x)

�
containing f i (y). Therefore

m = q, as otherwise the cycle would not be primitive.
Now suppose there exists 0� i � q � 1 such that f i (y) 2 O f (x). Then

y = f q� i (f i (y)) 2 O f (x), and thus x also has periodq. SinceJ0 !! J1 !! � � � !!
Jq� 1 !! J0 is primitive, it must be equal to the fundamental cycle ofG

�
Of (x)

�
.

Thus x (and hence alsoy) has minimal periodq. This completes the proof.

Corollary 14.10. Let f : [0; 1] ! [0; 1] be a dynamical system. Assumef has a
periodic point which is not a �xed point. Then f has a point of period 2.

Proof. Let p > 1 denote the minimal period of a periodic point, and supposep � 3.
Supposex has a periodp. By Proposition 14.8 the fundamental cycle of the graph
G

�
Of (x)

�
can be decomposed into two shorter primitive cycles. Thus one of them

has length 2� q � p � 1. Then Lemma 14.9 tells us thatf has a periodic point
of minimal period q. This contradicts the choice ofp, and thus completes the
proof.

We now have three pieces of evidence for the Sharkovsky ordering:

� 1 should be the smallest number, since every dynamical systemf : [0; 1] !
[0; 1] has a �xed point (Lemma 12.7).

� 3 should be the largest number, since the existence of a point of period 3
implies the existence of all other orders (Corollary 13.7).
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� 2 should be the second smallest number, since the existence of a point of
period greater than 2 implies the existence of a point of period 2 (Corollary
14.10).

The proof of the Sharkovsky Theorem has one more crucial ingredient. The next
result tells us exactly the structure of the graph of a periodic orbit of minimal odd
period.

Proposition 14.11. Supposef : [0; 1] ! [0; 1] is a dynamical system admitting a
periodic point x of odd period p � 3. Assume moreover thatf has no periodic
points of odd order1 < q < p . Let z 2 O f (x) denote the middle point (so that
there are 1

2(p � 1) points on the orbit smaller than z and 1
2(p � 1) points on the

orbit larger than z). If z < f (z) then the points on the orbit of x are ordered as2

f p� 1(z) < f p� 3(z) < � � � < f 2(z) < z < f (z) < f 3(z) < � � � < f p� 2(z):

If z > f (z) then the reverse order holds.

This proof is non-examinable, as it is rather tricky.

( | ) Proof. The casep = 3 is easy (see the proof of Corollary 13.7), so we will
assumep � 5. By Proposition 14.8 there is a (unique up to ordering) fundamental
cycle of lengthp, which can be decomposed as two shorter primitive cycles. One of
these cycles has odd lengthl, say (since their lengths sum top). The hypotheses
together with Lemma 14.9 imply that l = 1. Thus the fundamental cycle can be
written as

J1 !! J1 !! J2 !! � � � !! Jp� 1 !! J1;

whereJi 6= J1 for each 2� i � p � 1. In fact, this cycle has three more properties:

� The verticesJ2; : : : ; Jp� 1 are all distinct.

� For 2 � i � p � 2, there is no edgeJi !! J1.

� If 1 � i; j � p � 1 are such thatj � i + 2 then there is no edgeJi !! Jj .

To prove the �rst bullet point, suppose Ji = Jj for 2 � i < j � p � 1. Then there
is a primitive cycle

J1 !! J2 !! � � � Ji = Jj !! Jj +1 !! � � � !! Jp� 1 !! J1

of length p + i � j � 1. If this number is odd, by Lemma 14.9 we �nd a periodic
point with period p + i � j � 1 < p, which contradicts the choice ofp. If instead
p + i � j � 1 is even then we simply add an additionalJ1 at the front:

J1 !! J1 !! J2 !! � � � Ji = Jj !! Jj +1 !! � � � !! Jp� 1 !! J1

This is a primitive cycle of odd lengthp + i � j < p , and Lemma 14.9 again gives
us a periodic point of minimal periodp + i � j , which contradicts the choice ofp.
The proof of the second and third bullet points goes along similar lines.

2If p = 3 this should be read asf 2(z) < z < f (z).
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Now write Of (x) = f x1 < � � � < x pg and set I i = [ x i ; x i +1 ] for i = 1; : : : ; p � 1.
Let 1 � k � p � 1 be the integer such thatJ1 = I k . Abbreviate by z := xk . We
have shown that the only two edges emanating fromJ1 are J1 !! J1 and J1 !! J2.
Thus J2 and J1 have a common endpoint, and henceJ2 is either equal toI k+1 or
I k� 1. This means that we are now in one of two possible situations:

(i) J2 = I k+1 , so that xk+1 = f (z) and xk� 1 = f 2(z).

(ii) J2 = I k� 1, so that z = f (xk+1 ) and xk+2 = f 2(xk+1 ).

Suppose to begin with that case (i) holds. We must havef 3(z) > z , otherwise there
would be an arrowJ2 !! J1. Thus f 3(z) = x i for somei � k + 2. Since there is an
arrow J2 !! J3 and there are no arrowsJ2 !! Jj for j > 3, the only possibility is
that f 3(z) = xk+2 , and thus J3 = [ f (z); f 3(z)] = I k+1 .

Next, we claim that f 4(z) < f 2(z). Indeed, if f 4(z) > f 2(z) then also f 4(z) >
f 3(z) = xk+2 , and henceJ3 !! J1. This is not possible. Thusf 4(z) < f 2(z). Since
there is an arrowJ3 !! J4 and there are no arrowsJ3 !! Jj for j � 5, the only
possibility is that f 4(z) = xk� 2 and that J4 = [ f 4(z); f 2(z)].

Continuing in a similar vein, we �nd that the points on the orbits are ordered
as

f p� 1(z) < f p� 3(z) < � � � < f 2(z) < z < f (z) < f 3(z) < � � � < f p� 2(z):

The point z is necessarily the middle point on the orbit, as the above shows. More-
over f (z) > z . The graph G

�
Of (x)

�
takes the form given in Figure 14.1.

Figure 14.1: The fundamental cycle from Proposition 14.11.

Finally, if case (ii) holds then we end up with the reverse order

f p� 2(z) < � � � < f 3(z) < f (z) < z < f 2(z) < � � � f p� 3(z) < � � � < f p� 1(z):

Again, z is necessarily the middle point on the orbit, and this timef (z) < z . This
completes the proof.

5



Before proceeding with the proof of the Sharkovsky Theorem, let us go back
and prove Proposition 13.13. For convenience, we restate it here:

Proposition 14.12. Let f : [0; 1] ! [0; 1] be mixing. Thenf 2 is strictly turbulent.

Proof. By Corollary 12.11f has a periodic pointx of odd minimal period at least
3. By Proposition 14.11 we may assume that there existsz 2 O f (x) such that,
writing zi := f i (z), one has either3

zp� 1 < z p� 3 < � � � < z 2 < z 0 < z 1 < z 3 < � � � < z p� 2

or the reverse order. We prove only the case where the order is as above; the
argument for the reverse order is similar. We �nd four pointsa; b; c; dsuch that

zp� 1 < a < b < z p� 3 < c < d < z 1 (14.3)

such that
f 2

�
[a; b]

�
= f 2

�
[c; d]

�
= [ zp� 1; z1]: (14.4)

Combining (14.3) and (14.4) shows that
�
[a; b]; [c; d]

�
form a strictly turbulent pair

for f 2.

� The point d: We start with d. Since4 [z0; z1] ! f [z2; z0], by Lemma 12.7 there
exists d 2 (z0; z1) such that f (d) = z0. Then f 2(d) = f (z0) = z1.

� The point a: Since [zp� 1; zp� 3] ! f 2 [zp� 1; z1], there exists a pointa 2 (zp� 1; zp� 3)
such that f 2(a) = z1.

� The point b: We have [a; zp� 3] ! f 2 [zp� 1; d], and thus there existsb2 (a; zp� 3)
such that f 2(b) = zp� 1.

� The point c: Finally, since [zp� 3; d] ! f 2 [zp� 1; z1] there existsc 2 (zp� 3; d)
such that f 2(c) = zp� 1.

This completes the proof.

Remark 14.13. Here is a simpler argument5 that proves that if f : [0; 1] ! [0; 1] is
mixing then f 2 is turbulent (this weaker conclusion is in fact su�cient for Theorem
12.1, cf. Corollary 13.16).

If f is mixing then f has a periodic point of odd order at least three by Corollary
12.11. Thus by Corollary 14.10,f has a periodic point of period 2. Thusf 2 has at
least two �xed points. Finally, Problem C.3 tells us that f 2 is transitive, and hence
Proposition 13.15 tells us thatf 2 is turbulent.

With this out the way, we now move onto the proof of the Sharkovsky Theorem.
We need one more lemma, whose proof is trivial and left as an exercise.

Lemma 14.14. Let f : [0; 1] ! [0; 1] be a dynamical system.

3As in the statement of Proposition 14.11, if p = 3 this should be read asz2 < z 0 < z 1. The
rest of the proof is formally identical.

4Note these arrows are not bold, cf. Remark 14.4.
5Thanks to A. Musso for this argument.
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(i) Supposex is a periodic point off with minimal period p. Then for any k � 1,
x is also periodic forf k . The minimal period of x for f k is given by p

r , where
r := gcd(p; k).

(ii) Supposex is a periodic point off k with minimal period q. Then there exists
a divisor r of k with gcd(r; q) = 1 such that x is a periodic point of f with
minimal period qk

r .

The following proof is non-examinable.

( | ) Proof of the Sharkovsky Theorem 14.2.We prove the result in two steps.

1. In this �rst step, we will show that if p � 3 is an odd integer andf has a
point of period p then for any k � p, f also has a periodic point of minimal period
k.

We may assume (by de�nition of the Sharkovsky ordering) thatp is the smallest
odd period. For such ap, the graph of the periodic orbit is given by Figure 14.1.
We continue to use the notation established in the proof of Proposition 14.11. Ifk
is even and 2� k � p � 1 then

Jp� k !! Jp� k+1 !! � � � !! Jp� 1 !! Jp� k

is a primitive cycle of lengthk, and thus by Lemma 14.9,f has a point of period
k. If instead k is greater than p, we add k � p times the cycleJ1 !! J1 onto the
end of the fundamental cycle to obtain a primitive cycle of lengthk. Lemma 14.9
then gives the desired periodic point again.

2. We now prove the general case. Supposef has a periodic pointx with
minimal period n = 2 r p, wherep � 1 is odd. Supposek � n. We will prove that f
has a point of periodk. There are four cases to consider:

(i) If k = 1 then we are done by Lemma 12.7.

(ii) Supposep = 1 and k = 2 s for some 0< s < r . Then by part (i) of Lemma
14.14, x is periodic for g := f k=2, with minimal period 2r � s+1 > 1. By
Corollary 14.10,g has a periodic pointy of minimal period 2. Then y is a
periodic point of f with minimal period 2s = k by part (ii) of Lemma 14.14.

(iii) Suppose p > 1 and k = 2 r m for m � 2 an even number. By part (i) of
Lemma 14.14,x is periodic forg = f 2r

with minimal period p. Sincep is odd
and greater than 1,g has a periodic pointy of period m by Step 1. Theny
is periodic for f with minimal period k = 2 r m by part (ii) of Lemma 14.14.

(iv) Supposep > 1 and k = 2 r m where q > p is an odd number. By part (i) of
Lemma 14.14 again,x is periodic for g = f 2r

of minimal period p, and then
as before Step 1 tells us thatg has a periodic pointy of minimal period q.
Then by part (ii) of Lemma 14.14 there exists an integer 1� s � r such that
y is periodic for f with minimal period 2sq. If s = r we are done. If not, set
m := 2 r � sq, so that k = 2 sm with m even. We have just shown thatf has
a periodic point of period 2sm, and thus by case (iii) applied toy, we �nd
another periodic point z with minimal period 2r m = k. This completes the
proof.
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We conclude our discussion of dynamical systems on the interval by explaining
how the Sharkovsky Theorem is in some sense, sharp.

Definition 14.15. Let f : [0; 1] ! [0; 1] be a dynamical system. We de�ne the
type of f to be the subset

} (f ) := f k 2 N j f has a periodic point of periodkg:

The Sharkovsky Theorem therefore tells us that for any systemf , the type of f is
either of the form } (f ) = f k 2 N j k � pg for somep 2 N, or } (f ) =

�
2k j k � 0

	
.

In fact, all such possibilities are realised. This is the content of the next theorem,
which sadly we do not have time to prove.

Theorem 14.16. There exist dynamical systems on[0; 1] of all possible types.
More precisely:

(i) Let p 2 N. There exists a dynamical systemf : [0; 1] ! [0; 1] such that

} (f ) := f k 2 N j k � pg:

(ii) There exists a dynamical systemf : [0; 1] ! [0; 1] such that

} (f ) =
�

2k j k � 0
	

:
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LECTURE 15

Rotation Numbers

For the next few lectures we shift attention from the interval [0; 1] to the circle
S1. Moreover we will focus exclusively on reversible systems. This means that
topological entropy is no longer a useful invariant (since all such systems have zero
entropy, cf. Proposition 8.8). Nevertheless, some systems are more complicated
than others.

Our model example is the circle rotation� � . As we have seen, for� rational the
dynamics are easy to understand, meanwhile for� irrational the dynamics can be
much wilder.

The main goal of today's lecture is to associate arotation number to an
arbitrary orientation-preserving (see De�nition 15.2 below) reversible dynamical
systemf : S1 ! S1, denoted by rot(f ). The rotation number is an element ofS1.
The main properties of the rotation number are:

� The rotation number of a circle rotation is given by (surprise!) rot(� � ) = � .

� If rot( f ) is rational, the dynamics are simple: f has periodic points, and
every orbit is either periodic or asymptotic to a periodic orbit. Thusf is not
transitive.

� If rot( f ) is irrational, the dynamics are more complicated: either all orbits
are dense or all orbits are asymptotic to a Cantor set.

Perhaps most amazingly of all, the Poincar�e Classi�cation Theorem (which we
will prove as Theorem 17.6 in Lecture 17) shows that for transitive orientation-
preserving systems, the rotation number is acomplete dynamical invariant , in
the sense that two such systems are conjugateif and only if they have the same
rotation number.

Throughout our discussion on rotation numbers, we will typically usez; w to
indicates points inS1 and x; y to indicate points in R. Denote by� : R ! R

�
Z = S1

the projection. Given z 2 S1, we say a pointx 2 R is a lift of z if � (x) = z. It
is often convenient to identify an element ofS1 (which is, formally, an equivalence
class) with its representative in [0; 1). With this convention,

� (x) = x � b xc:

Proposition 15.1. Let f : S1 ! S1 be a reversible dynamical system. There exists
a reversible dynamical systemF : R ! R such that � � F = f � � :

R R

S1 S1

F

� �

f

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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The map F is strictly monotone and unique up to an additive integer constant.

We call F a lift of f . Note that f is a factor of F . The following proof uses
some elementary algebraic topology, and is therefore non-examinable.

( | ) Proof. The map f � � : R ! S1 can be lifted to a continuous map

R

R S1 S1

�F

� f

(15.1)

This follows from the fact that � : R ! S1 is the universal cover 1 of S1. The map
F is not unique, but it is up to an integer constant. Indeed, ifF 0 is another map
such that � � F 0 = f � � then the function F � F 0: R ! R is a continuous function
that takes values inZ � R. Such a function is necessarily constant. It remains to
show that F is reversible. SupposeG is a lift of f � 1, so that the following diagram
commutes:

R

R S1 S1

�G

� f � 1

(15.2)

Then by concatenating the commuting diagrams (15.1) and (15.2) together we see
that the following commutes:

R

R

R S1 S1 S1

�

�

G

F

� f g

But since f � g = id the following diagram also commutes

R

R S1 S1

�G� F

� id

1This is covered in any introductory text on algebraic topology. For instance, I did it in my
lectures notes here.
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Another map that makes this diagram commute is the identity map onR:

R

R S1 S1

�id

� id

Thus by the already established uniqueness of lifts we see thatG � F = id + k for
some constantk 2 Z. Therefore if we replaceG by G0(x) := G(x) � k then G is
another lift of f � 1 and G0� F = id. Similarly F � G0 = id. Thus F is reversible, as
claimed.

Definition 15.2. We say that a reversible dynamical systemf : S1 ! S1 is
orientation-preserving if F is increasing for some (and hence any) liftF of f .
Similarly we say that a reversible dynamical systemf : S1 ! S1 is orientation-
reversing if F is decreasing for some (and hence any) liftF of f .

Example 15.3. The circle rotation � � is orientation-preserving. Indeed, a lift of� �

is given by
R� (x) := x + �; (15.3)

(where we think of� as a number in [0; 1)) which is increasing. On the other hand,
the map

~� � (x) := � x + � mod 1

is orientation-reversing.

( | ) Remark 15.4. The notion of orientability is one of those concepts that regu-
larly confuses students, since there are so many di�erent ways to de�ne it. For
instance, in Algebraic Topology one typically de�nes an orientation-preserving
map f : S1 ! S1 as one for which the induced mapf ? : H1(S1; Z) ! H1(S1; Z)
is multiplication by a positive constant. Meanwhile in Di�erential Geometry an
orientation-preserving map is one that preserves an equivalence class of volume
forms. Nevertheless, you will be reassured to know thatall these de�nitions are
equivalent. You are invited to try proving this.

From now on we will focus on orientation-preserving dynamical systems. On
Problem Sheet H the orientation-reversing case is explored.

Lemma 15.5. Supposef : S1 ! S1 is an orientation-preserving reversible dynami-
cal system. LetF : R ! R denote a lift of f . Then

F (x + k) = F (x) + k; 8 x 2 R; k 2 Z:

Proof. Immediate from the proof of Proposition 15.1.

Proposition 15.6. Let f : S1 ! S1 be an orientation-preserving reversible dy-
namical system. LetF denote a lift of f , and de�ne

rot(F ) := lim
k!1

F k(x) � x
k

:
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Then the limit rot(F ) exists and is a �nite real number which is independent of the
choice ofx 2 R. Moreover if

rot( f ) := � (rot( F ))

then rot( f ) is independent of the choice of liftF .

One should think of rot(f ) as measuring the average speed off .

Proof. Let us �rst check that rot( F ) is independent ofx 2 R. SinceF (x + 1) =
F (x) + 1, it is su�cient to prove independence of x 2 [0; 1). If x; y 2 [0; 1) then
one hasjF (x) � F (y)j < 1, and hence alsojF k(x) � F k(y)j < 1 for all k 2 N. Thus
for suchx; y,

�
�
�
�
1
k

�
F k(x) � x

�
�

1
k

�
F k(y) � y

�
�
�
�
� �

1
k

�
jF k(x) � F k(y)j + jx � yj

�

�
2
k

! 0:

Now let us show that the limit exists. Fix x 2 R and set xk := F k(x). Set
yk := xk � x, and note that

yk � min
z2 [0;1]

�
F (t) � t

�

by Lemma 15.5. In particular, (yk) is uniformly bounded below. Next we compute

yk+ n = F k+ n (x) � x

= F n (xk) � xk + xk � x
(~ )
= F n (xk) � F n (x + bykc)

| {z }
� 1

+ F n (x + bykc) � (x + bykc)
| {z }

= yn

+ xk � x| {z }
= yk

+ x � xk + bykc
| {z }

� 0

� 1 + yn + yk ;

where in (~ ) we used Lemma 15.5 to identify the second term withyn . We would
like to apply Fekete's Lemma 7.7. Unfortunately the sequence (yk) is not quite
subadditive, but if we de�ne ak := yk + 1 then (ak) is subadditive and bounded
below. Therefore by Lemma 7.7 the sequence

�
1
k ak

�
converges to infk 1

k ak , and
hence also

�
1
k yk

�
converges to infk 1

k yk . This proves that rot(F ) is a well-de�ned
�nite number.

Finally, if G is another lift of g then G = F + k for somek 2 Z. It is clear
from the de�nition that rot( F + k) = rot( F ) + k, and hence rot(f ) := � (rot( F )) is
independent of the choice of liftF . This completes the proof.

Note that this shows that there exists a unique liftF of f such that rot(F ) =
rot( f ) (i.e. there exists a unique liftF of f such that rot(F ) 2 [0; 1).)

Definition 15.7. Let f : S1 ! S1 denote an orientation-preserving reversible dy-
namical system. We call the number rot(f ) 2 S1 the rotation number of f .
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A trivial example is given by an actual rotation.

Example 15.8. The rotation number of a circle rotation is given by

rot( � � ) = �:

Indeed, this is immediate if we take the liftR� of � � from (15.3):

rot(R� ) = lim
k!1

Rk
� (x) � x

k

= lim
k!1

k�
k

= �:

The rotation number is a dynamical invariant of orientation-preserving re-
versible dynamical systems.

Proposition 15.9. The rotation number is invariant under conjugacies that pre-
serve orientation.

Proof. Let h : S1 ! S1 denote an orientation-preserving homeomorphism. We will
show that rot(h� 1fh ) = rot( f ). Let H : R ! R and F : R ! R denote lifts of h
and f respectively. Then since

� � H � 1 = h� 1 � h � � � H � 1 = h� 1 � �;

we see thatH � 1 is a lift of h� 1. Similarly since

� � H � 1 � F � H = h� 1 � � � F � H = h� 1 � f � � � H = h� 1 � f � h � �;

we see thatH � 1FH is a lift of h� 1fh . We may assume thatH is chosen so that
H (0) 2 [0; 1). We want to estimate

�
�
�
�
H � 1FH

� k
(x) � F k(x)

�
�
� =

�
�H � 1F kH (x) � F k(x)

�
� :

For x 2 [0; 1), we have

� 1 < H (x) � x � H (x) < H (1) < 2;

and hence by periodicity we have

jH (x) � xj < 2; 8 x 2 R:

Similarly jH � 1(x) � xj < 2 for all x 2 R. Next, observe that if jy � xj < 2 then also�
�F k(y) � F k(x)

�
� < 3. Indeed, if jy � xj < 2 then alsojbyc � b xcj � 2, and hence

� 3 � b yc � b xc � 1
(~ )
= F k

�
byc

�
� F k

�
bxc + 1

�

< F k(y) � F k(x)

< F k
�

byc + 1) � F k
�

bxc
�

= byc + 1 � b xc � 3;
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where (~ ) once again used Lemma 15.5. Thus
�
�H � 1F kH (x) � F k(x)

�
� �

�
�H � 1F kH (x) � F kH (x)

�
� +

�
�F kH (x) � F k(x)

�
�

� 2 + 3 = 5 ;

and hence �
�
�(H � 1FH )k (x) � F k(x)

�
�
�

k
�

5
k

! 0;

which shows that rot(H � 1FH ) = rot( F ) as required.
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LECTURE 16

Rational Rotation Numbers

In this lecture we continue our investigation of rotation numbers, focusing on the
(less interesting) case where the rotation number is rational. Our �rst observa-
tion is that rationality of the rotation number determines whether an orientation-
preserving reversible dynamical system onS1 has periodic points or not.

Proposition 16.1. Let f : S1 ! S1 be an orientation-preserving reversible dy-
namical system. Thenper(f ) 6= ; if and only if rot( f ) is a rational number.

Proof. Let us �rst show that if f has a periodic pointz 2 S1 of period q then
rot( f ) 2 Q. Let x 2 � � 1(z), and let F denote a lift of f . Then there existsp 2 Z
such that

F q(x) = x + p:

Then for k 2 N one has

F kq(x) � x
kq

=
1
kq

k� 1X

i =0

�
F q(F iq (x)) � F iq (x)

�

=
1
kq

k� 1X

i =0

p =
kp
kq

=
p
q

:

Thus rot(f ) = p
q 2 Q. Conversely, suppose rot(f ) = p

q 2 Q. Observe that for any
n 2 N, one has

rot(F n ) = lim
k!1

1
k

�
(F n )k(x) � x

�

= n lim
k!1

1
nk

�
F nk (x) � x

�

= n rot(F ):

Therefore if rot(f ) = p
q, then rot(f q) = 0 (recall rot( f ) = � (rot( F )).)

It thus su�ces to show that if g is an orientation-preserving reversible dynamical
system with rot(g) = 0 then g has a �xed point. Suppose for contradiction that
this is not the case. LetG be the unique lift of g with G(0) 2 [0; 1). Sinceg has
no �xed points, G(x) � x is never an integer, and hence 0< G (x) � x < 1 for all
x 2 R. SinceG � id is continuous on [0; 1], it achieves its minimum and maximum.
Thus there exists� > 0 such that � � G(x) � x � 1 � � for all x 2 [0; 1], and then
by periodicity, also for all x 2 R. Now setxk := Gk(0). Since

xk =
k� 1X

i =0

(G(x i ) � x i ) ;
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it follows that k� � xk � (1 � � )k for all k 2 N, and hence

� �
xk

k
� 1 � �; 8 k 2 N:

This implies that rot( G) 2 [�; 1� � ], which is a contradiction. The proof is complete.

For the rest of this lecture we consider the case where the rotation number
is rational. Roughly speaking, the moral of this story is that rational rotation
numbers are boring. The dynamics off will turn out to be trivial: any orbit is
asymptotic to a periodic orbit and any two periodic orbits have the same period.

More precisely, suppose rot(f ) = p
q wherep and q are relatively prime. We will

show that the dynamics off are completely determined by rot(f ), the topology of
the set per(f ) of periodic points off , and the \direction" of the dynamics of f q on
each of the connected components ofS1 n per(f ).

Proposition 16.2. Let f : S1 ! S1 denote an orientation-preserving reversible
dynamical system with rational rotation numberrot( f ) = p

q wherep and q relatively
prime. Then every pointx 2 per(f ) has minimal periodq:

per(f ) = �x (f q):

In fact, if F denotes the unique lift off with rot(F ) = p
q, then a point x 2 R is a

�xed point of F q � p if and only if � (x) is a periodic point off .

Proof. Let F denote the unique lift of f with rot( F ) = p
q. Let z denote a periodic

point, and let x denote a lift of z. Supposez has minimal periodn. Then F n (x) =
x + m for some integerm. Since

p
q

= rot( F ) = lim
k!1

F kn (x) � x
kn

= lim
k!1

mk
nk

=
m
n

;

we see thatm = dp and n = dq for somed. Thus F dq(x) = x + dp. To complete
the proof we claim that d = 1.

Indeed, supposed > 1. Then F q(x) 6= x + p. SupposeF q(x) > x + p. Then by
monotonicity

F 2q(x) � 2p = F q(F q(x) � p) � p > F q(x) � p > x;

and hence by inductionF jq (x) > x + jp for all j . Taking j = d gives a contradiction.
The same argument also gives a contradiction ifF q(x) < x + p. These contradictions
imply that d = 1, and this completes the proof.

Now let us explain how to \order" an q-tuple of points in S1.

Definition 16.3. Given a q-tuple (z0; z1; : : : ; zq� 1) of distinct points in S1, choose
a lift x0 of z0 in R and let x1; : : : ; xq� 1 denote the unique lifts ofz1; : : : ; zq� 1 that
belong to the interval [x0; x0 + 1). Since the x i are real numbers, they are ordered,
say

x0 < x � (1) < x � (2) < � � � < x � (q� 1);

where here� is a permutation of f 1; 2; : : : ; q� 1g. We then de�ne the ordering of
(z0; z1; : : : ; zq� 1) to be (z0; z� (1) ; : : : ; z� (q� 1)).
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Informally, we say that z� (1) is the next point to the right of z0, and similarly
z� ( i +1) is the next point to the right of z� ( i ) . Similarly after having ordered ourq-
tuple, it makes sense to speak of theintervals [z� ( i ) ; z� ( i +1) ] � S1, which explicitly
are given by

[z� ( i ) ; z� ( i +1) ] := �
�
[x � ( i ) ; x � ( i +1) ]

�
:

Example 16.4. Let p; q be relatively prime integers, and letr := p
q. Consider the

rotation � r , and consider theq-tuple
�
0; � r (0); � 2

r (0); : : : ; � q� 1
r (0)

�
: (16.1)

Let m denote the unique integer between 0 andq such that

mp = 1 mod q; (16.2)

and let � be the permutation

� (k) = mk mod q: (16.3)

Then the ordering of (16.1) is given by
�

0; � � (1)
r (0); : : : ; � � (q� 1)

r (0)
�

.

Our next result tells us that the ordering of a periodic orbit ofany orientation-
preserving reversible dynamical systemf on S1 is the same as the ordering of the
orbit of 0 under the rotation � rot( f ) by the (necessarily rational) rotation number
rot( f ) of f .

Proposition 16.5. Let f : S1 ! S1 denote an orientation-preserving reversible
dynamical system with rational rotation number rot( f ) = p

q where p and q are
relatively prime. Let z 2 S1 be a periodic point off (and hence a �xed point off q

by Proposition 16.1). Then the ordering of theq-tuple
�
z; f (z); f 2(z); : : : ; f q� 1(z)

�

is the same as the ordering of theq-tuple (16.1), namely the permutation� speci�ed
by (16.2) and (16.3).

Proof. Suppose that the next point to the right ofz is given byf d(z). Then neces-
sarily the next point to the right of f d(z) is given byf 2d(z) (where 2d should be read
mod q), since if instead it wasf m (z) then we would havef m (z) 2 [f d(z); f 2d(z)],
and hencef m� d(z) (where m � d should be read modq) would lie in the inter-
val [z; f d(z)], contradicting the fact that f d(z) was the next point to the right
of z. Thus (again reading the multiples ofd mod q), the ordering is given by�
z; f d(z); f 2d(z); : : : ; f (q� 1)d(z)

�
, and it remains to determined.

Fix a lift x of z. Sincef d carries each interval [f kd(z); f (k+1) d(z)] to its successor,
and there areq of these intervals, there is a liftG of f d such that Gq(x) = x + 1.

Now let F denote the lift of f such that F q(x) = x + p (i.e. so that rot(F ) = p
q.)

Then F d is also a lift of f d, and hence there existsj 2 Z such that F d = G + j .
Then since

x + dp = F qd(x) = ( G + j )q(x) = Gq(x) + qj = x + 1 + qj;

we havedp = 1 + qj , and henced is the unique number between 0 andq such that
dp = 1 mod q. Thus d agrees withm from (16.2). This completes the proof.
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The next lemma is not needed for the discussion that follows (and hence its
proof is relegated to Problem Sheet H). However it helps to put De�nitions 16.7
and 16.8 in context.

Lemma 16.6. Let f : X ! X be a dynamical system on a compact metric space,
and supposex 2 X has the property that there existsy 2 per(f ) such that Of (y) �
! f (x). Then ! f (x) = Of (y). Conversely if ! f (x) is �nite then there exists y 2
per(f ) such that ! f (x) = Of (y).

Definition 16.7. Let f : X ! X denote a dynamical system and letx 2 X . If
! f (x) = f yg then we say that x is positively asymptotic to y. (In this case
y 2 �x (f ) by Lemma 16.6). If f is reversible then we say thatx is negatively
asymptotic to y if � f (x) = f yg.

Definition 16.8. Let f : X ! X denote a reversible dynamical system. Suppose
that x 2 X has the property that is positively asymptotic to y and negatively
asymptotic to z. If y 6= z then we say that x is a heteroclinic point . If y = z
then we say thatx is a homoclinic point .

Remark 16.9. Next semester we will see that for di�erentiable dynamical systems
the existence of a special type of homoclinic point, called atransverse homoclinic
point, implies the existence of an in�nite mesh of such points (known as a \ho-
moclinic tangle"). As the name suggests, this \tangle" has extremely complicated
dynamics, and it forces the topological entropy of the system to be positive.

For a general dynamical system, most points will be neither heteroclinic nor
homoclinic. However the next result shows for a reversible systemf on S1 with
rational rotation number rot( f ) = p

q, every non-periodic point is heteroclinic or
homoclinic underf q.

Proposition 16.10. Let f : S1 ! S1 denote an orientation-preserving reversible
dynamical system with rational rotation numberrot( f ) = p

q with p and q relatively
prime. Then there are two possible types of non-periodic orbits forf :

(i) Supposef has exactly one periodic orbit. Ifq > 1 then every other point is
heteroclinic underf q to two points on this periodic orbit. Meanwhile ifq = 1
then all other points are homoclinic to the �xed point.

(ii) If f has more than one periodic orbit, then each non-periodic point is hete-
roclinic under f q to two points on di�erent periodic orbits.

The proof of Proposition 16.10 requires the following preliminary lemma, whose
proof is similar to several of the results from Lectures 13 and 14.

Lemma 16.11. Suppose thatf : [0; 1] ! [0; 1] is dynamical system which is non-
decreasing. Then allx 2 [0; 1] are positively asymptotic to a �xed point of f . If f
is onto and strictly increasing (and hence reversible), allx 2 [0; 1] are either �xed
or positively and negatively asymptotic to adjacent �xed points off .
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Proof. We may assume thatf 6= id, and hence that the open set [0; 1]n�x (f ) is non-
empty. So let x 2 [0; 1]n�x (f ) and let (a; b) � [0; 1]n�x (f ) be the maximal open1

interval containing x. Since f is non-decreasing we must havef (a; b) � (a; b),
and by the intermediate value theorem we either havef (y) > y or f (y) < y for
all y 2 (a; b). Assume we are in the �rst case (the second case is similar). Then
(f k(x))k2 N � (a; b) is a non-decreasing sequence and thereforex0 := lim k!1 f k(x) 2
(a; b] exists. Now

f (x0) = f
�

lim
k!1

f k(x)
�

= lim
k!1

f k+1 (x) = x0;

so in fact x0 = b and b is a �xed point. This �nishes the proof of the �rst part. For
the second part we can apply the same argument both tof and f � 1 to see that

lim
k!1

f k(x) = b and lim
k!1

f � k(x) = a:

This completes the proof.

Proof of Proposition 16.10.We can identify f q with a homeomorphism of an inter-
val by taking a lift x of a �xed point z of f q and restricting a lift F q(�) � p of f q to
[x; x + 1]. Now the result follows from Lemma 16.11, apart from the last point of
part (ii), which claimed that the two periodic orbits found are distinct.

Suppose this is not the case. This would mean there is an interval [x1; x2] � R
such that x1 and x2 are adjacent �xed points ofF q � p and such thatx1; x2 project
to the same periodic orbit. But if x1 projects to z and x2 projects to f k(z), then

q� 1[

i =0

f ik (� (x1; x2))

covers the complement ofOf (z) in S1 and contains no periodic points. Thusf only
has the one periodic orbit.

We conclude with the following enhancement of Proposition 16.10. The proof
is left for you on Problem Sheet H.

Proposition 16.12. Let f : S1 ! S1 denote an orientation-preserving reversible
dynamical system with rational rotation numberrot( f ) = p

q with p and q relatively
prime. Supposez 2 S1 is not a periodic point for f . Let w1; w2 2 per(f ) denote the
periodic points such thatz is positively asymptotic tow1 and negatively asymptotic
to w2 under f q. Then for each1 � i � q� 1, f i (z) is positively asymptotic to f i (w1)
and negatively asymptotic tof i (w2) under f q.

1By \open" we mean open in [0; 1]. If either a = 0 or b = 1 minor changes in the notation are
needed, which we leave up to you.
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LECTURE 17

The Poincar�e Classi�cation Theorem

In this lecture we turn to the case of anirrational rotation number. Our main result
is the Poincar�e Classi�cation Theorem (proved as Theorem 17.6 below), which tells
us if f : S1 ! S1 is an orientation-preserving reversible dynamical system with
irrational rotation number � := rot( f ), then the corresponding irrational rotation
� � is a factor of f , and if f is transitive then f is conjugate to� � .

We begin with the following statement, which is the irrational analogue of
Proposition 16.10. In the statement (and for the rest of this lecture) we will typi-
cally identify � with its unique representative in [0; 1).

Proposition 17.1. Let f : S1 ! S1 be an orientation-preserving reversible dy-
namical system with rotation number# := rot( f ) 2 S1 n Q, and let F : R ! R
denote a lift of f . Then for any a; b; c; d2 Z and x 2 R, one has

a� + b < c� + d , F a(x) + b < F c(x) + d:

Remark 17.2. Thus if f is an orientation-preserving reversible dynamical system
with irrational rotation number � , for any point z 2 S1, the orbit of z is ordered
in the same way as it would be under the irrational rotation� � . Compare this
to Proposition 16.10, which proved the same thing for periodic points when the
rotation number was rational.

Proof of Proposition 17.1.It su�ces to prove the proposition for the unique lift
F of f with rot( F ) = � , since any other lift of f di�ers from F by a constant.
Moreover we may assume thata 6= c, otherwise the result is trivial.

First observe that for any a; b; c; d2 Z, the expression� (x) := F a(x) + b �
F c(x) � d never changes sign, and hence the inequality on the right-hand side is
independent ofx. Indeed, if � (x) = 0 for some x 2 R then � (x) 2 S1 is a periodic
point of f , sinceF a(x) � F c(x) 2 Z. But this contradicts the fact that per(f ) = ;
by Proposition 16.1.

Now assume thatF a(0) + b < F c(0) + d. Setting y = F c(0) this is equivalent
to saying

F a� c(y) � y < d � b: (17.1)

As before, if (17.1) holds for oney 2 R, then it holds for all y 2 R, and in particular
it holds for y = 0, whence we obtain

F a� c(0) < d � b:

Then applying (17.1) to y = F a� c(0) we obtain

F 2(a� c)(0) < d � b+ F a� c(0) < 2(d � b);
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and arguing by induction we obtain

F k(a� c)(0) < k (d � b); 8 k � 1;

which tells us that

� = lim
k!1

F k(a� c)(0)
k(a � c)

� lim
k!1

k(d � b)
k(a � c)

=
d � b
a � c

In fact, since � is irrational, the inequality is strict, and hence

a� + b < c� + d:

This proves( . Conversely, the same argument shows that ifF a(0)+ b > F c(0)+ d
then a� + b > c� + d. Since equality can never hold on either the left-hand side or
the right-hand side (as� is irrational and f has no periodic points),) follows as
well. This completes the proof.

Before stating the next result, note that for any given two pointsz 6= w in S1

there are two connected components ofS1 n f z; wg.

Proposition 17.3. Let f : S1 ! S1 be an orientation-preserving reversible dy-
namical system with irrational rotation number. Let p 6= q be two integers and let
z 2 S1. Let I denote the closure of a connected component ofS1 n f f p(z); f q(z)g
(note f p(z) 6= f q(z) as there are no periodic points.) Then for anyw 2 S1, one has
both Of (w) \ I 6= ; and O�

f (w) \ I 6= ; .

Proof. We give the proof for the forward orbit only. Assume without loss of gener-
ality that p > q. It su�ces to show that

S1 =
1[

k=0

f � k(I ):

For this, set I k := f � k(q� p)(I ), and observe that for eachk � 1 the intervals I k and
I k+1 have a common endpoint. Suppose thatS1 6=

S
k I k . Then since the intervals

I k abut at the endpoints, it follows that f � k(q� p)
�
f p(z)

�
converges monotonically

to a point z0 2 S1. But then z0 is a �xed point of f q� p:

z0 = lim
k!1

f � k(q� p)
�
f p(z)

�

= lim
k!1

f (� k+1)( q� p)
�
f p(z)

�

= lim
k!1

f q� p
�

f � k(q� p)
�
f p(z)

� �

= f q� p
�

lim
k!1

f � k(q� p)
�
f p(z)

� �

= f q� p(z0):

This contradicts the fact that per(f ) = ; .

We now look at the! -limit sets of a system with irrational rotation number.
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Proposition 17.4. Let f : S1 ! S1 be an orientation-preserving reversible dy-
namical system with irrational rotation number. Then the set! f (z) is independent
of z 2 S1. If f is transitive it is equal to all of S1. If f is not transitive it is a
nowhere dense set which has no isolated points and is totally disconnected.

Remark 17.5. Since any compact totally disconnected metric space without iso-
lated points is homeomorphic to a Cantor set (cf. Remark 4.17), Proposition 17.4
can be stated more concisely as: the! -limit set is either all of S1 or a Cantor set.

Proof of Proposition 17.4.First let us show that ! f (z) is independent ofz. Suppose
z1 6= z2 are two points in S1 and supposew 2 ! f (z1). Thus there exists a sequence
kn ! 1 such that f kn (z1) ! w. Let I n denote the shorter of the two connected
components ofS1 n

�
f kn (z1); f kn +1 (z1)

	
. By the previous proposition there exists

a sequencei n such that f i n (z2) lies in the interval I n . Since the length of theI n 's
goes to zero, we must havei n ! 1 and limn!1 f i n (z2) = w. Thus w 2 ! f (z2).
This shows that ! f (z1) � ! f (z2) and by symmetry they are equal.

Now let A := ! f (z1). Observe thatA is the only minimal set forf jA by Corollary
3.3. Since the boundary@Ais another closed invariant set, we must have either
@A= ; or @A= A. In the former case we haveA = S1, since A is then open
and closed. In this casef is necessarily transitive (cf. Corollary 2.11 and Corollary
3.4). In the latter caseA is nowhere dense. SinceA is closed (Proposition 3.2), it
follows that A is totally disconnected1.

To see that A has no isolated points, �x z 2 A. Then sinceA = ! f (z) this
means there exists a sequencekn ! 1 such that f kn (z) ! z. Since rot(f ) is
irrational, there are no periodic orbits, and hencef kn (z) 6= z for eachn. Thus z is
an accumulation point ofA, since each pointf kn (z) belongs toA by invariance.

This result shows how di�erent the irrational case is from the rational one.
In the rational case, we saw last lecture that every orbit was either periodic or
asymptotic to a periodic orbit. Meanwhile in the irrational case either all orbits
are dense or all orbits as asymptotic to a Cantor set. We are now ready to state
and prove the main result of today's lecture, which is due to Poincar�e.

Theorem 17.6 (Poincar�e Classi�cation Theorem). Let f : S1 ! S1 be an orientation-
preserving reversible dynamical system with irrational rotation number� := rot( f ).
Then the irrational rotation � � is a factor of f . Moreover if f is transitive then f
is conjugate to� � .

Proof. Let F : R ! R denote the unique lift of f with rot( F ) = � . Fix x 2 R and
let B � R denote the complete lift of the orbit of� (x):

B := f F p(x) + q j p; q2 Zg:

1S1 has the property that any compact nowhere dense subset is totally disconnected. This is
not true for all compact metric spacesX . For example, it fails for

X :=
��

x; sin 1
x

�
j 0 < x � 1

	
[ f (0; y) j � 1 � y � 1g;

regarded as a subset ofR2. Exercise: Formulate a general criterion that guarantees when a
compact metric space has the property that every compact nowhere dense subset is totally dis-
connected.
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De�ne a map H : B ! R by

H
�
F p(x) + q

�
:= p� + q:

It follows from Proposition 17.1 that the mapH is monotone. Since� is irrational,
the imageH (B) is dense inR (cf. the solution to part (ii) of Problem A.2).

Let R� : R ! R denote the mapR� (x) = x + � , so that R� is a lift of the
irrational rotation � � (cf. (15.3)). Then since

H � F
�
F p(x) + q

�
= H

�
F p+1 (x) + q

�

= ( p + 1) � + q

and
R� � H

�
F p(x) + q

�
= R� (p� + q) = ( p + 1) � + q;

we see thatH is conjugacy betweenF and R� on B.
We now extendH to a map de�ned on all ofR by setting

H (y) := supf p� + q j F p(x) + q < yg:

Equivalently,
H (y) = inf f p� + q j F p(x) + q > yg;

since otherwiseR n H (B) would contain an interval, contradicting the fact that
H (B) is dense inR. We now prove that H is continuous. Firstly, if y 2 B then

H (y) = supf H (x) j x 2 B; x < y g

and also
H (y) = inf f H (x) j x 2 B; x > y g:

Thus H is continuous onB. If I is an interval in RnB then H is constant onI and
the constant agrees with the values ofH at the endpoints. ThusH is continuous
on all of R. Moreover by constructionH is surjective and non-decreasing. Since

H (y + 1) = sup f p� + q j F p(x) + q < y + 1g

= supf p� + q j F p(x) + ( q � 1) < y g

= H (y) + 1 ;

we see thatH descends to de�ne a maph: S1 ! S1. The computation above shows
that h � f = � � � h, and henceh is a semi-conjugacy. This proves that� � is a factor
of f .

Finally, if f was topologically transitive then we could have chosen our original
point x to have dense orbit (by Proposition 2.9), which would then have given
B = R. Then the map h would have been bijective, and thus a true conjugacy.
This completes the proof.

Remark 17.7. In the non-topologically transitive case, the theorem can be under-
stood as follows. LetA denote the ! -limit set of some (and hence any) point in
S1, which is a Cantor set by Proposition 17.4. If we run the proof of Theorem 17.6
starting with a point x 2 � � 1(A), we end up with � (B ) = A. Thus if A= � denotes
the quotient space where the endpoints of complementary intervals are identi�ed,
then f induces a map onA= � which is conjugate to the irrational rotation. Thus
one should think of the non-topologically transitive case as follows: take an irra-
tional rotation and \blow up" some orbits to intervals whose union makes up the
complement of the setA.
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LECTURE 18

The Denjoy Theorem

We conclude our discussion on rotation numbers by showing that if we insist on
more regularity (i.e. di�erentiability), any orientation-preserving reversible dynam-
ical system onS1 with irrational rotation number is automatically transitive.

It won't be until Dynamical Systems II next semester that we discuss what it
means for a continuous map between manifolds to be di�erentiable. Nevertheless,
for dynamical systems on the circle, the de�nition is transparent.

Definition 18.1. Let f : S1 ! S1 be a dynamical system. We say thatf is of class
C1 if the derivative f 0: S1 ! R exists and is continuous. A reversible dynamical
system is said to be aC1-di�eomorphism if both f and f � 1 are of classC1.

( | ) Remark 18.2. The derivative f 0: S1 ! R is de�ned as you expect it to be:

f 0(z) := lim
t ! 0

f (z + t) � f (z)
t

:

Note that this becomes a mapf 0: S1 ! R (and not S1 ! S1). If instead we regard
S1 as a smooth manifold, then the derivative is a linear mapDf (z) : TzS1 !
Tf (z)S1. So how are the two de�nitions related? IdentifyingTzS1 and Tf (z)S1 with
R, the map Df (x) is simply multiplication by a constant. It is easy to check that
this constant is f 0(z):

Df (z)[v] = f 0(z)v

( | ) Remark 18.3. In Di�erential Geometry by a \di�eomorphism" one typically
means a bijective map for which both the map and its inverse are of classC1 .
In Dynamical Systems however, we try to get away with the minimal regularity
possible. We will say more about this next semester, but for almost everything we
do C1 or C2 regularity is su�cient.

Definition 18.4. Given a continuous mapg: S1 ! R, we de�ne the variation of
g to be the (possibly in�nite) number

var(g) := sup
nX

k=0

jg(xk) � g(xk+1 )j;

where the supremum is taken over all �nite partitions

0 = x0 < x 1 < � � � < x n < x n+1 = 1; n � 0:

We say that g is of bounded variation if var(g) is �nite.

Here is our promised result.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Theorem 18.5 (The Denjoy Theorem). Let f : S1 ! S1 be an orientation-preserving
C1-di�eomorphism whose derivativef 0: S1 ! R has bounded variation. Assume
that rot( f ) is an irrational number. Then f is transitive.

Remark 18.6. Note that if g: S1 ! R is Lipschitz continuous theng is of bounded
variation. Thus Theorem 18.5 also holds for di�eomorphisms of classC1;1 (i.e. f is
C1, and f 0 is Lipschitz). However if � 2 (0; 1) then there exists aC1;� orientation-
preserving di�eomorphism with irrational rotation number which is not topologi-
cally transitive (i.e. f is C1, and f 0 is � -H•older continuous). Thus the regularity
requirement in Theorem 18.5 is essentially sharp.

The proof of Theorem 18.5 will require two preliminary results. Recall that
given an ordered pairz; w of distinct points in S1, the open interval1 (z; w) is by
de�nition � ((x; y)), where x 2 R is any lift of z, and y is then unique lift of w that
satis�es x < y < x + 1.

Proposition 18.7. Let f : S1 ! S1 denote an orientation-preserving reversible
dynamical system with irrational rotation number. There exist in�nitely many
p 2 N with the property that for any z 2 S1, the p + 1 intervals

�
z; f � p(z)

�
;

�
f (z); f 1� p(z)

�
;

�
f 2(z); f 2� p(z)

�
; : : : ;

�
f p(z); z

�

are all pairwise disjoint.

Proof. Fix z 2 S1 and abbreviateI (p; z) :=
�
z; f � p(z)

�
. Note that f i

�
I (p; z)

�
=�

f i (z); f i � p(z)
�

sincef is orientation preserving. Thus we wish to �nd conditions
that guarantee that the intervals f i

�
I (p; z)

�
are all pairwise disjoint for all 0 �

i � p. This is the case if and only if the endpoints off i
�
I (p; z)

�
do not belong

to f j
�
I (p; z)

�
for all pairs (i; j ) with 0 � j < i � p. This in turn is equivalent to

asking that
f i (z) 62I (p; z); 8 ji j � p:

Since we want this to hold for allz 2 S1, we must show that there exist in�nitely
many p 2 N such that

f i (z) 62I (p; z); 8 ji j � p; 8 z 2 S1: (18.1)

The key point now is that (18.1) only depends on the ordering of the orbitOf (z).
Let � := rot( f ). Then by Proposition 17.1, (18.1) is equivalent to requiring that

� i
� (z) 62

�
z; � � p

� (z)
�
; 8 ji j � p; 8 z 2 S1: (18.2)

Finally, by Lemma 1.10 the orbitO� � (z) is dense inS1 for everyz 2 S1. Thus there
are in�nitely many p 2 N such that (18.2) holds. This completes the proof.

Proposition 18.8. Let f : S1 ! S1 be an orientation-preservingC1-di�eomorphism
whose derivativef 0: S1 ! R has bounded variation. SupposeI = ( z; w) is an in-
terval in S1 with the property that the intervals I; f (I ); : : : ; f p� 1(I ) are all pairwise
disjoint. Set2 g := log f 0. Then g has bounded variation, and moreover

var(g) �

�
�
�
� log

(f p)0(z)
(f p)0(w)

�
�
�
� : (18.3)

1For the remainder of this lecture, unless stated otherwise by \interval" in S1 we mean an
open non-empty interval (this is in contrast to Lecture 14!)

2Sincef is orientation preserving andf is a di�eomorphism, f 0 > 0 and thus g is well de�ned.
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Proof. We �rst show that var( g) is �nite. Since f 0: S1 ! R is continuous and
positive, by compactness inff 0 > 0. Then for any u; v 2 S1 we can estimate

jg(u) � g(v)j =
�
� logf 0(u) � logf 0(v)

�
� �

jf 0(u) � f 0(v)j
inf f 0

;

and hence

var(g) �
var(f 0)
inf f 0

< 1 :

We now prove (18.3). Since the intervalsI; f (I ); : : : ; f p� 1(I ) are all pairwise disjoint
we have

var(g) �
p� 1X

k=0

�
�
�g

�
f k(z)

�
� g

�
f k(w)

� �
�
�

�

�
�
�
�
�

p� 1X

k=0

g
�
f k(z)

�
� g

�
f k(w)

�
�
�
�
�
�

=

�
�
�
�
�
log

p� 1Y

k=0

f 0
�
f k(z)

�
� log

p� 1Y

k=0

f 0
�
f k(w)

�
�
�
�
�
�

=

�
�
�
� log

(f p)0(z)
(f p)0(w)

�
�
�
� :

This completes the proof.

We are now in a position to prove the Denjoy Theorem.

Proof of the Denjoy Theorem 18.5.Assume for contradiction that f is not transi-
tive. Then by Proposition 17.4 the setA := ! f (z0) is nowhere dense set without
isolated points (for some and hence any pointz0 2 S1). Thus S1 n A is a union of
intervals. Sincef is reversible, the image and preimage of any one of these inter-
vals (i.e. connected components) is another such interval. LetI be one of these
intervals. Then we claim that the intervalsf p(I ) for p 2 Z are all pairwise disjoint.
Indeed, if f p(I ) \ f q(I ) 6= ; then f p� q(I ) \ I 6= ; , and by the previous remark this
implies that f p� q(I ) = I . By continuity, f p� q(I ) = I . Then Lemma 12.7 implies
that f p� q has a �xed point, which contradicts Proposition 16.1.

Thus the f p(I ) are indeed all disjoint. In particular, denoting by

length
�
f p(I )

�
:=

Z

I
(f p)0(z) dz;

we have X

p2 Z

length(f p(I )) � 1: (18.4)

Next, by Proposition 18.7, there exists an in�nite setS � N such that for each
p 2 S and everyz 2 S1, the intervals

�
z; f � p(z)

�
;

�
f (z); f 1� p(z)

�
;

�
f 2(z); f 2� p(z)

�
; : : : ;

�
f p(z); z

�
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are all pairwise disjoint. Fix p 2 S and z 2 I . By Proposition 18.8, applied with
w = f � p(z), we have

var(g) �
�
�
� log

�
(f p)0(z)( f � p)0(z)

� �
�
� ; (18.5)

where we used the chain rule. Thus we can estimate

length
�
f p(I )

�
+ length

�
f � p(I )

�
=

Z

I
(f p)0(z) dz +

Z

I
(f � p)0(z) dz

=
Z

I

�
(f p)0(z) + ( f � p)0(z)

�
dz

(~ )
�

Z

I

p
(f p)0(z)( f � p)0(z) dz

(} )
�

Z

I

p
exp (� var(g)) dz

= exp
�

�
1
2

var(g)
�

length(I );

where (~ ) used the arithmetic-geometric inequalityab� a2+ b2

2 and (} ) used (18.5).
This implies that

X

p2 S

�
length

�
f p(I )

�
+ length

�
f � p(I )

� �
= 1 ;

which contradicts (18.4). This completes the proof.

This concludes the section of the course on topological dynamics. Starting next
lecture, we will commence our study ofmeasure-theoretic dynamics . Since
\measure-theoretic dynamics" is rather unwieldy, this subject often goes by another
name: ergodic theory . Before then, however, we present:

Revision of Measure Theory: The rest of today's notes consists of a
summary of the results in measure theory that we will need for the rest of
the course. No proofs will be given, but hopefully this material is at least
vaguely familiar to most of you. None of this material isdirectly examinable.

Definition 18.9. Let X be a set. Asigma-algebra on X is a collection A of
subsets ofX satisfying the following three conditions:

(i) X 2 A .

(ii) If A 2 A then X n A 2 A .

(iii) If ( Ak) � A is a countable sequence then
S

k Ak 2 A .

We call the pair (X; A ) a measurable space .
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Definition 18.10. Let (X; A ) be a measurable space. Ameasure on (X; A ) is
a function � : A ! [0; 1 ] such that � (; ) = 0 and if ( Ak) � A are a sequence of
pairwise disjoint elements ofA then

�

 
[

k

Ak

!

=
X

k

� (Ak): (18.6)

We say that � is �nite if � (X ) < 1 . We say that � is a probability measure if
� (X ) = 1. In this case the triple (X; A ; � ) is called aprobability space .

In this course we will always restrict to working with probability measures. This
is no less general than working with �nite measures, since if� is any �nite measure
then one can de�ne a probability measure� from � via

� (A) :=
� (A)
� (X )

:

The fact that we work only with �nite measure spaces should be thought as being
analogous to the fact that when looking at topological dynamics we were mainly
interested in compact metric spaces.

Definition 18.11. A set A 2 A is said to be anull set for � if � (A) = 0. It
follows from (18.6) that a countable union of null sets is again a null set.

One can produce new probability spaces by restricting to subsets of positive
measure.

Example 18.12. Let (X; A ; � ) be a probability space and letA 2 A have positive
measure. De�ne a new sigma-algebraAA on A as

AA := f B \ A j B 2 A g;

and de�ne a probability measure� A on (A; AA ) by setting

� A (C) :=
1

� (A)
� (C); 8 C 2 AA :

We call the probability space (A; AA ; � A ) the restriction of (X; A ; � ) to A.

Here is a standard way of producing a sigma-algebra.

Definition 18.13. Let X be a set. Asemi-algebra on X is a collectionS of
subsets ofX satisfying the following three conditions.

(i) X 2 S .

(ii) If A; B 2 S then A \ B 2 S .

(iii) If A 2 S then there exist �nitely many pairwise disjoint B1; B2; : : : ; Bk 2 S
such that X n A =

S k
i =1 B i .

Example 18.14. If X = [0; 1] then the collection of all subintervals (a; b] and [0; b]
where 0� a < b � 1, together with the empty set, forms a semi-algebra.
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Definition 18.15. Let X be a set andS a semi-algebra onX . A probability
pre-measure on S is a function �̂ : S ! [0; 1] such that:

(i) �̂ (; ) = 0.

(ii) If ( Ak) � S are is a countable sequence of pairwise disjoint subsets ofX such
that

S
k Ak 2 S then �̂ (

S
k Ak) =

P
k �̂ (Ak):

(iii) If B1; B2; : : : Bk are pairwise disjoint elements ofS such that X =
S k

i =1 B i

then
P k

i =1 �̂ (B i ) = 1.

Notation. We write A M B for the symmetric di�erence of A and B:

A M B := ( A [ B) n (A \ B):

Definition 18.16. Let S be a semi-algebra on a setX . The sigma-algebra
generated by S , written A (S ), is the smallest3 sigma-algebra onX that contains
S . Equivalently, A (S ) is the intersection of all sigma-algebras that containS .

The next result4 is arguably the cornerstone of the entire subject.

Theorem 18.17 (Main Theorem of Measure Theory). Let X be a set, and suppose
S a semi-algebra onX and �̂ a probability pre-measure onS . Then �̂ uniquely
extends to a probability measure� on A (S ), i.e.

� (A) = �̂ (A); 8 A 2 S � A (S ):

Moreover, for eachA 2 A (S ) and each� > 0, there exists �nitely many disjoint
setsB1; B2; : : : Bk 2 S such that if B :=

S k
i =1 B i then

� (A M B) < �:

Example 18.18. If S is the semi-algebra of subintervals (a; b] and [0; b] of [0; 1]
from Example 18.14 and ^� is de�ned by �̂ (a; b] = b� a and �̂ [0; b] = bthen Theorem
18.17 produces theLebesgue measure � on [0; 1].

Remark 18.19. It can be shown that the Lebesgue measure� is the unique
translation-invariant measure on [0; 1]. This will be useful in Lecture 25.

More generally, we have:

Definition 18.20. Let X be a metric space. LetS denote the semi-algebra on
X obtained by taking �nite intersections and complements of the open sets ofX .
The Borel sigma-algebra B = B (X ) on X is the sigma-algebra generated by
this semi-algebra.

Definition 18.21. Let � be a probability measure on (X; A ). We say that a subset
A 2 A is an atom for � if � (A) > 0 and if B � A is any measurable set strictly
contained inA then � (B ) = 0. We say that � is purely atomic if � (A) > 0 implies
that A contains an atom. We say that� is atomless if � has no atoms.

3The fact that A (S ) is well-de�ned is not entirely obvious. Luckily for us, this is not a course
on measure theory, and so we will not discuss this.

4There are many di�erent ways to formulate Theorem 18.17. We use semi-algebras purely for
convenience.
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Example 18.22. Let X be a metric space, endowed with its Borel sigma-algebra
B. De�ne a probability measure� x on (X; B ) be declaring that for U 2 B ,

� x (U) =

(
1; x 2 U;

0; x =2 U;

We call � x the Dirac measure at x. This measure is purely atomic.

We now de�ne a measurable function.

Definition 18.23. Let (X; A ) be a measurable space. A functionu: X ! R is
calledmeasurable if u� 1(B ) 2 A for all B 2 B (R). A complex-valued function is
called measurable if both its real and imaginary parts are measurable.

Definition 18.24. We say that two measurable functions are equal� -almost
everywhere if f x 2 X j f (x) 6= g(x)g is a null set (note this set is automatically
measurable). When� is understood, we just sayalmost everywhere .

One has the following easy result.

Proposition 18.25. Let X be a metric space equipped with the Borel sigma-
algebraB . Then a continuous functionu: X ! R is measurable.

Notation. Let (X; A ) be a measurable space. GivenA 2 A , we denote by1A the
characteristic function of A, de�ned by

1A (x) =

(
1; x 2 A;

0; x 2 X n A:

Note that 1A is measurable.

Let us recall how integration works.

Definition 18.26. A function u: X ! R is called simple if there exists �nitely
many measurable pairwise disjoint setsA1; : : : ; Ak and real numbersa1; : : : ; ak such
that u =

P k
i =1 ai 1A i almost everywhere. Simple functions are obviously measur-

able, and we de�ne the� -integral of a simple functionu =
P k

i =1 ai 1A i to be

Z

X
u d� =

kX

i =1

ai � (A i ):

When � is understood we say simplyintegral instead of� -integral. Note the value
of

R
X u d� is independent of the representation

P k
i =1 ai 1A i .

Now supposeu: X ! R is a measurable function which is non-negative almost
everywhere. Then it is easy to see there exists a sequence (uk) of simple functions
such that uk � u and uk ! u almost everywhere. Indeed, set

uk(x) :=

(
i � 1
2k ; if i � 1

2k � u(x) < i
2k ; i = 1; : : : ; k2k ;

k; if u(x) � k:
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Definition 18.27. Let u: X ! R is a measurable function which is non-negative
almost everywhere. We de�ne theintegral of f as the limit

Z

X
u d� = lim

k!1

Z

X
uk d� 2 [0; 1 ];

where (uk) is any sequence of simple functionsuk such that uk � u and uk ! u
almost everywhere. The value of

R
X u d� is independent of the sequence (uk), and

we sayf is integrable if
R

X u d� < 1 .

Next supposeu: X ! R is an arbitrary measurable function. Set

u+ (x) := maxf u(x); 0g; u� (x) := maxf� u(x); 0g:

Note that u� � 0 and u = u+ � u� .

Definition 18.28. We say that a real-valued functionu is integrable if both u+

and u� are, and in this case we de�ne theintegral of u to be the well-de�ned
number Z

X
u d� :=

Z

X
u+ d� �

Z

X
u� d�;

Thus u is integrable if and only if juj is integrable.

Definition 18.29. If u : X ! C is complex valued measurable function, then
writing u = v + iw, we say thatu is integrable if both v and w are, and we de�ne
the integral of u to be the complex number

Z

X
u d� =

Z

X
v d� + i

Z

X
w d�:

Integration has the property that if u; v are two measurable functions such that
u = v almost everywhere thenu is integrable if and only if v is, and if they are
integrable then

R
X u d� =

R
X v d� .

Definition 18.30. Let (X; A ; � ) be a probability space and 1� p < 1 . The
spaceLp(X; A ; � ; R) is the space of all equivalence classes of measurable functions
u: X ! R with the property that jujp is integrable, where the equivalence relation
is given by being equal almost everywhere. The spaceLp(X; A ; � ; C) is de�ned
similarly.

Typically we will omit the non-important parts of the notation in Lp(X; A ; � ; R),
and just write Lp(� ) or similar.

Proposition 18.31. The spaceLp(� ) is a Banach space, with norm

kukp :=
� Z

X
jujp d�

� 1=p

:

MoreoverL2(� ; C) is a complex Hilbert space with inner product

t u; vy :=
Z

X
u v d�

(here v denotes the complex conjugate ofv.)
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There are three basic results on integrating that we will need.

Theorem 18.32 (Monotone Convergence Theorem). Let (X; A ; � ) be a probability
space. Suppose(uk) is an increasing sequence of integrable functions (i.e.uk(x) �
uk+1 (x) for almost everyx). If there exists C > 0 such that

R
X uk d� < C for all

k then the limit limk uk exists almost everywhere and hence de�nes a measurable
function u. Moreoveru is integrable with

Z

X
u d� = lim

k!1

Z

X
uk d�:

Next we have:

Theorem 18.33 (Fatou's Lemma). Let (X; A ; � ) be a probability space. Suppose
(uk) is a sequence of measurable functions which is bounded below by an integrable
function. If lim inf k

R
X uk d� < 1 then u := lim inf k uk is integrable and

Z

X
u d� � lim inf

k!1

Z

X
uk d�:

Finally, we have:

Theorem 18.34 (Dominated Convergence Theorem). Let (X; A ; � ) be a probabil-
ity space. Supposev is an integrable function and(uk) is a sequence of measurable
functions with juk j � v almost everywhere. Supposelimk uk = u almost every-
where. Thenu is integrable and

Z

X
u d� = lim

k!1

Z

X
ukd�:

We now move onto a slightly more advanced topic: theRadon-Nikodym Theo-
rem.

Definition 18.35. Let (X; A ) be a measurable space. Suppose� and � are two
probability measures on (X; A ). We say that � is absolutely continuous with
respect to� , if for any set A 2 A ,

� (A) = 0 ) � (A) = 0 :

In words: a null set for � is also a null set for� . We write � � � to indicate that
� is absolutely continuous with respect to� . We say that � and � are equivalent
if � � � and � � � .

Given u 2 L1(� ) and A 2 A , we use the notation
Z

A
ud� :=

Z

X
u 1A d�:

Theorem 18.36 (Radon-Nikodym Theorem). Let � and � be two probability mea-
sures on the measurable space(X; A ). Then � � � if and only if there exists a
function u�;� 2 L1(� ) such that u�;� � 0 and

R
X u�;� d� = 1, and such that

� (A) =
Z

A
u�;� d�; 8 A 2 A :

The function u�;� is unique� -almost everywhere, in the sense that any other func-
tion with these properties is equal tou�;� � -almost everywhere).
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Theorem 18.36 suggests the following de�nition.

Definition 18.37. Let � and � be two probability measures on the measurable
space (X; A ), and suppose� � � . We call the function u�;� appearing in Theo-
rem 18.36 theRadon-Nikodym derivative of � with respect to � and use the
suggestive notation

u�;� =
d�
d�

:

See Remark 18.40 below for the reason for this notation.

Remark 18.38. The Radon-Nikodym Theorem 18.36 does not actually require�
or � to be probability measures. If they are not probability measures however then
the Radon-Nikodym derivative d�

d� satis�es
R

X
d�
d� d� = � (X ).

The next example is the origin of the terminology \absolutely continuous".

Example 18.39. Let our measurable space be [0; 1], equipped with its usual Borel
sigma-algebra (Example 18.18), and� be a given probability measure. If we denote
by u the measurable function

u(x) := � ((0; x]);

then one can show that� is absolutely continuous with respect to the Lebesgue
measure� if and only if the function u is absolutely continuous. Moreover in this
cased�

d� is equal to the derivativeu0 of u � -almost everywhere.

We now explain the motivation behind the notation d�
d� .

Remark 18.40. Let � and � be two probability measures on the measurable space
(X; A ), and suppose� � � . Supposeu 2 L1(� ). Then u d�

d� 2 L1(� ) and
Z

X
u d� =

Z

X
u

d�
d�

d�

(i.e. formally you can \cancel" the d� 's). Moreover if � � � and � � � then

d(� + � )
d�

=
d�
d�

+
d�
d�

; � -almost everywhere.

Moreover if � � � and � � � then the \chain rule" holds:

d�
d�

=
d�
d�

d�
d�

; � -almost everywhere.

In particular if � and � are two equivalent measures then

d�
d�

=
�

d�
d�

� � 1

� -almost everywhere

The \opposite" notion of absolute continuity is the following.

Definition 18.41. Two probability measures� and � on (X; A ) are mutually
singular , written � ? � , if there exists someA 2 A such that

� (A) = 0 ; and � (X n A) = 0 :

10



We then have the following result.

Theorem 18.42 (Lebesgue Decomposition Theorem). Let � and � be two proba-
bility measures on(X; A ). Then there existsc 2 [0; 1] and two probability measures
� 1 and � 2 on (X; A ) such that

� = c� 1 + (1 � c)� 2; and � 1 � �; � 2 ? �:

The number c and the probability measures� 1 and � 2 are uniquely determined.

Here the notation � = c� 1 + (1 � c)� 2 means that for all A 2 A , one has

� (A) = c� 1(A) + (1 � c)� 2(A):

We conclude this lecture by de�ning the notion of a countable basis.

Definition 18.43. A probability space (X; A ; � ) has acountable basis if there
exists a sequence (Bk) � A such that for any A 2 A and any � > 0 there existsBk

such that � (A M Bk) < � .

Example 18.44. SupposeX is a separable metric space andB denotes the Borel
sigma-algebra. Then (X; B ; � ) has a countable basis for any probability measure
� .

Recall that a Hilbert space isseparable if it has a countable dense subset. Our
�nal result for today is:

Proposition 18.45. A probability space (X; A ; � ) has a countable basis if and
only if the Hilbert spaceL2(� ; C) is separable.
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LECTURE 19

Ergodicity

We begin by giving the \measure-theoretic" notion of a dynamical system. First,
a remark on the terminology.

Remark 19.1. It is customary in measure theory to refer to maps between proba-
bility spaces astransformationsrather than functions. This is purely by convention.

Definition 19.2. Suppose (X; A ; � ) is a probability space. A transformation
f : X ! X is calledmeasurable if f � 1(A) 2 A for all A 2 A .

To reduce the pro
igation of parentheses, we will usually write simplyf � 1A
instead of the more formally correctf � 1(A).

Example 19.3. Let X be a metric space. EquipX with its Borel sigma-algebraB .
Then any continuous mapf : X ! X is measurable. This is proved1 in a similar
fashion to Proposition 18.25.

Definition 19.4. Let (X; A ; � ) be a probability space. Ameasure-preserving
dynamical system is a measurable transformationf : X ! X such that

� (f � 1A) = � (A); 8 A 2 A :

If in addition f is bijective and f � 1 is also measure-preserving then we callf a
reversible measure-preserving dynamical system .

Most of the time we will omit the phrasemeasure-preservingand simply call f
a dynamical system . This is analogous to the way that we always omitted the
adjective \topological" from De�nition 1.1. Since this is a slightly non-standard
convention, we emphasise it once more:

Convention: A dynamical system f on a probability space (X; A ; � ) is
(by de�nition) a measure-preserving transformationf : X ! X .

Starting in Proposition 19.18 below and throughout Lectures 24 to 28, we will
consider both topological dynamical systems and measure-preserving dynamical
systems at the same time. Whenever ambiguity is possible, we will not drop the
relevant adjective.

Remark 19.5. Let (X; A ; � ) be a probability space. SupposeS � A is a semi-
algebra that generatesA (i.e. such that A (S ) = A ). If f : X ! X is \measure-
preserving onS " in the sense that for eachA 2 S we havef � 1A 2 A and moreover
that

� (f � 1A) = � (A); 8 A 2 S ;

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1Apart from the fact that Proposition 18.25 was stated without proof. . .
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then in fact f is measure-preserving on all ofA , and hence a dynamical system.
This is proved using abstract measure-theoretic results (similar to those needed to
prove Theorem 18.17), which we will not discuss.

Therefore it su�ces to check the measure-preserving property on a semi-algebra
that generates the sigma-algebra. This will occasionally be useful. For exam-
ple, given a transformationf : [0; 1] ! [0; 1], in order to show that f is measure-
preserving with respect to the Lebesgue measure, it su�ces to check this property
on the intervals (a; b] and [0; b] for 0 � a < b � 1, cf. Example 18.18.

Definition 19.6. Let (X; A ; � ) be a probability space andf : X ! X a dynamical
system. A measurable setA is calledinvariant if f � 1A = A.

Note we must usef � 1A in the de�nition rather than f (A), sincef (A) may not
be an element ofA .

Remark 19.7. Warning: This de�nition is slightly at odds with the de�nition of
an invariant set for a topological dynamical system (cf. De�nition 1.14). This is
unfortunate, but the terminology is too entrenched to try and change.

Remark 19.8. Supposef is a dynamical system on (X; A ; � ), and A is an invariant
set with positive measure. Thenf jA de�nes a dynamical system on the restricted
probability space (A; AA ; � A ) from Example 18.12.

The following result is our main way of producing invariant sets.

Proposition 19.9. Let f be dynamical system on a probability space(X; A ; � ).
Given A 2 A , set

En :=
1[

k= n

f � kA; E :=
1\

n=0

En :

Then E is an invariant set with � (E) = � (E0) and � (A \ E) = � (A).

Proof. Observe that for m � n, Em = f n� m (En ), and hence asf is measure
preserving we have� (En ) = � (E0) for all n � 0. SinceEn � En� 1 for eachn, it
follows that2 � (E) = � (E0). Moreover by de�nition E is invariant:

f � 1(E) =
1\

n=0

1[

k= n

f � (k+1) (A)

=
1\

n=0

1[

k= n+1

f � kA

=
1\

n=1

En

= E;

2This is a standard elementary piece of measure theory, but it is important you realise that
this only holds because we are working on a �nite measure space. Indeed, if (X; A ; � ) is any
(not necessarily �nite) measure space and (En )n � 0 is a family of measurable subsets such that
En � En � 1 for n � 1 and � (E0) < 1 then

�

 
1\

n =0

En

!

= lim
n !1

� (En ):

Exercise: Prove this!

2



as En � E0 for eachn � 0. Finally � (A \ E) = � (A \ E0) = � (A) sinceA � E0.
This completes the proof.

To illustrate the power of bringing a measure into play, let us prove the following
famous result, which is also3 due to Poincar�e.

Theorem 19.10 (Poincar�e Recurrence Theorem). Let f be a dynamical system
on a probability space(X; A ; � ). SupposeA 2 A has � (A) > 0. Then almost all
points in A return to A under f in�nitely many times. That is, there exists a subset
A � � A with � (A � ) = � (A) such that for eachx 2 A � there exists a sequence(kn )
of numbers such thatkn ! 1 and such that f kn (x) 2 A � for eachn � 1.

Proof. Let E be as in Proposition 19.9. ThenE is the set of points inX that enter
A in�nitely many times under positive iterates of f . Set A � := A \ E. If x 2 A �

then there exists a sequence 0< k 1 < k 2 < : : : with f kn (x) 2 A for eachn. In
fact, f kn (x) 2 A � , sincef km (x) = f km � kn

�
f kn (x)

�
2 A for every m > n . Moreover

� (A � ) = � (A) by Proposition 19.9. This completes the proof.

Supposef is a dynamical system on a probability space (X; A ; � ), and suppose
one can �nd an invariant set A for f . Then as in the topological case, we can then
reduce the study of the dynamics off to the (hopefully simpler) systemsf jA and
f jX nA . But in a measure-theoretic setting, there is an additional subtlety, in that
we ignore sets of measure zero. Thus we are only interested in invariant setsA
with the property that both � (A) and � (X n A) are positive. It therefore makes
sense to single out those dynamical systems for which one cannot simplify things by
restricting to an invariant subset. This gives rise to the measure-theoretic analogue4

of transitivity, which is called ergodicity.

Definition 19.11. Let (X; A ; � ) be a probability space. A dynamical system
f : X ! X is calledergodic if the only invariant measurable sets either have full
measure or zero measure: ifA 2 A then

f � 1A = A ) � (A) 2 f 0; 1g:

Here is a �rst result about ergodicity.

Proposition 19.12. Let f be a dynamical system on a probability space(X; A ; � ).
Then the following are equivalent:

(i) f is ergodic.

(ii) If A 2 A satis�es �
�
f � 1A M A

�
= 0 then � (A) 2 f 0; 1g.

(iii) If A 2 A has � (A) > 0 then �
� S 1

k=1 f � kA
�

= 1.

3A great number of de�nitions and theorems in Dynamical Systems bear Poincar�e's name.
This is not due to a lack of imagination in textbook writers, but more a testament to Poincar�e's
brilliance. He single-handedly invented what we refer to as \Dynamical Systems" during his
work on the Three-Body Problem in the late nineteenth century (more on this next semester).
Amazingly enough, Poincar�e was also responsible for inventing Algebraic Topology. (After all,
why invent one �eld of mathematics when you can invent two?) An absolute legend.

4Actually at a �rst glance this may appear closer to the notion of minimality; see Remark
19.14 below.
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(iv) If A; B 2 A and � (A); � (B ) > 0 then there existsk � 1 such that �
�
f � kA \

B
�

> 0.

The proof will use the following easy observation: for any measurable setsA; B ,
one has:

j� (A) � � (B )j � � (A M B): (19.1)

Indeed, this is immediate from the fact that � (A) = � (A n B) + � (A \ B) and
� (B ) = � (B n A) + � (A \ B).

Proof. We �rst prove that (i) implies (ii). For this let us �rst note that for any set
A 2 A and any k � 1, one has

f � kA M A �
k� 1[

i =0

�
f � ( i +1) (A) M f � i A

�
: (19.2)

Indeed, supposex 2 A but f k(x) =2 A. If f (x) =2 A then x 2 f � 1A M A and we are
done. Thus we may assume thatf (x) 2 A. Then if f 2(x) =2 A then we are done, as
then x 2 f � 2A M f � 1A. This process will eventually produce some 0� i � k � 1
such that f i (x) 2 A but f i +1 (x) =2 A, as otherwise we would end up assuming that
f k(x) 2 A, contrary to our hypotheses. A similar argument works if we assume
that f k(x) 2 A but x =2 A, and thus (19.2) is proved.

Now assume thatA 2 A satis�es � (f � 1A M A) = 0. We claim that

� (f � kA M A) = 0 ; 8 k � 1: (19.3)

To see this, use (19.2) to obtain

f � kA M A �
k� 1[

i =0

�
f � ( i +1) (A) M f � i A

�

=
k� 1[

i =0

f � i
�
f � 1A M A

�
;

and then asf is measure-preserving we get

� (f � kA M A) � k� (f � 1A M A) = 0 :

Now let E and En be de�ned as in Proposition 19.9. We claim that in this case one
actually has � (A) = � (E) (rather than just � (A \ E) = � (A).) Indeed, by (19.3)
we have

� (A M En ) �
1X

k= n

� (A M f � kA) = 0 ;

and thus asE � En and � (E) = � (En ) by Proposition 19.9 we obtain� (A M
E) = 0. Thus by (19.1), we have� (A) = � (E). SinceE is invariant, by ergodicity
� (E) 2 f 0; 1g, and hence the same is true of� (A). This proves (ii).

Now we prove that (ii) implies (iii). SupposeA 2 A has� (A) > 0. ConsiderE1

as de�ned in Proposition 19.9. Then sincef � 1E1 � E1 and � (f � 1E1) = � (E1), we
have � (f � 1E1 M E1) = 0. Thus by (ii) we have � (E1) 2 f 0; 1g. Sincef � 1A � E1

we cannot have� (E1) = 0, whence � (E1) = 1. This proves (iii).
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Now let us prove that (iii) implies (iv). SupposeA; B 2 A both have positive
measure. Then withE1 as above, by (iii) one has� (E1) = 1, and thus

0 < � (B) = � (B \ E1) = �

 
1[

k=1

(B \ f � kA)

!

:

Hence there must existk � 1 with � (f � kA \ B) > 0. This proves (iv).
Finally let us show that (iv) implies (i). Suppose A 2 A is invariant. If

0 < � (A) < 1 then

0 = �
�
A \ (X n A)

�
= �

�
f � kA \ (X n A)

�

for all k � 1, which contradicts (iv). This completes the proof.

Remark 19.13. The strength of part (ii) of Proposition 19.12 is the following.
SupposeA 2 A satis�es A � f � 1A (or f � 1A � A). Then � (A M f � 1A) = 0, and
hence iff is ergodic thenA has measure 0 or 1.

Another important point to note is the following.

Remark 19.14. At a �rst glance, it may appear that the natural topological
analogue of ergodicity is minimality, not topological transitivity. However in the
measure-theoretic world, we are free to ignore things that happen on sets of mea-
sure zero. This corresponds to asking sets to be dense in the topological world|
compare part (iii) of Proposition 19.13 with part (iii) or Proposition 2.4 and part
(iii) of Proposition 2.14. Nevertheless, the correspondence between ergodicity and
transitivity is not \perfect"; see Proposition 19.18 and Remark 19.19 below.

We will shortly give another equivalent set of characterisations of ergodicity, but
let us �rst show how to a measure-preserving transformationf one can associate
an isometry of the Hilbert spaceL2.

Definition 19.15. Let f be a dynamical system on a probability space (X; A ; � ).
Given a (real or complex-valued) measurable functionu, we denote byf � (u) the
measurable function de�ned by

f � (u)(x) = u(f (x)) :

Note that f � is a linear operator and

f � (uv) = f � (u)f � (v):

If u is real-valued then so isf � (u), and if u � 0 then f � (u) � 0. Slightly less
obviously, we have:

Proposition 19.16. Let f be a dynamical system on a probability space(X; A ; � ).
Then for any measurable functionu, one has

Z

X
f � (u) d� =

Z

X
u d� (19.4)

(where one side doesn't exist or is in�nite if and only if the other is). Ifp 2 [1; 1 )
and u 2 Lp(� ) then kf � (u)kp = kukp, and hencef � is a linear isometryf � : Lp(� ) !
Lp(� ). In particular, if f is reversible thenf � is a unitary operator on the Hilbert
spaceL2(� ; C).
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Proof. It su�ces to prove (19.4) when f is real-valued by considering the real and
imaginary parts separately. Similarly if su�ces to prove (19.4) whenu is non-
negative. If u is a simple function, then the result is immediate asf is measure
preserving and

f � (1A ) = 1f � 1A :

If u is a non-negative measurable function anduk a sequence of simple functions
increasing tou then f � (uk) is a sequence of simple functions increasing tof � (u).
Then

Z

X
f � (u) d� = lim

k

Z

X
f � (uk) d�

= lim
k

Z

X
uk d�

=
Z

X
u d�;

which proves (19.4) in this case. Next, ifu 2 Lp(� ) then apply (19.4) to v := jujp to
see thatf � (u) 2 Lp(� ) and kf � (u)kp = kukp. If f is invertible then f � is surjective
as f � (f � 1)� (u) = ( u). Moreover if u; v 2 L2(� ; C) then applying (19.4) to w = uv
and using the fact that f � (w) = f � (u) � f � (v) shows that

t f � (u); f � (v)y = t u; vy:

Thus f � is unitary. This completes the proof.

As promised, here is another set of equivalent characterisations of ergodicity.
On Problem Sheet J you will �nd another one.

Proposition 19.17. Let f be a dynamical system on a probability space(X; A ; � ).
The following are equivalent:

(i) f is ergodic.

(ii) For any measurableu, if f � (u) = u almost everywhere thenu is constant
almost everywhere.

(iii) For any u 2 L2(� ), if f � (u) = u almost everywhere thenu is constant almost
everywhere.

Proof. It is obvious that (ii) ) (iii), so we need only show that (i)) (ii) and (iii)
) (i).

We start with (i) ) (ii). Assume that f � (u) = u almost everywhere. We may
assume, by taking real and imaginary parts, thatu is real-valued. De�ne fork 2 Z
and n > 0 a set

X k;n :=
�

x 2 X j
k
2n

� u(x) <
k + 1

2n

�
:

Then
f � 1X k;n M X k;n � f x 2 X j f � (u)(x) 6= u(x)g:
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Thus by part (ii) of Proposition 19.12 and the assumption thatf is ergodic, we
obtain that � (X k;n ) 2 f 0; 1g: Since for anyn > 0 we have

X =
1G

k= �1

X k;n ;

as a disjoint union, it follows that for eachn > 0 there exists a uniquekn such that
� (X kn ;n ) = 1. Set

Y : =
1\

n=1

X kn ;n :

Then � (Y) = 1. But by construction, u is constant onY, and henceu is constant
almost everywhere. This proves (ii).

We now prove (iii) ) (i). SupposeE � X is invariant. Then 1E 2 L2(� )
satis�es f � (1E ) = 1E everywhere. Thus by (iii) the function1E is constant almost
everywhere. Thus either1E equals 0 almost everywhere, or1E equals 1 almost
everywhere. In either case we have

� (E) =
Z

X
1E d� 2 f 0; 1g:

This completes the proof.

We conclude this lecture by making an explicit connection between ergodicity
and transitivity.

Proposition 19.18. Let X be a metric space, and letB denote the Borel sigma-
algebra. Supposef : X ! X is a topological dynamical system onX , and5 assume
there exists a probability measure� on X for which f is an ergodic measure-
preserving dynamical system with respect to� . Assume in addition that � (A) > 0
for each non-empty open setA. Then f is transitive.

Proof. Let U and V be any two non-empty open subsets ofX . By part (iv) of
Proposition 19.17 there existsk > 0 such that� (f � kU\ V) > 0. Thus f � k(U)\ V 6=
; , and hence alsoU \ f k(V) 6= ; .

Remark 19.19. We will prove in Lecture 22 that whenX is compact the red part
of the hypotheses of Proposition 19.18 is actuallynot an assumption: iff : X ! X
a topological dynamical system on a compact metric space then therealwaysexists
a probability measure� on the Borel sigma-algebraB such that f is an ergodic
measure-preserving dynamical system with respect to� . However in general there is
no reason why this measure should be positive on open sets. For instance, suppose
x is a �xed point of X . Then the Dirac measure� x from Example 18.22 is a
probability measure for whichf is both measure-preserving and ergodic.

5Why is this in red? See Remark 19.19.
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LECTURE 20

The Birkho� Ergodic Theorem

In this lecture we state and prove the famousBirkho� Ergodic Theorem.

Definition 20.1. Let f be a dynamical system on a probability space (X; A ; � ).
Given u 2 L1(� ), we de�ne the time average of u with respect to f to be the
function

bu(x) := lim
k!1

1
k

k� 1X

i =0

u(f i (x)) ; if the limit exists.

When f is understood, we simply callbu the time average of u.

In fact, for any u 2 L1(� ), the limit exists almost everywhere, andbu 2 L1(� ).
This is a consequence of the following famous theorem.

Theorem 20.2 (Birkho� Ergodic Theorem). Let f be a dynamical system on a
probability space(X; A ; � ). Then for any u 2 L1(� ), the time averagebu is a well
de�ned integrable function which is f -invariant: f � (bu) = bu almost everywhere.
Moreover Z

X
u d� =

Z

X
bu d�

An immediate corollary of Theorem 20.2 is:

Corollary 20.3. Let f be an ergodic dynamical system on a probability space
(X; A ; � ). Then for any u 2 L1(� ), the time averagebu is constant almost every-
where, and equal to

R
X u d� .

Proof. If f is ergodic thenf � (bu) = bu almost everywhere implies thatbu is almost
everywhere constant by part (ii) of Proposition 19.17.

Remark 20.4. One often calls the integral
R

X u d� the space average of the
function u. Thus in the ergodic case, Theorem 20.2 can be concisely stated as
saying that:

time average = space average.

Many arguments in statistical mechanics implicitly assume that the time average
is equal to the space average, and thus for these arguments to be mathematically
valid, one needs to verify the dynamical system in question is ergodic.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Before embarking on the proof of Theorem 20.2, let us see two applications of
Theorem 20.2. Further results of this form are on Problem Sheet J.

Recall that any numberx 2 [0; 1) has a binary expansion

x =
1X

k=1

xk

2k

where xk 2 f 0; 1g for eachk. For all but countably many x 2 [0; 1), the binary
representation is unique.

Definition 20.5. We say that x 2 [0; 1) is normal to base 2 if the frequency of
1's in the binary expansion ofx is 1

2 .

It is easy to write down examples of numbers that arenot normal to base 2,
for instancex = 1

2 has a binary expansion withx1 = 1 and xk = 0 for all k � 2.
Nevertheless, it is a somewhat remarkable fact that most numbers are normal:

Proposition 20.6. Almost all numbers (with respect to the Lebesgue measure� )
in [0; 1) are normal to base 2.

Proof. Let e2 : [0; 1) ! [0; 1) denote the doubling map,e2(x) = 2 x mod 1. By1

Problem J.1, e2 is ergodic with respect to Lebesgue measure� . Let X � [0; 1)
denote the set of points whose binary expansion is unique. Then� (X ) = 1, since
the complement ofX is countable. If x 2 X then writing

e2(x) = e2

 
1X

k=1

xk

2k

!

=
1X

k=1

xk+1

2k
;

we observe that ifu = 1[1=2;1) one has

u(ei
2(x)) =

(
1; x i +1 = 1;

0; x i +1 = 0:

Thus for x 2 X , the number of 1's in the �rst k digits of x is
P k� 1

i =0 u(ei
2(x)). By

Corollary 20.3, one has

1
k

k� 1X

i =0

u(ei
2(x)) !

Z

X
1[1=2;1) d� =

1
2

; almost everywhere.

This says that the frequency of 1's in the binary expansion of almost everyx 2 X
is 1

2 , and thus completes the proof.

Here is another application of Theorem 20.2, which will be useful in later lec-
tures.

1Strictly speaking, Problem J.1 is formulated on the circle instead of [0; 1), but this makes no
di�erence.
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Proposition 20.7. Let f be a dynamical system on a probability space(X; A ; � ).
Then f is ergodic if and only if for allA; B 2 A one has

1
k

k� 1X

i =0

� (f � i A \ B) ! � (A)� (B ): (20.1)

Proof. Supposef is ergodic. Chooseu = 1A and apply Corollary 20.3 to obtain

1
k

k� 1X

i =0

1A (f i (x)) ! � (A); almost everywhere.

Multiply both sides by 1B to obtain

1
k

k� 1X

i =0

1A (f i (x))1B ! � (A)1B ; almost everywhere.

Now apply the Dominated Convergence Theorem 18.34 to obtain

1
k

k� 1X

i =0

� (f � i A \ B) ! � (A)� (B )

as required.
For the converse, supposeE is an invariant set. SetA = B = E and apply (20.1)

to obtain 1
k

P k� 1
i =0 � (E) ! � (E)2. Thus � (E) = � (E)2, which implies� (E) 2 f 0; 1g.

This completes the proof.

We will now get started on the proof of Theorem 20.2. The key step is the
following rather strange series of constructions. Let (X; A ; � ) be a probability
space. SupposeP : L1(� ) ! L1(� ) is a positive linear operator with kPkop � 1.
Explicitly, this means that

u � 0 ) Pu � 0

and
kPuk1 � k uk1; 8 u 2 L1(� ):

Let us now �x a function u 2 L1(� ; R). Using P, we de�ne a sequence of functions
(uk) for k = 0; 1; 2; : : : . Namely, let us �rst set u0 := 0 and then de�ne inductively
for k � 1

uk :=
k� 1X

i =0

P i u:

We then de�ne for n = 0; 1; 2; : : : a function

vn (x) := max
0� k� n

uk(x):

Note that vn � 0 sinceu0 = 0. Finally we set

v : = sup
n� 0

vn :

3



Note that clearly vn 2 L1(� ), and hence the functionv is measurable (but not
necessarily inL1(� )). Next, we de�ne measurable setsAn 2 A by

An := f x 2 X j vn (x) > 0g;

so that An � An+1 , and the union

A :=
1[

n=0

An

is exactly the set on whichv is positive. We then claim:

Theorem 20.8 (Maximal Ergodic Theorem). It holds that
Z

A
u d� � 0:

At the moment this result probably looks completely random to you (and utterly
undeserving of a special name!), but fear not: all will be revealed soon.

Proof. SinceAn � An+1 , by the Dominated Convergence Theorem 18.34 it su�ces
to show that Z

A n

u d� � 0; 8n 2 N:

Indeed,u1A n ! u1A and ju1A j � j uj, so
Z

A n

u d� =
Z

X
u1A n d� !

Z

X
u1A d� =

Z

A
u d�:

So let us �x n � 1. For 0 � k � n one has by de�nition that vn � uk , and hence
by positivity Pvn � Puk , which implies that

Pvn + u � uk+1 ; 8 0 � k � n:

Thus if x 2 An then

Pvn (x) + u(x) � max
1� k� n

uk(x) = max
0� k� n

uk(x) = vn (x);

where the second equality used the fact thatvn (x) > 0 for x 2 An , and hence the
maximum cannot be achieved byu0 = 0.

In other words, we have shown

u � vn � Pvn ; on An ;

and hence
Z

A n

u d� �
Z

A n

vn d� �
Z

A n

Pvn d�

=
Z

X
vn d� �

Z

A n

Pvn d�; sincevn = 0 on X n An ;

�
Z

X
vn d� �

Z

X
Pvn d�; sincePvn � 0;

� 0; sincekPk � 1:

This completes the proof.

4



We now use the Maximal Ergodic Theorem to prove another technical looking
result.

Proposition 20.9. Let f be a dynamical system on a probability space(X; A ; � )
and let w 2 L1(� ; R). Given a 2 R, set

Ya :=

(

x 2 X
�
�
� sup

k� 1

1
k

k� 1X

i =0

w(f i (x)) > a

)

:

Then if E is any invariant subset forf one has
Z

E \ Ya

w d� � a� (E \ Ya):

Proof. We �rst prove the result in the special case whereE = X . Set u := w � a.
Then Ya is precisely the setA from the Maximal Ergodic Theorem 20.8, and thusR

Ya
u d� � 0, which implies that

R
Ya

w d� � a� (Ya). For the general case we may
assume that� (E) > 0, otherwise there is nothing to prove. We then consider the
dynamical systemf jE on the restricted probability space (E; AE ; � E ) (cf. Remark
19.8) and apply the case we have already proved. This completes the proof.

We are now ready for the proof of Theorem 20.2. This proof is non-examinable|
not because it is particularly hard, but because it is rather long.

( | ) Proof. We may as usual assume thatu is real-valued, by taking real and imag-
inary parts. We prove the result in three steps.

1. De�ne

usup(x) := lim sup
k!1

1
k

k� 1X

i =0

u(f i (x)) ;

and

uinf (x) := lim inf
k!1

1
k

k� 1X

i =0

u(f i (x)) :

In this step we show that

usup = uinf almost everywhere.

First observe that both usup and uinf are invariant under f . Indeed, if uk(x) :=
1
k

P k� 1
i =0 u(f i (x)) then

k + 1
k

uk+1 (x) � uk(f (x)) =
1
k

u(x);

and thus taking lim sup and lim inf ask ! 1 establishes our claim.
To show that usup = uinf almost everywhere, de�ne fora; b2 R the set

X a;b := f x 2 X j uinf (x) < b and usup(x) > ag:

Since
f x 2 X j uinf (x) < u sup(x)g �

[

a;b2 Q; b<a

X a;b;
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it su�ces to show that � (X a;b) = 0 if b < a. Since usup and uinf are invariant,
one hasf � 1X a;b = X a;b. If f was ergodic then it would immediately follow that
� (X a;b) = 0, but for the full statement we need to use Proposition 20.9.

For this, set as in Proposition 20.9

Ya :=

(

x 2 X
�
�
� sup

k� 1

1
k

k� 1X

i =0

u(f i (x)) > a

)

:

Then
X a;b \ Ya = X a;b:

By Proposition 20.9 we obtain
Z

X a;b

u d� =
Z

X a;b \ Ya

u d�

� a� (X a;b \ Ya)

= a� (X a;b):

But now replacing u; a; b with � u; � b;� a respectively, and using (� u)sup = � uinf

and (� u) inf = � usup we get also that
Z

X a;b

u d� � b� (X a;b):

Thus a� (X a;b) � b� (X a;b). This is true for any a; b. If b < a then it forces
� (X a;b) = 0.

2. It follows that bu exists almost everywhere and agrees with bothusup and
uinf . Now we show thatbu 2 L1(� ). For this set

vk(x) :=

�
�
�
�
�
1
k

k� 1X

i =0

u(f i (x))

�
�
�
�
�
:

Then vk � 0 and by Proposition 19.16 one has
R

X vk d� �
R

X juj d� . Thus by
Fatou's Lemma 18.33 we see that lim infk vk = juinf j is integrable, i.e. that uinf 2
L1(� ).

3. In this �nal step we show that
R

X bu d� =
R

X u d� . For this we play a similar
game to the above. Set

Zn;k :=
�

x 2 X
�
�
�

k
n

� usup(x) <
k + 1

n

�

for k 2 Z and n 2 N. Given " > 0, we have

Zn;k \ Yk
n � " = Zn;k ;

whereYa is as de�ned above. Thus by Proposition 20.9 once more we obtain
Z

Zn;k

u d� �
�

k
n

� "
�

� (Zn;k ):
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Since" was arbitrary, it follows that
Z

Zn;k

u d� �
k
n

� (Zn;k ):

Using the de�nition of Zn;k we then have
Z

Zn;k

usup d� �
k + 1

n
� (Zn;k )

�
1
n

� (Zn;k ) +
Z

Zn;k

u d�:

Summing overk gives Z

X
usup d� �

1
n

+
Z

X
u d�:

Since this holds for anyn, we obtain
Z

X
usup d� �

Z

X
u d�: (20.2)

Now apply this to � u to obtain
Z

X
(� u)sup d� �

Z

X
(� u) d�;

or equivalently that Z

X
uinf d� �

Z

X
u d�: (20.3)

Sinceusup = uinf almost everywhere by Step 1, combining (20.2) and (20.3) shows
that Z

X
bu d� =

Z

X
u d�:

This completes the proof.
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LECTURE 21

Mixing from a Measure-Theoretic
Viewpoint

In this lecture we investigate the measure-theoretic analogues of the mixing and
weakly mixing properties from Lecture 5. The starting point for this discussion
is Proposition 20.7, which tells us that iff is an ergodic dynamical system on a
probability space (X; A ; � ) then

lim
k!1

1
k

k� 1X

i =0

� (f � i A \ B) = � (A)� (B ):

This motivates the following de�nitions.

Definition 21.1. Let f be a dynamical system on a probability space (X; A ; � ).
We say that f is:

(i) weakly mixing if for all A; B 2 A

lim
k!1

1
k

k� 1X

i =0

�
� � (f � i A \ B) � � (A)� (B )

�
� = 0:

(ii) mixing if for all A; B 2 A ,

lim
k!1

� (f � kA \ B) = � (A)� (B ):

Remark 21.2. Whilst the mixing condition is very natural, you may be forgiven
for thinking that the weakly mixing condition is somewhat contrived. Moreover
at �rst glance it would not to have anything to do with the topological de�nition
of weak mixing (cf. De�nition 5.6). However fear not: by the end of the lecture
the weak mixing condition will seem much more natural, and the correspondence
between the topological and measure-theoretic de�nitions will be clear.

Lemma 21.3. Let f be a dynamical system on a probability space(X; A ; � ). Then

f is mixing ) f is weakly mixing ) f is ergodic.

Proof. Observe that if (ak)k� 0 is any sequence of real numbers then limk ak = 0 im-
plies that limk

1
k

P k� 1
i =0 jai j = 0, and this latter condition implies that lim k

1
k

P k� 1
i =0 ai =

0. The lemma follows withak := � (f � kA \ B) � � (A)� (B ).

Recall from Remark 19.5 that given a transformationf : X ! X on a probabil-
ity space (X; A ; � ), in order to check whetherf is measure-preserving it su�ces to
test it on any semi-algebra generatingA . In fact, the same is true for ergodicity,
weak mixing and mixing, as we now prove.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Proposition 21.4. Suppose(X; A ; � ) is a probability space and supposeS � A
is a semi-algebra that generatesA . Let f be a dynamical system on a probability
space(X; A ; � ). Then:

(i) f is ergodic if and only if for allA; B 2 S , one has

lim
k!1

1
k

k� 1X

i =0

� (f � kA \ B) = � (A)� (B ):

(ii) f is weakly mixing if and only if for all A; B 2 S , one has

lim
k!1

1
k

k� 1X

i =0

j� (f � i A \ B) � � (A)� (B )j = 0:

(iii) f is mixing if and only if for all A; B 2 S , one has

lim
k!1

� (f � kA \ B) = � (A)� (B ):

Proof. Firstly, it is clear that if all three properties hold for elements ofS then
they also hold for �nite disjoint unions of elements ofS . Now let A; B 2 A , and
�x " > 0. By Theorem 18.17 we can �ndA1; : : : ; Ap and B1; : : : Bq that belong
to S such that A i \ A j = ; if i 6= j and B i \ B j = ; if i 6= j and such that if
A0 :=

S p
i =1 A i and B0 :=

S q
i =1 B i then � (A M A0) < " and � (B M B0) < " . Note

that for i � 0, one has
�
f � i A \ B

�
M

�
f � i A0 \ B0

�
�

�
f � i A M f � i A0

�
[

�
B M B0

�
;

and hence we have

�
� �

f � i A \ B
�

M
�
f � i A0 \ B0

� �
< 2";

and hence �
�� (f � i A \ B) � � (f � i A0 \ B0)

�
� < 2"

by (19.1). Thus we have
�
�� (f � i A \ B) � � (A)� (B )

�
� �

�
� � (f � i A \ B) � � (f � i A0 \ B0)

�
�

+
�
� � (f � i A0 \ B0) � � (A0)� (B0)

�
�

+
�
� � (A)� (B ) � � (A)� (B0)

�
�

+
�
� � (A)� (B0) � � (A0)� (B0)

�
�

< 4" +
�
�� (f � i A0 \ B0) � � (A0)� (B0)

�
� ;

where the last used used (19.1) again to estimatej� (A) � � (A0)j < " and j� (B ) �
� (B0)j < " . From this, both (ii) and (iii) follow, since A0 and B0 are �nite unions
of elements inS . The proof of (i) proceeds along similar lines: arguing as above
we �nd

�
�
�
�
�
1
k

k� 1X

i =0

� (f � i A \ B) � � (A)� (B )

�
�
�
�
�

< 4" +

�
�
�
�
�
1
k

k� 1X

i =0

� (f � i A0 \ B0) � � (A0)� (B0)

�
�
�
�
�
;

and then the conclusion follows as before. This completes the proof.
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We now take a short detour and discuss some convergence properties of se-
quences of real numbers.

Definition 21.5. A subsetK � f 0; 1; 2; : : : g hasdensity zero if

lim
k!1

# K \ f 0; 1; 2; : : : ; k � 1g
k

= 0:

Proposition 21.6. Let (ak)k� 0 be a bounded sequence of real numbers. Then the
following are equivalent:

(i) lim k!1
1
k

P k� 1
i =0 jai j = 0;

(ii) There exists a subsetK � f 0; 1; 2; : : : g of density zero such thatlimk!1 ak =
0 provided k =2 K .

(iii) lim k!1
1
k

P k� 1
i =0 jai j2 = 0.

By a slight abuse of notation, we will write the conclusion of (ii) as

lim
k =2 K

ak = 0:

This proof is non-examinable.

( | ) Proof. Given any subsetJ � f 0; 1; 2; : : : g, let us denote byNJ (k) the cardinal-
ity of J \f 0; 1; 2; : : : ; k� 1g, so that J has density zero if and only if limk!1

1
k NJ (k) =

0.
We �rst prove that (i) ) (ii). Given n � 1, let Jn denote the set ofk 2

f 0; 1; 2; : : : g such that jak j � 1
n : Then J1 � J2 � J3 � � � � . Each setJn has density

zero, since
1
k

k� 1X

i =0

jai j �
1

nk
NJn (k):

This means there exists integers 0 =j 0 < j 1 < j 2 < � � � such that

1
k

NJn +1 (k) <
1

n + 1
; 8 k � j n :

Now set

K :=
1[

n=0

�
Jn+1 \ [j n ; j n+1 ]

�
:

We claim that K has density zero. SinceJ1 � J2 � � � � , if j n � k < j n+1 we have

K \ [0; k) =
�
K \ [0; j n )

�
[

�
K \ [j n ; k)

�

�
�
Jn \ [0; j n )

�
[

�
Jn+1 \ [0; k)

�
;

and therefore

1
k

NK (k) �
1
k

�
NJn (j n ) + NJn +1 (k)

�

�
1
k

�
NJn (k) + NJn +1 (k)

�

�
1
n

+
1

n + 1
:
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Thus K has density zero as required. Moreover ifk > j n and k =2 K then k =2 Jn+1

and hencejak j < 1
n+1 . Thus limk =2 K jak j = 0. This proves (ii).

Now let us prove that (ii) ) (i). Let K be a set of density zero such that
limk =2 K ak = 0. Since by assumption (ak) is bounded, there existsC > 0 such that

jak j � C; 8 k � 0: (21.1)

Let " > 0. Then there existsn = n(") such that if

jak j < "; 8 k � n such that k =2 K; (21.2)

and
1
k

NK (k) < "; 8 k � n: (21.3)

Now assume that
k >

n
"

: (21.4)

Then by splitting the sum 1
k

P k� 1
i =0 jai j into three pieces we see that

1
k

k� 1X

i =0

jai j =
1
k

 
X

i 2 K \f 0;1;2;:::;k � 1g

jai j +
X

i 2f 0;1;2;:::;n � 1gnK

jai j +
X

i 2f n;:::;k � 1gnK

jai j

!

<
C
k

NK (k) + C
n
k

+ " by (21.1) and (21.2)

< C" + C" + " by (21.3) and (21.4)

= (2 C + 1) ":

Thus (i) follows. Finally, (iii) ) (i) is obvious, and to see that (i) ) (iii), we
observe that if K is as in (ii) then

lim
k =2 K

jak j = 0 ) lim
k =2 K

jak j2 = 0:

Thus completes the proof.

An immediate corollary of Proposition 21.6 is the following alternative charac-
terisations of the weak mixing property.

Corollary 21.7. Let f be a dynamical system on a probability space(X; A ; � ).
The following are equivalent.

(i) f is weakly mixing.

(ii) For every pair A; B 2 A there exists a setK (A; B ) � f 0; 1; 2: : : g of density
zero such that

lim
k =2 K (A;B )

� (f � kA \ B) = � (A)� (B ):

(iii) For every pair A; B 2 A one has

lim
k!1

1
k

k� 1X

i =0

�
� � (f � i A \ B) � � (A)� (B )

�
�2

= 0:
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Proof. Apply Proposition 21.6 with ak := � (f � kA \ B) � � (A)� (B ).

Remark 21.8. In Problem Sheet K you will show that if (X; A ; � ) has a countable
basis (De�nition 18.43) then part (ii) of Corollary 21.7 can be improved to show
that the set K (A; B ) can be chosen independently ofA and B.

In the topological world, weak mixing was de�ned in terms of the product dy-
namical systemf � f . A similar thing is true in the measure-theoretic world, as
we now explain.

Definition 21.9. Suppose (X; A ) is a measurable space. LetS denote the semi-
algebra onX � X given by sets of the formA � B for A; B 2 A . The sigma-algebra
generated (cf. De�nition 18.16) by this semi-algebra is denoted byA � A and is
called theproduct sigma-algebra . Next, if � is a probability measure onA then

~� (A � B) := � (A)� (B )

is a probability pre-measure onS . Thus Theorem 18.17 tells us that there is a
unique probability measure onA � A that agrees with ~� on S � A � A . We
denote this probability measure by� � � and call it the product measure .

We adopt the convention that if (X; A ; � ) is a probability space thenX � X
should always be considered with the product sigma-algebraA � A and the product
measure� � � , even if this is not explicitly stated.

We conclude this lecture by proving the measure-theoretic analogue of Fursten-
berg's Theorem 6.5.

Theorem 21.10 (Measure-theoretic version of Furstenberg's Theorem). Let f be
a measure-preserving transformation on a probability space(X; A ; � ). Then the
following are equivalent:

(i) f is weakly mixing.

(ii) f � f is ergodic.

(iii) f � f is weakly mixing.

Remark 21.11. The equivalence of (i) and (ii) explains why this de�nition of weak
mixing is analogous to the topological one (De�nition 5.6). The equivalence of (i)
and (iii) is the analogue of Furstenberg's Theorem 6.5.

Proof. Let us �rst prove that (i) implies (iii). Let A; B; C; D 2 A . Since f is
weakly mixing, by part (ii) of Corollary 21.7 there exist subsetsK 1 = K (A; B ) and
K 2 = K (C; D) of density zero such that

lim
k =2 K 1

� (f � kA \ B) = � (A)� (B );

and
lim

k =2 K 2

� (f � kC \ D) = � (C)� (D):

5



Let K := K 1 [ K 2. Then K is also a set of density zero, and we have

lim
k =2 K

(� � � )
�

(f � f )� k(A � C) \ (B � D)
�

= lim
k =2 K

� (f � kA \ B)� (f � kC \ D)

= � (A)� (B )� (C)� (D)

= ( � � � )(A � C)( � � � )(B � D):

Since sets of the formA � C form a semi-algebra that generates the sigma-algebra
on X � X , it follows from Proposition 21.4 and Corollary 21.7 thatf � f is weakly
mixing. This proves (iii). The fact that (iii) implies (ii) is obvious. Let us now
prove that (ii) implies (i). Let A; B 2 A . We have

lim
k!1

1
k

k� 1X

i =0

�
�
f � i A \ B

�
= lim

k!1

1
k

k� 1X

i =0

(� � � )
�

(f � f )� i (A � X ) \ (B � X )
�

(~ )
= ( � � � )(A � X )( � � � )(B � X );

= � (A)� (B )

where (~ ) used that f � f is ergodic. Similarly we have

lim
k!1

1
k

k� 1X

i =0

� (f � i A \ B)2 = lim
k!1

1
k

k� 1X

i =0

(� � � )
�

(f � f )� i (A � A) \ (B � B)
�

(~ )
= ( � � � )(A � A)( � � � )(B � B)

= � (A)2� (B )2

where (~ ) again used thatf � f is ergodic. Putting these two together gives

lim
k!1

1
k

k� 1X

i =0

�
� (f � i A \ B) � � (A)� (B )

� 2

= lim
k!1

1
k

k� 1X

i =0

�
� (f � i A \ B)2 � 2� (f � i A \ B)� (A)� (B ) + � (A)2� (B )2

�

= 2 � (A)2� (B )2 � 2� (A)2� (B )2

= 0:

Thus by Corollary 21.7 we see thatf is weakly mixing. This proves (i), and thus
completes the proof.
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LECTURE 22

Spectral properties of Dynamical
Systems

In this lecture we discuss a \functional analytic" interpretation of mixing and
weakly mixing for measure-preserving dynamical systems. Unfortunately we are
only able to scratch the surface, since most of the results in this direction require
considerably more functional analysis that this course assumes1 as a prerequisite.

We begin with the following statement.

Proposition 22.1. Let f be a measure-preserving transformation of a probability
space(X; A ; � ). Then the following are equivalent:

(i) f is mixing.

(ii) For all u; v 2 L2(� ; C), one has

lim
k!1

t (f � )k(u); vy =
Z

X
u d�

Z

X
v d�:

(iii) For all u 2 L2(� ; C), one has

lim
k!1

t (f � )k(u); uy =
Z

X
u d�

Z

X
u d�:

Proof. To see that (ii) implies (i), given A; B 2 A take u = 1A and v = 1B . To see
that (i) implies (iii), observe that (i) implies that for any A; B 2 A , one has

lim
k!1

t (f � )k(1A ); 1B y = � (A)� (B ):

Fixing B, we see that for any simple functionv, one has

lim
k!1

t (f � )k(v); 1B y =
Z

X
v d� � � (B ):

Then �xing v we see that

lim
k!1

t (f � )k(v); vy =
Z

X
v d�

Z

X
v d�;

i.e. that (iii) is true for any simple function v. Now givenu 2 L2(� ; C) and " > 0,
choose a (possibly complex valued) simple functionv such that ku � vk2 < " . Then
choosen = n(") > 0 such that for k � n one has

�
�
�
� t (f � )k(v); vy �

Z

X
v d�

Z

X
v d�

�
�
�
� < ":

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1Which is, essentially, zero.
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To ease the notation set

a :=
Z

X
u d�; and b :=

Z

X
v d�:

Then if k � n one has
�
�t (f � )k(u); uy � aa

�
� �

�
� t (f � )k(u); uy � t (f � )k(v); uy

�
�

+
�
�t (f � )k(v); uy � t (f � )k(v); vy

�
� +

�
�t (f � )k(v); vy � bb

�
�

+ jbb� abj + jab� aaj

�
�
� t (f � )k(u � v); uy

�
� +

�
�t (f � )k(v); u � vy

�
�

+ " + jbj

�
�
�
�

Z

X
(u � v) d�

�
�
�
� + jaj

�
�
�
�

Z

X
(v � u) d�

�
�
�
�

� k u � vk2kuk2 + ku � vk2kvk2 + "

+ kvk2ku � vk2 + kuk2kv � uk2

� "kuk2 + "(kuk2 + ") + " + ( kuk2 + ")" + "kuk2

=4"kuk2 + 2"2 + ":

This proves (iii). Finally to see that (iii) implies (ii), we argue as follows. Fix
u 2 L2(� ; C) and let

L u :=
�

v 2 L2(� ; C)
�
�
� lim

k!1
t (f � )k(u); vy =

Z

X
u d�

Z

X
v d�

�
:

Then L u is a closedf � -invariant subspace ofL2(� ; C) which contains both u (by
(iii)) and the constant functions. We must show that actuallyL u = L2(� ; C).

To prove this, let Su � L2(� ; C) denote the smallest closedf � -invariant subspace
containing u and the constant functions. ThenSu � L u by de�nition. Now consider
the orthogonal complement

S?
u =

�
v 2 L2(� ; C) j t v; wy = 0; 8 w 2 Su

	
:

Supposev 2 S ?
u . Since the constant function1X belongs toSu we have

0 = t v;1X y =
Z

X
v d�: (22.1)

Similarly since (f k)� (u) 2 Su for any k � 0 (as u 2 Su and Su is f � -invariant) we
also have

t v; (f � )k(u)y = 0; 8 k � 0: (22.2)

Combining (22.1) and (22.2) shows that ifv 2 S ?
u then v 2 L u. Thus S?

u � L u.
But now we are done, since

L2(� ; C) = Su + S?
u � L u:

This establishes (ii), and so completes the proof.

The next two results can be proved in exactly the same way as Proposition 22.1.
The proof is left to the interested reader.
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Proposition 22.2. Let f be a measure-preserving transformation of a probability
space(X; A ; � ). Then the following are equivalent:

(i) f is ergodic.

(ii) For all u; v 2 L2(� ; C), one has

lim
k!1

1
k

k� 1X

i =0

t (f � ) i (u); vy =
Z

X
u d�

Z

X
v d�:

(iii) For all u 2 L2(� ; C), one has

lim
k!1

1
k

k� 1X

i =0

t (f � ) i (u); uy =
Z

X
u d�

Z

X
u d�:

Proposition 22.3. Let f be a measure-preserving transformation of a probability
space(X; A ; � ). Then the following are equivalent:

(i) f is weakly mixing.

(ii) For all u; v 2 L2(� ; C), one has

lim
k!1

1
k

k� 1X

i =0

�
�
�
� t (f � ) i (u); vy �

Z

X
u d�

Z

X
v d�

�
�
�
� = 0:

(iii) For all u 2 L2(� ; C), one has

lim
k!1

1
k

k� 1X

i =0

�
�
�
� t (f � ) i (u); uy �

Z

X
u d�

Z

X
u d�

�
�
�
� = 0:

Let us now look ateigenvaluesof a measure-preserving dynamical system.

Definition 22.4. Let f be a dynamical system on a probability space (X; A ; � ).
We say a complex number� is an eigenvalue of f if it is an eigenvalue of the
isometry f � : L2(� ; C) ! L2(� ; C). Thus � is an eigenvalue off is and only if there
exists a non-zerou 2 L2(� ; C) such that

u(f (x)) = �u (x); for almost everyx 2 X:

Such a functionu is called aneigenfunction corresponding to the eigenvalue� .

Here are some elementary properties.

Lemma 22.5. Let f be a dynamical system on(X; A ; � ). Then:

(i) � = 1 is always an eigenvalue off .

(ii) Every eigenvalue� of f satis�es j� j = 1.
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(iii) If f is ergodic then any eigenfunction with eigenvalue 1 is constant almost
everywhere.

Proof. The proof of (i) is immediate, since any non-zero constant function is an
eigenfunction with eigenvalue 1. To prove (ii) observe that sincef � is an isometry
by Proposition 19.16, ifu is an eigenfunction with eigenvalue� then

kuk2
2 = kf � (u)k2

2 = t �u; �u y = j� j2kuk2
2:

Thus j� j = 1. Finally (iii) follows immediately from part (ii) of Proposition 19.17.

Proposition 22.6. Let f be a measure-preserving transformation of a probability
space(X; A ; � ). If f is weakly mixing then the only eigenvalue off is � = 1.

Proof. Suppose for contradiction that there exists an eigenvalue� 6= 1. Let u
denote an eigenfunction corresponding to� . Then

Z

X
u d� =

Z

X
f � (u) d� = �

Z

X
u d�

by Proposition 19.16, and hence
R

X u d� = 0: Sincef is weakly mixing, by Propo-
sition 22.3 one thus has

1
k

k� 1X

i =0

jt (f � ) i (u); uyj ! 0;

and hence
1
k

k� 1X

i =0

jt � i u; uyj ! 0:

Since j� j = 1, this implies that t u; uy = 0, and henceu = 0 almost everywhere.
This contradicts u being an eigenfunction, and thus completes the proof.

If we assume thatf is invertible, then the converse to this result holds:

Theorem 22.7. Let f be an invertible measure-preserving transformation of a
probability space(X; A ; � ). Then f is weakly mixing if and only if f is ergodic and
the only eigenvalue off is � = 1.

The proof of Theorem 22.7 uses tools from functional analysis, and therefore:

The rest of this lecture isnon-examinable .

More precisely, we require the following version2 of the Spectral Theorem.

2The Spectral Theorem is one of those results that you have probably seen proved in numerous
guises, starting in Linear Algebra. The version we use here is not remotely the most general one,
but it is formulated in a somewhat more advanced fashion than you may be used to.
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Theorem 22.8 (Spectral Theorem for Unitary Operators). Let (H; h�; �i ) be a com-
plex Hilbert space andL : H ! H a bounded unitary operator. Then for each
u 2 H there exists a unique �nite Borel measure� u on S1 such that

hL ku; ui =
Z

S1
zk d� u; for all k 2 Z:

If V denotes the closure of the linear span of all eigenvectors ofL and u 2 V ? then
the measure� u is atomless.

We now prove Theorem 22.7.

( | ) Proof. We need only prove that iff is ergodic and the only eigenvalue off is
1 then f is weakly mixing. Takeu 2 L2(� ; C). We must show that

1
k

k� 1X

i =0

�
�
�
� t (f � ) i (u); uy �

Z

X
u d�

Z

X
u d�

�
�
�
� ! 0: (22.3)

If u is constant almost everywhere then (22.3) is immediate. Thus without loss of
generality we may assume that

R
X u d� = 0. Since f is reversible and measure-

preserving, by Proposition 19.16 the operatorf � : L2(� ; C) ! L2(� ; C) is unitary,
and hence the Spectral Theorem is applicable.

Denote by � u the �nite Borel measure onS1 given to us via Theorem 22.8. It
thus su�ces to show that

1
k

k� 1X

i =0

�
�
�
�

Z

S1
zi d� u

�
�
�
�

2

! 0:

For this we compute3:

1
k

k� 1X

i =0

�
�
�
�

Z

S1
zi d� u

�
�
�
�

2

=
1
k

k� 1X

i =0

� Z

S1
zi d� u �

Z

S1
z� i d� u

�

(~ )
=

1
k

k� 1X

i =0

Z

S1

Z

S1
(zw) i d(� u � � u)

=
Z

S1

Z

S1

1
k

 
k� 1X

i =0

(zw) i

!

d(� u � � u);

where (~ ) used Fubini's Theorem. Let

' k : S1 � S1 ! R; ' (z; w) :=
1
k

k� 1X

i =0

zwi ;

so that the computation above shows that

1
k

k� 1X

i =0

�
�
�
�

Z

S1
zi d� u

�
�
�
�

2

= lim
k!1

Z

S1 � S1
' k d(� u � � u):

3In this computation z, and later, w, are elements ofS1.
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To complete the proof we show that

lim
k!1

' k(z; w) ! 0; for � u � � u almost every (z; w); (22.4)

from which (22.3) follows by the Dominated Convergence Theorem 18.34. To show
(22.4), note �rst that if z 6= w then

' k(z; w) =
1 � (zw)k

k(1 � (zw)
! 0

as k ! 1 .
This argument doesn't work forz = w however, and this is where we �nally need

to use the assumptions of the theorem (so far we have only used the fact thatf is
reversible and measure-preserving). Sincef is ergodic and 1 is the only eigenvalue
of f , the only eigenfunctions off are the constants by part (iii) of Lemma 22.5.
Thus the assumption

R
X u d� = 0 implies that u is orthogonal to all eigenfunctions

by (cf. (22.1)). This means that the measure� u is atomless by the last statement
of the Spectral Theorem . Therefore the measure of the diagonalf (z; z) j z 2 S1g
(as a subset ofS1 � S1) under � u � � u is zero. Thus (22.4) follows, and hence so
does (22.3). The proof is complete.
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LECTURE 23

Measures on Metric Spaces

In the last few lectures we started with a probability space (X; A ; � ), and then
looked at transformationsf : X ! X which preserve� . Over the next two lectures
we 
ip this on its head. Rather than starting with the measure� and then restrict-
ing attention to transformations f that preserve � , now we will start with f and
look for measures for whichf is measure-preserving.

Such a paradigm shift is possible purely within the measure-theoretic world,
but it is maximally pro�table if we begin in a topological setting. Indeed, suppose
we are given a topological dynamical systemf on a compact metric space (X; d).
Let B denote the Borel sigma-algebra. Can we �nd a probability measure� on
(X; B ) for which f becomes1 measure-preserving? If we are successful in our quest
to �nd such a � , the dynamical systemf will then simultaneously be a topological
dynamical system and a measure-preserving dynamical system. The bene�ts of this
approach should be clear: we can then bring all the results from both topological
and measure-theoretic dynamics to bear when studying the dynamics off .

In order to have e�ective methods to \�nd" measures for which our given topo-
logical dynamical systemf is measure-preserving, we need to understand what
properties the space ofall probability measures on the Borel sigma-algebra ofX
has. For example, does it carry a topology? If so, is it compact? In fact, the answer
to both of these questions is yes: the space of all probability measures on the Borel
sigma-algebra ofX is itself a compact metric space. We will prove this today.

Throughout our discussion of measures on metric spaces, we will always as-
sume that the underlying metric spaces arecompact .

Definition 23.1. Let X be a compact metric space, and letB denote the Borel
sigma-algebra onX . We denote byM (X ) the space of all probability measures�
on (X; B ).

We call elements ofM (X ) simply Borel probability measureson X (this saves
having to constantly explicitly label B ). We will prove shortly that M (X ) is itself
a compact metric space. One can think ofM (X ) as an \enlargement" of the space
X . Indeed, there is an obvious inclusionX ,! M (X ) given by sending a point to
its corresponding Dirac measure (Example 18.22):

{: X ! M (X ); x 7! � x : (23.1)

On Problem Sheet L you will prove that|when M (X ) is given its metric space
structure discussed in this lecture|the map (23.1) is an embedding (i.e. a homeo-
morphism onto its image). In general the map{ is not surjective; the spaceM (X )

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1Note that since f is continuous (by de�nition of a topological dynamical system), f is auto-

matically measurable with respect to any measure on (X; B ) by Example 19.3.
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can be much larger thanX . Nevertheless, in some ways the spaceM (X ) is easier
to handle than X itself. For example:

Lemma 23.2. The spaceM (X ) is convex: given�; � 2 M (X ) and c 2 [0; 1], the
measurec� + (1 � c)� belongs toM (X ).

Here c� + (1 � c)� is de�ned as you would guess:

(c� + (1 � c)� )(A) := c� (A) + (1 � c)� (A); 8 A 2 B :

The proof of Lemma 23.2 is immediate. In contrast, note that for an arbitrary
metric spaceX , it does not make sense to form the \sum"x + y of two points, let
alone form convex combinations.

Remark 23.3. The development of statistical mechanics from Hamiltonian me-
chanics essentially began with the idea that one could replace points by measures.
That is, instead of considering the \states" that a given system can be in to be
given by elements of some setX , one instead considers the states to be probabil-
ity measures onX . (Compare this to discussion at the beginning of Lecture 1).
This new viewpoint is more general, since as we have just observed, there are more
measures than points.

The proof that M (X ) is itself a compact metric space requires some measure-
theoretic preliminaries.

Proposition 23.4. Let � 2 M (X ). Then for any set A 2 B and any " > 0
there exists an open setU and a closed setC such that C � A � U and such that
� (U n C) < " .

Proof. Let us denote byA the collection of subsetsA 2 B for which the stated
property holds. We claim that A is itself a sigma-algebra. ClearlyX 2 A . Now
supposeA 2 A . Let us showX n A 2 A . Fix " > 0 and chooseU open andC
closed such thatC � A � U with � (U n C) < " . Then

X n U � X n A � X n C

and
(X n C) n (X n U) = U n C;

so that � ((X n C) n (X n U)) < " . SinceX n U is closed andX n C is open, this
shows thatX n A 2 A .

Next we show thatA is closed under countable unions. Suppose (Ak)f k2 Ng � A .
Set A :=

S
k Ak , and �x " > 0. For eachk, we may choose

Ck � Ak � Uk ;

with
� (Uk n Ck) <

"
3k

:
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Let U :=
S

k Uk and C :=
S

k Ck . Then U is open but C may not be closed.
Nevertheless, we may choosen � 1 such that C0 :=

S n
k=1 Ck is closed and such that

� (C n C0) < "= 2. Then C0 � A � U, and

� (U n C0) � � (U n C) + � (C n C0)

�
1X

k=1

� (Uk n Ck) +
"
2

�
1X

k=1

"
3k

+
"
2

� ":

To complete the proof is su�ces to show thatA contains all the closed sets, sinceB
is the smallest sigma-algebra with this property (by de�nition) andA � B (again
by de�nition), whence A = B . To see this, letA be a closed set and �x" > 0. In
this case we may takeC = A, so it su�ces to �nd an open set U containing A such
that � (U n A) < " . This is not so hard: set

Uk := f x 2 X j d(x; A) < 1
k g:

Then eachUk is open, with Uk+1 � Uk . Since
T 1

k=1 Uk = A, it follows that for k
large enough, we have� (Uk nA) < " (cf. the footnote from the proof of Proposition
19.9). This completes the proof.

Corollary 23.5. For any � 2 M (X ) and anyA 2 B , we have� (A) = supC � (C),
where the supremum is taken over all closed setsC � A, and similarly � (A) =
inf U � (U), where the in�mum is taken over all open setsU with A � U.

Definition 23.6. We abbreviateC(X ) := C0(X; C) for the space of all continuous
functions u: X ! C. This is a complex vector space under pointwise addition and
scalar multiplication by constants. In fact,C(X ) is a complex algebra, since we can
also multiple elements together pointwise. We endowC(X ) with the supremum
norm

kuk1 := sup
x2 X

ju(x)j:

This makes (C(X ); k � k1 ) into a Banach algebra. It follows from the Stone-
Weierstrass Theorem thatC(X ) is separable.

Proposition 23.7. Let �; � 2 M (X ). If
Z

X
ud� =

Z

X
ud�; 8 u 2 C(X )

then � = � .

Proof. It su�ces to show that � (C) = � (C) for any closed setC by Corollary 23.5.
Let C be a closed set and let" > 0. We may assumeC 6= X , as otherwise there is
nothing to prove. Then there is an open setU containing C with � (U n C) < " by
Proposition 23.4. Now de�neu: X ! R by

u(x) :=
d(x; X n U)

d(x; X n U) + d(x; C)
: (23.2)
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This is well de�ned and continuous as the denominator in the second case can never
vanish. Sinceu is 0 onX n U and 1 onC and satis�es 0� u(x) � 1 for all x 2 X ,
one has

� (C) �
Z

X
u d�

=
Z

X
ud�

� � (U)

< � (C) + ":

Thus � (C) < � (C) + ". Since" > 0 was arbitrary, we see that� (C) � � (C). But
by symmetry one also has� (C) � � (C). This completes the proof.

Denote by C(X )� the dual space ofC(X ). That is, C(X )� is the space of con-
tinuous linear functionals onC(X ). This is another Banach space under the norm

kTk� := sup
�

jTuj j kuk1 � 1
	

:

Definition 23.8. A continuous linear functionalT 2 C(X )� is said to bepositive
if Tu � 0 wheneveru is real-valued and non-negative. A positive continuous linear
functional T is said to benormalised if T(1X ) = 1. We denote by T (X ) � C (X )�

the space of positive normalised linear functionals.

The next statement is another foundational result in measure theory.

Theorem 23.9 (Riesz Representation Theorem). Let X denote a compact metric
space. Then for eachT 2 T (X ) there exists a unique� 2 M (X ) such that

Tu =
Z

X
u d�; 8 u 2 C(X ): (23.3)

We will merely give a brief sketch of the proof of Theorem 23.9, since �lling in
all the details would take all lecture.

( | ) Proof (sketch). Here is how to de�ne� : given an open setU, set

� (U) := sup
n

Tu
�
�
� u : X ! [0; 1] continuous, with ujX nU = 0

o
:

Then for an arbitrary Borel set A, de�ne

� (A) = inf f � (U) j A � U; U openg

(note we have no choice here if� is to satisfy Corollary 23.5). Uniqueness of�
follows from Proposition 23.7.

Remark 23.10. Rather confusingly, there are two di�erent results in functional
analysis and measure theory that are usually referred to as the \Riesz Represen-
tation Theorem". These two results are not the same|their only relation is that
they were both proved by the Hungarian mathematician F. Riesz. One of these
results is Theorem 23.9 (which is not stated in anything like maximal generality).
The \other" Riesz Representation Theorem is rather more elementary. It states
that a complex Hilbert spaceH is isometrically (anti)-isomorphic to its dual space
H � .
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Corollary 23.11. The spaceT (X ) is a closed convex subset of the unit ball2 in
C(X )� .

Proof. It is clear that T (X ) is closed and convex. To prove thatkTk� = 1, we use
Theorem 23.9. If� 2 M (X ) satis�es (23.3) then for anyu 2 C(X ) we have

jTuj =

�
�
�
�

Z

X
u d�

�
�
�
� � k uk1 � � (X ) = kuk1 :

This shows that kTk� � 1. Finally, sinceT(1X ) = 1 we also havekTk� � 1, and
thus kTk� = 1. This completes the proof.

Definition 23.12. Let X be a compact metric space. Theweak star topology
on C(X )� is de�ned by declaring that a sequenceTk converges toT if and only if

Tku ! Tu; 8 u 2 C(X ):

It is customary to use the notationTk * T to indicate that Tk converges toT in
the weak star topology.

As the name suggests, the weak star topology is coarser than the norm topology.
This means that if kTk � Tk� ! 0 then alsoTk * T , but the converse need not be
true.

We now transfer this topology toM (X ). By the Riesz Representation Theorem
there is a bijective map

T : M (X ) ! T (X ); T (� ) := T�

where
T� (u) :=

Z

X
u d�:

Definition 23.13. Consider T (X ) equipped with the weak star topology. We
de�ne a topology onM (X ) by declaring that T is a homeomorphism. This means
that a sequence (� k) � M (X ) converges to an element� 2 M (X ) if and only if
the corresponding sequenceT (� k) converges toT (� ) in T (X ). More explicitly, � k

converges to� if and only if
Z

X
u d� k !

Z

X
u d�; 8 u 2 C(X ):

This is called the weak star topology on M (X ). We again use the notation
� k * � to indicate that � k converges to� in the weak star topology.

This is the smallest topology making the maps� 7!
R

X u d� continuous for each
�xed u 2 C(X ). A basis is given by the collection of sets of the form

N � (v1; : : : ; vp; " ) :=
�

� 2 M (X )
�
�
�

�
�
�
�

Z

X
vi d� �

Z

X
vi d�

�
�
�
� < "; 8 1 � i � p

�
;

2In functional analysis the \unit ball" is (by de�nition) the set of vectors of norm 1. This is
a somewhat unfortunate discrepancy with topological terminology (the unit \ball" is not a ball,
but rather a sphere!)
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where� 2 M (X ), p � 1, vi 2 C(X ) and " > 0.

We will now prove that this topology is metrisable. For this �rst choose a
countable dense subset (wk) � C (X ) (recall from De�nition 23.6 that C(X ) is
separable asX is compact).

Proposition 23.14. The following is a metric onM (X ) inducing the weak star
topology:

dM (�; � ) :=
1X

k=1

�
�R

X wk d� �
R

X wk d�
�
�

2kkwkk1
:

This proof is non-examinable.

( | ) Proof. We prove the result in three steps.

1. In this �rst step we prove that dM is a metric. The only non-trivial part is
to show that dM (�; � ) = 0 implies � = � . By Proposition 23.7 it su�ces to show
that

dM (�; � ) = 0 )
Z

X
u d� =

Z

X
u d�; 8 u 2 C(X ):

Since (wk) is a dense sequence, we can pick a subsequence (wkn ) such that wkn ! u
uniformly. Then by the Dominated Convergence Theorem 18.34 we have

�
�
�
�

Z

X
u d� �

Z

X
u d�

�
�
�
� = lim

n!1

�
�
�
�

Z

X
wkn d� �

Z

X
wkn d�

�
�
�
�

� lim
n!1

2kn kwkn k1 dM (�; � )

= 0:

2. In this second step, we show that for anyu 2 C(X ), the functional

Lu : M (X ) ! R; Lu(� ) :=
Z

X
u d� = T� (u) (23.4)

is continuous with respect todM . For this u 2 C(X ) and " > 0. As before we �nd
a subsequence (wkn ) � (wk) such that wkn converges tou uniformly. Thus there
exists m = m(") such that for all n � m one has

ku � wkn k1 < ": (23.5)

Fix an n � m and set
C := 2 kn kwkn k1 :

Then we have
�
�Lu(� ) � Lu(� )

�
� �

�
�Lu(� ) � Lwk n

(� )
�
� +

�
�Lwk n

(� ) � Lwk n
(� )

�
� +

�
�Lu(� ) � Lwk n

(� )
�
�

� k u � wkn k1 � (X ) + 2 kkwkk1 dM (�; � ) + ku � wkn k1 � (X )

� CdM (�; � ) + 2 ":
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3. In the �nal step we show that dM induces the weak star topology onM (X ).
Given a basis setN � (v1; : : : ; vp; " ), we observe that ifI i denotes the interval

I i :=
� Z

X
vi d� � ";

Z

X
vi d� + "

�

then

N � (v1; : : : ; vp; " ) =
k\

i =1

L � 1
vi

(I i ):

The right-hand side is open in the topology generated byd, since theL vi are d-
continuous by Step 2. Finally we show that for any� 2 M (X ) and � > 0 there
exist a basis setN � (v1; : : : ; vp; " ) such that

N � (v1; : : : ; vp; " ) � Bd(�; � ):

For this �rst choose p such that

1X

k= p+1

2
2k

<
�
2

;

and then set

" :=
�
2

 
pX

k=1

1
2kkwkk1

! � 1

:

Then taking vi := wi for 1 � i � p, we have

N � (w1; : : : ; wp; " ) � BdM (�; � ):

This completes the proof.

Right at the very end of the course (see Step 3 of the proof of Theorem 28.2)
we will need the following fact. Recall that for any subsetA � X , the (topological)
boundary is @A:= A n A � .

Proposition 23.15. If � k * � then for any setA 2 B with � (@A) = 0 one has
� k(A) ! � (A).

Proof. We will �rst show that if C is a closed subset ofX then lim supk � k(C) �
� (C). Let Un := B(C; 1=n) denote the open ball aboutC of radius 1=n. Then
� (Un ) ! � (C). As in (23.2), chooseun 2 C(X ) such that 0 � un � 1 and such
that un = 1 on C and un = 0 on X n Un . Then

lim sup
k!1

� k(C) � lim sup
k!1

Z

X
un d� k

=
Z

X
un d�

� � (Un )

and hence lim supk � k(C) � � (C). Similarly if U is an open set then

lim sup
k

� k(X n U) � � (X n U)
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and hence
lim inf

k
� k(U) � � (U):

Now if A 2 B has � (@A) = 0 then � (A � ) = � (A) = � (A) and thus

lim sup
k!1

� k(A) � lim sup
k!1

� k(A)

� � (A)

= � (A � )

� lim inf
k!1

� k(A � )

� lim inf
k!1

� k(A);

which implies that lim � k(A) = � (A). This completes the proof.

Remark 23.16. In fact, Proposition 23.15 is an \if and only if" statement. We
will not need the converse direction in this course, but it is good to know. So you
will no doubt be pleased to learn that this is on Problem Sheet K.

We are now ready to prove thatM (X ) is a compact metric space.

Theorem 23.17. The spaceM (X ) is compact in the weak star topology.

Theorem 23.17 follows immediately from the Banach-Alaoglu Theorem, which
states that the closed unit ball of the dual space of a topological vector space is
compact in the weak star topology. However we will give a direct proof.

Proof. Suppose (� k) is a sequence inM (X ). We will show it has a convergent
subsequence in three steps. To simplify the notation let us writeTk = T (� k), so
that

Tku =
Z

X
ud� k :

1. Let (wi ) denote a dense subset ofC(X ). In this step we will show that, up to

passing to a subsequence, the sequence (Tkwi )k2 N of complex numbers is convergent
for any i .

Firstly, the sequence of complex numbers (Tkw1)k2 N is bounded by kw1k1

and hence has a convergent subsequence, call it
�
Tk1

n
w1

�
n2 N

. Then the sequence�
Tk1

n
w2

�
n2 N

also has a convergent subsequence, call it
�
Tk2

n
w2

�
n2 N

. In this way
we obtain sequences (ki

n )n2 N such that (ki +1
n )n2 N is a subsequence of (ki

n )n2 N and
such that the sequence

�
Tk i

n
wi

�
n2 N

is convergent. Now we use the usual \diagonal"
argument trick: set k0

n := kn
n . Then

�
Tk0

n
wi )n2 N converges for everyi .

To keep the notation under control, we now relabel this subsequence simply by
k again. With this understood, we have shown that (Tkwi )k2 N converges for every
i . This completes Step 1.

2. In this step we show that for any u 2 C(X ) the sequence (Tku)k2 N is
convergent. Indeed, �xu 2 C(X ) and " > 0. Choosei such that ku � wi k1 < "= 4.
Since (Tkwi

�
k2 N

converges it is Cauchy; thus there existsp = p(") such that

�
�Tmwi � Tnwi

�
� <

"
2

; 8 m; n � p:
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Then we estimate that form; n � p one has
�
�Tmu � Tnu

�
� �

�
�Tmu � Tmwi

�
� +

�
�Tmwi � Tnwi

�
� +

�
�Tnwi � Tnu

�
�

� k Tnk� ku � wi k1 +
"
2

+ kTmk� ku � wi k1

(~ )
= ku � wi k1 +

"
2

+ ku � wi k1

�
"
4

+
"
2

+
"
4

= ";

where (~ ) used the fact that kTnk� = kTmk� = 1 by Proposition 23.11. This shows
that

�
Tku

�
k2 N

is a Cauchy sequence, and hence it converges.

3. We are ready to complete the proof. For a givenu 2 C(X ) de�ne

Tu := lim
n

Tnu:

Clearly T : C(X ) ! C is linear. MoreoverjTuj � k uk1 since the same is true of
each Tk . Similarly Tu � 0 if u � 0 and T(1X ) = 1. It thus follows from the
Riesz Representation Theorem 23.9 thatTu =

R
X u d� for some� 2 M (X ). By

de�nition of the weak star topology, � k * � . This completes the proof.

For the rest of the course, the spaceM (X ) should always be understood to be
carry the weak star topology, even if this is not explicitly stated.
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LECTURE 24

Finding Invariant Measures

We begin the programme outlined at the beginning of the previous lecture and look
for measures which a given topological dynamical system preserves.

Definition 24.1. Let f : X ! X denote a topological dynamical system on a
compact metric space. LetM (f ) � M (X ) denote those Borel probability measures
� for which f is measure-preserving. We call an element� 2 M (f ) an invariant
measure for f .

Thus if � 2 M (f ) then f is a measure-preserving dynamical system on the
probability space (X; B ; � ). Our �rst task at hand is to show that M (f ) is non-
empty. To do this we will show that f induces a mapf � : M (X ) ! M (X ) with
the property that � is an invariant measure forf if and only if � is a �xed point
of f � . The existence of such a �xed point will then be an application of a classical
�xed point theorem.

Definition 24.2. Let f : X ! X denote a dynamical system. We denote by

f � : M (X ) ! M (X )

the map given by

� 7! f � �; where f � � (A) := � (f � 1A); 8 A 2 B :

This is well de�ned (i.e. f � � is a measure) thanks to Example 19.3. It is
immediate from the de�nition that � is invariant if and only if f � � = � . Moreover
if { : X ! M (X ) denotes the embedding from (23.1) (the fact that{ is an embedding
is Problem L.1), it is clear that the following diagram commutes:

X X

M (X ) M (X )

f

{ {

f �

Thus following result is a generalisation of Proposition 19.16, and can be proved in
exactly the same way. The pleasing visual appearance of (24.1) is the reason why
we chose thef � and f � notation.

Proposition 24.3. Let f : X ! X denote a topological dynamical system on a
compact metric space. Then for any� 2 M (X ) and any measurableu, one has

Z

X
f � (u) d� =

Z

X
u d(f � � ); (24.1)

where one side doesn't exist or is in�nite if and only if the other is.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Proof. As usual, it su�ces to deal with real-valued u. If u is the indicator function
1A of a measurable setA then both sides are equal to� (f � 1A). Then by linearity,
the result holds for simple functions. Then as in Proposition 19.16, ifu is a non-
negative measurable function and (vk) a sequence of simple functions increasing to
u then (f � (vk)) is a sequence of simple functions increasing tof � (u). Then

Z

X
f � (u) d� = lim

k

Z

X
f � (vk) d�

= lim
k

Z

X
vk d(f � � )

=
Z

X
u d(f � � ):

Finally the general case is proved by considering the positive and negative parts of
u. This completes the proof.

Corollary 24.4. Let f : X ! X denote a topological dynamical system. Then
� 2 M (f ) if and only if

Z

X
u d� =

Z

X
u d(f � � ); 8 u 2 C(X ):

The only content of this statement is the fact that it su�ces to check that the
equality holds for all continuousu rather than all measurableu in order to conclude
� 2 M (f ).

Proof. If � 2 M (f ) then the claim holds by Proposition 19.16 and Proposition
24.3, and the converse follows from Proposition 23.7.

Proposition 24.5. Let f : X ! X denote a dynamical system. Thenf � : M (X ) !
M (X ) is a continuous a�ne map.

Proof. If � k * � and u 2 C(X ) then
Z

X
u d(f � � k) =

Z

X
f � (u) d� k

!
Z

X
f � (u) d�

=
Z

X
u d(f � � )

by Proposition 24.3 and the de�nition of the weak star topology. Sinceu was
arbitrary it thus follows that f � � k * f � � , again by de�nition of the weak star
topology.

To showf � is a�ne, simply note that if �; � 2 M (X ) and c 2 [0; 1] then for any
A 2 B , one has

f � (c� + (1 � c)� )(A) = c� (f � 1A) + (1 � c)� (f � 1A)

= cf � � (A) + (1 � c)f � � (A):

SinceA was arbitrary one hasf � (c� + (1 � c)� ) = cf � � + (1 � c)f � � . This completes
the proof.
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We are now ready to prove thatM (f ) is non-empty. The proof that follows
is needlessly wordy|this is because we are trying to avoid quoting any theorems
from functional analysis.

Theorem 24.6 (Markov-Kakutani Fixed Point Theorem). Let K be a compact
convex subset of a Banach spaceE. Let g: K ! K be a continuous a�ne map.
Then g has a �xed point in K .

Proof. We show that the following recipe always produces a �xed point ofg:

� Let (xk) denote any sequence inK . De�ne a new sequence

yk :=
1
k

k� 1X

i =0

gi (xk):

Note that yk 2 K sinceK is convex.

� SinceK is compact, we may assume thatyk ! y for some pointy 2 K .

� Then we claim that y is a �xed point of g.

To show this, let E � denote the dual ofE, equipped with its dual norm k � k� ,
and let S � E � denote any subset ofE � that separatesthe points of K in the sense
that if z; w 2 K then

s(z) = s(w); 8 s 2 S ) z = w:

Such a setS always exists|for example, one could takeS = E � , by the Hahn-
Banach Theorem. In the case of interest for us, however, we will explicitly construct
such anS, and so the Hahn-Banach Theorem is not needed.

Now let s 2 S be arbitrary. We will show that

s(g(y)) = s(y);

whence it follows thatg(y) = y as claimed. Set

c := sup
z2 K

kzk:

Note c < 1 as K is compact. Then we compute

�
�s(g(yk)) � s(yk)

�
� =

1
k

js(gk(xk)) � s(xk)j �
2cksk�

k
;

since the sum telescopes. Lettingk ! 1 shows thats(g(y)) = s(y) as required.

Corollary 24.7. Let f : X ! X be a topological dynamical system on a compact
metric spaceX . Then the spaceM (f ) of invariant measures forf is non-empty.

Proof. Take E = C(X )� , and identify M (X ) with the compact convex setT (X ) �
C(X )� via the Riesz Representation Theorem. We take1

S := f Lu j u 2 C(X )g;

1Note in this caseS is not equal to E � , sinceC(X ) is not re
exive as a Banach space (unless
X is a �nite set).
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whereLu is de�ned as in (23.4):

Lu : M (X ) ! C; Lu(� ) :=
Z

X
u d�:

Proposition 23.7 tells us thatS separates points ofM (X ). Thus Theorem 24.6 tells
us that f � has a �xed point. In fact, if � 2 M (X ) is any Borel probability measure
then the recipe from the proof of Theorem 24.6 tells us that any limit point of the
sequence� k := 1

k

P k� 1
i =0 f i

� � will be an invariant measure forf .

Remark 24.8. We remind you that merely proving that M (f ) is non-empty may
be of little practical use. Recall from Remark 19.19 that ifx 2 �x (f ) then the Dirac
measure� x belongs toM (f ). Studying the dynamical systemf on the probability
space (X; B ; � x ) is pointless|the only information we could gleam from its measure-
theoretic properties is thatx is a �xed point of f , which we already know.

( | ) Remark 24.9. The Markov-Kakutani Theorem is valid in more general situ-
ations than was stated in Theorem 24.6. Namely, instead of asking forE to be a
Banach space, it is su�cient to ask that E is a locally convex topological vector
space.

Moreover the assumption that g is a�ne in Theorem 24.6 can actually be
dropped entirely, although this requires quoting a more advanced �xed point the-
orem, called the Schauder Fixed Point Theorem. This states that any (not nec-
essarily a�ne) continuous self-map on a compact convex subset of a Hausdor�
topological vector space has a �xed point.

Now that we know M (f ) is non-empty, we can also prove it is compact.

Lemma 24.10. Let f be a topological dynamical system on a compact metric space.
Then the spaceM (f ) is a non-empty closed compact convex subset ofM (X ).

Proof. We already know that M (f ) is non-empty, and convexity is obvious. Sup-
pose (� k) � M (f ) with � k * � 2 M (X ). Then for any u 2 C(X ), one has

Z

X
u d(f � (� )) =

Z

X
f � (u) d�

= lim
k!1

Z

X
f � (u) d� k

= lim
k!1

Z

X
u d(f � � k)

= lim
k!1

Z

X
u d� k

=
Z

X
u d�;

from which it follows from Corollary 24.4 that � belongs toM (f ). Thus M (f ) is
closed, and hence compact. This completes the proof.

Definition 24.11. Let us write E(f ) � M (f ) for the set of ergodic measures
for f . Here by a slight abuse of language we say that a measure� is an ergodic
measure forf if f is an ergodic measure-preserving dynamical system on (X; B ; � ).
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It turns out it is easy to characterise the elements ofE(f ).

Definition 24.12. Let K be a non-empty convex subset of a Banach spaceE. A
point x 2 K is said to be anextremal point of K if writing x = cy+ (1 � c)z for
0 < c < 1 and y; z 2 K implies that y = z.

Remark 24.13. In �nite dimensions, it is geometrically obvious that such extremal
points exist. In in�nite dimensions this is still true, but it is much harder to prove.
The Krein-Milman Theorem from functional analysis tells us that ifK is any non-
empty compact convex subset of a Banach space2 E then K is the convex hull of
its extremal points, and thus in particular such extremal points exist. As with the
other statements in this lecture, however, we will refrain from unnecessarily quoting
di�cult theorems from functional analysis, and give a direct proof for this fact that
works for the case in hand.

Theorem 24.14. Let f be a topological dynamical system on a compact metric
space. Then

(i) The extremal points of M (f ) are precisely the ergodic measures, i.e. the
elements ofE(f ).

(ii) Such extremal points exist:E(f ) 6= ; .

(iii) Given �; � 2 E(f ), either � = � or � ? � (i.e. � and � are mutually singular).

Proof. We begin by proving (i). Suppose� 2 M (f ) is not ergodic. This means
there existsA 2 B with 0 < � (A) < 1 such that f � 1A = A. Given such anA, we
can de�ne two new measures� 1 and � 2 by

� 1(B ) :=
� (B \ A)

� (A)
; � 2(B ) :=

� (B \ (X n A))
� (X n A)

; 8 B 2 A :

By construction both � 1 and � 2 belong toM (f ), and we have

� = � (A)� 1 + (1 � � (A)) � 2:

Since obviously� 1 6= � 2, this proves� is not an extremal point ofM (f ).
Now suppose� 2 E(f ), and suppose we are given 0< c < 1 and � 1; � 2 2 M (f )

with
� = c� 1 + (1 � c)� 2:

We must show that � = � 1 = � 2. Clearly � 1 � � (i.e. � 1 is absolutely continuous
with respect to � ), and hence the Radon-Nikodym derivatived� 1

d� exists (cf. De�ni-

tion 18.37). Recall d� 1
d� 2 L1(� ) is a non-negative function with

R
X

d� 1
d� d� = 1 such

that

� 1(A) =
Z

A

d� 1

d�
d�; 8 A 2 B :

2Actually it is enough to ask that E is a locally convex topological vector space.
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Since� 1 is invariant, for any A 2 B we have
Z

A

d� 1

d�
d� = � 1(A)

= � 1(f � 1A)

=
Z

f � 1A

d� 1

d�
d�

=
Z

A
f �

�
d� 1

d�

�
d�:

Since A was arbitrary, this implies that f �
� d� 1

d�

�
= d� 1

d� . Similarly the Radon-

Nikodym derivative d� 2
d� exists and has integral 1. Suppose for contradiction that

� 1 6= � 2. Then d� 1
d� 6= d� 2

d� . If d� 1
d� was constant � -almost everywhere then the

identity

c
d� 1

d�
+ (1 � c)

d� 2

d�
= 1X ;

shows that d� 2
d� is also constant� -almost everywhere. Since they both have total

integral 1, this constant must be 1, and this contradictsd� 1
d� . This shows that d� 1

d� is
an f � -invariant function which is not constant � -almost everywhere. By Proposition
19.17 this implies that� is not ergodic. This completes the proof of (i).

We next prove (iii), since this is a similar argument to the proof of (i). Given
�; � 2 E(f ) we use the Lebesgue Decomposition Theorem 18.42 to uniquely write

� = c� 1 + (1 � c)� 2; where � 1 � �; � 2 ? �:

But then also
� = f � (� ) = cf � (� 1) + (1 � c)f � (� 2);

and moreoverf � (� 1) � f � (� ) and f � (� 2) ? f � (� ). The uniqueness part of the
Lebesgue Decomposition Theorem thus implies thatf � (� 1) = � 1 and f � (� 2) = � 2.
Thus � 1; � 2 2 M (f ) with � = c� 1 + (1 � c)� 2. By part (i) we know that � is
necessarily an extremal point ofM (f ), which implies that either c = 0 or c = 1
(since clearly� 1 6= � 2). If c = 0 we are done. Ifc = 1 then � � � , and the same
argument as in (i) shows that d�

d� = 1 almost everywhere, whence� = � . This
proves (iii).

Finally we prove (ii). Let (wk)k2 N denote a countable dense subset ofC0(X ; R) �
C(X ). Consider the map

M (f ) ! R; � 7!
Z

X
w1 d�:

Since this map is continuous (by de�nition of the weak-star topology) andM (f )
is compact, there exists at least one measure� such that

Z

X
w1 d� = sup

� 2M (f )

Z

X
w1 d�:

Thus the set

M 1 :=

(

� 2 M (f )
�
�
�

Z

X
w1 d� = sup

� 2M (f )

Z

X
w1 d�

)
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is a non-empty set, which is also closed and compact. We now inductively de�ne
new non-empty compact subsetsM k for k � 2 by setting

M k :=

(

� 2 M k� 1

�
�
�

Z

X
wk d� = sup

� 2M k � 1

Z

X
wk d�

)

:

This de�nes a nested sequenceM 1 � M 2 � M 3 : : : of subsets ofM (f ). By
compactness (Proposition 2.18) the space

M 1 :=
1\

k=1

M k

is non-empty. Now suppose� 1 2 M 1 . We claim that � 1 is an extremal point of
M (f ). Indeed, suppose� 1 = c� 1 + (1 � c)� 2 for � 1; � 2 2 M (f ) and 0 < c < 1.
Since (wk) is dense inC0(X ; R), as in the proof of Proposition 23.14 or Theorem
23.17, it su�ces to show that that

Z

X
wk d� 1 =

Z

X
wk d� 2; for all k � 1: (24.2)

For this �rst consider w1. By assumption we have
Z

X
w1 d� 1 = c

Z

X
w1 d� 1 + (1 � c)

Z

X
w1 d� 2:

Thus in particular we have
Z

X
w1 d� 1 � max

� Z

X
w1 d� 1;

Z

X
w1 d� 2

�

But since � 1 2 M 1 � M 1, we have
Z

X
w1d � 1 = sup

� 2M (f )

Z

X
w1 d�:

This implies that Z

X
w1 d� 1 =

Z

X
w1 d� 2;

and moreover that � 1; � 2 both belong to M 1 � M (f ). Now we repeat this with
w2: we have Z

X
w2 d� 1 = c

Z

X
w2 d� 1 + (1 � c)

Z

X
w2 d� 2;

and thus in particular we have
Z

X
w2 d� 1 � max

� Z

X
w2 d� 1;

Z

X
w2 d� 2

�
:

But since � 1 2 M 1 � M 2, we have
Z

X
w2 d� 1 = sup

� 2M 1

Z

X
w2 d�:
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This implies that Z

X
w2 d� 1 =

Z

X
w2 d� 2;

and moreover that� 1; � 2 both belong toM 2 � M 1. Arguing inductively, the same
argument shows for eachk � 2,

R
X wk d� 1 =

R
X wk d� 2 and � 1; � 2 2 M k . This

establishes (24.2), and thus completes the proof.

Recall that we can think ofM (X ) as an enlargement ofX via the topological
embedding{: X ! M (X ) from (23.1). Moreover as we have already remarked,

{(�x (f )) � M (f ):

But what about per(f )? If x 2 per(f ) is a periodic point that is not a �xed point
then � x = {(x) will not belong to M (f ). However it is easy to see how to rectify
this.

Definition 24.15. Let x 2 X and p � 1. De�ne a measure

} x;p :=
1
p

p� 1X

k=0

� f k (x) :

If f p(x) = x then we call } x;p the periodic orbit measure associated to the
periodic point x and the periodp.

Lemma 24.16. Let f be a topological dynamical system on a compact metric space.
Let p 2 N and x 2 X . Then

f p(x) = x , } x;p 2 M (f ):

Proof. It is obvious that if f p(x) = x then } x;p is invariant. For the converse we
apply Corollary 24.4 with � = } x;p . This tells us that if } x;p 2 M (f ) then

1
p

p� 1X

k=0

u(f k+1 (x)) =
1
p

p� 1X

k=0

u(f k(x)) ; 8 u 2 C(X );

which is equivalent to saying that

u(f p(x)) = u(x); 8 u 2 C(X ):

If f p(x) 6= x then there exists3 a continuous functionu such that u(f p(x)) 6= u(x).
This completes the proof.

On Problem Sheet L you will upgrade Lemma 24.16 in two ways. Firstly, you
will prove:

Lemma 24.17. Let f be a topological dynamical system on a compact metric space.
Let p 2 N and x 2 X . Supposef p(x) = x. Then the invariant measure} x;p is
ergodic.

3See (23.2). This result is known as Urysohn's Lemma.
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A purely atomic measure� 2 M (X ) is necessarily of the form

� =
1X

k=1

ck � xk

wherexk 2 X and ck > 0 are real numbers satisfying
P 1

k=1 ck = 1. The next result
is again on Problem Sheet L.

Proposition 24.18. Let f be a topological dynamical system on a compact metric
space.

(i) Suppose� 2 M (f ) is a purely atomic measure. Then� is a (possibly count-
ably in�nite) convex combination of periodic orbit measures.

(ii) Suppose� 2 E(f ) is a purely atomic measure. Then� is a periodic orbit
measure.
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LECTURE 25

Unique Ergodicity

We have seen that a topological dynamical system on a compact metric space always
admits at least one invariant measure. In this lecture we investigate the case where
there is exactly one invariant measure.

Definition 25.1. A topological dynamical systemf : X ! X on a compact metric
space is calleduniquely ergodic if there is precisely one invariant measure.

The reason for the name is explained by the following simple lemma.

Lemma 25.2. Let f : X ! X be a topological dynamical system on a compact
metric space. Thenf is uniquely ergodic if and only ifE(f ) consists of exactly one
point.

Proof. If M (f ) consists of exactly one point then this point is necessarily an ex-
tremal point, and thus by Theorem 24.14 it is ergodic. Conversely if #M (f ) � 2
then by convexity it has at least two extremal points1, and thus also #E(f ) � 2.

Irrational circle rotations are uniquely ergodic.

Lemma 25.3. A rotation � � : S1 ! S1 is uniquely ergodic if and only if� is irra-
tional. When � is irrational, the unique ergodic measure is the Lebesgue measure.

Proof. If � is rational, say� = p
q then every point is periodic, and by Lemma 24.17

these give rise to many ergodic measures for� � . Now suppose� is irrational. Then
by Problem J.2 the Lebesgue measure� is ergodic. It remains therefore to show
that this is the unique ergodic measure.

Suppose� 2 M (� � ) is an arbitrary invariant measure. Let � � denote another
circle rotation. We will show that � also belongs toM (� � ). To see this, �rst �x a
point z0 2 S1. By Lemma 1.10 there exists a sequencekn ! 1 such that

lim
n!1

� kn
� (z0) = � � (z0): (25.1)

Since both sides are rotations, (25.1) actually holds for allz 2 S1. Now �x u 2
C(S1). Then by the Dominated Convergence Theorem 18.34 and Proposition 24.3
we have

Z

S1
� �

� (u) d� = lim
n!1

Z

S1

�
� kn

�

� �
(u) d�

= lim
n!1

Z

S1
u d

�
(� kn

� )� �
�

=
Z

S1
u d�;

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1This follows from the Krein-Milman Theorem, which tells us that M (f ) is the convex hull

of its extremal points. Alternatively one can argue directly as in the proof of part (ii) of Theorem
24.14.
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since� 2 M (� � ). But now since Corollary 24.4 was an \if and only if" statement
and u was arbitrary, it follows that � 2 M (� � ).

Thus we have shown that if� is irrational and � 2 M (� � ) then � is an invariant
measure for every circle rotation. Put di�erently, we have shown that� is a trans-
lation invariant measure onS1. But now we are done, for the Lebesgue measure is
the unique translation invariant measure onS1 (cf. Remark 18.19). This completes
the proof.

Remark 25.4. On Problem Sheet M you will improve Lemma 25.3 to show that
any reversible topological dynamical system onS1 with irrational rotation number
is uniquely ergodic.

The goal for the rest of this lecture is to improve the Birkho� Ergodic Theorem
20.2 and Corollary 20.3. We �rst prove a minor improvement that is valid for any
topological dynamical systemf on a compact metric space and any� 2 E(f ). We
then present a substantial improvement that is valid under the additional assump-
tion of unique ergodicity.

This will require several preliminary results. Firstly, we now modify the state-
ment of Propositions 22.1, 22.2 and 22.3, and Problem K.3 to take advantage of
the fact that we are not on a topological space.

Notation. In this lecture we will not use thet �; �y notation, and will instead write
the integral out in full. This is for two reasons:

� We prefer to reserve the notationt �; �y for the inner product that makes
L2(� ; C) into a complex Hilbert space. In this lecture we will usually not be
working with L2(� ; C).

� The complex conjugate in the second factor is unnecessary for our purposes
today.

With this in mind, recall for instance that in Proposition 22.2 we proved that
f is ergodic if and only if for allu; v 2 L2(� ), one has

lim
k!1

1
k

k� 1X

i =0

Z

X
(f � ) i (u) v d� =

Z

X
u d�

Z

X
v d�:

Here is convenient to change whereu and v lie:

Proposition 25.5. Let f : X ! X denote a topological dynamical system on a
compact metric space, and let� 2 M (f ). Then:

(i) f is ergodic if and only if for allu 2 C(X ) and v 2 L1(� ), one has

lim
k!1

1
k

k� 1X

i =0

Z

X
(f � ) i (u) v d� =

Z

X
u d�

Z

X
v d�: (25.2)
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(ii) f is weakly mixing with respect2 to � if and only if there exists a setK �
f 0; 1; 2; : : : g of density zero such that for allu 2 C(X ) and v 2 L1(� ) one has

lim
k =2 K

Z

X
(f � )k(u) v d� =

Z

X
u d�

Z

X
v d�:

(iii) f is mixing with respect to � if and only if for all u 2 C(X ) and v 2 L1(� )
one has

lim
k!1

Z

X
(f � )k(u) v d� =

Z

X
u d�

Z

X
v d�:

For all three cases, the idea is to insist on additional regularity foru (continuous
instead of merelyL2) and at the same time require less regularity fromv (L1 instead
of L2).

Proof. Let us give a complete proof for (i). Suppose the stated convergence con-
dition holds, and let ~u; ~v 2 L2(� ). Then in particular ~v 2 L1(� ), and hence for all
u 2 C(X ), one has

lim
k!1

1
k

k� 1X

i =0

Z

X
(f � ) i (u) ~v d� =

Z

X
u d�

Z

X
~v d�: (25.3)

Now we use the fact that anyL2 function can be approximated by continuous
functions. Fix " > 0 and chooseu0 2 C(X ) such that

ku0 � ~uk2 < ": (25.4)

By (25.3) there existsn 2 N such that for all k � n, one has
�
�
�
�
�
1
k

k� 1X

i =0

Z

X
(f � ) i (u0) ~v d� �

Z

X
u0 d�

Z

X
~v d�

�
�
�
�
�

< ":

Then for k � n we estimate:
�
�
�
�
�
1
k

k� 1X

i =0

Z

X
(f � ) i (~u) ~v d� �

Z

X
~u d�

Z

X
~v d�

�
�
�
�
�

�
Z

X

1
k

k� 1X

i =0

�
�(f � ) i (~u � u0)

�
�
�
�~v

�
�d�

+

�
�
�
�
�
1
k

k� 1X

i =0

Z

X
(f � ) i (u0) ~v d� �

Z

X
u0 d�

Z

X
~v d�

�
�
�
�
�

+

�
�
�
�

Z

X
u0 d�

Z

X
~v d� �

Z

X
~u d�

Z

X
~v d�

�
�
�
�

� 2"k~vk2 + ";

2The phrase \weakly mixing with respect to � " should naturally be interpreted as weakly
mixing in the measure-theoretic sense (and similarly for mixing). If we wish to refer to the topo-
logical de�nitions we will explicitly call them \topologically weakly mixing" and \topologically
mixing".
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where the last line used (25.4) and Proposition 19.16. Since" was arbitrary it
follows that

lim
k!1

1
k

k� 1X

i =0

Z

X
(f � ) i (~u) ~v d� =

Z

X
~u d�

Z

X
~v d�:

Then since ~u and ~v were arbitrary, Proposition 22.2 implies thatf is ergodic.
Conversely, suppose thatf is ergodic. Let u 2 C(X ). Then automatically

u 2 L2(� ), and hence by Proposition 22.2 for any ~v 2 L2(� ) one has

lim
k!1

1
k

k� 1X

i =0

Z

X
(f � ) i (u) ~v d� =

Z

X
u d�

Z

X
~v d�:

If v 2 L1(� ) then we can choose (~vn ) 2 L2(� ) such that ~vn ! v in L1(� ). Then
arguing as above we see that

lim
k!1

1
k

k� 1X

i =0

Z

X
(f � ) i (u) v d� =

Z

X
u d�

Z

X
v d�:

This completes the proof of (i). The proofs of (ii) and (iii) are similar, and use
Problem K.3 and Proposition 22.1 instead of Proposition 22.2. Note that in (ii)
the hypotheses of Problem K.3 are applicable as every compact metric space is
separable (cf. Example 18.44).

We can now prove the following new characterisation:

Proposition 25.6. Let f : X ! X be a topological dynamical system on a com-
pact metric spaceX , and let � 2 M (f ). Then:

(i) f is ergodic with respect to� if and only if for all � 2 M (X ) such that � � �
one has

1
k

k� 1X

i =0

f i
� � * �:

(ii) f is weakly mixing with respect to � if and only if there exists a setK �
f 0; 1; 2; : : : g of density zero such that for all� 2 M (X ) such that � � � one
has

f k
� � �� *

k =2 K
�:

(iii) f is mixing with respect to � if and only if for all � 2 M (X ) such that � � �
one has

f k
� � * �:

Proof. Again, we will prove (i) only. Suppose� 2 E(f ) and suppose� 2 M (X )

4



satis�es � � � . If u 2 C(X ) then we compute
Z

X
u d

 
1
k

k� 1X

i =0

f i
� �

!
(~ )
=

1
k

k� 1X

i =0

Z

X
(f � ) i (u) d�

(} )
=

1
k

k� 1X

i =0

Z

X
(f � ) i (u)

d�
d�

d�

(25.2)
!

Z

X
u d�

Z

X

d�
d�

d�
| {z }

=1

=
Z

X
u d�;

where (~ ) used Proposition 24.3 and (} ) used the Radon-Nikodym Theorem 18.36.
Note that it is crucial here that we �rst established Proposition 25.5, since the
Radon-Nikodym derivative d�

d� typically only belongs toL1(� ) and not L2(� ). Since
u was arbitrary, it follows from the de�nition of the weak-star topology that
1
k

P k� 1
i =0 f i

� � * � .
Conversely, suppose the stated condition holds. Letu 2 C(X ) and v 2 L1(� ).

We will show that (25.2) holds. First assume thatv � 0. Abbreviate

a :=
Z

X
v d�: (25.5)

If a = 0 then v = 0 almost everywhere, and (25.2) readily follows. Ifa > 0, de�ne
a measure� 2 M (X ) by setting

� (A) :=
1
a

Z

A
v d�:

Then � � � and
d�
d�

=
1
a

v: (25.6)

By assumption
1
k

k� 1X

i =0

f i
� � * �: (25.7)

We now argue as above, only backwards:

1
k

k� 1X

i =0

Z

X
(f � ) i (u) v d�

(25.6)
=

a
k

k� 1X

i =0

Z

X
(f � ) i (u)

d�
d�

d�

(} )
=

a
k

k� 1X

i =0

Z

X
(f � ) i (u)d�

(~ )
= a

Z

X
u d

 
1
k

k� 1X

i =0

f i
� �

!

(25.7)
! a

Z

X
u d�

(25.5)
=

Z

X
v d�

Z

X
u d�:
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This proves (25.2) in the case wherev � 0. If v is real-valued, then we can apply
the above reasoning to the positive and negative parts, and �nally ifv is complex
valued, we can apply the above to the real and imaginary parts. It thus follows
from part (i) of Proposition 25.5 that � 2 E(f ).

Finally, the proofs of (ii) and (iii) are similar, and use parts (ii) and (iii) of
Proposition 25.5 instead. The details are left to the interested reader.

We now improve prove a minor enhancement of the Birkho� Ergodic Theorem
(Corollary 20.3) to the setting of topological dynamical systems on compact metric
spaces. Let� 2 E(f ) and supposeu 2 C(X ). Recall we denote by

bu(x) := lim
k!1

1
k

k� 1X

i =0

u(f i (x))

the time average ofu, which exists (and is constant)� -almost everywhere.

Proposition 25.7. Let f : X ! X be a topological dynamical system on a com-
pact metric space. If� 2 E(f ) then there exists a measurable setY with � (Y) = 1
such that

bu(x) =
Z

X
u d�; for all x 2 Y and for all u 2 C(X ):

The reason the Proposition 25.7 is stronger than Corollary 20.3 is that the set
Y doesnot depend onu.

Proof. Choose a countable dense subset (wk) of C(X ). By Corollary 20.3, for each
k there exists a measurable setYk � X with � (Yk) = 1 such that

bwk(x) =
Z

X
wk d�; for all x 2 Yk :

Now put

Y =
1\

k=1

Yk :

Then � (Y) = 1 and

bwk(x) =
Z

X
wk d�; for all x 2 Y and for eachk 2 N:

The result now follows by approximating an arbitraryu 2 C(X ) by members of the
(wk). This completes the proof.

This allows us to prove the following result.

Proposition 25.8. Let f : X ! X be a topological dynamical system on a com-
pact metric space and� 2 M (f ). Then � 2 E(f ) if and only if

1
k

k� 1X

i =0

� f i (x) * �; for � -almost everyx 2 X .

6



Proof. If � 2 E(f ) then Proposition 25.7 tells us that 1
k

P k� 1
i =0 � f i (x) * � for all

x 2 Y. Conversely, suppose there exists a measurable setY � X with � (Y) = 1
such that 1

k

P k� 1
i =0 � f i (x) * � for all x 2 Y. Then for all x 2 Y and for all u 2 C(X ),

one has
bu(x) =

Z

X
u d�:

Thus if x 2 Y, u 2 C(X ) and v 2 L1(� ) then

1
k

k� 1X

i =0

u(f i (x))v(x) ! v(x)
Z

X
u d�:

Thus by the Dominated Convergence Theorem 18.34, the conclusion of part (i) of
Proposition 25.5 is satis�ed, and hence� is ergodic. This completes the proof.

As promised, we now further improve the Birkho� Ergodic Theorem in the
uniquely ergodic case.

Theorem 25.9. Let f be a topological dynamical system on a compact metric
space. Then the following are equivalent:

(i) f is uniquely ergodic.

(ii) For every u 2 C(X ), 1
k

P k� 1
i =0 u(f i (x)) converges uniformly to a constant.

(iii) For every u 2 C(X ), 1
k

P k� 1
i =0 u(f i (x)) converges pointwise to a constant.

(iv) There exists� 2 M (f ) such that for all u 2 C(X ) and for all x 2 X one has

1
k

k� 1X

i =0

u(f i (x)) !
Z

X
u d�:

Note that important part in (iv) is that the conclusion holds for all x 2 X (and
not just almost all). In other words, time average = space averageeverywhere.

Proof. Clearly (ii) implies (iii). Let us �rst prove that (iii) implies (iv). For this
we de�ne a mapT : C(X ) ! C by

Tu = lim
k!1

1
k

k� 1X

i =0

u(f i (x)) :

Then T is a bounded (and hence continuous) linear operator which satis�esT1X =
1 and u � 0 implies Tu � 0. Thus by the Riesz Representation Theorem 23.9,
there exist � 2 M (X ) such that

Tu =
Z

X
u d�:

Since clearlyT(f � (u)) = Tu, the measure� belongs toM (f ) by Proposition 24.3
and Corollary 24.4. This proves (iv).
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Now let us prove that (iv) implies (i). Suppose that� 2 M (f ). Let u 2 C(X )
and set a :=

R
X u d� . By assumption 1

k

P k� 1
i =0 u(f i (x)) ! a for all x 2 X , and

thus in particular it also converges for� -almost all x 2 X . Therefore by Birkho�
Ergodic Theorem 20.2 applied to the invariant measure� , we have

Z

X
u d� = a =

Z

X
u d�:

Sinceu was arbitrary we then have� = � by Proposition 23.7. Thusf is uniquely
ergodic.

Finally let us prove that (i) implies (ii). First note that for a given v 2 C(X ),
if 1

k

P k� 1
i =0 v(f i (x)) converges uniformly to a constant, then this constant must beR

X v d� . Thus if (ii) does not hold then there existsv 2 C(X ) and � > 0 such that
for all n � 1 there existsk � n and xk 2 X such that

�
�
�
�
�
1
k

k� 1X

i =0

v(f i (xk)) �
Z

X
v d�

�
�
�
�
�

> �:

Now set

� k :=
1
k

k� 1X

i =0

� f i (xk ) =
1
k

k� 1X

i =0

f i
� � xk :

Then for eachk one has
�
�
�
�

Z

X
v d� k �

Z

X
v d�

�
�
�
� > �:

Now observe from the recipe from the proof3 of the Markov-Kakutani Fixed Point
Theorem 24.6 that the sequence (� k) has a convergent subsequence, which moreover
converges to an element� 1 of M (f ). But then

�
�
�
�

Z

X
v d� 1 �

Z

X
v d�

�
�
�
� > �:

Thus � 1 6= � , which contradicts f being uniquely ergodic. This completes the
proof.

3This is where it is important that the recipe from the proof of Theorem 24.6 allowed us to
start with an arbitrary sequenceof points. In this case the sequence is� x k .
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LECTURE 26

Partitions and the Rokhlin Metric

In this lecture we introduce a \measure-theoretic" version of entropy. In this lecture
we go back to working on an arbitrary probability space (X; A ; � ). This entire
discussion should be contrasted with the similar notions introduced in Lecture 10
for open covers.

Definition 26.1. Let P = P (X; A ; � ) denote the space of all (equivalence classes
of) �nite measurable partitions (which we will henceforth simply call \partition")
of (X; A ; � ). Thus elements ofP are (equivalence classes) of �nite tuples

� = f C1; : : : ; Cpg

where each setCk 2 A is a measurable set, and

� (Ci \ Cj ) = 0 if i 6= j; and �

 

X n
p[

k=1

Ck

!

= 0:

The equivalence relation in question is the following: two partitions� and � are
equivalent if for all C 2 � with � (C) > 0 there existsD 2 � such that � (C M D) = 0,
and conversely. In other words,� and � are equivalent if there exists a setA of
measure zero such that the restrictions of� and � to X n A coincide.

Like all good mathematicians however, for the remainder of this section we
will suppress the equivalence classes and just think of elements ofP as genuine
partitions (a bit like we do with the Lp spaces of integrable functions). Iff is a
dynamical system1 on (X; A ; � ) then given � 2 P there is a well-de�ned pull-back
partition given by

f � 1� = f f � 1C j C 2 � g:

Definition 26.2. Given two partitions � and � , we say that � is a re�nement of
� , or equivalently, that � is subordinate to � , and write � � � if for all D 2 �
there existsC 2 � such that D � C.

Lemma 26.3. The operation � de�nes a partial order onP .

Proof. If � � � and � � � then � = � (recall we are really working with equivalence
classes). The other properties are clear.

Definition 26.4. Given two partitions � and � , we de�ne their join , written � _ � ,
to be the partition

� _ � := f C \ D j C 2 �; D 2 � g:

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1This lecture we are exclusively working in the measure-theoretic world, so there is no danger of

ambiguitiy in just writing \dynamical system" to mean \measure-preserving dynamical system".
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Note that � � � _ � for any � . The next lemma is immediate from the de�nitions
(compare to Lemma 10.12).

Lemma 26.5. Let f be a dynamical system on(X; A ; � ), and suppose�; � 2 P .
Then

f � 1(� _ � ) = f � 1(� ) _ f � 1(� ); (26.1)

and
� � � ) f � 1(� ) � f � 1(� ): (26.2)

Definition 26.6. We say that two partitions � and � are independent if � (C \
D) = � (C) � � (D) for all C 2 � and D 2 � .

By convention we will say that 0 log 0 = 0 in the following. We now de�ne the
entropy of a partition.

Definition 26.7. Let � = f C1; : : : ; Cpg denote a partition. The entropy of � ,
written H(� ) is the non-negative real number

H(� ) := �
pX

i =1

� (Ci ) log � (Ci ):

The next lemma is immediate from the de�nition.

Lemma 26.8. Let f be a dynamical system on a probability space(X; A ; � ). Then

H(f � 1� ) = H(� ); 8 � 2 P :

Definition 26.9. Given two partitions � = f C1; : : : ; Cpg, and � = f D1; : : : ; Dqg,
we de�ne the conditional entropy of � with respect to � , written H(� j� ), by

H(� j� ) := �
qX

j =1

� (D j )
pX

i =1

� (Ci \ D j )
� (D j )

log
� (Ci \ D j )

� (D j )
:

Here we assumed that� (D j ) > 0 for eachj , which is harmless since we are working
with equivalence classes.

Motivating the definition of entropy: We will now attempt to moti-
vate these de�nitions. Suppose we are performing an \experiment" on our system
(X; A ). The possible outcomes of this experiment are determined by a partition
� = f C1; : : : ; Cpg, and the probability of Ci happening is given by� (Ci ). Let us
pretend for a while that we haven't yet come up with De�nitions 26.7 and 26.9 and
attempt to \guess" how to de�ne the entropy.

Indeed, the entropyH(� ) is intended to measure the amount of \uncertainty"
we have when we made the experiment. It is reasonable to assume thatH(� ) should
depend only on the numbersf � (C1); : : : ; � (Cp)g. So let us write

H(� ) ?= �
�
� (C1); : : : ; � (Cp)

�
;

where � is a function to be discovered.
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Suppose moreover that we have two experiments� = f C1; : : : ; Cpg and � =
f D1; : : : ; Dqg. The conditional entropy H(� j� ) is intended to measure the uncer-
tainty about the outcome of � under the assumption that wealready know what
happened when we did� .

If we know that D j happened then the probability ofCi happening is given by
� (Ci \ D j )

� (D j ) , and thus the uncertainty about the outcome of� given that D j happened
is given by

�
�

� (C1 \ D j )
� (D j )

;
� (C2 \ D j )

� (D j )
; : : : ;

� (Cp \ D j )
� (D j )

�
:

This means that uncertainty about� , given that we know the outcome of� , should
be given by the number

H(� j� ) must be=
qX

j =1

� (D j )�
�

� (C1 \ D j )
� (D j )

;
� (C2 \ D j )

� (D j )
; : : : ;

� (Cp \ D j )
� (D j )

�
: (26.3)

It turns out that if we make a couple more \reasonable" assumptions then we
essentially have no choice about the de�nition of �.

Theorem 26.10 (Khinchin's Theorem). Let � p � Rp denote the simplex

� p :=

(

(x1; : : : ; xp)
�
�
� x i � 0;

pX

i =1

x i = 1

)

� Rp:

Let � :=
S 1

p=1 � p, and suppose� : � ! R is a function such that

(i) �( x1; : : : xp) � 0, and �( x1; : : : ; xp) = 0 if and only if somex i = 1:

(ii) �( x1; : : : ; xp; 0) = �( x1; : : : ; xp).

(iii) For eachp � 1, � j � p is continuous and symmetric.

(iv) For eachp � 1, � j � p has its largest value at(1=p; : : : ;1=p).

(v) If H is de�ned from � via (26.3) then H(� _ � ) = H(� ) + H(� j� ):

Then there existsc > 0 such that �( x1; : : : ; xp) = � c
P p

i =1 x i logx i :

These are indeed \reasonable" assumptions:

� Property (i) says there should be no uncertainty when there is only one pos-
sible outcome.

� Property (ii) tells us that if we can experiment with p possible outcomes then
by adding an impossible (i.e. probability 0) outcome we can also regard it as
an experiment with p + 1 outcomes.

� Property (iii) says that the uncertainty of an experiment shouldn't depend on
the ordering of the outcomes we chose (and continuity is a basic mathematical
requirement!)

� Property (iv) says that the uncertainty is maximised when all the outcomes
are equally probable.
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� Finally property (v) says that the uncertainty from performing two exper-
iments � and � is the same as the uncertainty from performing� plus the
uncertainty from performing � already knowing that � had been performed.

The proof of Khinchin's Theorem 26.10 is \easy" in the sense that it involves
no advanced concepts. But it is a little �ddly, and would take us the entire lec-
ture to prove. Since Khinchin's Theorem is only used to motivate the de�nition
of entropy, and is not needed in any of the material that follows, we will skip the
proof. We refer the interested reader pages 9{13 of Khinchin's book Mathematical
Foundations of Information Theory.

Let us now go back to the general theory. The following result contains some use-
ful properties of entropy. Many of these properties are immediate from Khinchin's
Theorem, yet since we did not prove the theorem we will prove them directly2

Proposition 26.11. Let (X; A ; � ) denote a probability space. Fix three partitions

� = f C1; : : : ; Cpg; � = f D1; : : : ; Dqg; � = f E1; : : : ; Er g:

Then:

(i) It holds that

0 � � log
�

max
1� i � p

� (Ci )
�

� H(� ) � logp:

The �rst equality is strict if � is not the trivial partition, and the second
equality is strict unless� (Ci ) = 1

p for eachi .

(ii) 0 � H(� j� ) � H(� ).

(iii) H(� j� ) = 0 if and only if � � � .

(iv) H(� j� ) = H(� ) if and only if � and � are independent.

(v) If � � � then H(� j� ) � H(� j� ).

(vi) H(� _ � j� ) = H(� j� ) + H(� j� _ � ). In particular, taking � to be the trivial
partition � = f X g, we haveH(� _ � ) = H(� ) + H(� j� ).

(vii) H(� _ � j� ) � H(� j� ) + H(� j� ), and hence taking� to be the trivial partition
we haveH(� _ � ) � H(� ) + H(� ):

(viii) H(� j� ) � H(� j� ) + H(� j� ).

We will prove (i), (ii), (iii), (iv) and (vii). The remaining three parts|(v), (vi)
and (viii)|are on Problem Sheet M.

2In fact Proposition 26.11 is used to prove Khinchin's Theorem, so it would be a circular
argument to use Khinchin's Theorem to prove Proposition 26.11!
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Proof. Clearly H(� ) � 0. Moreover if � contains at least two elements of positive
measure thenH(� ) > 0. Thus H(� ) = 0 if and only if � is the trivial partition (recall
we are really working with equivalence classes). It is obvious that

H(� ) � � log
�

max
1� k� p

� (Ck)
�

:

To prove that H(� ) � logp, consider the function : [0; 1 ) ! R given by

 (x) :=

(
x logx; x > 0

0; x = 0:
(26.4)

See Figure 26.1. Then 00(x) = 1 =x > 0 and hence is strictly convex. Thus

Figure 26.1: The function (x) = x logx.

 

 
X

i

ai x i

!

�
X

i

ai  (x i )

for non-negativeai such that
P

i ai = 1. Now taking ai = 1=p and x i = � (Ci ) for
1 � i � p we obtain

�
1
p

logp =  
�

1
p

�

=  

 
1
p

pX

i =1

� (Ci )

!

�
pX

i =1

1
p

 (� (Ci ))

= �
1
p

H(� ):

Finally since  is strictly convex we obtain equality only when thex i = � (Ci ) are
all equal to 1

p . This �nishes the proof of (i).
Now we prove (ii). We may assume that� (Ci ); � (D j ) > 0 for eachi; j , since

we are working with equivalence classes. Again, using the fact that is strictly
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convex, we compute:

0 � H(� j� ) = �
qX

j =1

� (D j )
pX

i =1

 
�

� (Ci \ D j )
� (D j )

�

= �
X

i;j

� (D j ) 
�

� (Ci \ D j )
� (D j )

�

� �
pX

i =1

 

 
qX

j =1

� (D j )
� (Ci \ D j )

� (D j )

!

= �
pX

i =1

 (� (Ci ))

= H(� ):

To prove (iii) observe that  (x) < 0 for 0 < x < 1, and hence ifH(� j� ) = 0 then

for every j we have 
�

� (Ci \ D j )
� (D j )

�
= 0 for each i . Thus � � � . The other direction

of (iii) is clear.
To prove (iv), if H(� j� ) = H(� ) then we must have equality in the previous

displayed equation for each term of the summation overi , which means that

 (� (Ci )) =  

 
qX

j =1

� (D j )
� (Ci \ D j )

� (D j )

!

=
qX

j =1

� (D j ) 
�

� (Ci \ D j )
� (D j )

�
:

By strict convexity of  this implies that for all i; j one has� (Ci \ D j )
� (D j ) = � (Ci ), which

implies that � and � are independent.
Parts (v) and (vi) are on Problem Sheet M. Part (vii) is an immediate conse-

quence of (vi) and the inequality

H(� j� _ � ) � H(� j� )

which follows from (iii) since� � � _ � . Finally (viii) is also on Problem Sheet M.
This completes the proof.

Following the recent general theme of the course, we now turnP (X ) into a
metric space.

Definition 26.12. We de�ne

dR : P � P ! R+

by
dR(�; � ) := H(� j� ) + H(� j� ):

The "R" stands for the Russian mathematician Rokhlin.

Corollary 26.13. The function dR de�nes a metric on P called the Rokhlin
metric.
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Proof. That dR(�; � ) � 0 with equality if and only if � = � follows from parts (ii)
and (iii) of Proposition 26.11. It is immediate that dR is symmetric. To see the
triangle inequality, we use part (viii) of Proposition 26.11:

dR(�; � ) = H(� j� ) + H(� j� )

� H(� j� ) + H(� j� ) + H(� j� ) + H(� j� )

= dR(�; � ) + dR(�; � ):

This completes the proof.

Remark 26.14. Let us emphasise that the spaceP = P (X; A ; � ) of partitions
is always a metric space forany probability space (X; A ; � ). Thus we are not
assuming thatX is itself a metric space.

Although the metric dR is conceptually nice, it is a bit inconvenient to use
in computations. Here is another approach to de�ning a metric on the space of
partitions.

Definition 26.15. Given p 2 N, we denote byP p � P those partitions with
exactly p elements.

There is an easy way to de�ne a metric onP p.

Definition 26.16. We de�ne

~dp : P p � P p ! R+

as follows. Given� = f C1; : : : ; Cpg and � = f D1; : : : ; Dpg in P p, we set

~dp(�; � ) := min
� 2 S (p)

pX

i =1

� (Ci M D � ( i ));

where the sum is over the symmetric group of permutations off 1; 2; : : : ; pg.

Lemma 26.17. For any p 2 N, ~dp is a metric onP p.

The proof of Lemma 26.17 is left for you on Problem Sheet M. Here we will
prove the following more tricky result.

Proposition 26.18. For any p 2 N, the inclusion
�
P p; ~dp

�
,!

�
P ; dR

�

is uniformly continuous.

Proof. Fix " > 0. Choose 0< � < 1
4 small enough such that

� p(p � 1)� log� � (1 � � ) log(1 � � ) <
"
2

: (26.5)

Suppose� = f C1; : : : ; Cpg and � = f D1; : : : ; Dpg in P p satisfy

~dp(�; � ) < �:
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We claim that dR(�; � ) < " . First, without loss of generality by relabelling� we
may assume that

pX

i =1

� (Ci M D i ) < �:

Now consider the partition � with p(p � 1) + 1 elements given by the setsCi \ D j

for i 6= j and
S p

i =1 (Ci \ D i ). Since for i 6= j one has

Ci \ D j �
p[

i =1

(Ci M D i )

it follows that

� (Ci \ D j ) < �; for i 6= j; and �

 
p[

i =1

(Ci \ D i )

!

> 1 � �:

In other words, the partition � consists ofp(p� 1) \small" sets and one \large" set.
Thus from the de�nition of H(� ) we obtain

H(� ) < � p(p � 1)� log� � (1 � � ) log(1 � � );

and henceH(� ) < "
2 by (26.5). Next observe that by construction one has� _ � =

� _ � . Therefore applying parts (vi) and (vii) of Proposition 26.11 we obtain

H(� ) + H(� j� ) = H(� _ � )

= H(� _ � )

� H(� ) + H(� )

< H(� ) +
"
2

:

This implies that
H(� j� ) <

"
2

:

By symmetry (since� _ � = � _ � ) we also have

H(� j� ) <
"
2

;

and hence
dR(�; � ) = H(� j� ) + H(� j� ) < ":

This completes the proof.

In fact, the converse to this result is true.

Proposition 26.19. Given �; � 2 P p and " > 0 there exists � > 0 such that
dR(�; � ) < � implies that ~dp(�; � ) < " .

The proof of Proposition 26.19 is on Problem Sheet M. It therefore follows that
the two metrics ~dp and dR are strongly equivalent onP p.
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LECTURE 27

Measure-Theoretic Entropy

In this lecture we stick in the measure-theoretic setting, and de�ne themeasure-
theoretic entropy of a measure-preserving dynamical system on a probability space.
The construction is analogous to the de�nition of topological entropy via open cov-
ers given in Lecture 10, where now partitions play the role that open covers did
previously. The similarity in the de�nitions is no accident1: next lecture we will
prove the Variational Principle, which says that the topological entropy of a topo-
logical dynamical systemf on a compact metric space is the supremum over all
� 2 M (f ) of all the measure-theoretic entropies.

We start with the partition version of De�nition 10.10.

Definition 27.1. Let f be a dynamical system on a probability space (X; A ; � ).
Let � be a partition of (X; A ; � ). Given k � 1, we de�ne

� k
f := � _ f � 1� _ � � � _ f � (k� 1) �:

Explicitly, if � = f C1; : : : ; Cpg then an element of� k
f is a set of the form

k� 1\

i =1

f � i Cj i ; j i 2 f 1; : : : ; pg:

For any k; n � 0 we have

� k+ n
f = � k _ f � k � n : (27.1)

We then have the following version of Proposition 10.16.

Proposition 27.2. Let f be a dynamical system on a probability space(X; A ; � ),
and let � 2 P . Then the limit limk!1

1
k H

�
� k

f

�
exists.

Proof. This is another application of Fekete's Lemma 7.7. De�ne� : N ! [0; 1 )
by

� (k) := H
�
� k

f

�
:

We will show that � is subadditive. Indeed,

� (k + n) = H
�
� k+ n

f

�

� H
�
� k

f

�
+ H

�
f � k � n

f

�

= � (k) + � (n)

where the �rst inequality used (27.1) and part (vii) of Proposition 26.11 and the
second inequality used Lemma 26.8. Now the result follows from Fekete's Lemma
7.7.

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
1In fact the similarity is so extreme that large swathes of this lecture is essentially copy-pasted

from Lecture 10|modulo replacing U with � and updating the references!
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This allows us to de�ne the measure-theoretic entropy relative to a partition,
just as in De�nition 10.17.

Definition 27.3. Let f be a dynamical system on a probability space (X; A ; � ),
and let � 2 P . We de�ne the measure-theoretic entropy of f relative to � by

h� (f; � ) := lim
k!1

H
�
� k

f

�

k
2 [0; 1 ):

To de�ne the measure-theoretic entropy off we now take the supremum over
all partitions � , just as in De�nition 10.18.

Definition 27.4. Let f be a dynamical system on a probability space (X; A ; � ).
We de�ne the measure-theoretic entropy of f to be the quantity

h� (f ) := sup
� 2P

h� (f; � ):

In general the measure-theoretic entropy could be in�nite. When there is more
than one measure in play (which will be the case next lecture), we callh� (f ) the
measure-theoretic entropy of f with respect to � .

Remark 27.5. Some textbooks refer to measure-theoretic entropy asmetric en-
tropy. Whilst this has the advantage of being shorter and less cumbersome, we will
avoid this terminology as it clashes with the \metric" in metric spaces.

We �rst show that the entropy h� (f; � ) can be computed via a di�erent limit.
After proving this statement we will attempt to motivate the de�nition of measure-
theoretic entropy.

Proposition 27.6. Let f be a dynamical system on a probability space(X; A ; � ),
and let � 2 P . Then

h� (f; � ) = lim
k!1

H
�
�
�
�f � 1� k

f

�
:

Proof. Set
ak := H

�
� k

f

�
and bk := H

�
�
�
� f � 1� k

f

�
:

Then
h� (f; � ) = lim

k!1

ak

k
;

and we are required to prove that

h� (f; � ) ?= lim
k!1

bk :

First note that
� k+1

f = � _ f � 1� k
f

by (27.1). SinceH(f � 1� ) = H(� ) and H(� _ � ) = H(� ) + H(� j� ) by Lemma 26.8 and
part (vi) of Proposition 26.11 respectively, we have

ak+1 = H
�
� k+1

f

�

= H
�
f � 1� k

f _ �
�

= H(� k
f ) + H

�
�
�
� f � 1� k

f

�

= ak + bk :
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Thus
ak+1 � ak = bk

and so summing overk yields

ak = H(� ) +
k� 1X

i =1

bi :

Therefore we have

h� (f; � ) = lim
k!1

ak

k
= lim

k!1

1
k

k� 1X

i =0

bi :

We are nearly done. By part (v) of Proposition 26.11 we haveH(� j� ) � H(� j� )
when � � � . This implies that bk � bk� 1, and hence (bk) is a bounded sequence of
real numbers and so limk bk exists. Now recall from real analysis2 that if the Cesaro
limit of a convergent sequence exists, then the Cesaro limit is necessarily equal to
the normal limit. Thus

lim
k!1

bk = lim
k!1

1
k

k� 1X

i =0

bi = h� (f; � ):

This completes the proof.

Remark 27.7. Recall that the entropy H(� ) can be thought as measuring the
uncertainty of an \experiment" � . If f is a dynamical system which governs the
behaviour of the system under time, then the partition� k

f represents the combined
experiment of performing� on k consecutive \days" (or whatever time unit an
application of f represents). Thus the entropyH

�
� k

f

�
can be thought of as the

uncertainty inherent in performing � on k consecutive days.
Next, recall that H(� j� ) represents the uncertainty in the experiment� given

that we already know what happened when we performed� . Therefore Proposition
27.6 tells us that the measure-theoretic entropyh� (f; � ) can be thought of as an
average uncertainty of performing the experiment� on a given day, given that we
already know what happened on all the previous days.

Taking this one step further, this means thath� (f ) can be thought of mea-
suring the maximum (over all possible experiments) of the average uncertainty of
performing a given experiment every day, forever. In other words, we look for the
\least accurate" experiment we can �nd in our system and then test it every single
day and see on average how many mistakes we make in our predictions.

The next result summarises the basic properties of the measure-theoretic en-
tropy.

Proposition 27.8. Let f be a dynamical system on a probability space(X; A ; � ),
and let �; � 2 P . Then:

2Here is the precise statement: Suppose (ck )k � 0 is any sequence of real numbers. Letsk :=
1
k

P k � 1
i =0 ci . Suppose that ck ! c and sk ! s with both c; s �nite. Then c = s. The limit s is

called the Cesaro limit of the sequence (ck ). If you have forgotten how to prove this, consider it
an instructive exercise!
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(i) It holds that

lim sup
k!1

�
1
k

log

 

max
C2 � k

f

� (C)

!

� h� (f; � ) � H(� ): (27.2)

(ii) h� (f; � _ � ) � h� (f; � ) + h� (f; � ):

(iii) h� (f; f � 1� ) = h� (f; � ) and if f is reversible thenh� (f; f � ) = h� (f; � ).

(iv) h� (f; � ) = h�
�
f; � p

f

�
for any p 2 N.

(v) h� (f; � ) � h� (f; � ) + H(� j� ): Thus if � � � then h� (f; � ) � h� (f; � ).

Almost everything here follows readily from the various parts of Proposition
26.11, but let us check the details anyway.

Proof. The �rst inequality in (27.2) follows from part (i) of Proposition 26.11. The
second inequality in (27.2) follows from Proposition 27.6 together with part (ii) of
Proposition 26.11.

Next, since
(� _ � )k

f = � k
f _ � k

f ;

part (ii) follows from part (vii) of Proposition 26.11. Similarly, since

(f � 1� )k
f = f � 1� k

f

the �rst statement in part (iii) follows from Lemma 26.8, and the invertible case
works in the same way.

Part (iv) is analogous to the end of the proof of Theorem 10.25. Using (27.1)
we compute

h�
�
f; � p

f

�
= lim

k!1

1
k

H

 
k� 1_

i =0

f � i � p
f

!

= lim
k!1

1
k

H
�
� k+ p

f

�

= lim
n!1

1
n

H
�
� n

f

�

= h� (f; � ):

This leaves us with part (v), which is considerably trickier. UsingH(� _ � j� ) =
H(� j� ) + H(� j� _ � ) and the fact that H(� j� ) � H(� j� ) if � � � (these are parts (vi)
and (v) of Proposition 26.11 respectively) repeatedly we have

H
�
� k

f

�
� � k

f

�
= H

�
� _ f � 1� k� 1

f

�
� � k

f

�

= H
�
�
�
� � k

f

�
+ H

�
f � 1� k� 1

f

�
� � _ � k

f

�

� H(� j� ) + H
�
f � 1� k� 1

f

�
� � k

f

�
; (27.3)
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where we used that� � � k
f and � k

f � � _ � k
f . Now the same argument applied to

the second term on the right-hand side of (27.3) gives

H
�
f � 1� k� 1

f

�
� � k

f

�
� H

�
f � 1�

�
� f � 1�

�
+ H

�
f � 2� k� 2

f

�
� � k

f

�

= H(� j� ) + H
�
f � 2� k� 2

f j� k
f

�
: (27.4)

Combining (27.3) and (27.4)

H(� k
f j� k

f ) � 2H(� j� ) + H(f � 2� k� 2
f j� k

f ):

Continuing inductively, we eventually get

H
�
� k

f

�
� � k

f

�
� (k � 1)H(� j� ) + H

�
f � (k� 1) �

�
� � k

f

�

� kH(� j� ):

Thus we have

H
�
� k

f

�
� H

�
� k

f _ � k
f

�

= H
�
� k

f

�
+ H

�
� k

f

�
� � k

f

�

� H
�
� k

f

�
+ kH(� j� ):

Dividing by k and letting k ! 1 gives

h� (f; � ) � h� (f; � ) + H(� j� );

which proves part (v). This completes the proof.

Corollary 27.9. Let f be a dynamical system on a probability space(X; A ; � ).
The function h� (f; �) : P ! [0; 1 ) is Lipschitz continuous function with respect to
the Rokhlin metric: �

�h� (f; � ) � h� (f; � )
�
� � dR(�; � ): (27.5)

We will refer to (27.5) as theRokhlin inequality in what follows.

Proof. This is immediate from from part (v) of Proposition 27.8.

Now let us isolate a special class of partitions that can be used to compute the
entropy.

Definition 27.10. Let f be a dynamical system on a probability space (X; A ; � ).
A family � of partitions is a generating family for f if the space of all partitions
subordinate to a partition of the form � k

f for some� 2 � and k � 1 is dense in the
spaceP (equipped with the Rokhlin metric).

Explicitly, a family � is generating if for any � 2 P and any " > 0 there exists
a partition � 2 P and � 2 � such that

dR(�; � ) < " and � � � k
f for all k su�ciently large. (27.6)

Equivalently one could ask that� � � k
f for somek, since then for anyn � k one

has � � � k
f � � n

f .
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Proposition 27.11. Let f be a dynamical system on a probability space(X; A ; � ).
Suppose� is a generating family of partitions forf . Then

h� (f ) = sup
� 2 �

h� (f; � ):

Proof. Let � 2 P and " > 0. There exists a partition � 2 P and � 2 � such that
� � � k

f for all k su�ciently large, and such that dR(�; � ) < " . Then

h� (f; � ) � h� (f; � ) + "

by the Rokhlin inequality (27.5), and thus

h� (f; � ) � h� (f; � k
f ) = h� (f; � )

by parts (iv) and (v) of Proposition 27.8. Since� and " were arbitrary, the result
follows.

Now let us make the analogy of De�nition 10.1.

Definition 27.12. Let f be a dynamical system on a probability space (X; A ; � ).
A partition � is called agenerator for f if � = f � g is a generating family.

The following corollary (which is a special case of Proposition 27.11) has its own
special name. It is the measure-theoretic analogue of Theorem 10.25.

Corollary 27.13 (Kolmogorov-Sinai). Let f be a dynamical system on a proba-
bility space (X; A ; � ), and suppose� is a generator forf . Then h� (f ) = h� (f; � ).

If we begin on a metric space then we can produce generating families in the
same way as Proposition 10.22.

Proposition 27.14. Let (X; d) be a compact metric space and suppose� 2 M (X ).
Suppose(� n ) is a sequence of partitions ofX such that3

diam� n := maxf diamC j C 2 � ng ! 0; as n ! 1 :

Set � = f � ng. Then if f : X ! X is any topological dynamical system which is
measure-preserving with respect to� then � is a generating family of partitions for
f .

Proof. Fix " > 0. Suppose� = f C1; : : : ; Cpg is any partition of (X; B ; � ). By
Proposition 26.18 it su�ces to �nd a partition � = f D1; : : : ; Dpg such that � � � n

for all n su�ciently large and such that ~dp(�; � ) < " .
Choose compact setsK i � Ci such that

� (Ci n K i ) <
"

p(p + 1)

(such sets exist by Proposition 23.4). Set

� := inf
i 6= j

d(K i ; K j ) > 0:

3Here we de�ne the diameter of a disconnected space to be in�nite. Thus the hypotheses
imply that the elements of each� n are all connected for largen.
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Choosem 2 N large enough such that

diam� m �
�
2

:

Now for 1 � i � p � 1 let D i denote the union of elements of� m which intersect
K i , and let Dp denote the union of the remaining elements of� m . By the choice
of � , each elementC 2 � m can intersect at most oneK i . Thus � is a well de�ned
partition which is obviously subordinate to� m . For any 1 � i � p, one has

� (Ci M D i ) = � (Ci n D i ) + � (D i n Ci )

� � (Ci n K i ) + �

 

X n
p[

j =1

K j

!

<
"

p(p + 1)
+

"
p + 1

=
"
p

:

Summing overk tells us that

pX

i =1

� (Ci M D i ) < ":

Thus we also have~dp(�; � ) < " as required.
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LECTURE 28

The Variational Principle

In this last lecture, we compare measure-theoretic entropy to topological entropy,
culminating in the statement and proof of the famousVariational Principle.

As we have seen, measure-theoretic entropy gives a quantitative measure of
the inherent uncertainty, or complexity, of a dynamical system, as seen via an
invariant measure. Topological entropy was actually discovered later than measure-
theoretic entropy, and its discovery was motivated by an attempt to extract the
same information using topological dynamics only.

Nevertheless, the absence of a \natural measure" for the size of a set in topo-
logical dynamics makes the latter more crude. For example, in Proposition 8.5 we
proved that the topological entropy of the union of two invariant sets is themax-
imum of their individual entropies. Meanwhile in the measure-theoretic setting,
we have the following more re�ned result: the entropy is the weighted sum of the
individual entropies.

Notation. Since there are now multiple measures in play, we will writeH� (� ) for
the entropy of a partition � with respect to � instead of just H(� ).

Proposition 28.1. Let f be a dynamical system on a probability space(X; A ; � ).
SupposeA is an invariant set for f with 0 < � (A) < 1. Then

h� (f ) = � (A)h� A

�
f jA

�
+ (1 � � (A))h� X nA

�
f jX nA

�
:

Here f jA is the measure-preserving dynamical system on the restricted proba-
bility space

�
A; AA ; � A

�
(Example 18.12), and similarly forf jX nA .

Proof. Let � = f A; X n Ag, and suppose� is a partition such that � � � . Then we
have (with the obvious notation) that

H� (� ) = � (A)H� A

�
� jA

�
+ � (X nA)H� X nA

�
� jX nA

�
+ � (A) log � (A)+ � (X nA) log � (X nA)

SinceA is f -invariant, if � � � then also� � � k
f . Thus

h� (f; � ) = lim
k!1

1
k

H�
�
� k

f

�

= � (A) lim
k!1

1
k

H� A

�
(� jA )k

f jA

�
+ � (X n A) lim

k!1

1
k

H� X nA

�
(� jX nA )k

f jX nA

�

+ lim
k!1

1
k

�
� (A) log � (A) + � (X n A) log � (X n A)

�

= � (A)h� A

�
f jA ; � jA

�
+ (1 � � (A))h� X nA

�
f jX nA ; � jX nA

�
+ 0:

Taking the supremum over such� we obtain

sup
� � �

h� (f; � ) = � (A)h� A

�
f jA

�
+ (1 � � (A))h� X nA

�
f jX nA

�
:

Will J. Merry, Dyn. Systems I, Autumn 2019, ETH Z•urich. Last modi�ed: June 08, 2020.
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Finally we observe that for any partition � there is a partition � such that � � �
and � � � (for example, � := � _ � works). Thus

h� (f ) = sup
� � �

h� (f; � )

This completes the proof.

Comparing Proposition 8.5 and Proposition 28.1 suggests that topological en-
tropy measures themaximum dynamical complexity, whereas measure-theoretic
entropy measures theaverage dynamical complexity. This leads us to hypothesise:

� Topological entropy to be an upper bound for the measure-theoretic entropy;

� The measure-theoretic entropy should be maximised by a measure that assigns
most weight to regions of maximal complexity.

This is indeed the case. Here is the statement of the Variational Principle.

Theorem 28.2 (The Variational Principle). Let X be a compact metric space and
let f : X ! X denote a dynamical system. Then

htop (f ) = sup
� 2M (f )

h� (f ):

The proof of Theorem 28.2 will take some time, and we will need a number of
auxiliary results.

Improved Definition: Since we are now restricting our attention once
more to compact metric spaces, we can adopt a slightly simpler de�nition
of a partition. Namely, let us henceforth declare thatpartition of (X; B )
is any �nite collection � = f C1; : : : ; Cpg of disjoint measurable sets whose
union is all of X . We denote the set of all such partitions asP dis(X; B ).

Thus an element� 2 P dis(X; B ) is an actual honest partition of X (in the
normal sense of the word). And best of all|there areno equivalence relations
involved!

The following facts are clear:

� If � 2 M (X ) is any Borel probability measure and� 2 P dis(X; B ) then �
will also be a partition of (X; B ; � ) in the sense of De�nition 26.1.

� Conversely if � is any partition of (X; B ; � ) in the sense of De�nition 26.1
then there is another partition � that belongs to the same equivalence class
as � in P (X; B ; � ) and such that � 2 P dis(X; B ).

Thus all the results from Lectures 26 and 27 continue to hold with our new de�nition
of a partition. Whilst the new de�nition is slightly more restrictive, it will be
more e�cient in this lecture. The reason for this is because we will be working
with multiple measures at once, and it would quickly become tiresome to have to
constantly check that all our purported partitions were indeed partitions (in the
sense of De�nition 26.1) for each individual measure involved. From now on, if we
simply say \partition" it should be understood in the new sense of the word.
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Proposition 28.3. Let X be a compact metric space, and let�; � 2 M (X ) be
two probability measures on(X; B ).

(i) Let � be a partition of X . Then for any c 2 [0; 1] one has

cH� (� ) + (1 � c) H� (� ) � Hc� +(1 � c)� (� ):

(ii) Supposef be a topological dynamical system onX such that �; � 2 M (f ).
Then for any c 2 [0; 1] one has

ch� (f ) + (1 � c) h� (f ) = hc� +(1 � c)� (f ):

Thus the entropy map

h� (f ) : M (f ) ! [0; 1 ]; � 7! h� (f )

is a�ne.

Proof. We begin with (i). Recall the convex function

 (x) :=

(
x logx; x � 0

0; x = 0;

from (26.4) and Figure 26.1. LetA 2 B and abbreviate

a := � (A); b := � (A):

Then since is convex we have

0 �  
�

ca+ (1 � c)b
�

� c (a) � (1 � c) (b)

=
�

ca+ (1 � c)b
�

log
�

ca+ (1 � c)b
�

� caloga � (1 � c)blogb

= ca
�

log
�
ca+ (1 � c)b

�
� logca

�

| {z }
� 0

+ (1 � c)b
�

log
�
ca+ (1 � c)b

�
� log

�
(1 � c)b

� �

| {z }
� 0

+ ca
�

logca� loga
�

+ (1 � c)b
�

log
�
(1 � c)b

�
� logb

�

� calogc + (1 � c)blog(1 � c);

where we used the fact that log is an increasing function. It follows that if� is any
partition then

0 � Hc� +(1 � c)� (� ) � cH� (� ) � (1 � c) H� (� )

� �
�

clogc + (1 � c) log(1 � c)
�

� log 2:
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This proves (i). Now if � is any partition, setting � = � k
f in the above gives

0 � Hc� +(1 � c)� (� k
f ) � cH� (� k

f ) � (1 � c) H� (� k
f ) � log 2:

Dividing by k and letting k ! 1 tells us that

hc� +(1 � c)� (f; � ) = ch� (f; � ) + (1 � c) h� (f; � ): (28.1)

The right-hand side of (28.1) is bounded above by the respective measure-theoretic
entropies:

hc� +(1 � c)� (f; � ) � ch� (f ) + (1 � c) h� (f )

Then since� was arbitrary we obtain

hc� +(1 � c)� (f ) � ch� (f ) + (1 � c) h� (f ): (28.2)

It remains to prove the other direction. Fix " > 0, and choose a partition� and �
such that

h� (f; � ) >

(
h� (f ) � "; if h� (f ) < 1 ;
1
" ; if h� (f ) = 1 :

and

h� (f; � ) >

(
h� (f ) � "; if h� (f ) < 1 ;
1
" ; if h� (f ) = 1 :

Set � := � _ � . Then from (28.1) we have

hc� +(1 � c)� (f; � ) >

(
ch� (f ) + (1 � c) h� (f ) � "; if h� (f ) < 1 and h� (f ) < 1 ;
1
" ; if either h� (f ) = 1 or h� (f ) = 1 :

Since" was arbitrary we conclude that

hc� +(1 � c)� (f ) � ch� (f ) + (1 � c) h� (f ):

This completes the proof.

Remark 28.4. The entropy map � 7! h� (f ) is not necessarily continuous. That
is, if � k ; � 2 M (f ) with � k * � then in generalh� k (f ) may not converge toh� (f ).

However with a bit of work1 one can prove that if f is either an expansive
topological dynamical system or a reversible weakly expansive dynamical system
(cf. De�nitions 9.1 and 9.8) then in this case the entropy map is at leastupper
semi-continuous, in the sense that if� k * � then

lim sup
k!1

h� k (f ) � h� (f ):

1In an ideal world I would prove this next week in \Lecture 29". Sadly though next week is
Christmas, and thus I rather suspect none of you would turn up if I tried to lecture. . . So I will
just content myself at stating this as an interesting remark.
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Remark 28.5. It will be useful in the proof of the Variational Principle to observe
that part (i) of Proposition 28.3 works for arbitrary �nite convex combinations:
Suppose� 1; : : : ; � k belong to M (X ) and c1; : : : ; ck are non-negative real numbers
such that

P k
i =1 ci = 1. Set � :=

P k
i =1 ci � i 2 M (X ). Then for any partition � one

has
kX

i =1

ci H� i (� ) � H� (� ): (28.3)

The proof of (28.3) is by induction onk, where part (i) of Proposition 28.3 does
both the base casek = 2 and the inductive step.

We need two further preliminary results before we are ready to embark on the
proof of the Variational Principle.

Lemma 28.6. Let X be a compact metric space and let� 2 M (X ). For any � > 0
there exists a partition � = f C1; : : : ; Cpg 2 P dis(X; B ) such that

diamCi < � and � (@Ci ) = 0 ; 8 1 � i � p:

Proof. First note that for any x 2 X and any � > 0 there exists 0< � 0 < � such
that �

�
@B(x; � 0)

�
= 0. Indeed, if this was not true we would have an uncountable

collection of disjoint sets of positive measure, which contradicts� being a proba-
bility measure. Thus we can �nd an open coverU = f B1; : : : ; Bpg of open balls
of radius less than�=2 such that � (@Bi ) = 0 for each i . Now let C1 = B1 and for
i > 1 let

Ci = B i n
i � 1[

j =1

B j :

Then � = f C1; : : : Cpg is a partition of X of sets of diameter less than� , and since

@Ci �
i[

j =1

@Bi ;

we have� (@Ci ) = 0 for each i . This completes the proof.

Lemma 28.7. Let f : X ! X be a topological dynamical system on a compact
metric space, and let� 2 M (f ). SupposeA0; : : : ; Aq are any sets with� (@Ai ) = 0
for each0 � i � q. Then

�

 

@

 
q\

i =0

f � i (A i )

!!

= 0:

Proof. Since

@

 
q\

i =0

f � i (A i )

!

�
q[

i =0

f � i (@Ai );

the conclusion is immediate from the hypotheses.

We are now ready for the best2 proof in the course! This proof is non-examinable.

2Where of course, best:= longest.
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( | ) Proof of the Variational Principle 28.2. We prove the result in four steps. The
�rst two steps are devoted to showing that

h� (f ) � htop (f ); 8 � 2 M (f );

which thus proves one half of the Variational Principle. The last two steps deal
with the other (harder) direction.

1. Fix � 2 M (f ), and let � = f C1; : : : ; Cpg be a partition of (X; B ). In this
�rst step we will construct an open coverU = f U1; : : : ; Upg of X such that

h� (f; � ) � h� (f; U) + log 2 + 1 : (28.4)

Fix
0 < " <

1
plogp

; (28.5)

and choose compact setsK i � int( Ci ) for k = i; : : : ; p such that � (Ci n K i ) < "
(such sets exist by Proposition 23.4). Let

K 0 := X n
p[

i =1

K i ;

so that � (K 0) < p" , and de�ne a new partition with p + 1 elements:

� := f K 0; K 1; : : : ; K pg:

Let us compute the conditional entropyH� (� j� ):

H� (� j� ) = �
pX

i =0

pX

j =1

� (K i )
� (Cj \ K i )

� (K i )
log

�
� (Cj \ K i )

� (K i )

�

(~ )
= � � (K 0)

pX

j =1

� (Cj \ K 0)
� (K 0)

log
�

� (Cj \ K 0)
� (K 0)

�

� � (K 0) log p

< "p logp

< 1: (28.6)

Here (~ ) used the fact that for i 6= 0, � (Cj \ K i )
� (K i )

2 f 0; 1g, and the last line used
(28.5).

Observe that for each 1� i � p, the set

Ui := K i [ K 0

is an open subset ofX , since it is equal toX n
S

j 6= i K j , and thus U := f U1; : : : ; Upg
is an open cover ofX .

Every element of the join coverUk
f is of the form

Ui 0 \ f � 1(Ui 1 ) \ � � � \ f � (k� 1)(Ui k � 1 );
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for some tuple (i 0; : : : ik� 1) of integers in f 1; : : : ; pg. Such a set can be written as a
pairwise disjoint union of 2q elements of the join partition� k

f (some of which may be
empty sets). Thus every element ofUk

f contains at most 2q elements of� k
f . Taking

the union over a sub cover ofUk
f with cardinality min Uk

f , we get that

# � k
f � 2k min Uk

f ;

and hence by part (i) of Proposition 26.11 we have

H� (� k
f ) � log # � k

f

� log(2k � min Uk
T )

= H(Uk
f ) + k log 2;

Thus we obtain
h� (f; � ) � h� (f; U) + log 2:

This is not quite what we want, since on the left-hand side we used the partition
� and not our original partition � . However by part (v) of Proposition 27.8 and
(28.6) we can estimate

h� (f; � ) � h� (f; � ) + H� (� j� )

� h� (f; U) + log 2 + 1 :

This proves (28.1), and concludes this �rst step.

2. Since� was arbitrary, it follows from (28.1) that

h� (f ) � h� (f; U) + log 2 + 1

� htop (f ) + log 2 + 1 ;

where we used Corollary 10.23. We are almost done, apart from the annoying
1 + log 2 term. But this can be got rid o� with the following trick (which we have
used before in the proof of Step3 of Theorem 11.7). Namely, by repeat the same
argument with f q (for q 2 N arbitrary) instead of f we obtain also that

h� (f q) � htop (f q) + log 2 + 1 : (28.7)

Now by Problem D.2 and Problem N.1 respectively, we have

h� (f q) = qh� (f ) and htop (f q) = qhtop (f q)

and thus dividing (28.7) by q and letting q tend to in�nity gives

h� (f ) � htop (f )

as desired.

3. Fix " > 0. In this step we will �nd (modulo a technical detail that is
postponed until Step 4) a measure� 2 M (f ) with

h� (f ) � hsep
" (f )+ := lim sup

k!1

1
k

log sep(f; k; " ) (28.8)
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Since" > 0 is arbitrary, this shows that

htop (f ) � sup
� 2M (f )

h� (f ):

Let Ak � X be a maximal (k; " )-separated set, and let� k denote the atomic measure
concentrated uniformly on the points ofAk :

� k :=
1

sep(f; k; " )

X

x2 A k

� x :

Now let

� k :=
1
k

k� 1X

i =0

f i
� � k :

By compactness ofM (X ) and the de�nition of the limit supremum, we can choose
a sequencekj ! 1 such that

lim
j !1

1
kj

sep(f; k; " ) = hsep
" (f )+

and such that � k j * � for some� 2 M (f ) (here we are using the recipe for con-
structing �xed points from the proof of the Markov-Kakutani Fixed Point Theorem
24.6.

Now by Lemma 28.6, let� = f C1; : : : ; Cpg denote a partition of X of sets of
diameter smaller than" such that � (@Ci ) = 0 for each i . We claim that

H� k

�
� k

f

�
= log sep(f; k; " ): (28.9)

Indeed, no member of� k
f can contains more than one member ofAk , and so

sep(f; k; " ) members of� k
f each have� k-measure 1

sep(f;k;" ) , and all the others have
measure zero. Thus (28.9) follows directly from the de�nition ofH.

Now we would like to replaceH� k with H� k . Fix 1 < q < k . We claim that

qlog sep(f; k; " ) �
k� 1X

i =0

Hf �
i � k (� q

f ) + 2 q2 logp: (28.10)

Let us assume (28.10) for the time being. Using (28.3) and dividing through byk,
we obtain

q
k

sep(f; k; " ) � H� k (� q
f ) +

2q2

k
logp: (28.11)

Now by Lemma 28.7, for each memberA 2 � q
f , we have � (A) = 0. Thus by

Proposition 23.15. we have� k i (A) ! � (A) for eachA 2 � q
f . Thus

lim
j !1

H� k j
(� q

f ) = H� (� q
f ):

Now by replacingk by kj in (28.11) and letting j ! 1 we obtain

qhsep
" (f )+ � H� (� q

f ):
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Finally, dividing by q and letting q ! 1 we obtain (28.8).

4. It remains to prove (28.10). This is rather tedious, unfortunately. Fix
0 � l � q � 1, and set

c(l) :=
�

k � l
q

�
:

We can partition the set f 0; 1; 2; : : : ; k � 1g into two sets: A l [ B l , whereA l denotes
those numbers that can be written asl + aq+ b for some 0� a � c(l) � 1 and some
0 � b � q� 1, andB l denotes those numbers which cannot be written in this form.
Thus B l certainly contains f 0; 1; : : : ; q � 1g, but it is not too large: we leave it as
an easy exercise to check that

# B l � 2q: (28.12)

What is the point of this? Let us apply this decomposition off 0; 1; : : : ; k � 1g to
write

� k
f =

0

@
c(l )� 1_

a=0

f � (aq+ l ) � q
f

1

A _
_

s2 B l

f � s�:

Thus by part (vii) of Proposition 26.11, we have

H� k (� k
f ) �

c(l )� 1X

a=0

H� k (f � (aq+ l ) � q
f ) +

X

s2 B l

H� k (f � s� )

�
c(l )� 1X

a=0

Hf aq + l
� � k

(� q
f ) + 2 qlogp;

where the last inequality used (28.12) and thatf � s� hasp elements (cf. part (i) of
Proposition 26.11). Now sum this last equation overl from 0 to q � 1 to obtain

qH� k (� k
f ) �

k� 1X

i =0

Hf i
� � k

(� q
f ) + 2 q2 logp:

Since log sep(f; k; " ) = H� k (� k
f ) by (28.9), from this (28.10) follows. This completes

this �nal step, and hence also the proof of the Variational Principle.

. . . and this also completes the course. Thank you all for attending, and
enjoy your winter vacation!
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LECTURE 29

Hyperbolic Linear Dynamical Systems

Welcome to Dynamical Systems II!

We began Dynamical Systems I by studying topological dynamical systems, i.e.
continuous maps on metric spaces. In Dynamical Systems II we will upgrade these
to di�erentiable dynamical systems .

Why study di�erential dynamics? As you no doubt had drilled into you
during your �rst analysis course, the dual concepts of being able to measure the
rate at which things change| di�erentiation |and being able to measure the to-
tal amount accumulated over time| integration|are arguably the most important
mathematical ideas we humans have happened upon.

It should therefore not surprise you to learn that there is a rich and exciting
sub�eld of dynamical systems concerned with di�erentiable systems. In this course
will focus on a particularly interesting class of such systems, namely,hyperbolic dif-
ferentiable dynamical systems. Hyperbolicity was �rst identi�ed by Poincar�e (130
years ago) during his work on the famousThree Body Problem. The precise de�-
nition is rather complicated (we will study a very special case later in this lecture),
but very roughly speaking, hyperbolicity can be characterised by the presence of
both expanding and contracting directions for the derivative (think saddle points).

Hyperbolicity is the main mechanism through which a di�erential dynamical
system exhibits chaotic behaviour. It also has a remarkable \persistence" property:
namely, if a given system is hyperbolic then so are all su�ciently \nearby" systems.
We will see many instances of this in the course, starting with Proposition 30.14
next lecture.

Before we can begin with the study of hyperbolic dynamics, however, we �rst
need to address di�erentiable dynamics in general. Unfortunately the process
of moving from topological dynamics to di�erentiable dynamics is not entirely
straightforward. The �rst thing to realise is that the de�nition of di�erentiabil-
ity doesn't even make senseon an arbitrary metric space! Indeed, iff : X ! X
is a continuous map on a metric space then you might naively try to de�ne the
derivative of f using the same formula you learnt in high school:

f 0(x)
nonsense

:= lim
y! 0

f (x + y) � f (x)
y

: (29.1)

However this is nonsense. Why?

� On a metric space one cannot simply \add" points together, so neither \x+ y"
nor \ f (x + y) � f (x)" are de�ned.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
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� In a metric space there is no \zero element", and thus the expression \y ! 0"
has no meaning.

The solution to these woes is to restrict our attention to special class of metric
spaces where these expressions can be meaningfully interpreted. Such spaces are
known as (smooth) manifolds , and they are commonly studied in Di�erential
Geometry. If you have not taken a class on Di�erential Geometry before thenfear
not |we will cover all the necessary prerequisites from scratch in this course.

Before diving into manifolds, however, we will spend the �rst seven lectures
focusing on an even more restrictive class of metric spaces for which you all already
know how di�erentiation works: vector spaces .

Let us begin.

Convention: Throughout this course, all vector spaces are assumed to be
real and �nite-dimensional, unless stated otherwise.

Definition 29.1. A normed vector space consists of a vector spaceE and a
choice of normk � k on E.

SinceE is �nite-dimensional, E is automatically a Banach space, i.e. the asso-
ciated metric d(v; w) := kv � wk is complete (De�nition 6.7).

Remark 29.2. In fact, everything in this section continues to make sense if we drop
the assumption thatE is �nite-dimensional, and assume thatE is aBanach space
(although some of the proofs would need tweaking a bit). However since this course
does not assume functional analysis as a prerequisite, we will (almost always) work
with �nite-dimensional spaces only. Nevertheless, the interested reader is invited
to recast all the de�nition and theorems in a Banach space setting.

Recall that two normsk � k1 and k � k2 on E are calledequivalent if there exists
a constantc � 0 such that for all v 2 E, one has

1
c
kvk1 � k vk2 � ckvk1:

In fact, sinceE is �nite-dimensional1, all norms are equivalent.

Definition 29.3. Let (E; k � k) denote a �nite-dimensional normed vector space
and supposeL : E ! E is a linear map. We will call L a linear dynamical
system . Note 02 E is a automatically a �xed point of L.

Notation. Given a norm on E. we will use the notation k � kop to denote the
operator norm ofL with respect to the normk � k. Thus

kLkop := sup fk Lvk j kvk = 1g:

1In the in�nite-dimensional case one needs to make sure one only works with norms equivalent
to our original one.
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Definition 29.4. Let L be a reversible linear dynamical system onE. We say
that L is a hyperbolic linear dynamical system if E splits into a direct sum

E = E s � E u

which is L-invariant in the sense that

LE s � E s; LE u � E u;

and such that there exist constantsC � 1 and 0< � < 1 such that

kL kvk � C� kkvk; 8 v 2 E s; 8 k � 0;

and such that
kL � kvk � C� kkvk; 8 v 2 E u; 8 k � 0;

or in terms of operator norms:



 (L jE s )k




 op

� C� k ;



 (L � 1jE u )k




 op

� C� k :

One callsE s the stable space for L and one callsE u the unstable space .

Remark 29.5. The connection between this de�nition and the de�nition of hy-
perbolicity we saw in De�nition 8.12 will become clear soon; see Proposition 29.7.
(Spoiler: The two de�nitions are the same.)

Since all norms are equivalent onE, the de�nition of hyperbolicity is indepen-
dent of the choice of normk � k used. Note that it could be the case thatE s = f 0g
or E u = f 0g.

Remark 29.6. SinceE s is L-invariant, the inequalities in the de�nition hold not
only for positive iterates but actually for all iterates:

kL k(Lnv)k � C� kkLnvk; 8 v 2 E s; 8 n 2 Z; 8 k � 0:

In particular, taking n = � k gives

kL � kvk �
1

C� k
kvk; 8 v 2 E s; 8 k � 0:

A similar statement holds forE u. Moreover as 0< � < 1, we see thatkL � kvk ! 1
as k ! 1 for v 2 E s, and kL kvk ! 1 as k ! 1 for v 2 E u.

On Problem Sheet O you will prove the following equivalent de�nition of hy-
perbolicity.

Proposition 29.7. A reversible linear dynamical systemL : E ! E is hyperbolic
if and only if every eigenvalue� of L has absolute value di�erent to1.

As a corollary, we obtain:

Corollary 29.8. The space of hyperbolic linear dynamical systems is an open
subset in the space of reversible linear dynamical systems.
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We will prove shortly that the hyperbolic splitting is unique. First let us intro-
duce some more notation. SupposeE = E s � E u is a direct sum (not necessarily a
hyperbolic splitting). Denote � s : E ! E s the projection onto E s and � u : E ! E u

the projection onto E u. We set

vs = � sv; vu = � uv:

If � : E ! E is any map, we denote by� s := � s � � : E ! E s and � u := � u � � : E !
E u. If L : E ! E preserves the splittingE = E s � E u, it makes sense to de�ne

L ss := L sjE s : E s ! E s;

and similarly
Luu := Lu jE u : E u ! E u:

Then for any v 2 E,

L sv = L svs = L ssvs; Luv = Luvu = Luu vu:

Definition 29.9. SupposeL : E ! E is a hyperbolic linear dynamical system with
splitting E = E s � E u. Given " > 0, we de�ne the"-cones about E s and E u by:

cone" (E s) := f v 2 E j kvuk � "kvskg;

and
cone" (E u) := f v 2 E j kvsk � "kvukg;

Proposition 29.10. SupposeL : E ! E is a hyperbolic linear dynamical system
with splitting E = E s � E u. Then E s can be alternatively characterised as:

E s =
�

v 2 E j L kv ! 0 as k ! 1
	

=
�

v 2 E j 9 r > 0; kL kvk � r; 8 k � 0
	

=
�

v 2 E j 9 " > 0; L kv 2 cone" (E s); 8 k � 0
	

:

Similarly

E u =
�

v 2 E j L � kv ! 0 as k ! 1
	

=
�

v 2 E j 9 r > 0; kL � kvk � r for all k � 0
	

=
�

v 2 E j 9 " > 0; L � kv 2 cone" (E u) for all k � 0
	

:

In particular, the hyperbolic splitting is unique: if E = F s � F u is another hyper-
bolic splitting for L then E s = F s and E u = F u.

Proof. We give the proof forE s only. Of the three sets on the right-hand side, it is
clear that E s is contained in the �rst subset, and that the �rst subset is contained
in the second. Let us prove that the second subset is contained in the third. Indeed,
suppose

u =2
�

v 2 E j 9 " > 0; L kv 2 cone" (E s) for all k � 0
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This means there existsk0 � 0 such that w := L k0 u satis�es w =2 cone1(E s). In
particular, wu 6= 0. Then we havekL kwuk ! 1 and kL kwsk ! 0 ask ! 1 (cf.
Remark 29.6) . This means that

kL kwk � k L kwuk � k L kwsk ! 1 ;

Thus the sequence
�
kL kwk

�
k

is unbounded, and thereforew does not belong to the
second set on the right-hand side.

To complete the proof, we show that the third set on the right-hand side is
contained in E s. Indeed, if v =2 E s then vu 6= 0, and hencekL kvuk ! 1 and
kL kvsk ! 0 ask ! 1 by Remark 29.6 again, which implies that for any" > 0 one
hasL kv =2 cone" (E s) for k large enough.

Since both the �rst and second sets on the right-hand side are manifestly inde-
pendent of the splitting E s � E u, it follows that E s is unique. This completes the
proof.

Up to changing the norm, one can assume thatC = 1.

Proposition 29.11. Let L : E ! E be a hyperbolic linear dynamical system with
hyperbolic splitting E = E s � E u. There exists a normk � ka on E and a constant
0 < � < 1 such that

kLvka � � kvka; 8 v 2 E s;

kL � 1vka � � kvka; 8 v 2 E u;

One calls such a normk � ka an adapted norm for L.

Proof. Denote the original norm byk � k, and let C � 1 and 0< � < 1 denote the
original constants. Choosen large enough so thatC� n < 1. We de�ne k � ka by

kvka :=
n� 1X

k=0

kL kvk:

Then k � ka is obviously a norm onE. Setting � :=
P n� 1

k=0 C� k , one has

kvka � � kvk; 8 v 2 E s;

and similarly
kvka � � kLn� 1vk; 8 v 2 E u:

Now supposev 2 E s. Then

kLvka = kvka � k vk + kLnvk

� k vka � (1 � C� n ) kvk

�
�

1 �
1
�

(1 � C� n )
�

kvka:

Similarly if v 2 E u one has

kL � 1vka = kvka + kL � 1vk � k Ln� 1vk

� k vka � (1 � C� n ) kLn� 1vk

�
�

1 �
1
�

(1 � C� n )
�

kvka:
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Set

� :=
�

1 �
1
�

(1 � C� n )
�

:

Since� � 1 one has 0< � < 1. This completes the proof.

Definition 29.12. SupposeL : E ! E is a hyperbolic linear dynamical system
with splitting E = E s � E u. Let k � ka be an adapted norm forL with associated
operator norm k � kop

a . We de�ne the skewness of L with respect to this norm by

� (L) := max
n

kL skop
a ; k(L � 1)ukop

a

o
< 1:

In fact, it is convenient to tweak k � ka even further. For this we need another
more de�nition.

Definition 29.13. Suppose (E; k � k) is a �nite-dimensional normed vector space
and E = F � G is a direct sum. We say that the normk � k is of box type with
respect to the splitting F � G if

kvk = max
�

kvF k; kvGk
	

;

where vF and vG are the components ofv in this splitting. It is easy to make a
box-type norm: if k � k is any norm then the functionk � kb de�ned by

kvkb := max
�

kvF k; kvGk
	

; (29.2)

is another norm which is of box-type. One callsk � kb the box-adjusted norm of
k � k.

Lemma 29.14. Let L : E ! E be a hyperbolic linear dynamical system with split-
ting E = E s � E u. There exists a normk � kab on E which is adapted toL and of
box-type with respect to the hyperbolic splitting.

Proof. Let k � ka denote an adapted norm forL, and then let k � kab denote the
box-adjusted norm de�ned by (29.2). Thenk � kab is another adapted norm with
the same skewness ask � kab.

In the future, we will typically assume from the outset when discussing hyper-
bolic linear dynamical systemsL that the norm k � k on E is both adapted to L
and of box-type with respect to the hyperbolic splitting. In other words, we will
omit the subscript \ab", and assume that the construction from Lemma 29.14 has
already been performed.
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LECTURE 30

Hyperbolic Fixed Points

In this lecture we continue to work on a �nite-dimensional normed vector space
(E; k � k), but we move outside the realm of linear dynamical systems. Again, all of
the following continues to hold with only minor modi�cations if E is an arbitrary
Banach space. We begin with some preliminaries on di�erentiable maps.

Suppose
�
E; k � kE

�
and

�
F; k � kF

�
are two normed vector spaces. LetL (E; F )

denote the set of linear mapsL : E ! F . Then L (E; F ) is a vector space of
dimension

dim L(E; F ) = dim E � dim F:

We makeL(E; F ) into a normed vector space via the operator norm:

kLkop
E;F := sup

�
kLvkF j kvkE = 1

	
:

When the norms onE and F are clear from the context, we will simply writekLkop.

Convention: In this lecture and beyond, the symbol 
 is reserved for an
opensubset ofE, even if this is not explicitly said.

Definition 30.1. Supposef : 
 � E ! F is a continuous map. We say thatf is
di�erentiable at u 2 
 if there exists a linear map L 2 L (E; F ) such that

lim
kvkE ! 0

kf (u + v) � f (u) � LvkF

kvkE
= 0:

Denoting L by Df (u), if f is di�erentiable at every point u 2 
 then the dif-
ferential of f is the map 
 ! L (E; F ) given by u 7! Df (u). We say that f
is continuously di�erentiable or of class C1 if the map Df : 
 ! L (E; F ) is
continuous with respect to the normsk � kE and k � kop

E;F respectively1.

Example 30.2. If L 2 L (E; F ) then L is di�erentiable with DL (v) = L for all
v 2 E.

Definition 30.3. We say that aC1 map f is a di�eomorphism onto its image
if f (
) := 
 0 is an open subset ofF , and there exists anotherC1 map g: 
 0 ! E
with image g(
 0) = 
, and such that f � g = g � f = id.

Although we won't need them in this section, let us just quickly recall how one
de�nes the higher derivatives2.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1Actually since all norms are equivalent on �nite-dimensional spaces, it doesn't matter which

norm we choose when checking whetherDf is continuous.
2We will need this when we talk about manifolds later.
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Definition 30.4. Given p � 1 we de�neL p(E; F ) to be the space of allmultilin-
ear maps

M : E � � � � � E| {z }
p times

! F:

This is once again a normed �nite-dimensional vector space, where this time the
norm is given by:

kM kop;p
E;F := sup

�
kM (v1; : : : ; vk)kF j kvi kE = 1 for all i = 1; : : : ; p

	
:

There is a natural linear isomorphism fromL(E; L (E; F )) to L 2(E; F ). Namely,
given L 2 L (E; L (E; F )) we de�ne M 2 L 2(E; F ) via

M (u; v) := L(u)(v); (30.1)

The same thing works for all higherp too: thus

L 3(E; F ) �= L (E; L (E; L (E; F ))) :

Definition 30.5. Supposef : 
 � E ! F is a continuously di�erentiable map.
Then we can ask whether the mapDf : 
 ! L (E; F ) is itself di�erentiable. If it
is, then its derivative, D 2f := D(Df ) is a map

D 2f : 
 ! L (E; L (E; F )):

Using the identi�cation (30.1), we usually regardD 2f as a map

D 2f : 
 ! L 2(E; F ):

If D 2f exists and is continuous, we say thatf is of class C2.

The other higher-order derivatives are de�ned inductively: we sayf is of class
Cp for p � 2 if f is of classCp� 1, and the mapD p� 1f : 
 ! L p� 1(E; F ) is di�eren-
tiable, and its derivative D pf := D(D p� 1f ) is itself continuous. Finally we sayf is
smooth , or of classC1 , if f is of classCp for every p 2 N.

Remark 30.6. In di�erential geometry, the word \di�eomorphism" is usually re-
served for a smooth map with a smooth inverse, contrary to De�nition 30.3. In
dynamical systems however it is important to keep track of the regularity, and
typically C1 is su�cient (the Denjoy Theorem 18.5 is an example of this).

Hopefully you are all familiar with the following foundational theorem.

Theorem 30.7 (The Inverse Function Theorem). Suppose
 � E is an open set
and f : 
 ! F is a continuously di�erentiable map. Supposeu 2 
 has the property
that Df (u) is invertible3. Then f is locally a di�eomorphism onto its image near
u. That is, there exists an open set4 
 0 b 
 such that u 2 
 0 and f j 
 0 : 
 0 ! E
is a di�eomorphism onto its image.

3Note that Df (u) can only be invertible when dimE = dim F .
4The notation 
 0 b 
 means that 
 0 � 
 and 
 0 is compact.
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Just as with topological dynamics and measure-theoretic dynamics, we will
primarily be interested in the caseE = F . Thus let us make the following de�nition.

Definition 30.8. Let (E; k � k) be a normed vector space. Alocal di�erentiable
dynamical system is a pair (f; 
), where 
 � E is an open set, andf : 
 ! E
is a di�eomorphism onto its image.

Just as we did previously with topological and measure-theoretic dynamics,
when there is no danger of confusion, we will omit the adjectives and simply refer
to f : 
 ! E as adynamical system .

Remark 30.9. Why the word \local"? De�nition 30.3 is slightly at odds with
our previous de�nitions of \dynamical systems", since we do not requiref to be
de�ned on the entire spaceE, merely on some open set 
. The reason for this is
twofold:

� Firstly, the Inverse Function Theorem 30.7 tells us that iff : 
 ! E is
a continuously di�erentiable map, then up to shrinking 
, we can always
assume that f is a di�eomorphism onto its image. Thus one could think
of a local di�erentiable dynamical system as being obtained in the following
manner: start with an arbitrary continuously di�erentiable map f , de�ned
on some open set ofE. Find u in the domain of f so that Df (u) is invertible.
Then shrink the domain off appropriately.

� The second reason will only make sense if you already know basic di�erential
geometry (if you don't, don't worry|we will cover this material from scratch).
Later on in the course, we will de�ne adi�erentiable dynamical system to
be di�eomorphism f : M ! M , where M is a smooth manifold. The local
representation of such a map (i.e. when viewed in charts onM ) is then a
local di�erentiable dynamical system in the sense of De�nition 30.3.

If f : 
 1 ! E and g: 
 2 ! E are two dynamical systems with 
1 \ 
 2 6= ; ,
then given any u 2 
 1 \ 
 2 we can �nd 
 b 
 1 \ 
 2 such that u 2 
 and both
f j 
 ; gj 
 : 
 ! E are dynamical systems. Thus when comparing two dynamical
systems, we can without loss of generality assume that they are de�ned on the
same open set.

Definition 30.10. Supposef; g : 
 ! E are two dynamical systems (de�ned on
the same open set 
). We de�ne theC1-distance between them to be

d1(f; g ) := sup
u2 


max
�

kf (u) � g(u)k; kDf (u) � Dg(u)kop
	

: (30.2)

Note the �rst term on the right-hand side of (30.2) is the norm onF , whereas the
second norm is the operator norm of the linear operatorDf (u) � Dg(u).

If f : 
 ! E is a dynamical system, we denote byB1(f; 
 ; ") the set of dynami-
cal systemsg (with the same domain 
) which satisfy d1(f; g ) < " . Thus B1(f; 
 ; ")
is the \open ball" about5 f of radius" in the space of local di�erentiable dynamical

5This is a slight abuse of language (hence the quotation marks), as this is not a true open call
in the space of all local di�erentiable dynamical systems onE, since we are requiring the domain
g of f to be same as 
.
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systems onE. Similarly B1(f; 
 ; ") denotes the closed ball.

We need to quote one more result before we can get started on the meat of this
lecture. As with the Inverse Function Theorem 30.7 this result should be familiar
to all of you (possibly formulated slightly di�erently).

Theorem 30.11 (The Mean Value Theorem). Let 
 � E be a convex open set,
and supposef : 
 ! E is a C1 map such that kDf (u)kop � C for all u 2 
 . Then
for any v; w 2 
 ,

kf (v) � f (w)k � Ckv � wk:

Recall from De�nition 11.11 that a map � : 
 ! E is calledLipschitz if there
exists � � 0 such that for all v; w 2 E, one has

k� (v) � � (w)k � � kv � wk:

The minimal such� is called theLipschitz constant of � and is denoted by lip(� ).
Any linear map is Lipschitz. More generally, the Mean Value Theorem 30.11 tells us
that any continuously di�erentiable map de�ned on a convex open set with compact
closure is automatically Lipschitz.

Let us �nally prove something:

Proposition 30.12. Supposef : 
 ! E is a dynamical system. Fixu 2 
 . Then
for any " > 0 there existsr > 0 such that if g: 
 ! E is a dynamical system with
d1(f; g ) � "

2 then
lip(g � Df (u)) � " on B(u; r ):

Here B(u; r ) denotes the closed ball inE about u of radius r .

Proof. Recall that if L is a linear map than DL (v) = L for all v (cf. Example
30.2). Thus if g: 
 ! E is a dynamical system then for anyu; v 2 
 one has

D(g � Df (u))( v) = Dg(v) � Df (u):

Fix u 2 
. Since Df is continuous atu, there existsr > 0 such that

kDf (u) � Df (v)kop �
"
2

; 8 v 2 B(u; r ):

Now supposed1(f; g ) � "
2 . Then for v 2 B(u; r ) we have:

kD(g � Df (u))( v))kop = kDg(v) � Df (u)kop

� k Dg(v) � Df (v)kop + kDf (u) � Df (v)kop

� d1(f; g ) + kDf (u) � Df (v)kop

�
"
2

+
"
2

= ":

The claim now follows from Mean Value Theorem 30.11.

Let us now give the key de�nition of this lecture.
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Definition 30.13. Supposef : 
 ! E is a dynamical system, andu 2 
 is a
�xed point of f . We say that u is a hyperbolic �xed point of f if the map
Df (u) : E ! E is a hyperbolic linear dynamical system.

In Corollary 29.8 we saw that a perturbation of a hyperbolic linear dynamical
system is again another hyperbolic linear dynamical system. In other words, hyper-
bolicity is persistent. This is in fact the central theme of the course, and the reason
why hyperbolic dynamics are interesting: they are stable under perturbation. The
next result is a �rst step in this direction.

Proposition 30.14. Let f : 
 ! E be a dynamical system. Supposeu 2 
 is
a hyperbolic �xed point of f . Then there exists "0; r0 > 0 such that any g 2
B1(f; 
 ; "0) has at most one �xed point in B(u; r0). Moreover, if 0 < r < r 0 then
there exists0 < " (r ) < " 0 such that any g 2 B1(f; 
 ; "(r )) has at least one (and
hence exactly one) �xed point inB(u; r ).

Remark 30.15. Denoting the �xed point of g by ug, Proposition 30.14 says that
ug ! u as g ! f in the C1 distance. Thusug varies continuously ing. In fact,
the �xed point ug is a hyperbolic �xed point of g, and moreover the hyperbolic
splitting also varies continuously withg, but we will not prove this until the next
lecture.

The key step in the proof of Proposition 30.14|and numerous other results in
this course|is the Banach Fixed Point Theorem. Let us recall the statement.

Definition 30.16. Let f : X ! X be a continuous map on a metric space (X; d).
We say that f is a strict contraction if there exists 0 � � < 1 such that
d(f (x); f (y)) � � d (x; y) for all x; y 2 X .

Clearly any strict contraction has at most one �xed point. However not all strict
contractions have any �xed points. The next famous theorem gives a criterion for
when they do.

Theorem 30.17 (The Banach Fixed Point Theorem). Let (X; d) be a complete
non-empty metric space. Then any strict contractionf : X ! X has a �xed point
(which is necessarily unique).

( | ) Proof. Fix x0 2 X and set xk : f k(x0). Since f is a strict contraction, the
sequence (xk) is Cauchy. SinceX is complete, there existsy 2 X such that (up to
a subsequence)xk ! y. This y is our desired �xed point.

Notation. We denote byE(r ) := B(0; r ) the closed ball of radiusr about 0 2 E.

Proposition 30.18. SupposeL : E ! E is a hyperbolic linear dynamical system
with hyperbolic splitting E = E s � E u. Assume the normk�k on E is both adapted
with respect toL and of box-type with respect to the splitting. Let� = � (L) denote
the skewness ofL. Suppose� : E(r ) ! E is a Lipschitz continuous map satisfying

lip( � ) < 1 � �: (30.3)

Then L + � has at most one �xed point in E(r ). If in addition one has

k� (0)k �
�
1 � � � lip( � )

�
r; (30.4)
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then L + � has at least one �xed point inE(r ). Denoting this (necessarily unique)
�xed point by u� , one has

ku� k <
k� (0)k

1 � � � lip( � )
: (30.5)

Proof. We wish to solve the equation

(L + � )(v) = v; (30.6)

for v 2 E(r ) which is equivalent to

L sv + � sv = vs; Luv + � uv = vu;

or equivalently

L ssvs + � sv = vs; L � 1
uu vu � L � 1

uu � uv = vu:

De�ne X : E(r ) ! E by setting

X (v) :=
�
L ssvs + � sv; L � 1

uu vu � L � 1
uu � uv

�
:

Then v solves (30.6) if and only ifv is a �xed point of X . To show that L + � has
at most one �xed point, it su�ces to show that X is a strict contraction. For this
we argue as follows, using the fact that the norm is of box type:

kX (v) � X (w)k � max
�

� kvs � wsk + lip( � )kv � wk; � kvu � wuk + � lip( � )kv � wk
	

� (� + lip( � ))kv � wk

< kv � wk;

where the last line used (30.3). Now assume in addition that (30.4) holds. To
show that L + � does indeed have a unique �xed point, it su�ces to show that
X (E(r )) � E(r ), since then the Banach Fixed Point Theorem 30.17 furnishes the
desired �xed point. For this we note that

kX (0)k =



 �

� s(0); � L � 1
uu � u(0)

� 


 � k � (0)k:

Now �x v 2 E(r ) and argue:

kX (v)k � k X (0)k + kX (v) � X (0)k

� k � (0)k + ( � + lip( � ))kvk

� r:

This proves the existence of a unique �xed pointv� of X . Moreover the calculation
above tells us that

kv� k � k � (0)k + ( � + lip( � ))kv� k;

and hence
kv� k �

1
1 � � � lip( � )

k� (0)k:

This completes the proof.
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We now complete the proof of Proposition 30.14.

Proof of Proposition 30.14.Without loss of generality we may assume thatu = 0.
Set L := Df (0), so that L is a hyperbolic linear dynamical system onE. If the
statement holds for one norm onE then it holds for any norm, and hence without
loss of generality we may assume thatk � k is a norm which is adapted toL and of
box-type with respect to the hyperbolic splitting ofE. Let 0 < � < 1 denote the
skewness ofL and choose� < � < 1. By Proposition 30.12 there exists"0 and r0

such that for any g 2 B1(f; 
 ; "0), the map � g : = g � L : E(r0) ! E satis�es

lip( � g) � � � �:

Then by the �rst statement of Proposition 30.18,g = L + � g has at most one �xed
point in E(r0). Now let 0 < r < r 0, and set

"(r ) := min f "0; (1 � � )r g:

Then if g 2 B1(f; 
 ; "(r )) one has

k� g(0)k = kg(0)k = kg(0) � f (0)k � d1(f; g ) � (1 � � )r:

Thus by the second part of Proposition 30.18, such ag has a unique �xed point
ug 2 E(r0). In fact, ug 2 E(r ), since by (30.5),

kugk �
(1 � � )r

1 � � � lip( � g)
� r:

This completes the proof.
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LECTURE 31

Persistence of Hyperbolic Fixed Points

Supposef : 
 � E ! E is a dynamical system, andu 2 
 is a hyperbolic �xed
point. We proved last lecture that if g is another dynamical system su�ciently close
to f , then g has a unique �xed pointug which is close tou. In this lecture we prove
that ug is actually a hyperbolic �xed point of g. Here is the precise statement.

Theorem 31.1 (The Local Persistence Theorem). Let f : 
 ! E be a dynamical
system. Supposeu 2 
 is a hyperbolic �xed point of f . There exists"1; r1 > 0
such that every g 2 B1(f; 
 ; "1) has a unique �xed point ug 2 B(u; r1), which is
a hyperbolic �xed point for g. Moreover, ug, as well as the subspacesE s(Dg(ug))
and E u(Dg(ug)) all vary continuously with g.

Despite the fact that we have already proved most of Theorem 31.1 last lecture
in Proposition 30.14, the remaining assertion will take us the entire lecture. Just as
Proposition 30.14 depended on the linear statement of Proposition 30.12, the proof
of Theorem 31.1 comes down to the following statement about hyperbolic linear
dynamical systems.

Proposition 31.2. Let L : E ! E be a hyperbolic linear dynamical system. There
exists � > 0 such that if M : E ! E is another linear map such thatkM � Lk < �
then M is also a hyperbolic linear dynamical system. Moreover the stable and
unstable spacesE s(M ) and E u(M ) vary continuously with M .

The only content of Proposition 31.2 is the claim that the hyperbolic splitting
varies continuously inM . We emphasise that this is amuch deeper statement than
the trivial assertion of Corollary 29.8.

Proof of Theorem 31.1, assuming Proposition 31.2.Use Proposition 31.2 and ar-
gue as in the proof of Proposition 30.14.

The proof of Proposition 31.2 will require several preliminary results and de�-
nitions.

Definition 31.3. Supposeh: E ! F is a homeomorphism between two �nite-
dimensional normed vector spaces. We say thath is bi-Lipschitz if both h and
h� 1 are Lipschitz.

Asking both h and h� 1 to be Lipschitz is a fairly strong requirement (see Prob-
lem O.6 for an example of this).

Definition 31.4.
�
E; k � kE

�
and

�
F; k � kF

�
are two normed vector spaces. Given

L 2 L (E; F ), the conorm of L is de�ned by

co(L) := inf
�

kLvkF j v 2 E; kvkE = 1
	

;

wherek � kE and k � kF are the norms onE and F respectively.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
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Warning: The terminology is slightly abusive, as the conorm isnot a norm!
The following statements are left as an exercise:

Lemma 31.5. . Let L 2 L (E; F ). Then:

(i) The conorm is bounded by the operator norm:

0 � co(L) � k Lkop:

(ii) If L is invertible then co(L) > 0. Indeed:

co(L) =
1

kL � 1kop
: (31.1)

(iii) Conversely ifdim E = dim F then if co(L) > 0 then L is invertible and (31.1)
holds.

(iv) If L 2 L (E; F ) and M 2 L (F; G), then

co(L) co(M ) � co(ML ) � k ML kop � k M kopkLkop:

( | ) Remark 31.6. Another way to think about the relation between the operator
norm and conorm is the following. Suppose that dimE = dim F = n. Then if L 2
L (E; F ) then the operator

p
L � L is a positive semi-de�nite operator. Enumerate

the eigenvalues of
p

L � L as

� 1(L) � � 2(L) � � � � � � n (L);

repeated according to multiplicity. These numbers are usually called thesingular
values of L. Then

kLkop = � 1(L); co(L) = � n (L):

This can be understood pictorially as follows: the imageLE (1) of the closed unit
ball E(1) � E is an ellipse inF . The lengths of the two semi-axis of this ellipse
are precisely the operator norm and the conorm respectively. See Figure 31.1.

We now present a version of the Inverse Function Theorem for Lipschitz maps.

Theorem 31.7 (The Lipschitz Inverse Function Theorem). Let L : E ! F be a
reversible linear dynamical system, and let� : E ! F be Lipschitz. If

lip( � ) < co(L); (31.2)

then L + � is bi-Lipschitz and

lip
�
(L + � )� 1

�
�

1
co(L) � lip( � )

: (31.3)
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Figure 31.1: The operator norm and the conorm.

Proof. We �rst show that L + � is bijective. That is, for any w 2 F , we want to
prove that there exists a uniquev 2 E such that (L + � )(v) = w. This is equivalent
to proving that the map

X w : E ! E; X w(v) := L � 1w � L � 1� (v)

has a unique �xed point. As in the proof of Proposition 30.18 it su�ces by the
Banach Fixed Point Theorem 30.17 to show thatX w is a strict contraction. For
this we argue as follows:

kX w(u) � X w(v)kE � k L � 1� (u) � L � 1� (v)kE

� k L � 1kop
F;E � lip( � )ku � vkE

< ku � vkE

by the last line used (31.2).
It is clear that L + � is Lipschitz. It remains to prove that (L + � )� 1 is Lipschitz,

with Lipschitz constant satisfying (31.3). Givenu; v 2 E. we have

k(L + � )(u) � (L + � )(v)kF � k L(u � v)kF � k � (u) � � (v)kF

�
�

co(L) � lip( � )
�
ku � vkE :

Thus writing u = ( L + � )� 1(w) and v = ( L + � )� 1(z), this gives

kw � zkF �
�
co(L) � lip( � )

� 


 (L + � )� 1(w) � (L + � )� 1(z)




 ;

which proves (31.3). This completes the proof.

We will also need the following extension of the Banach Fixed Point Theorem
30.17.

Theorem 31.8 (Parametric Banach Fixed Point Theorem). Suppose(X; dX ) and
(Y; dY ) are two metric spaces. Assume thatY is complete. EndowX � Y with the
box metric

d((x; y); (x0; y0)) := max
�

dX (x; x0); dY (y; y0)
	

:
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Suppose� : X � Y ! Y is a continuous map with the property that there exists
0 < � < 1 such that

dY
�
�( x; y1); �( x; y2)

�
� � d Y (y1; y2); 8 (x; y1; y2) 2 X � Y � Y:

Then for eachx 2 X , the map �( x; �) : Y ! Y has a unique �xed point. If we
denote this �xed point by � (x), then the map � : X ! Y is continuous. Moreover
if � is Lipschitz then so is� .

Proof. Each map �( x; �) is a strict contraction, and hence by the Banach Fixed
Point Theorem 30.17 has a unique �xed point. Thus� is well de�ned. Now �x
x1; x2 2 X . We compute

dY
�
� (x1); � (x2)

�
= dY

�
�

�
x1; � (x1)

�
; �

�
x2; � (x2)

��

� dY
�
�

�
x1; � (x1))

�
; �

�
x1; � (x2)

��
+ dY

�
�

�
x1; � (x2)

�
; �

�
x2; � (x2)

��

� � d Y
�
� (x2); � (x1)

�
+ dY

�
�

�
x1; � (x2)

�
; �

�
x2; � (x2)

��
;

where we used the fact that� (x1) is a �xed point of �( x1; �) and analogously for
� (x2). Since 0< � < 1, we have

dY
�
� (x1); � (x2)

�
�

1
1 � �

dY
�
�( x1; � (x2)

�
; �

�
x2; � (x2)

�
:

Since �( �; � (x2)) is continuous by assumption, the result follows.

Notation. Given r > 0 we denote by

L r (E; F ) := f L 2 L (E; F ) j kLkop � r g

the closed ball in the operator norm of radiusr about the zero map (thusL r (E; F ) =
L (E; F )(r ) in earlier notation.)

We now prove the main technical step needed to establish Proposition 31.2.

Proposition 31.9. SupposeE = F � G is a normed vector space, endowed with
a norm k � kE which is of box-type with respect to the splitting. LetL : E ! E be
a reversible linear dynamical system, and writeL in matrix form as

L =
�

A B
C D

�
: F � G ! F � G:

Suppose there exist two constants�; " > 0 such that

� + " < 1 (31.4)

and

max
�

kA � 1kop
F;F ; kDkop

G;G

	
< �; (31.5)

max
�

kBkop
G;F ; kCkop

F;G

	
< "; (31.6)

Then there is a unique linear mapK L : F ! G with kK L kop
F;G � 1 such that the

linear subspace
gr(K L ) := f (v; K L v) j v 2 F g � E

4



is L-invariant. Moreover for all u 2 gr(K L ) one has

kLuk �
�

1
�

� "
�

kuk: (31.7)

Finally, K L |and hence also gr(K L )|depends continuously on L.

Proof. As before, we will reduce the problem to �nding a �xed point for a map
X : L 1(F; G) ! L 1(F; G). It su�ces to show there is a unique mapK 2 L 1(F; G)
such that L(gr(K )) � gr(K ). Indeed, sinceL is invertible, such an inclusion is
necessarily an equality, so

L(gr(K )) = gr( K ):

Thus supposeK 2 L 1(F; G) has the property that L(gr(K )) � gr(K ). Take v 2 F .
Then since �

A B
C D

� �
v

Kv

�
=

�
Av + BKv
Cv + DKv

�
;

we must have
K (Av + BKv ) = Cv + DKv:

This holds for all v 2 F and hence

K (A + BK ) = C + DK:

By (31.5) and (31.6) and the fact thatkK L kop
F;G � 1, we have

co(A) �
1
�

; kBK kop
F;F � ";

and hence by the Lipschitz Inverse Function Theorem 31.7, the mapA + BK is
invertible. Thus

K = ( C + DK )(A + BK )� 1;

and we are led to consider the map

X : L 1(F; G) ! L (F; G)

given by
X (K ) = ( C + DK )(A + BK )� 1: (31.8)

We need to check thatX is a contraction, and thatX mapsL 1(F; G) into itself. To
see the latter point note that using (31.5) and (31.6), the Lipschitz Inverse Function
Theorem tells us that

k(A + BK )� 1kop
F;F �

1
1
� � "

;

and hence

kX (K )kop
F;G � k C + DK kop

F;G � k(A + BM )� 1kop
F;F

�
� + "
1
� � "

< 1:
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Since for anyK 2 L 1(F; G) one has

X (K )(A + BK ) = C + DK;

we have by rearranging that for anyK 1; K 2 2 L 1(F; G),

X (K 1) � X (K 2) = ( D � X (K 2)B )(K 1 � K 2)(A + BK 1)� 1:

SincekX (K )kop
F;G � 1 we therefore have

kX (K 1) � X (K 2)kop
F;G �

� + "
1
� � "

kK 1 � K 2kop
F;G ;

which proves that X is a contraction.
Since the normk � kE on E is of box-type with respect to the splitting F � G

and K has norm at most 1, the norm of a vector in gr(K ) is given by the �rst
component. SinceL(v; Kv ) belongs to gr(K ) we thus have

kL(v; Kv )kE = kAv + BKv kF �
�

1
�

� "
�

kvkF ;

which proves (31.7).
Finally, we want to show that the map L 7! K = K L is continuous. Denoting

by S the set of linear mapsL : E ! E that satisfy the hypotheses of Proposition
31.9, consider the map

� : S � L 1(F; G) ! L 1(F; G); �( L; K ) = X L (K );

where X L is the map de�ned above for a given speci�cL. The map � is contin-
uous with respect to bothL and K , and the computation above shows that the
hypotheses of the Parametric Banach Fixed Point Theorem 31.8 are satis�ed, with

� + "
1
� � "

:

Thus Theorem 31.8 tells us that the mapL 7! K L is continuous, and hence the
same is true of the mapL 7! gr(K L ) � E . This completes the proof.

We conclude this lecture by proving Proposition 31.2.

Proof of Proposition 31.2.We may assume that the normk � k on E is adapted to
L and of box-type with respect to the hyperbolic splitting. Let� = � (L) denote
the skewness ofL, so that

L =
�

L ss 0
0 Luu

�

with
kL � 1

uu kop � �; kL sskop � �:

Fix � < � < 1 and 0 < " < 1 � � g. Choose� > 0 small enough so that if
kM � Lkop � � then both M and M � 1 are invertible and:
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(i) M satis�es the hypotheses of Proposition 31.9 with respect to the decompo-
sition E = E u � E s (note the order!)

(ii) M � 1 satis�es1 the hypotheses of Proposition 31.9 with respect to the decom-
position E = E s � E u (again note the order!)

Thus by Proposition 31.9 there are two mapsK M 2 L 1(E u; E s) and K 0
M 2 L 1(E s; Eu)

such that gr(K M ) and gr(K 0
M ) are both M -invariant, and such that M jgr(K M ) is ex-

panding andM jgr(K 0
M ) is contracting. Therefore gr(K M ) \ gr(K 0

M ) = f 0g. Since the
spaces have complementary dimensions, we see thatE is the direct sum of gr(K M )
and gr(K 0

M ). Thus M is a hyperbolic linear dynamical system with hyperbolic
splitting

E s(M ) := gr( K 0
M ); Eu(M ) := gr( K M ):

Finally, the continuity statement follows from Proposition 31.9. This completes the
proof.

1Here we are using the fact that if kL � M kop is small then kL � 1 � M � 1kop is also small,
since

L � 1 � M � 1 = L � 1(M � L )M � 1:
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LECTURE 32

The Hartman-Grobman Theorem

Supposef : 
 � E ! E is a dynamical system, and thatu 2 
 is a �xed point. As
you learnt in Calculus, the di�erential Df (u) can be thought of as the \best linear
approximation" to f at u. That is, near u the function g(v) := f (v) � Df (u)(v � u)
is1 o(v � u). From a dynamical point of view though, the fact that Df (u) is a
good linear approximation tof near u means practically nothing: in general there
is no relation whatsoever between the dynamics of the non-linear systemf and the
linear systemDf (u).

In the presence of hyperbolicity however, it's another story entirely. The aim of
today's lecture is to prove a celebrated theorem of Hartman and Grobman, which
roughly speaking says that a dynamical systemf is conjugate to its di�erential in
a neighbourhood of a hyperbolic �xed point. To make this precise let us introduce
the following notion.

Definition 32.1. Supposef : X ! X and g: X ! X are dynamical systems on
the same spaceX , and that x 2 X is a common �xed point of f and g. We say
that f and g are locally conjugate at x if there exists a neighbourhoodU of x
and a continuous maph: U [ g(U) ! X which is a homeomorphism onto its image
such that

h � gjU = f � hjU :

Note that the local conjugacyh is not a true conjugacy since neitherf jU or
gjh(U) is a dynamical system (i.e. we are not assuming thatU is g-invariant or that
h(U) is f -invariant). Here is the statement of the Hartman-Grobman Theorem.

Theorem 32.2 (The Hartman-Grobman Theorem). Let f : 
 ! E be a dynamical
system. Assume thatu 2 
 is a hyperbolic �xed point of f . Then f is locally
conjugate toDf (u) at u.

The assumptionu = 0 is made only to simplify the statement (since 0 is always
a �xed point of Df (0)).

Remark 32.3. Theorem 32.2 tells us that the dynamics of a (perhaps arbitrarily
complicated) map f near a hyperbolic �xed point are entirely determined by a
single linear map. This is a remarkably strong result|it e�ectively reduces the
study of the local hyperbolic dynamics of non-linear systems to the study of linear
dynamical systems. Do not however let this fool you into thinking that hyperbolic
dynamics are in any way \simple"! In fact, quite the opposite is true, as we shall
see later on in the course when we explore the relationship between hyperbolicity
and chaos and positive entropy.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1Using \little-oh" notation.
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Notation. Let2 C0(E) denote the space of continuous functions� : E ! E. Given
� 2 C0(E), we set

k� k0 := sup
v2 E

k� (v)k

(the \0" stands for the fact that this is the C0 norm). We denote byC0
b(E) the

bounded functions:

C0
b(E) :=

�
� 2 C0(E) j k� k0 < 1

	
:

The space
�
C0

b(E); k � k0
�

is a Banach space.

The main step in the proof of Theorem 32.2 is the following result.

Proposition 32.4. Let L : E ! E be a hyperbolic linear dynamical system, and
supposek � k is a norm which is adapted toL and of box-type with respect to the
hyperbolic splitting E = E s � E u. Let � = � (L) denote the skewness ofL with
respect tok � k, and suppose�;  2 C0

b(E) are Lipschitz with

maxf lip( � ); lip(  )g < min f 1 � �; co(L)g: (32.1)

Then there exists a unique� 2 C0
b(E) such that id + � is a homeomorphism which

serves as a topological conjugacy fromL +  to L + � :

E E

E E

L + �

id + � id + �

L +  

(32.2)

Remark 32.5. The assumption (32.1), together with the Lipschitz Inverse Function
Theorem 31.7, tells us that bothL + � and L +  are bi-Lipschitz homeomorphisms.

Proof of Proposition 32.4.Again, the proof strategy is to �rst reformulate the prob-
lem to �nding a �xed point. For this observe that (32.2) is equivalent to

L + � + � (L + � ) = L + L� +  (id + � );

or
� + � (L + � ) = L� +  (id + � ):

Writing this in terms of the splitting E = E s � E u we get

� s + � s(L + � ) = L ss� s +  s(id + � );

and
� u + � u(L + � ) = Luu � u +  u(id + � );

that is,

2We adopt slightly di�erent notational conventions here than in Dynamical Systems I, as it
will be important to keep track of the regularity.
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� s = ( L ss� s +  s(id + � ) � � s) (L + � )� 1;

� u = L � 1
uu (� u + � u(L + � ) �  u(id + � )) :

Thus we are led to the map

X : C0
b(E) ! C0

b(E); X = ( X s; X u); (32.3)

where

X s(� ) :=
�
L ss� s +  s(id + � ) � � s

�
(L + � )� 1

X u(� ) := L � 1
uu

�
� u + � u(L + � ) �  u(id + �

�

Note that X is well de�ned, since as�;  and � all belong to C0
b(E) so does3 X (� ).

We now verify that X is a strict contraction, which as usual then furnishes us a
unique �xed point via the Banach Fixed Point Theorem 30.17. For this suppose
�; � 2 C0

b(E). Write X = ( X s; X u). Sincek � k is of box-type it su�ces to estimate
kX s(� ) � X s(� )k0 and kX u(� ) � X u(� )k0. We compute:




 X s(� ) � X s(� )






0
=




 �

L ss(� s � � s) +  s(id + � ) �  s(id + � )
�
(L + � )� 1






0

= sup
v2 E







�

L ss(� s � � s) +  s(id + � ) �  s(id + � )
�

(L + � )� 1(v)







= sup
w2 E







�

L ss(� s � � s) +  s(id + � ) �  s(id + � )
�

(w)







� sup
w2 E

�
� � k� s(w) � � s(w)k + lip(  ) � k� (w) � � (w)k

�

�
�
� + lip(  )

�
k� � � k0:

A similar computation shows that

kX u(� ) � X u(� )k0 �
�
� + � lip(  )

�
k� � � k0: (32.4)

Thus X is indeed a contraction, and hence has a unique �xed point� , and hence
we have solved (32.2). It remains to show that id +� is a homeomorphism4. Inter-
changing� and  , we �nd a unique � such that id + � is a conjugacy fromL +  to
L + � :

E E

E E

L +  

id + � id + �

L + �

(32.5)

3This can be seen explicitly by taking � = 0 in (32.4).
4You have probably seen this argument in various other guises in your other courses. Ab-

stractly, this comes down to a category-theoretic statement thatmorphisms de�ned by universal
properties are always isomorphisms. Ignore this footnote.
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If we splice the diagrams (32.2) and (32.5) together we obtain

E E

E E

E E

L + �

id + � id + �

L +  

id + � id + �

L + �

we see that (id +� )(id + � ) is a conjugacy fromL + � to itself:

E E

E E

L + �

(id + � )(id + � ) (id + � )(id + � )

L + �

However another conjugacy fromL + � to itself is given by the identity id!

E E

E E

L + �

id id

L + �

Thus by uniqueness of such conjugacies, we must have

(id + � )(id + � ) = id :

Similarly
(id + � )(id + � ) = id :

This proves that id + � is a homeomorphism, and thus completes the proof.

( | ) Remark 32.6. Here is an alternative slicker proof of Proposition 32.4. As
mentioned in Remark 29.2 there was no real need (other than to slightly simplify
things) to restrict to �nite-dimensional normed vector spaces in all our de�nitions.
In particular, Proposition 30.18 is valid for hyperbolic operators on Banach spaces.

The operator X : C0
b(E) ! C0

b(E) de�ned in the proof of Proposition 32.4 is
actually itself a Lipschitz perturbation of a hyperbolic operator on the Banach
spaceC0

b(E), and thus Proposition 32.4 is an immediate corollary of Proposition
30.18. Let us brie
y explain the details.

Let L : E ! E be a reversible linear dynamical system. UsingL, we de�ne
another reversible linear dynamical system onTL on the Banach spaceC0

b(E):

TL : C0
b(E) ! C0

b(E); TL (� ) := L � � � L � 1:
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With a bit of work, one can show that if L is hyperbolic with splitting E = E s � E u

then so isTL . The corresponding hyperbolic splitting ofC0
b(E) is given by

C0
b(E) = Es � E u;

where

Es =
�

� 2 C0
b(E) j � (E) � E s

	
;

Eu =
�

� 2 C0
b(E) j � (E) � E u

	
:

Now consider a perturbed operator

TL;� (� ) := L � � � (L + � )� 1:

Provided lip(� ) is small, TL;� is a Lipschitz perturbation of TL , and henceTL;� is
also hyperbolic (this follows from either Corollary 29.8 or Proposition 30.18).

Finally, the operator X from (32.3) can be written in the form

X = TL;� + �;

where� 2 C0
b(C0

b(E)) (i.e. a bounded function on the space of bounded functions).
Moreover lip(� ) can be estimated in terms of lip(� ), and hence if lip(� ) is small
enough thenX is a Lipschitz perturbation of the hyperbolic operatorTL;� . Using
this, the desired �xed point could be found by applying Proposition 30.18 toTL;� +
� on C0

b(E). See also Problem R.4, which studies the manifold version of this
statement.

We now prove Theorem 32.2.

Proof of Theorem 32.2.Without loss of generality we may assume thatu = 0 2 
.
If the theorem holds for one norm onE then it holds for all norms onE, so without
loss of generality we may assume that the normk � k is adapated toDf (0) and of
box-type with respect to the hyperbolic splitting E = E s � E u. Let � be the
skewness ofDf (0) with respect to k � k. The idea of the proof is very simple:
since in a neighbourhood of 0,f is a Lipschitz small perturbation ofDf (0) (by the
Mean Value Theorem 30.11), we hope to apply Proposition 32.4 withL = Df (0),
� = f � Df (0) and  = 0.

There is a bug with this argument however: the Lipschitz constant off � Df (0)
is only small near 0, and not on the entire5 spaceE. Unfortunately, in the proof
of Proposition 32.4 it wasessentialthat we worked on the entire spaceE. Indeed,
if we tried to prove the same result for maps de�ned only on a ball, then to apply
the Banach Fixed Point Theorem 30.17, we would need to show that the operator
X from (32.3) mapped the ball to itself|and this in general is false. So we need
another idea.

Luckily, cuto� functions come to the rescue, and we proceed as follows: Choose
a continuously di�erentiable function � : E ! [0; 1] such that

� (v) =

(
1; kvk � 1

3 ;

0; kvk � 2
3 ;

with jD� (v)j � 3; 8 v 2 E:

5Even worse: f is only de�ned on 
, and not on all of E !
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Now consider the map� := f � Df (0) : 
 ! E . Then � (0) = 0 and D� (0) = 0.
Chooser0 > 0 small enough such thatE(r0) � 
. For 0 < r < r 0 consider

� r : E ! E; � r (v) :=

(
�

�
v
r ) � � (v); kvk � r0;

0; kvk � r0:

Then � r is a bounded continuous function on all ofE, which agrees with� on E
�

r
3

�

and which vanishes outside ofE
�

2r
3

�
.

We claim that lip( � r ) ! 0 as r ! 0. By the Mean Value Theorem 30.11 it
su�ces to show that supv2 E kD� r (v)kop ! 0 asr ! 0. For this note that

kD� r (v)kop �
�
�D�

�
v
r

� �
� �

1
r

k� (v)k +
�
��

�
v
r

� �
� kD� (v)kop: (32.6)

Since� (0) = D� (0) = 0, for any " > 0 there exists 0< r (") < r 0 such that

kvk � r (" ) ) k � (v)k �
"
6

kvk and kD� (v)kop �
"
2

: (32.7)

Since� r vanishes outside ofE
�

2r
3

�
we have

sup
v2 E

kD� r (v)kop = sup
v2 E (r )

kD� r (v)kop:

If r < r (") then from (32.6) and (32.7) we obtain that forv 2 E(r ),

kD� r (v)kop � 3 �
1
r

�
"
6

� r + 1 �
"
2

�
"
2

+
"
2

= ":

This proves the claim.
In particular, if we set

" = min
�

1 � �; co(Df (0))
	

;

then for r < r (") the function � r satis�es the hypotheses of Proposition 32.4 with
L = Df (0), � = � r as above and = 0. Thus there exists a homeomorphism
h = id + � : E ! E such that

h � (Df (0) + � r ) = Df (0) � h:

Setting U := E
�

r
3

�
, we have

h � f jU = Df (0) � hjU :

This completes the proof.
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LECTURE 33

Stable and Unstable Manifolds

In this lecture we introduce the stable and unstable manifolds of a dynamical
system.

Definition 33.1. Supposef : 
 � E ! E is a dynamical system, and suppose
u 2 U is a hyperbolic �xed point of f . We de�ne the local stable manifold of u
with radius r to be

W s
loc;r (u; f ) :=

n
v 2 


�
� kf k(v) � uk � r for all k � 0; and lim

k!1
f k(v) = u

o
:

Thus W s
loc;r (u; f ) is the set of vectorsv 2 
 such that f k(v) 2 B(u; r ) for all k � 0,

and which are eventually asymptotic tou. Similarly we de�ne the local unstable
manifold of u with radius r to be

W u
loc;r (u; f ) :=

n
v 2 


�
� kf � k(v) � uk � r for all k � 0; and lim

k!1
f � k(v) = u

o
:

The de�nition also makes sense forr = 1 , but this has a di�erent name.

Definition 33.2. Supposef : 
 ! E is dynamical system andu 2 
 is a hyper-
bolic �xed point of f . The global stable manifold of u is the set

W s(u; f ) :=
n

v 2 

�
� lim

k!1
f k(v) = u

o
;

and the global unstable manifold of u is the set

W u(u; f ) :=
n

v 2 

�
� lim

k!1
f � k(v) = u

o
:

The local stable manifold depends on the choice of norm onE, whereas the
global one does not. It is clear from the de�nition that

W s(0; f ) =
[

r> 0

W s
loc;r (0; f ); Wu(0; f ) =

[

r> 0

W u
loc;r (0; f ): (33.1)

Both the local and global stable manifolds aref -invariant sets:

f
�
W s

loc;r (u; f )
�

� W u
loc;r (u; f ); f

�
W s(u; f )

�
� W s(u; f );

and the local and global unstable manifolds aref � 1-invariant sets:

f � 1
�
W u

loc;r (u; f )
�

� W u
loc;r (u; f ); f � 1

�
W u(u; f )

�
� W u(u; f ):

At the moment you should think of W s and W u as being sets. The name
\stable manifold" is rather suggestive, and indeed, we will prove these are genuine
manifolds next lecture1. In this lecture, however, we will simply regard them as
subsets ofE. In the linear case, the stable manifold coincides with the stable space:

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1Amusingly enough, we will prove they are manifolds before de�ning the word \manifold". . .
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Example 33.3. Let L : E ! E be a hyperbolic linear dynamical system with
hyperbolic splitting E s � E u. Then

W s(0; L) = E s and W u(0; L) = E u:

Moreover if the norm k � k on E is adapted and of box-type with respect to the
hyperbolic splitting and E s(r ) := E(r ) \ E s and E u(r ) = E(r ) \ E u, then for any
0 < r < 1 one has

W s
loc;r (0; L) = E s(r ) and W u

loc;r (0; L) = E u(r ):

Remark 33.4. In fact, these de�nition even make sense without the assumption
that u is a �xed point. If f : X ! X is a reversible dynamical system on a metric
space, then forany point x 2 X , we de�ne the stable manifold

W s(x; f ) :=
n

y 2 X
�
� lim

k!1
d
�
f k(x); f k(y)

�
= 0

o
;

and the unstable manifold

W u(x; f ) :=
n

y 2 X
�
� lim

k!1
d
�
f � k(x); f � k(y)

�
= 0

o
:

In this level of generality however, the name is a misnomer, since the setsW u(x; f )
and W s(x; f ) are typically not manifolds!

Let us suppose now thatu = 0 2 
 and f is of the special form

f = L + �; where � (0) = 0 ; (33.2)

whereL is a hyperbolic linear dynamical system and� is a Lipschitz map satisfying
with su�ciently small Lipschitz constant.

Remark 33.5. Assumption (33.2) is not really a restriction, provided we are only
interested in the local dynamics. Indeed, Proposition 30.12 tells us that any dy-
namical systemf is of (33.2) in a small neighbourhood of a hyperbolic �xed point
u, with L = Df (u) and � = f � Df (u).

We now present several alternative characterisations of the (local) stable mani-
folds, in a similar vein2 to Proposition 29.10. The results are stated only for stable
manifolds, but it is easy to reformulate them for the unstable manifolds.

Proposition 33.6. Let L : E ! E be a hyperbolic linear dynamical system with
splitting E = E s � E u of skewness0 < � < 1 with respect to a normk � k which is
adapted to L and of box-type with respect to the splitting. Let � : E(r ) ! E be
Lipschitz continuous map satisfying

lip( � ) < 1 � �; � (0) = 0 :

Set
f := L + �:

2Indeed, in the case� = 0, the next result reduces to Proposition 29.10, by Example 33.3.
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Then the local stable manifoldW s
loc;r (0; f ) can be alternatively characterised as:

W s
loc;r (0; f ) =

�
v 2 E(r ) j kf k(v)k � r for all k � 0

	

=
�

v 2 E(r ) j f k(v) 2 E(r ) \ cone1(E s) for all k � 0
	

=
n

v 2 E(r ) j kf k(v)k � (� + lip( � ))k kvk for all k � 0
o

:

Proof. First note that for any v; w 2 E(r ), we have

kf s(v) � f s(w)k =



 L ss(vs � ws) + � s(v) � � s(w)






� (� + lip( � )) kv � wk: (33.3)

Next, we claim that for any v; w 2 E(r ), one has

v � w =2 cone1(E s) ) f (v) � f (w) =2 cone1(E s): (33.4)

Indeed,

kf u(v) � f u(w)k =



 Luu (vu � wu) + � u(v) � � u(w)






�
1
�

kvu � wuk � lip( � )kv � wk:

Since the normk � k is of box-type, if v � w =2 cone1(E s) then kv � wk = kvu � wuk,
and hence

kf u(v) � f u(w)k �
�

1
�

� lip( � )
�

kv � wk: (33.5)

Combining this with (33.3), we obtain

kf u(v) � f u(w)k �

�
1
� � lip( � )

�

(� + lip( � ))
kf s(v) � f s(w)k:

Since� + lip( � ) < 1, we have1
� � lip( � ) > 1, and hence

kf u(v) � f u(w)k > kf s(v) � f s(w)k;

that is, f (v) � f (w) =2 cone1(E s). This proves (33.4).
We now prove the proposition. It is clear thatW s

loc;r (0; f ) is a subset of the
�rst set on the right-hand side. Let us prove that the �rst set on the right-hand
side is contained in the second. Suppose there existsu in the �rst set on the
right-hand side, but such that u does not belong to the second set on the right-
hand side. Thusf k(u) 2 E(r ) for all k � 0, but there exists ann � 0 such that
v := f n (u) =2 cone1(E s). By (33.5) applied with w = 0, we havef (v) =2 cone1(E s),
and thus from (33.5) we have

kf (v)k �
�

1
�

� lip( � )
�

kvk:

Arguing inductively, we see thatf k(v) =2 cone1(E s) for all k � 0, and moreover

kf k(v)k �
�

1
�

� lip( � )
� k

kvk:
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Sincev =2 cone1(E s) we have in particular that v 6= 0. Thus
�
kf k(u)k

�
k� 0

is an
unbounded sequence of real numbers, which contradicts the factu belongs to the
�rst set on the right-hand side.

Next, let us prove that the second set on the right-hand side is contained in the
third. Assume v has the property that for any k � 0, f k(v) 2 E(r ) \ cone1(E s).
Then by (33.3),

kf (v)k = kf s(v)k � (� + lip( � )) kvk;

and thus inductively for any k � 1,

kf k(v)k � (� + lip( � ))k kvk:

Finally, it is clear that the third set on the right-hand side is contained inW s
loc;r (0; f ).

This completes the proof.

Here is the global version.

Corollary 33.7. Let L : E ! E be a hyperbolic linear dynamical system with
splitting E = E s � E u of skewness0 < � < 1 with respect to a normk � k which
is adapted to L and of box-type with respect to the splitting. Let � : E ! E be
Lipschitz continuous map satisfying

lip( � ) < 1 � �; � (0) = 0 :

Set
f := L + �:

Then the global stable manifoldW s(0; f ) can be alternatively characterised as:

W s(0; f ) =
�

v 2 E j 9 r � 0 such that kf k(v)k � r for all k � 0
	

=
�

v 2 E j f k(v) 2 cone1(E s) for all k � 0
	

=
n

v 2 E j kf k(v)k � (� + lip( � ))k kvk for all k � 0
o

:

Proof. Immediate from (33.1) and Proposition 33.6.

Now let us apply Proposition 33.6 to the local stable manifold of an arbitrary
dynamical system with a hyperbolic �xed point.

Proposition 33.8. Let f : 
 ! E be a dynamical system and supposeu 2 
 is
a hyperbolic �xed point of f . Then for r su�ciently small there exists C � 1 and
0 < � < 1 such that the local stable manifold of radiusr can be characterised as

W s
loc;r (u; f ) =

�
v 2 
 j kf k(v) � uk � r for all k � 0

	

=
�

v 2 
 j kf k(v) � uk � r; kf k(v) � uk � C� kkv � uk for all k � 0
	

:

Similarly for r su�ciently small there exists C � 1 and 0 < � < 1 such that the
local unstable manifold of radiusr can be characterised as

W u
loc;r (u; f ) =

�
v 2 
 j kf � k(v) � uk � r for all k � 0

	

=
�

v 2 
 j kf � k(v) � uk � r; kf � k(v) � uk � C� kkv � uk for all k � 0
	

:
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Proof. We will prove the result for the stable manifoldW s
loc;r (u; f ) only. If the

claim holds for one norm then it holds for all norms (albeit with di�erent constants
C and � ), and hence without loss of generality we may assume the normk � k on E
is adapted toDf (u) and of box-type with respect to the hyperbolic splitting ofE.
The only non-obvious part is that the �rst set on the right-hand side is contained
in the second set on the right-hand side for appropriateC; � and all small r .

Without loss of generality we may assumeu = 0. Let 0 < � < 1 be the skewness
of Df (0) with respect to k � k. Take C = 1 and let � < � < 1. By Proposition 30.12
for r su�ciently small � := f � Df (0) : E(r ) ! E satis�es lip(� ) � � � � . Then if
v satis�es kf k(v)k � r for all k � 0 then

kf k(v)k =



 (Df (0) + � )k(v)




 � (� + lip( � ))k kvk � � kkvk;

by Proposition 33.6. This completes the proof.

A corollary of this result is the following statement, which strengthens Theorem
31.1.

Corollary 33.9. Let f : 
 ! E be a dynamical system and supposeu 2 
 is a
hyperbolic �xed point of f . There existsr > 0 such that if v 2 
 satis�es

kf k(v) � uk � r; 8 k 2 Z;

then v = u. That is, for r su�ciently small, one has

W s
loc;r (u; f ) \ W u

loc;r (u; f ) = f ug:

The proof of Corollary 33.9 is left for you on Problem Sheet P.
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LECTURE 34

The Stable Manifold Theorem

In this lecture we will prove that the global stable manifold of a dynamical system
f = L + � , where L is a hyperbolic linear dynamical system and� is a Lipschitz
continuous map whose Lipschitz constant is su�ciently small, has a di�erentiable
structure. For variety this time round we will work with the unstable manifolds.
One can think of the next result as the nonlinear version of Proposition 31.2 (cf.
Example 33.3 and Remark 34.2 below).

Theorem 34.1. SupposeL : E ! E is a hyperbolic linear dynamical system with
splitting E = E s � E u, and let k � k be a norm which is adapted toL and of box-
type with respect to the splitting. There exists� > 0 such that if � : E ! E is a
Lipschitz map with

lip( � ) < �; � (0) = 0 ;

then if we set
f := L + �;

then there is a Lipschitz continuous map� : E u ! E s satisfying

lip( � ) � 1; � (0) = 0 ;

and such that
W u(0; f ) = gr( � ):

Finally, if � is C1 then so is� .

We will not prove the red part of Theorem 34.1. Most of the interesting ideas
are contained in the Lipschitz statement, and verifying that� is C1 if � is as well is
tedious and rather technical. Nevertheless, the consequences of the red statement
are very important. Indeed, it is precisely this statement that tells us thatW u(0; f )
is a manifold|thus justifying the name \unstable manifold"|since the graph of
a C1 map is itself aC1-submanifold. In fact, with a bit more work one can show
that if � is Cp for p � 1 then so is� , and hence if� is smooth thenW u(0; f ) is a
smooth embedded submanifold. If you are not happy about what this means, fear
not: we will discuss manifolds in the next lecture.

Proof of Theorem 34.1.As usual, we will �rst reformulate the statement into a
�xed point problem. Let 0 < � < 1 denote the skewness ofL with respect to k � k.
Set

� := min
�

1 � �
2

; co(L)
�

;

and suppose� : E ! E is a Lipschitz map with � (0) = 0 and lip( � ) < � . We will
look for a Lipschitz continuous map� : E u ! E s satisfying � (0) = 0 and lip( � ) � 1
such that

f (gr(� )) � gr(� ): (34.1)

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
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Then at the end of the proof we will show that (34.1) actually implies that gr(� ) =
W u(0; f ). We argue in three steps.

1. In this step, we show that (34.1) can be reformulated as a �xed point
problem. The condition (34.1) is equivalent to saying that for everyv 2 E u,

�
�
f u(v; � (v))

�
= f s(v; � (v)) :

SinceLu(� (v)) = 0 and L sv = 0, this reduces to

�
�
Luu v + � u(v; � (v))

�
= L ss� (v) + � s(v; � (v)) ;

or, denoting by idu the identity map on E u,

� (Luu + � u(idu; � )) = L ss� + � s(idu; � ):

Since we assume lip(� ) � 1, we have

lip( � u(idu; � )) � 2 lip(� ) < 2� � 1 � �;

and since co(Luu ) � 1
� , by the Lipschitz Inverse Function Theorem 31.7 the map

Luu + � u(idu; � ) is invertible. Thus

� =
�
L ss� + � s(idu; � )

��
Luu + � u(idu; � )

� � 1
:

This tells us we should consider the mapX de�ned by

X (� ) :=
�
L ss� + � s(idu; � )

��
Luu + � u(idu; � )

� � 1
; (34.2)

Finding a map � which solves (34.1) is equivalent to �nding a �xed point ofX .

2. In this step we aim to apply the Banach Fixed Point Theorem 30.17 toX
and thus obtain our desired �xed point � . Note that we have not yet speci�ed the
domain of X . This requires a bit of care: choosing the domain ofX in such a way
that X is a contraction is the most subtle part of the proof. First, let us extend
the operator norm to non-linear maps: given a continuous map : F ! G between
two linear spaces, de�ne

k k� := sup
v6=0

k (v)kG

kvkF
:

If  is linear, this is just the operator norm.
Now set

� :=
�

� 2 C0(E u; E s) j � (0) = 0 ; k� k� < 1
	

:

The space � equipped with the norm k � k� is a Banach space, as you will enjoy
proving on Problem Sheet P. If 2 C0(E; E ) is Lipschitz continuous, then clearly
 2 � with

k k� � lip(  ):

However there exist non-Lipschitz functions that belong to �. Givenr > 0 let

�( r ) := f � 2 � j � is Lipschitz with lip( � ) � r g :

2



The set �(1) is a closed subset of the unit ball of �, and hence is itself a Banach
space. We consider the mapX from (34.2) as a map1

X : �(1) ! � :

To apply the Banach Fixed Point Theorem 30.17, we must show thatX (�(1)) �
�(1) and that X is a strict contraction. The fact that X maps �(1) into itself is
easy: if � 2 �(1) then X (� )(0) = 0 and X (� ) is Lipschitz with

lip(X (� )) �
� + 2 lip( � )
1
� � 2 lip(� )

< 1; (34.3)

and thus X (� ) 2 �(1). The proof that X is a strict contraction is rather trickier.
Fix �; � 2 �(1). Let us abbreviate

A := Luu + � u(idu; � ) : E u ! E u; (34.4)

B := Luu + � u(idu; � ) : E u ! E u:

Then as already mentioned,A and B are both bi-Lipschitz, thanks to the Lipschitz
Inverse Function Theorem 31.7, and hence in particular both are homeomorphisms.
This means that we can compute thek � k� norm usingA(v) or B(v) instead of v:

k k� = sup
v6=0

k (v)k
kvk

= sup
v6=0

k (A(v))k
kA(v)k

= sup
v6=0

k (B (v))k
kB(v)k

:

Fix v 2 E. We compute:



 X (� )(A(v)) � X (� )(A(v))




 �




 X (� )(A(v)) � X (� )(B (v))






+



 X (� )(B (v)) � X (� )(A(v))






�



 L ss(� (v) � � (v))




 +




 � s(v; � (v)) � � s(v; � (s))






+ lip( X (� ))kB(v) � A(v)k

� � k� (v) � � (v)k + lip( � )k� (v) � � (v)k

+ lip( � )k� (v) � � (v)k

�
�
� + 2 lip( � )

�
k� (v) � � (v)k;

where the penultimate inequality used that lip(X (� )) < 1. Next, since� (0) = 0
and � (0) = 0, we have

kA(v)k =



 Luu v + � u(v; � (v)) � � u(0; � (0))






�
1
�

kvk � lip( � )
�
kvk + lip( � )kvk

�

�
�

1
�

� 2 lip(� )
�

kvk:

Combining these last three statements, we see that




 X (� ) � X (� )




 �

�
� + 2 lip( � )
1
� � 2 lip(� )

� sup
v6=0

k� (v) � � (v)k
kvk

=
� + 2 lip( � )
1
� � 2 lip(� )

k� � � k� :

1If you are concerned about whetherX (� ) belongs to � for � 2 �( r ), see (34.3) below.
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Since � +2 lip( � )
1
� � 2 lip( � )

< 1, it follows that X is a contraction, as required.

3. The Banach Fixed Point Theorem 30.17 therefore gives us a unique� = � �

such that (34.1) holds. Note that for any (v; � (v)) 2 gr(� ), letting u = A � 1v, where
A is as in (34.4), gives

f (u; � (u)) = ( v; � (v)) :

Thus we actually have
f (gr(� )) = gr( � ):

Finally we prove that gr(� ) = W u(0; f ). Since � (0) = 0 and lip( � ) � 1, one has
gr(� ) � cone1(E u). We will use Corollary 33.7 but applied tof � 1 (recall last lecture
we used stable manifolds). Set := f � 1 � L � 1. Since lip(� ) is small, the Lipschitz
Inverse Function Theorem 31.7 tells us that lip( ) is also small, and therefore after
possibly shrinking� , we may therefore assume thatL � 1 +  satis�es the hypotheses
of Corollary 33.7. Since gr(� ) is invariant under f � 1 and is contained in cone1(E u)
(note the stable subspace ofL � 1 is E u!), it follows from Corollary 33.7 that

gr(� ) � W u(0; f ):

Now suppose there existsv 2 W u(0; f ) n gr(� ). Let w := ( vu; � (vu)), so that
w 2 gr(� ) and vu = wu. Then v � w =2 cone1(E u). By equation (33.5) from the last
lecture (but again usingL � 1 +  instead), it follows that




 f � k(v) � f � k(w)




 ! 1 :

But since both v and w belong toW u(0; f ), we also have



 f � k(v) � f � k(w)




 ! 0:

This contradiction shows that gr(� ) = W u(0; f ), and thus completes the proof2.

Remark 34.2. If L : E ! E is a hyperbolic linear dynamical system and� : E ! E
is C1 and has a su�ciently small Lipschitz constant, then both L + D� (0) and
(L + D� (0)) � 1 will satisfy the hypotheses of Proposition 31.2 and thusL + D� (0)
is hyperbolic. In this case not only is the map� continuously di�erentiable, but
one can also show that

gr(D� (0)) = E u(L + D� (0)): (34.5)

In words, this is saying that the unstable manifold ofL + � is tangent at zero to
the unstable subspace of the hyperbolic linear dynamical systemL + D� (0). We
will use this in the proof of Theorem 34.3 below.

We now prove the following theorem, which is one of the cornerstones of hyper-
bolic dynamics. Again, for variety this time we will use the stable manifold.

Theorem 34.3 (The Local Stable Manifold Theorem). Let f : 
 ! E be a dy-
namical system and supposeu 2 
 is a hyperbolic �xed point of f . Then for r > 0
su�ciently small the stable manifold W s

loc;r (u; f ) is an embeddedC1 submanifold
of E which is di�eomorphic to a ball in E s.

2Apart from the red statement, which we are skipping. . .
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If you are not yet familiar with submanifolds, don't worry: the proof will make
it clear exactly what exactly we mean by an \embeddedC1 submanifold". The
following proof is non-examinable, since it is rather involved.

( | ) Proof. Denote by k � k the norm on E. Without loss of generality we may
assume thatu = 0 2 
. Let E = E s � E u denote the hyperbolic splitting corre-
sponding toDf (0). Since the local stable manifold depends on the choice of norm,
this time we cannot assume our normk � k is already adapted toDf (0) and of
box-type with respect to the hyperbolic splitting. Thus let us denote byk � kab the
norm obtained from k � k via the procedure from Lemma 29.14, and let 0< � < 1
denote the skewness ofDf (0) with respect to k � kab. We will �rst prove the result
using the norm k � kab, and then explain how to deduce the same result for the
original norm k � k. To help distinguish the two norms, let us denote by

E(r ) := the closed ball of radiusr about 0 with respect tok � k,
bE(r ) := the closed ball of radiusr about 0 with respect tok � kab,

and

W s
loc;r (u; f ) := the local stable manifold with respect tok � k.

cW s
loc;r (u; f ) := the local stable manifold with respect tok � kab.

Fix a C1 function � : E ! [0; 1] such that:

� (v) =

(
1; kvkab � 1

3 ;

0; kvkab � 2
3

Let � : = f � Df (0) : 
 ! E . Then � (0) = 0 and D� (0) = 0. We now want to
extend � to a function � r : E ! E. Chooser > 0 small enough so thatbE(3r ) � 
.
We will later shrink r further. De�ne

� r (v) := �
� v

3r

�
� (v):

Then � r is C1 and agrees with� on bE(r ). Just like in the proof of the Hartman-
Grobman Theorem 32.2, ifr > 0 is su�ciently small, then lip( � r ) will be small
enough so that the hypotheses of both Corollary 33.7 and Theorem 34.1 are satis�ed
(with respect to k � kab). This means there is aC1 map � r : E s ! E u with � r (0) = 0
and lip(� r ) � 1 such that

cW s
�
0; Df (0) + � r

�
= gr( � r ):

SinceD� r (0) = D� (0) = 0, the stable subspace of the hyperbolic linear dynamical
systemDf (0) + D� r (0) is just E s, and hence it follows from (34.5) that

D� r (0) = 0 :

Since the normk � kab is of box type, we can write3

bE(r ) = bE s(r ) � bE u(r );

3Here we are performing the harmless (ab)use of notationE s � E u = E s � E u .
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where bE s(r ) is the closed ball inE s with respect to k � kab etc. Consider theC1

embeddingi r : E s ! E given by

i r (v) = ( v; � r (v)) :

Then i mapsE s onto gr(� r ). Since lip(� r ) � 1, we have

i r
� bE s(r )

�
= cW s

�
0; Df (0) + � r

�
\ bE(r ):

We claim that
cW s

loc;r (0; f ) = cW s
�
0; Df (0) + � r

�
\ bE(r ): (34.6)

Since� r = � on E(r ), it is clear that

cW s
loc;r (0; f ) � cW s

�
0; Df (0) + � r

�
\ bE(r )

To prove the other direction it su�ces to show that if v 2 cW s
�
0; Df (0)+ � r

�
\ bE(r )

then (Df (0) + � r )k(v) 2 bE(r ) for all k � 0, since then (Df (0) + � r )k(v) = f k(v)
for all k � 0. The fact that (Df (0) + � r )k(v) 2 bE(r ) for all k � 0 is clear from
Corollary 33.7, which gave us the alternative description ofcW s

�
0; Df (0) + � r

�
as:

cW s
�
0; Df (0) + � r

�
=

n
v 2 E j




 (Df (0) + � r )k(v)






ab
� (� + lip( � r ))

k kvkab

o
:

Thus
cW s

loc;r (0; f ) = i r
� bE s(r )

�
;

which shows thatcW s
loc;r (0; f ) is an embedded submanifold di�eomorphic to the ball

bE s(r ).
It remains to deduce the same result for the local stable manifoldW s

loc;r (u; f )
with respect to the original normk � k. Sincek � k and k � kab are equivalent, we may
choose 0< r 2 < r 1 < r such that

cW s
loc;r 2

(0; f ) � W s
loc;r 1

(0; f ) � cW s
loc;r (0; f ):

Set
B := i � 1

r

�
W s

loc;r 1
(0; f )

�
:

Then B is a neighbourhood of 0 inE s which is di�eomorphic4 to a ball (it is a
star-shaped set with respect to the origin inE s, which is squeezed in between the
two balls bE s(r2) and bE s(r )). Moreover i jB is a C1 embedding from this ball onto
W s

loc;r 1
(0; f ). This completes the proof.

4We are concealing some details here. . .
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LECTURE 35

Introduction to Di�erential Geometry

In the next two lectures we will give a brief introduction to the aspects of di�erential
and Riemannian geometry that we will need during the rest of the course. Most of
this should be familiar to anyone who has attended an introductory course on Dif-
ferential Geometry, although we seize the opportunity to de�ne in�nite-dimensional
Banach manifolds , which you are probably less likely to have seen before.

None of the material in the next two lectures isdirectly examinable.

To motivate the de�nition of a manifold, let us �rst take a step back.

� SupposeA and B are sets. Let

Maps(A; B )

denote the set of all mapsf : A ! B . SinceA and B are just sets, it doesn't
make sense to ask whether a given elementf of Maps(A; B ) is continuous.

� A metric space (or more generally, any topological space) consists of a setX ,
equipped with an extra structure|the metric|which allows us make sense
of continuity. If X and Y are metric spaces, we can therefore speak of the
subset

C0(X; Y ) � Maps(X; Y )

of all continuous functions.

� Roughly speaking, asmooth manifold consists of a metric spaceM , equipped
with an extra structure|an atlas |which allows us make sense of di�eren-
tiability. Thus if M and N are manifolds, we can speak of the subset

Cp(M; N ) � C0(M; N ); p = 1; : : : ; 1 ;

of functions onM that are p times di�erentiable.

We already know one special type of metric space on which it makes sense to
di�erentiate things: namely, normed vector spaces

�
E; k�k

�
. In fact, normed vector

spaces are the prototypical examples of manifolds, and in a sense all manifolds are
obtained by piecing together normed vector spaces.

Definition 35.1. Let E denote a �nite-dimensional normed vector space, and let
M be a separable metric space. AnE-atlas on M is a collectionE := f � i : Ui ! Eg
of functions on open subsets ofM , such that:

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
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� f Ui g is an open cover ofM ,

� the maps� i : Ui ! E are homeomorphisms onto their images,

� for each pairi; j , the set � i (Ui \ Uj ) is an open (possibly empty) subset ofE.
If it is non-empty then the map

� ij := � j � � � 1
i : � i (Ui \ Uj ) ! E (35.1)

must be a smooth (i.e. of classC1 ) map in the sense of Remark 30.5, which
moreover is a di�eomorphism onto its image.

We call the individual functions � i the charts of the atlas E. If an E-atlas exists,
we call the pair (M; E) a smooth manifold modelled on E.

In practice, we refer to a manifold (M; E) simply by M , leaving the E-atlas to
be understood. Here are some comments on the de�nition.

Remarks 35.2.

(i) One could start with weaker point-set topological hypotheses: namely, one
could require merely that M was a separable Hausdor� space. The exis-
tence of anE-atlas implies that the topology onM is metrisable, and thus a
posteriori, M admits the structure of a metric space.

(ii) It may very well be the case that two di�erent E-atlasesE1 andE2 on M de�ne
the \same" smooth manifold (this is analogous to the fact that there are often
many ways to specify the topology on a given topological space). This can be
formally recti�ed by working with equivalence classes ofE-atlases: say that
E1 and E2 areequivalent if E1 [ E2 is anotherE-atlas. Then de�ne a smooth
manifold modelled onE to be a separable metric space equipped with an
equivalence class ofE-atlases. Nevertheless, we will avoid the pedantry and
work solely with honestE-atlases.

(iii) Since all normed vector spaces of a given �nite dimensionn are isomorphic,
the only thing that matters is the dimension ofE. So instead it is more
common to say thatM is ann-dimensional smooth manifold if M admits
an E-structure for some (and hence any)n-dimensional normed vector space.
Normally, one just takesE = Rn . Nevertheless, it can often be insightful
to keep track of E: for example, the manifold version of Stable Manifold
Theorem states thatW s is a manifold modelled onE s.

(iv) The \smooth" in the name \smooth manifold" refers to the fact that the
functions � ij in (35.1) are of classC1 . It is sometimes useful to work with
less regularity. Given 1� p < 1 , a Cp-manifold modelled on E consists
of a pair (M; E), where E is an atlas of class Cp, i.e. an atlas with the
property that the maps � ij from (35.1) are of classCp.

(v) Exactly the same de�nition works if E is a Banach (or Hilbert) space. This
gives rise to the notion of aBanach manifold . In this case, however, one
really does need to keep track ofE|the \dimension" alone is not enough!
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Moreover whenE is in�nite-dimensional, the requirement that the topology
on M is metrisablecannot be replaced with \Hausdor�" (cf. (i) above). An
example of an in�nite-dimensional manifold is given in Example 35.18 below.

Convention. For convenience, all manifolds we consider are implicitly assumed to
be connected. From a dynamical systems point of view, this is harmless|if a given
manifold has two connected components, then we simply treat it as two manifolds.

Example 35.3. Let
�
E; k �k

�
be a normed vector space. ThenE admits anE-atlas

consisting of exactly one element:E = f id : E ! Eg.

Definition 35.4. SupposeM is a manifold modelled onE and N is a manifold
modelled onF . A continuous map f : M ! N is said to be of class Cp if for
every x 2 M , every chart � : U ! E with x 2 U, and every chart � : V ! F with
f (x) 2 V, the corresponding map

f �;� := � � f � � � 1 : � (U \ f � 1(V)) ! F (35.2)

is of classCp. We say f is a di�eomorphism of classCp (for p � 1) if f is a
homeomorphism andf � 1 : N ! M is also of classCp.

We call the mapsf �;� the local representations of f . When the precise choices
of charts � and � are not important, we will refer to the local representation using
the simpler notation f̂ instead of f �;� .

Definition 35.5. We denote by Di� p(M; N ) the group of all di�eomorphisms from
M to N of classCp, and abbreviate Di� p(M ) = Di� p(M; M ).

Now let us introduce thetangent spaceto a manifold at a point x. The tan-
gent spaceTxM will be a �nite-dimensional normed vector space which is non-
canonically isomorphic toE. There are various ways this can be done, here is
one:

Definition 35.6. Let (M; E) be a smooth manifold modelled onE and �x x 2 M .
Let Ex � E denote the subset consisting of those charts� i : Ui ! E for which x
belongs toUi . Note that Ex is non-empty, since by assumption thef Ui g are an
open cover ofM .

If � i and � j are two elements ofEx then the di�erential of the map � ij from
(35.1) at � i (x) is a linear isomorphism

D� ij (� i (x)) : E ! E:

Thus we can de�ne an equivalence relation� on Ex � E by declaring that

(� i ; u) � (� j ; v) , D� ij (� i (x))u = v:

Let [� i ; u] denote the equivalence class containing (� i ; u). The set of equivalence
classes is denoted byTxM and is called thetangent space to M at x. Any chart
� i 2 Ex determines an isomorphismJ � i ;x : TxM ! E given by

J � i ;x : TxM ! E; [� i ; v] 7! v: (35.3)
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It is important to understand that the isomorphism TxM �= E in (35.3) is not
canonical if Ex contains more than one chart.

Example 35.7. Let
�
E; k � k

�
be a normed vector space. Think ofE as a manifold,

equipped with theE atlas consisting of the identity only (cf. Example 35.3). Then
for any u 2 E, the set Eu contains exactly one element (the identity), and thus in
this case the identi�cation TuE �= E is canonical. In this case we write simplyJ u

instead ofJ id ;u :
J u : TuE ! E; [id; v] 7! v:

Convention. From now on we write a point inTxM simply as a vectorv, rather
than the more cumbersome notation [� i ; v].

Definition 35.8. SupposeM and N are two manifolds modelled onE and F
respectively. Supposef : M ! N is a map of classCp. The di�erential of f at a
point x is a mapDf (x) : TxM ! Tf (x)N . This is the unique linear map with the
following property: if � is any chart about x on M and � is any chart about f (x)
on N then the following diagram should commute:

TxM E

Tf (x)N F

J �;x

Df (x) Df �;� (� (x))

J �;f ( x )

Here the map on the right-hand side is the di�erentialDf �;� (� (x)) : E ! F of the
map (35.2).

The tangent spaces all �t together to de�ne thetangent bundle. This is a special
case of a more general notion of avector bundle.

Definition 35.9. SupposeM is a manifold modelled onE, and P is a topological
space. Suppose� : P ! M is a surjective continuous map. WriteP(x) := � � 1(x).
Let F denote another �nite-dimensional normed vector space. AnF -bundle atlas
of � : P ! M is a collectionF = f � i : � � 1(Vi ) ! Vi � F g of functions de�ned on
open subsets ofP such that:

� f Vi g is an open cover ofM and the functions � i : � � 1(Vi ) ! Vi � F are
homeomorphisms,

� the homeomorphisms� i are required to make the following diagram commute:

� � 1(Vi ) Vi � F

Vi

� i

� proj

where proj : Vi � F ! Vi the projection onto the �rst factor. Thus there is a
well-de�ned map � i;x : P(x) ! F given by restricting � i to P(x),
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� if Vi \ Vj 6= ; then for eachx 2 Vi \ Vj the map

� ij;x := � j;x � � � 1
i;x : F ! F (35.4)

is a linear isomorphism.

The maps� i are calledtrivialisations . If such an F -trivialising structure exists,
we say that � : P ! M is a vector bundle over M with �bre F . We call P the
total space and M the base space.

Remarks 35.10.

(i) As with atlases on manifolds (cf. part (i) of Remarks 35.2), we should really
work with equivalence classes of bundle atlases. We won't bother, though.

(ii) If � : P ! M is a vector bundle overM with �bre F then each setP(x)
is non-canonically isomorphic toF via the map � i;x . The total spaceP can
then be given the structure of a manifold modelled onE � F , in such a way
that the map � : P ! M is of classC1 .

Definition 35.11. Suppose� : P ! M and � : Q ! N are two vector bundles.
Let f : M ! N be a of classCp. A �bre-preserving map over f of classCq (for
1 � q � p) is a map � : P ! Q of classCq with the property that the following
diagram commutes:

P Q

M N

�

� �

f

This means that � restricts to de�ne a map

� x : P(x) ! Q(f (x)) :

If this map is a linear map for eachx 2 M then we say that the pair (f; �) is a
vector bundle map . If f is a di�eomorphism and � x is a linear isomorphism for
eachx 2 M then we say that pair (f; �) is a vector bundle isomorphism .

Definition 35.12. Suppose� : P ! M is a vector bundle. Asection 
 of � of
classCp is a function 
 : M ! P such that � � 
 = Id. We denote by � p(M; P )
the space of sections of� . The space �p(M; P ) is a vector space, where addition is
de�ned pointwise:

(
 1 + 
 2)(x) := 
 1(x) + 
 2(x):

The addition makes sense as it takes place in the vector spaceP(x). If p < 1 , this
de�nes a Banach space structure on �p(M; P ).

If U � M is an open set we denote by �p(U; P) the space of sections which are
only de�ned on U. These are referred to aslocal sections of P.
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Definition 35.13. Suppose� : P ! M is a vector bundle with �bre F . Let U � M
be open. Alocal frame of class Cp for P over U is a collectionf 
 1; : : : ; 
 ng of
elements of �p(U; P) which form a basis for �p(U; P) (thought of as a module over
C1 (U)).

If a local frame exists forU = M then we call the vector bundletrivial . In this
caseP is isomorphic as a vector bundle toM � F . Most vector bundles are not
trivial, however one can at least always �nd a basis of local sections.

Example 35.14. Suppose� : P ! M is a vector bundle with �bre F , and suppose
� : � � 1(V) ! V � F is a trivialisation. Let f v1; : : : ; vng be a basis ofF . De�ne
elements
 i 2 � 1 (V; P) by


 i (x) := � � 1
i (x; vi ):

The sectionsf 
 1; : : : ; 
 ng form a local frame of classC1 for P over V.

We now de�ne the tangent bundle.

Definition 35.15. Now supposeM is a smooth manifold

TM :=
[

x2 M

TxM

and let � : TM ! M denote the map that sendsTxM to x. We call TM the
tangent bundle of M . We write an element ofTM as a pair (x; v)|this is
shorthand for saying thatv belongs toTxM .

Proposition 35.16. SupposeM is a smooth manifold modelled onE. Then the
tangent bundle � : TM ! M is a vector bundle overM with �bre E.

Proof (Sketch). Let E = f � i : Ui ! Eg be anE-atlas for M . We useE to de�ne a
E-bundle atlas. De�ne a function� i : � � 1(Ui ) ! Ui � E by

� i (x; v) :=
�
x; J � i ;x (v)

�
; (35.5)

where J � i ;x was de�ned in (35.3). We endowTM with a topology by declaring
that the � i are homeomorphisms. We claim thatF := f � i : � � 1(Ui ) ! Ui � Eg is
an E-bundle atlas. For this we need to check that the functions� ij;x : E ! E from
(35.4) are linear isomorphisms. But this is clear, since unravelling the de�nitions
shows that.

� ij;x = D� ij (� i (x))

This completes the proof.

Definition 35.17. Let M be a smooth manifold. Avector �eld on M is an
element of �1 (M; TM ).

Example 35.18. Here is an example of an in�nite-dimensional manifold: if 1� p <
1 then Di� p(M ) is a Banach manifold (cf. part (v) of Remarks 35.2). It is modelled
on the Banach space �p(M; TM ) (i.e. vector �elds of classCp). Note however that
Di� 1 (M ) is not a Banach manifold, since �1 (M; TM ) is not a Banach space.
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Definition 35.19. Let f : M ! N be of classCp. De�ne a map Df : TM ! TN
by requiring that Df jTx M = Df (x). Then Df is of classCp� 1, and the pair (f; Df )
is a vector bundle morphism.

We next de�ne submanifolds of manifolds, which are smaller manifolds sitting
inside larger manifolds.

Definition 35.20. Let N be a smooth manifold and supposeM � N is a subset.
We say that M is an immersed submanifold of N if there exists a topology on
M such that M can made into a smooth manifold. This topology neednot coincide
with the subspace topology inherited fromN . If it does, however, we callM a
embedded submanifold of N .

In a similar way we can speak of submanifolds of classCp.

Definition 35.21. Supposef : M ! N is a Cp map. We say that f is:

� an immersion if Df (x) : TxM ! Tf (x)N is injective for all x 2 M ,

� a submersion if Df (x) : TxM ! Tf (x)N is surjective for all x 2 M .

Immersions can only exist when dimM � dim N , and submersions can only exist
when dimM � dim N .

The manifold version of the Implicit Function Theorem that you no doubt re-
member from calculus shows how immersions and submersions can be used to create
new manifolds. We conclude today's lecture by stating it.

Theorem 35.22 (The Implicit Function Theorem). Supposef : M ! N is a Cp

map.

(i) If f is an injective immersion thenf (M ) is an immersed submanifold ofN ,
with dim f (M ) = dim M .

(ii) If f is an injective immersion which in addition is a homeomorphism onto its
image thenf (M ) is an embedded submanifold ofN .

(iii) If f is a submersion then for every pointy 2 f (M ), the preimagef � 1(y) is
an embedded submanifold ofM of dimensiondim M � dim N .
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LECTURE 36

Introduction to Riemannian Geometry

Today we focus on the elements of Riemannian geometry that we will need through-
out the remainder of the course.

Definition 36.1. SupposeM is a manifold modelled onE. A Riemannian
metric 1 of classCp on M is an assignment of an inner product

mx : TxM � TxM ! R; 8 x 2 M;

such that the mapx 7! mx is of classCp.

The study of smooth manifolds equipped with Riemannian metrics is (unsur-
prisingly) referred to asRiemannian Geometry. This is a rich and interesting �eld
of modern mathematics, but not one we will touch upon. For us, however, the
Riemannian metric should simply be regarded as part of the \background".

Here are some remarks on this de�nition.

Remarks 36.2.

(i) The word \metric" is slightly unfortunate, since a Riemannian metric isnot
the same as a metric in the sense of point-set topology (i.e. metric spaces).
Nevertheless, the two concepts are closely linked (see Theorem 36.7 below).

(ii) Let us make explicit exactly what it means to say that x 7! mx is of class
Cp. Fix an inner product h�; �i on E, and �x x0 2 M . Let � : U ! E denote
a chart on M containing x0. The chart � determines an isomorphism

J �;x : TxM ! E; 8 x 2 U;

see De�nition 35.6. The Riemannian metricm determines a mapx 7! Ax ,
whereAx : E ! E is a symmetric positive de�nite matrix, by requiring

mx (v; w) = hAxJ �;x v; J �;x vi ; v; w 2 TxM: (36.1)

We can think of A as a mapU ! L (E; E ). Saying that m is of classCp near
x0 is equivalent to saying that the mapA is of classCp.

(iii) It can be shown that every smooth manifold admits (many) Riemannian
metrics of any desired classCp. Indeed, it is obvious that they exist locally
(i.e. on chart domains)|simply read equation (36.1) from right to left. To
go from local to global existence one then uses a partition of unity.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1It is common in the literature to use the symbol \ g" to denote a Riemannian metric. We

have elected to use \m" instead (m for metric), since g is typically used to denote a dynamical
system.
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(iv) Most of the time we will be interested in smooth (i.e. of classC1 ) Riemannian
metrics. To this end, we adopt the convention that aRiemannian manifold
consists of a pair (M; m), where M is a smooth manifold andm is a smooth
Riemannian metric onM .

(v) Nevertheless, we will sometimes be forced to work withC0 metrics. These
metrics are not very useful (for example, Theorem 36.16 below doesn't hold
for them), however they crop up naturally in hyperbolic dynamics. Roughly
speaking, this is because we will primarily work withC1 di�eomorphisms.
Next lecture we will introduce the notion of ahyperbolic set of such a
dynamical systemf . In analogy to Proposition 29.11, we will then show that
starting from a smooth Riemannian metric, one can construct a new metric
that is \adapted" with respect to the hyperbolic splitting. Since f is only of
classC1, this new metric is only of classC0.

(vi) Just as smooth functions are dense in the set of continuous functions, smooth
Riemannian metrics are dense in the set ofC0 metrics. Thus we can always
approximate aC0 metric arbitrarily well with a smooth metric. Therefore in
practice, when working with a hyperbolic set of a di�eomorphismf , we �rst
adapt the metric for f , and then approximate this new adapted metric with
a smooth one. See Proposition 37.15 for the details.

Example 36.3. Let
�
E; h�; �i

�
denote a vector space equipped with an inner prod-

uct Since on a vector space there is a canonical identi�cationTuE �= E for every
point u 2 E (cf. Example 35.7), we can viewh�; �i as de�ning a smooth Riemannian
metric on E. Thus any vector space can be given the structure of a Riemannian
manifold.

Definition 36.4. A smooth curve on M is a smooth map� : R ! M , (here
we think of R as a 1-dimensional manifold, cf. Example 35.3. It is convenient to
abbreviate _� (t) : = D� (t)1, for 1 2 TtR �= R. We call _� (t) the velocity vector of
the curve � at time t.

Using a Riemannian metric we can de�ne thelength of a smooth curve. Here
and elsewhere, we writek � km to denote the norm associated to a Riemannian
metric m.

Definition 36.5. Suppose� : [a; b] ! M is a smooth curve2 andm is a Riemannian
metric on M . The length of � with respect to m is given by

lengthm (� ) :=
Z b

a
k _� (t)km dt:

This allows us to endow any smooth manifold with a convenient choice of metric
(in the sense of topology).

2Strictly speaking we should introduce the notion of amanifold with boundary to make sense
of this, since [a; b] has boundary. If you really don't like this, think of � as being de�ned on
(a � "; b + ") for some small" > 0.
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Definition 36.6. SupposeM is a manifold andm is a Riemannian metric onM .
De�ne

dm (x; y) := inf length m (� );

where the in�mum is taken over all (piecewise) smooth curves� : [a; b] ! M (for
any interval [a; b]) such that � (a) = x and � (b) = y. Due to our standing implicit
assumption that all manifolds are connected,dm (x; y) is a well-de�ned �nite number
for every pair x; y 2 M .

As the notation suggests,dm is a metric.

Theorem 36.7. Let (M; m) be a Riemannian manifold. The functiondm : M �
M ! [0; 1 ) is a metric on M . Moreover the topology induced bydm coincides
with the original manifold topology on M .

Proof. If � is a smooth curve fromx to y, then by traversing along� backwards
we get a new smooth curve fromy to x. Denoting this curve by �� , one has

lengthm (� ) = length m ( �� ):

This shows that dm is symmetric. Next, suppose� is a smooth curve fromx to y,
and � is a smooth curve fromy to z. Then the concatenation of� and � , denoted
by � � � , is a piecewise smooth curve fromx to z. Moreover directly from the
de�nition,

lengthm (� � � ) = length m (� ) + length m (� ):

We now prove the triangle inequality. Fix x; y; z 2 M and " > 0 By de�nition of
dm as an in�mum, there exists a smooth curve� from x to y, and a smooth curve
� from y to z, such that

dm (x; y) < lengthm (� ) +
"
2

; dm (y; z) < lengthm (� ) +
"
2

:

Then
dm (x; z) � lengthm (� � � ) < d m (x; y) + dm (y; z) + ":

Since" was arbitrary, the triangle inequality follows.
The hardest part of the proof is to show that

dm (x; y) = 0 ) x = y: (36.2)

To prove this, �rst suppose we are given two pointsx; y 2 M with the property
that there exists a chart � : U ! E on M whose domain contains bothx and y. If
� is a smooth curve fromx to y whose image is entirely contained inU, then � � �
is a smooth curve inE from � (x) to � (y). Moreover there exists a constant� > 0
depending only on� such that

lengthm (� ) � � length(� � � ); (36.3)

where the length on the right-hand side is measured with respect to some �xed
norm on E. Now we use the \geometrically obvious" fact that the claim is true in
E. Indeed, the shortest path inE is a straight line, and thus

length(� ) � k � (x) � � (y)k; (36.4)
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for any smooth curve� from � (x) to � (y). Combining (36.3) and (36.4), we see
that

lengthm (� ) � � k� (x) � � (y)k;

for any smooth curve� from x to y whose image is entirely contained inU. Moreover
the same argument shows that if� is any smooth curve fromx to y, then

lengthm (� ) � lengthm (portion of � contained in U)

� � inf
v2 @(� (U)

k� (x) � vk

> 0:

This shows that dm (x; y) > 0 for two points x; y contained in a chart domain. For
the general case, supposex; y are any two points inM . Let � : U ! E denote any
chart about x. If y 2 U we are done. Ify does not belong toE then every smooth
curve � from x to y must pass through@U, and thus

lengthm (� ) � dm (x; @U) > 0

by the argument above. This proves (36.2).
We now know thatdm is a metric. It remains to shows that the topology induced

by dm coincides with the original topology onM . This argument however is a little
more involved, and we omit the details.

Definition 36.8. Suppose (M; m) is a Riemannian manifold. Ageodesic on M
is a curve� which is locally length minimising. That is, for anys < t in the domain
of � with t � s su�ciently small,

dm (� (s); � (t)) = length m

�
� j [s;t ]

�
:

One can characterise geodesics as solutions to a certain second order ordinary
di�erential equation on M . Therefore the usual existence and uniqueness theorems
for solutions to ordinary di�erential equations proves the following statement:

Lemma 36.9. Let (M; m) be a Riemannian manifold. For everyx 2 M and every
v 2 TxM there exists a unique geodesic� x;v whose maximal interval of existence is
an open interval containing0, such that

� x;v (0) = x; _� x;v (0) = v

Geodesics behave nicely with respect to scaling. That is, for anyx 2 M ,
v 2 TxM and t > 0,

� x;v (t) = � x;tv (1): (36.5)

Here are some examples.

Example 36.10. Let
�
E; h�; �i

�
denote a vector space with an inner product. If

we regard
�
E; h�; �i

�
as a Riemannian manifold as in Example 36.3, then geodesics

are straight lines. In this case all geodesics are injective and de�ned on all ofR.
Moreover geodesics are globally length minimising.
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Example 36.11. As a slightly more interesting example, considerE n f 0g. This
is an open subset ofE, and hence we can consider it as a Riemannian manifold.
Geodesics are still straight lines, but now not all of them are de�ned on all ofR.
Indeed, any straight line passing through the origin determines a pair of geodesics
that are only de�ned for �nite time in one direction (we introduced a \hole" in our
manifold).

Example 36.12. If we think of S2 as the unit sphere inR3, then the Euclidean
inner product on R3 restricts to de�ne a Riemannian metric onS2. Geodesics in
this metric are great circles. In this case, all geodesics are de�ned for allt 2 R, but
no geodesics are injective|they are all periodic with period 2� . Moreover geodesics
are only length minimising up to the antipodal point, after which going the other
way round the great circle gives a shorter curve.

In fact, when M is compact geodesics are always de�ned for all time.

Proposition 36.13. Let (M; m) denote a compact Riemannian manifold. Then
every geodesic� x;v is de�ned for all t 2 R.

From now on we will restrict our attention to compact Riemannian manifolds.

Definition 36.14. Let (M; m) be a compact Riemannian manifold. Theexpo-
nential map of m is the map exp = expm : TM ! M whose restriction expx to
TxM is given by

expx : TxM ! M; expx (v) := � x;v (1):

One can show that the map exp:TM ! M is smooth. Note that expx (0x ) = x,
where 0x 2 TxM is the origin.

Lemma 36.15. Under the canonical identi�cation T0x TxM �= TxM ,

Dexpx (0x ) = id :

Proof. Let v 2 TxM . Then

Dexpx (0x )v =
d
dt

�
�
�
t=0

expx (tv)

=
d
dt

�
�
�
t=0

� x;tv (1)

(~ )
=

d
dt

�
�
�
t=0

� x;v (t)

= _� x;v (0)

= v;

where (~ ) used (36.5).

It follows from Lemma 36.15 and the Inverse Function Theorem that expx is a
di�eomorphism in a neighbourhood of 0x . In fact, a much stronger result is true.
To state this, set

TxM (r ) := f v 2 TxM j kvkm � r g ; TM (r ) :=
[

x2 M

TxM (r );

and write Bm (x; r ) for the open ball of radiusr about x in the dm -metric on M .
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Theorem 36.16. Suppose(M; m) is a compact Riemannian manifold. Then there
exists rm > 0 such that for each0 < r < r m , the restriction of expx to TxM (r ) is a
di�eomorphism onto its image, which is exactlyB m (x; r ). In particular,

dm
�
x; expx (v)

�
= kvkm ; 8 kvkm < r m : (36.6)

We call rm the injectivity radius of m. Equation (36.6) can be interpreted as
saying that expx maps straight lines inTxM through 0x to geodesics inM .

Example 36.17. The injectivity radius of S2, equipped with the Riemannian struc-
ture from Example 36.12) is� . (The distance from a point to its antipodal point).

A consequence of Theorem 36.16 is that forr < r m we can use the inverse of
the exponential map as a chart onM . This concludes all the background material
we need from di�erential and Riemannian geometry. In the next lecture we will
commence our study of di�erentiable dynamical systems on smooth manifolds.
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LECTURE 37

Hyperbolic Sets

Throughout this lecture, M denotes a compact smooth manifold modelled on ad-
dimensional normed vector spaceE, and m denotes a �xed (smooth) Riemannian
metric on M . To keep the notation uncluttered, when there is no possibility of
confusion we will write the induced norm on the tangent spaces simply ask � k
instead ofk � km . If A is a subset ofM we abbreviate

TA M :=
[

x2 A

TxM:

Definition 37.1. Let M be a compact smooth manifold. Adi�erentiable dy-
namical system on M is an elementf 2 Di� 1(M ).

As usual when the context is clear we will simply callf a \dynamical system".

Remark 37.2. If f is a di�erentiable dynamical system onM , then any local
representation off (cf. De�nition 35.4) is a local di�erentiable dynamical system
in the sense of De�nition 30.8.

The following key de�nition generalises the notion of a hyperbolic �xed point
to a manifold setting.

Definition 37.3. Let f be a dynamical system onM , and suppose � � M is an
completely invariant set for f (i.e. f (�) = �.) We say that � is a hyperbolic set
for f if for eachx 2 � the tangent space TxM splits as a direct sum

TxM = E s(x) � E u(x);

which is invariant for Df , i.e.

Df (x)E s(x) = E s(f (x)) ; Df (x)E u(x) = E u(f (x)) ;

and such that there exists constantsC � 1 and 0< � < 1 such that

kDf k(x)vk � C� kkvk; 8 x 2 � ; 8 v 2 E s(x); 8 k � 0;

and
kDf � k(x)vk � C� kkvk; 8 x 2 � ; 8 v 2 E u(x); 8 k � 0

(note the notation Df k is unambiguous, sinceD(f k) = ( Df )k).

If � is a single point x then x is called ahyperbolic �xed point . If � is a
periodic orbit Ototal

f (x) then Ototal
f (x) is called ahyperbolic orbit .

Remarks 37.4.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
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(i) Since M is compact, the hyperbolicity of � is independent of the choice of
Riemannian metric m. (The precise values of the constantsC and � do
depend on the choice of metricm though).

(ii) If � is a hyperbolic set for f then it is also a hyperbolic set forf � 1. Any
completely invariant subset of a hyperbolic set is hyperbolic. Conversely, any
�nite union of hyperbolic sets is hyperbolic (just take the maximum of the
constantsC; � ).

(iii) The same argument as in Remark 29.6 shows that the inequalities in the
de�nition of E s(x) and E u(x) actually hold for all iterates k 2 Z (and not
just k � 0). Thus in particular

kDf (x)� kvk ! 1 for v 2 E s(x) as k ! 1 ;

kDf (x)kvk ! 1 for v 2 E u(x) as k ! 1 ;

(iv) If x 2 � then as Df (x) is an isomorphism, the dimensions ofE s(x) and E u(x)
are constant along the orbit ofx. In fact, the dimensions ofE s(x) and E u(x)
are locally constant across all of �. This is not immediate, and we will prove
in Proposition 37.12 below.

Nothing in the de�nition of a hyperbolic set prevents eitherE s or E u being 0.
Nevertheless, these hyperbolic sets are not very interesting, as the next proposition
shows.

Proposition 37.5. Let � � M be a hyperbolic set for a dynamical systemf .
Suppose thatE s(x) = f 0xg for each x 2 � . Then � consists of �nitely many
periodic orbits of f . The same is true if insteadE u(x) = f 0xg for eachx 2 � .

The proof of Proposition 37.5 is on Problem Sheet Q. We say a periodic orbit
is expanding if E s = f 0g along the orbit, andcontracting if E u = f 0g along the
orbit.

Example 37.6. If f : E ! E is a di�erentiable dynamical system on a normed
vector space, withu 2 E a hyperbolic �xed point in the sense of De�nition 30.13,
then if we regardE as a smooth manifold thenf ug is a hyperbolic set in the sense of
De�nition 37.3. Indeed, the only di�erence between De�nition 30.13 and De�nition
37.3 in this case is that in De�nition 30.13 the hyperbolic splitting is ofE itself,
whereas in De�nition 37.3 the hyperbolic splitting takes place inTuE. However
after we perform the canonical identi�cationTuE �= E (cf. Example 35.7), the two
de�nitions become identical.

A much more interesting class of examples is:

Example 37.7. A hyperbolic toral automorphism f L : T2 ! T2 is di�erentiable,
and the entire manifoldT2 is a hyperbolic set. On Problem Sheet Q you are asked
to verify this.

Dynamical systems with the property that the entire manifold is hyperbolic get
their own special name.
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Definition 37.8. Let f : M ! M be a dynamical system. We say thatf is
Anosov 1 if the entire manifold M is a hyperbolic set forf .

Thus hyperbolic toral automorphisms are examples of Anosov dynamical sys-
tems.

Here is the analogue of De�nition 29.9. As in the linear case, givenv 2 TxM for
x 2 �, we write v = ( vs; vu) to indicate the components in the stable and unstable
spaces respectively.

Definition 37.9. Let � � M be a hyperbolic set forf with splitting T� M =
E s � E u. Given x 2 � and " > 0, we de�ne the "-cones about E s(x) and E u(x)
by:

cone" (E s(x)) := f v 2 TxM j kvuk � "kvskg;

and
cone" (E u(x)) := f v 2 TxM j kvsk � "kvukg;

Just as in Proposition 29.10 we can alternatively characterise the splitting as
follows.

Proposition 37.10. Let � � M be a hyperbolic set forf with splitting T� M =
E s � E u. For any x 2 � , E s(x) can be alternatively characterised as:

E s(x) =
�

v 2 TxM j kDf k(x)vk ! 0 as k ! 1
	

=
�

v 2 TxM j 9 r > 0; kDf k(x)vk � r; 8k � 0
	

=
�

v 2 TxM j 9 " > 0; Df k(x)v 2 cone" (E s(f k(x)) ; 8k � 0
	

Similarly

E u(x) =
�

v 2 TxM j kDf � k(x)vk ! 0 as k ! 1
	

=
�

v 2 TxM j 9 r > 0; kDf � k(x)vk � r; 8k � 0
	

=
�

v 2 TxM j 9 " > 0; Df � k(x)v 2 cone" (E u(f � k(x)) ; 8k � 0
	

In particular, the hyperbolic splitting is unique: if TxM = F s(x) � F u(x), x 2 � ,
is another hyperbolic splitting for f , then E s(x) = F s(x) and E u(x) = F u(x) for
eachx 2 � .

Proof. We discussE s only. The proof is essentially the same as Proposition 29.10|
one just needs to remember which tangent space the relevant vectors live in. For
instance, to show that the second set of the right-hand side is contained in the
third, suppose

v 2 TxM n
�

v 2 TxM j 9 " > 0; Df k(x)v 2 cone" (E s(f k(x)) ; 8k � 0
	

:

Then there existsk � 0 such that w := Df k(x)v 2 Tf k (x)M does not belong to
cone1(E s(f k(x)). Thus in particular wu 6= 0, and thus by part (iii) of Remark 37.4

kDf n (f k(x))wuk ! 1 ; jDf n (f k(x))wsj ! 0;

1Named after the Russian mathematician Anosov.
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as n ! 1 . Thus

kDf n (f k(x))wk � k Df n (f k(x))wuk � k Df n (f k(x))wsk ! 1 ;

as n ! 1 . Thus f Df k(x)vgk� 0 is an unbounded sequence of numbers, and thusv
does not belong to the second set on the right-hand side.

We will now show that E s(x) varies continuously withx (and hence alsoE u(x)).
For this to make sense, we need to introduce a topology on the set of linear sub-
spaces.

Definition 37.11. Let 1 � l � d = dim M . The l-Grassmannian space is the
set

Grass(M ; l) := f F j F is an l-dimensional subspace ofTxM; x 2 M g:

Let us introduce a topology on Grass(M ; l). Suppose (Fk) is a sequence in the
Grassmannian Grass(M ; l) and F is another element of Grass(M ; l). We specify
what it means for Fk ! F . SupposeFk � Txk M and F � TxM . Then we �rst
require that xk ! x. Thus for k su�ciently large we may assume thatxk and x all
belong to a chart� : U ! E of M . Let � : � � 1(U) ! U � E denote the associated
trivialisation of the tangent bundle overU (cf. the proof of Proposition 35.16). Via
the trivialisation we can see all the subspacesFk and F as subspaces ofE. We then
require that there exists a basis (e1; : : : ; el ) of F and bases (ek

1; : : : ; ek
k) of Fk such

that ek
i ! ei for eachi = 1; : : : ; l.

SinceM is compact, the space Grass(M ; l) is also compact. Moreover by def-
inition of the topology on TM , if Fk ! F then for any (x; v) 2 F there exists
(xk ; vk) 2 Fk such that (xk ; vk) ! (x; v).

Proposition 37.12. If � is a hyperbolic set forf then E s(x) and E u(x) vary
continuously in x 2 � . In particular, dim E s(x) and dim E u(x) are locally constant.

Proof. Let x 2 �. We prove that E s is continuous atx. Since the Grassmannian
is compact, it su�ces to show that if xk 2 � is any sequence such thatE s(xk)
converges to some subspaceF � TxM then F = E s(x).

Supposev 2 F . Then there existsvk 2 E s(xk) such that (xk ; vk) ! (x; v). By
de�nition of E s, there existsC � 1 and 0< � < 1 such that

kDf n (xk)vkk � C� nkvkk; 8 n � 0; k � 1:

Fixing n and letting k ! 1 tell us that

kDf n (x)vk � C� nkvk; 8 n � 0:

Thus F � E s(x). Next, after passing to a subsequence, we may assume that
E u(xk) ! G. The same proof shows thatG � E u(x). Since E s(xk) � E u(xk) =
Txk M , it follows that F � G = TxM , and hence the fact thatF � E s(x) and
G � E u(x) implies that F = E s(x) and G = E u(x). This completes the proof.

The proof prompts the following de�nition.
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Definition 37.13. Let A � M be a set. AC0 subbundle of rank l of TA M
consists of a choice ofl-dimensional subspaceS(x) � TxM for each x 2 A such
that S(x) depends continuously onx in the sense of De�nition 37.11.

With this de�nition the continuity of E s and E u proved in Proposition 37.12
can be succinctly stated as saying thatE s and E u are C0 subbundles ofT� M .

Proposition 37.14. If � is a hyperbolic set forf then its closure � is also a
hyperbolic set.

Proposition 37.14 implies that, taking the closure if necessary, we may always
assume our hyperbolic sets are compact.

Proof. Let us �rst check that � is completely invariant. Indeed, if x 2 � then
there existsxk 2 � such that xk ! x. Sincef (xk) 2 � and f (xk) ! f (x) we have
f (x) 2 �. Thus f (�) � �. The same argument with f replaced byf � 1 shows
complete invariance.

Now let us prove that� is hyperbolic. It su�ces to show that � n� is hyperbolic.
Let x 2 � n �. Take a sequencexk 2 � such that E s(xk) ! F � TxM and
E u(xk) ! G � TxM . The same argument as in the proof of Proposition 37.12 tells
us that

kDf k(x)vk � C� kkvk; 8 v 2 F; 8 k � 0;

and
kDf k(x)vk �

1
C

1
� k

kvk; 8 v 2 G; 8 k � 0;

which implies that F \ G = f 0g. But as before, sinceE s(xk) � E u(xk) = Txk M ,
we haveF + G = TxM , and henceF � G = TxM is a direct sum. We can therefore
de�ne

E s(x) := F; E u(x) := G:

Since � is completely invariant, if x 2 � n � then so is the entire orbit Ototal
f (x).

We now construct a hyperbolic splitting at each point inOtotal
f (x) � � n�. For this

we de�ne

E s(f k(x)) := Df k(x)E s(x); Eu(f k(x)) := Df k(x)E u(x):

Since a linear isomorphism preserves direct sum, we haveTf k (x)M = E s(f k(x)) �
E u(f k(x)) for each k, and since the constantsC; � were independent ofx 2 �, the
same argument as above shows that vectors inE s(f k(x)) and E u(f k(x)) satisfy the
required growth/decay conditions. Thus we have constructed a hyperbolic splitting
for every orbit in � n �. This completes the proof.

We now prove that analogue of Proposition 29.11, which says that up to chang-
ing the Riemannian metric, we may always assume thatC = 1.

Proposition 37.15. Let f be a dynamical system onM , and suppose� is a
hyperbolic set with splitting T� M = E s � E u. There exists a Riemannian metric
ma on M and 0 < � < 1 such that if k � ka denotes the norm associated to this
metric then

kDf (x)vka � � kvka; 8 x 2 � ; v 2 E s(x); (37.1)

kDf � 1(x)vka � � kvka; 8 x 2 � ; v 2 E u(x); (37.2)
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Such a Riemannian metricma is said to beadapted to f and �.

Proof. Let C � 1 and 0 < � < 1 denote the original constants. Choosen large
enough so thatC� n < 1. We de�ne a C0 Riemannian metric bm on M via

bmx (v; w) :=
n� 1X

k=0

mf k (x)

�
Df k(x)v; Df k(x)w

�
; 8 v; w 2 TxM; 8 x 2 M:

Let us �rst check that bm satis�es the requirements of the Proposition. The proof is
essentially identical to that of Proposition 29.11, apart from the fact that there are
squares everywhere because we are working with inner products instead of norms.
Then k � ka is obviously a norm onE. Setting � :=

P n� 1
k=0 C2� 2k , one has

kvk2
bm � � kvk2

m ; 8 v 2 E s(x);

and similarly
kvk2

bm � � kDf n� 1(x)vk2
m ; 8 v 2 E u(x):

Now supposev 2 E s(x). Then

kDf (x)vk2
bm = kvk2

bm � k vk2
m + kDf n (x)vk2

m

� k vk2
bm �

�
1 � C2� 2n

�
kvk2

m

�
�

1 �
1
�

�
1 � C2� 2n

�
�

kvk2
bm :

Similarly if v 2 E u(x) one has

kDf � 1(x)vk2
bm = kvk2

bm + kDf � 1(x)vk2
m � k Df n� 1(x)vk2

m

� k vk2 �
�
1 � C2� 2n

�
kDf n� 1(x)vk2

m

�
�

1 �
1
�

�
1 � C2� 2n

�
�

kvk2
bm :

Set

� 0 :=
�

1 �
1
�

�
1 � C2� 2m

�
�

:

Since� � 1 one has 0< � 0 < 1, and (37.1) and (37.2) hold fork � k bm and � 0.
Finally, we approximate bm by a smooth Riemannian metricma (cf. part (vi)

of Remarks 36.2.) This new metric will still satisfy (37.1) and (37.2), but now for
a slightly larger � > � 0. Nevertheless for a su�ciently good approximation we will
still have � < 1. This completes the proof.

As in the linear case, going forward we will always assume that the process
outlined in Proposition 37.15 has already been carried out, and write simplym
instead ofma for the metric.

Definition 37.16. If m is an adapted metric tof and �, and k � k denotes the
associated norm, then we can speak of theskewness of m with respect to f and
�.

� (f; �) := sup
x2 �

� 


 Df (x)jE s (x)




 op

;



 Df � 1(x)jE u (x)




 op	

:
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LECTURE 38

Persistence of Hyperbolic Sets

In this lecture we extend the persistence results proved in Lecture 31 to a manifold
setting. Let us �rst introduce the notion of a norm of box type in this setting.

Definition 38.1. Suppose � � M is any set andT� M has a splitting into two C0

subbundlesF and G, so that

TxM = F (x) � G(x); 8 x 2 � :

A norm k � k on T� M is said to be ofbox type with respect to the C0 subbundles
F and G if

kvk = max
�

kvF k; kvGk
	

; 8 v 2 T� M;

wherevF and vG are the components ofv in this splitting. As in the linear case, it
is easy to make a box-type norm: ifk � k is any norm then clearly the normk � kb

de�ned by
kvkb := max

�
kvF k; kvGk

	
; 8 v 2 T� M;

is of box-type. On callsk � kb the box-adjusted norm of k � k.

Remark 38.2. The box-adjusted normk � kb will only be of classC0 (since the
subbundles are only assumed to be of classC0). It is important to realise this trick
only works for norms, not metrics: a box-adjusted norm cannot be induced from
any (even C0) metric, since it violates the parallelogram law (unless eitherF or
G is zero). Moreover such a box-adjusted norm typically cannot be extended to
be de�ned on the entire manifold. This means that using box type norms in this
setting is rather less useful than in the linear setting. We will only use them as
tools in the \middle" of proofs.

If f is a dynamical system and � is a hyperbolic set, then ifm is a Riemannian
metric adapted to f , we can form a box-adjusted norm from the norm determined
by m. This will again satis�es equations (37.1) and (37.2) from the previous lecture,
and will have the same skewness.

Definition 38.3. Supposef is a dynamical system and � is a compact invariant
set. Suppose moreover that we are given twoC0 subbundlesF and G of T� M . Let
us abbreviate byV(F; G; f ) the set of bounded continuous maps � :F ! G with
the property that ( f; �) is a C0 vector bundle morphism1 from F to G. We make
V(F; G; f ) into a Banach space with the operator norm

k� k0 := sup
x2 �

k� xkop = sup
x2 �

n
k� xvk j v 2 F (x); kvk = 1

o
;

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1Thus � x : F (x) ! G(f (x)) is a linear map for eachx 2 �.
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note by assumptionk� kop < 1 since � is bounded. Givenr > 0 we set2

Vr (F; G; f ) := f � 2 V (F; G; f ) j k� k0 � r g :

Remark 38.4. If 	 2 V (F; G; id) then the graph of 	 is another C0 subbundle:

gr(	) :=
[

x2 �

gr(	 x ) =
[

x2 �

f (v; 	 xv) j v 2 F (x)g:

The next result is essentially a duplicate of Proposition 31.9.

Proposition 38.5. Supposef : M ! M is a dynamical system on a smooth
compact manifoldM and � � M is a compact invariant set forf . Assume we are
given:

� A continuous map� : T� M ! T� M such that (f; �) is a vector bundle iso-
morphism.

� Two C0 subbundlesF; G of T� M such that T� M = F � G.

Let k � k be a C0 norm on T� M which is of box type with respect toF � G, and
write � in matrix form as

� =
�

A B
C D

�
: F � G ! F � G:

Suppose there exist two constants�; " > 0 such that

� + " < 1

and
max

�
kA � 1k0; kDk0

	
< �;

and
maxfk Bk0; kCk0g < ";

Then there is a unique linear map	 = 	 � 2 V1(F; G; id) such that the C0 sub-
bundle gr(	) is � -invariant:

� x
�

gr(	 x )
�

= gr(	 f (x)); 8 x 2 � :

Moreover for all x 2 � and u 2 gr(	 x ) one has

k� xuk �
�

1
�

� "
�

kuk:

Finally, 	 � |and hence also gr(	 � )|depend continuously on � .

2It would be more notationally consistent to write this V(F; G; f )( r ), but a double pair of
parentheses is visually unpleasant.
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( | ) Proof. The proof is literally word-for-word identical to that of Proposition
31.9, apart from the fact that everything has a subscript \x" appended to it to
indicate the base point. Thus for instance the �rst step in the proof is to show that
the desired map 	 can be found as a �xed point of the map

X = X� : V1(F; G; id) ! V (F; G; id)

de�ned as follows: suppose 	 2 V1(F; G; id), x 2 � and u 2 F (f (x)). Then
X (	) f (x)u is the vector in G(f (x)) given by

X (	) f (x)u = ( Cx + Dx 	 x ) � (Ax + Bx 	 x )� 1 (u):

If we agree to omit the basepoints from our notation (which is harmless, since by
assumption all our maps are �bre-preserving), the above formula would read

X (	) = ( C + D	) ( A + B	) � 1 ;

which is then identical to the formula (31.8) in the proof of Proposition 31.9. As
usual, such a �xed point is found by applying the Banach Fixed Point Theorem,
after verifying that X is a contraction. The rest of the proof is formally identical
to that of Proposition 31.9, and is thus omitted.

AssumeM is a compact smooth manifold. Let us now explain how to de�ne a
topology3 on Di� 1(M ). We proceed in three steps.

(i) Fix an arbitrary metric d on M that de�nes the topology onM . For instance,
d could be a metric induced from a Riemannian metricm on M , cf. Theorem
36.7). This induces a metricd0 on C0(M; M ) via

d0(f; g ) := sup
x2 M

d(f (x); g(x)):

(ii) Now cover M by �nitely many charts (this is possible as M is compact).
Choose a function� : M ! (0; 1 ) such that for every x 2 M the ball
Bd(x; 2� (x)) of radius 2� (x) is contained in the domain of a chart. Compact-
ness implies there exist pointsx1; : : : ; xl in M such that the ballsBd(x i ; � (x i ))
for i = 1; : : : ; l cover M . Set

� := min
i =1 ;:::;l

� (x i ):

(iii) Then if f; g 2 Di� 1(M ) satisfy d0(f; g ) < � , then for everyx 2 M there is a
chart containing both f (x) and g(x). We can therefore de�ne theC1 distance
d1(f; g ) between f and g by taking the maximum C1 distance in the sense
of (30.2) between the corresponding local representations off and g in these
charts (35.2).

3A similar de�nition gives a topology on Di� p(M ) for all p � 1, although we won't need this.
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SinceM is compact, a di�erent set of choices would yield an equivalent metric4.
As hinted at in Example 35.18, the space Di�1(M ) with this topology can be given
the structure of a Banach manifold modelled on �1(M; TM ). We won't need this,
though.

Here is the analogue of Proposition 31.2 in this setting.

Proposition 38.6. Let f be a dynamical system onM and suppose� is a compact
invariant hyperbolic set. Then there exists aC1 neighbourhoodU of f in Di� 1(M )
and a numbera > 0 such that for any g 2 U and any compactg-invariant set �
with

� � B (� ; a) := f x 2 M j d(x; �) < ag;

the set � is a hyperbolic set forg. Moreover asg C1

�! f and x 2 � approaches
y 2 � , the stable subspaceE s(x; g) approaches the stable subspaceE s(y; f ) in the
sense of De�nition 37.11, and similarly for the unstable subspaces.

Remark 38.7. Note that Proposition 38.6 isnot asserting theexistenceof a hyper-
bolic invariant set, merely that if any such set exists, it is necessarily hyperbolic.
We will show later in Corollary 41.8 on that forg su�ciently close to f , such a set
always does in fact always exist, but this is much harder to prove. This should be
contrasted to the linear case, where we �rst proved the existence of a �xed point
(Proposition 30.14) and only later on proved that the �xed point is hyperbolic
(Proposition 31.2). Here it is the other way round.

Proof of Proposition 38.6.Let T� M = E s � E u denote the hyperbolic splitting of
�. We may assume that the Riemannian metricm is adapted to f and �. Since
� is compact, the C0 splitting of T� M extends to de�ne aC0 splitting of TUM for
some neighbourhoodU of �. Call this splitting F s � F u, so that E s(x) = F s(x) if
x 2 �, and similarly for the unstable spaces. Note however that ifx 2 U n �, then
this splitting is not preserved byDf .

Now let k � kb denote the box-adjusted norm ofk � k. Thus k � kb is de�ned on
TUM and is both adapted and of box type with respect to the hyperbolic splitting
of T� M . Let 0 < � < 1 denote the skewness off and � with respect to k � k (and
hence alsok � kb.) Then on T� M , Df is represented5 by

Df =
�

(Df )uu 0
0 (Df )ss

�

with



 (Df )� 1

uu






b
� � and




 (Df )ss






b
� � .

Take � < � < 1 and 0 < " < 1 � � . If U and a > 0 are su�ciently small,
then for any invariant set � � B (� ; a) � U of any g 2 U, the four block bundle
homomorphisms ofDg andDg� 1 represented underT� M = F s� F u j � , with respect
to k � kb, satisfy the hypotheses of Proposition 38.5. The proof is now completed
in exactly the same way as the proof of Proposition 31.2 was, and thus the details
are omitted.

4We used compactness ofM at every stage in the de�nition of d1. With a bit more work the
de�nition can be extended to non-compact manifolds as well, however in this case the metricd1

is not independent of the choices made.
5Here we write the splitting as E u � E s in order to �t in with the notation from Proposition

38.5
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As remarked at the beginning of this lecture, using norms of box type can some-
times be a little unfortunate, since these cannot come from Riemannian metrics. It
is therefore useful to be able to control the di�erence between a norm of box type
and one induced from the Riemannian metric.

Definition 38.8. Let (M; m) be a Riemannian manifold. Suppose �� M is a
subset andF; G are two C0 subbundles ofT� M such that T� M = F � G. For
x 2 �, set

] m
�
F (x); G(x)

�
:= inf f ] mx (u; v) j u 2 F (x) n f 0xg; v 2 G(x) n f 0xgg;

where] mx (u; v) is measured using the inner productmx . We call ] m
�
F (x); G(x)

�

the angle between the subspacesF (x) and G(x). We set

] m (F; G) := inf
x2 �

] m
�
F (x); G(x)

�
;

and call ] m (F; G) the angle between the subbundlesF and G.

SinceF and G are continuous subbundles, the functionx 7! ] m
�
F (x); G(x)

�
is

also continuous. Thus if � is compact and] m (F (x); G(x)) > 0 for all x 2 � then
so is] m (F; G). This implies:

Lemma 38.9. Let � � M be a compact hyperbolic set of a dynamical systemf ,
with hyperbolic splitting T� M = E s � E u. Then for any Riemannian metricm on
M , one has] m (E s; Eu) > 0.

Now we use the following piece of Euclidean geometry.

Proposition 38.10. SupposeE is a �nite-dimensional normed vector space with
inner product h�; �i and associated normk � k. For any � > 0, there existsc � 1
such that if E = F � G is a direct sum and6 ] (F; G) > � , then if k � kb denotes the
box-adjusted norm fromk � k with respect to F � G then

1
c
kvk � k vkb � ckvk; 8v 2 E:

The content of the Proposition is that the constantc depends only on� . The
proof of Proposition 38.10 is on Problem Sheet R.

Now suppose � is a compact hyperbolic set off . By a slight abuse of notation,
let us write k � k� for the box-adjusted norm for the splitting ofT� M . Thus k � k�

is only de�ned on T� M . We now prove the following enhancement of Proposition
38.6.

Proposition 38.11. Let f be a dynamical system onM and suppose� is a com-
pact invariant hyperbolic set. Let m denote an arbitrary Riemannian metric onM
(not necessarily adapted tof and � ). There exists aC1 neighbourhoodU of f in
Di� 1(M ) and numbersa > 0 and c � 1 such that for any g 2 U and any compact

6Here ] is measured with respect to the inner producth�; �i .
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g-invariant set � with � � B (� ; a), not only is � hyperbolic but the box-adjusted
norm k � k� is equivalent to k � k with constant c, i.e.

1
c
kvk � k vk� � ckvk; 8 v 2 T� M: (38.1)

Moreover if the Riemannian metricm is adapted to f , then for any " > 0 there
exists a neighbourhoodU" � U and a number0 < a " � a such that if � � B (� ; a" )
is a compact invariant set forg 2 U" , then m is also adapted tog and

� (g;�) � � (f; �) + ":

Proof. By Proposition 38.6, if g is C1 close enough tof and � is close enough to
�, then for every x 2 � there exists y 2 � such that E s(x; g) � E u(x; g) is close to
E s(y; f ) � E u(y; f ). Thus ] m (E s(x; f ); Eu(x; g)) is close to] m (E s(y; f ); Eu(y; f )),
and hence is positive (c.f. the discussion before Proposition 38.10.) Thus by Propo-
sition 38.10 there exists a constantc � 1, independent of �, such that (38.1) holds.

For the last statement, it is clear that if g is close enough tof then m will also be
adapted to g and �. The statement about the skewness then follows immediately
from the continuity statement in Proposition 38.6 about the stable and unstable
spaces asg approachesf . This completes the proof.
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LECTURE 39

Lifting Dynamical Systems

Let M be a compact manifold and letm be a Riemannian metric onM with
exponential map exp:TM ! M . We denote byrm the injectivity radius of m (cf.
Theorem 36.16). Given a dynamical systemf on M , there existsr � = r � (f; m ) > 0
such that

d(x; y) � r � ) d(f (x); f (y)) < r m ; 8x; y 2 M: (39.1)

Definition 39.1. We de�ne the lifting of f , written bf , to be the map

bf : TM (r � ) ! TM; bf (x; v) := exp � 1
f (x)

�
f

�
expx (v)

� �
:

This map is well de�ned thanks to the choice ofr � and Theorem 36.16, and of
classC1, being the composition ofC1 maps. Thus the following commutes (where
de�ned)

TM TM

M M

bf

exp exp

f

We should really write bf m since the mapbf depends on the choice of Riemannian
metric m. Nevertheless, in keeping with the rest of the notation, we will typically
not do this.

The map bf is �bre-preserving over f . If one thinks of exp� 1
x (y) as being the

\vector from x to y" inside TxM , then bf carries the vector fromx to y to the vector
from f (x) to f (y):

bf (exp� 1
x (y)) = exp � 1

f (x)(f (y)) : (39.2)

It follows from (39.2) that



 bf (exp� 1

x (y))



 = d(f (x); f (y)) : (39.3)

Note that if
d(f i (x); f i (y)) � r � ; 8 i = 1; : : : ; p;

then bf p(exp� 1
x (y)) is de�ned, and satis�es




 bf p(exp� 1

x y)



 = d(f p(x); f p(y)) : (39.4)

Remark 39.2. Warning: The map bf is typically not linear on the �bres. Thus
(f; bf ) is not a vector bundle morphism.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
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Definition 39.3. Suppose � : TM (r ) ! TM is a (not necessarily linear) �bre-
preserving map overf . If we restrict � to one �bre, we get a map between two
linear spaces:

� x : TxM (r ) ! Tf (x)M:

Assume this map is di�erentiable: then we can take the derivative of this map at
any point1 u 2 TxM (r ):

D � x (u) : TxM ! Tf (x)M:

We call this map the �bre derivative of � at the point ( x; u), and write

D �b �( x; u) := D� x (u):

If the map (x; u) 7! D �b �( x; u) is continuous, we say that � is continuously
di�erentiable on the �bres , or C1 on the �bres.

Where possible we will omit the base-pointx from the notation and just write
D �b �( u).

Remarks 39.4.

(i) If � is C1 then � is also C1 on the �bres. The converse is not true: any
C0 vector bundle morphism is automaticallyC1 on the �bres (actually C1 ),
since a linear map is always di�erentiable.

(ii) Moreover if � is a vector bundle morphism then since the derivative of a linear
map is the linear map itself, we haveD �b � = �.

(iii) If � is C1 on the �bres then D �b � is a C0 vector bundle morphism (even
when � is not itself a vector bundle morphism).

The �bre derivative of bf at 0x is not hard to guess:

Lemma 39.5. Let f : M ! M be a dynamical system. Thenbf (0x ) = 0 f (x) and

D �b
bf (0x ) = Df (x):

Proof. We have

bf (0x ) = exp � 1
f (x)

�
f (expx (0x ))

�

= exp � 1
f (x)(f (x))

= 0 f (x) :

Di�erentiating via the chain rule gives

D �b
bf (x; v) = D

�
exp� 1

f (x) f expx

�
(v)

= D(exp� 1
f (x))( f (expx (v)) � Df (expx (v)) � D expx (v):

1To �t in with the manifold formalism, we are implicitly using the canonical identi�cation
Tu Tx M �= Tx M from Example 35.7.
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SinceD expx (0x ) = id by Lemma 36.15, we have

D �b
bf (0x ) = D

�
exp� 1

f (x) f expx

�
(0x )

= id jTf ( x ) M � Df (x) � id jTx M

= Df (x):

This completes the proof.

Recall in Lecture 30 we looked for �xed points of maps of the formL + � whereL
had a hyperbolic �xed point and � was Lipschitz small. In the Hartman-Grobman
Theorem 32.2 we applied this withL = Df and � = f � Df (so that L + � = f ).
Here we will do something similar, only withbf in place of f . Set

� f := bf � Df : TM (r � ) ! TM:

The map � f is �bre-preserving overf and satis�es

� f (0x ) = 0 f (x) ; D �b � f (0x ) = 0 ; 8 x 2 M: (39.5)

The map � f is only C0, even though bf is C1, sinceDf is only C0. However the
restriction of � f to each �bre is C1, and the �bre derivative D �b � f is continuous
on TM (r � ). Indeed, this is becauseDf restricted to a �bre is a linear map, and
hence of classC1 . In particular, � f is Lipschitz on each �bre.

Definition 39.6. Suppose � : TM (r ) ! TM is a (not necessarily linear) �bre-
preserving map overf . Assume that the map

� x : TxM (r ) ! Tf (x)M

is Lipschitz for eachx. We de�ne the �bre-Lipschitz constant of �, written as
lip �b (�), to be the number

lip �b (�) := sup
x2 M

lip(� x ):

The next result is the analogue of Proposition 30.12 in this setting.

Proposition 39.7. Let f : M ! M be a smooth dynamical system. For any" > 0
there exists a neighbourhoodU of f in Di� 1(M ) and r > 0 such that for any g 2 U
one haslip �b (� g) � " on TM (r ), where� g = bg � Dg.

Proof. SinceD �b
bf is continuous onTM (r � ) and sinceD �b � f (0x ) = 0 and M is

compact, for any " > 0 there exists r > 0 such that for any v 2 TM (r ) one
has




 D �b � f (v)




 op

� "
2 . Using compactness ofTM (r ) again, there exists a neigh-

bourhood U of f in Di� 1(M ) such that for any g 2 U and v 2 TM (r ), one has


 D �b � g(v)




 op

� " . Applying the Mean Value Theorem 30.11 to the �bres, we
obtain lip �b (� g) � " .
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Now supposef is a dynamical system onM and � � M is a compact invariant
set. As usual we write �0(� ; T� M ) for continuous vector �elds on �, which is a
Banach space when endowed with theC0 norm

k
 k0 := sup
x2 �

k
 (x)k:

If � : T� M ! T� M is a �bre-preserving map overf , we say a section
 is � -
invariant if

� x (
 (x)) = 
 (f (x)) ; 8 x 2 � ; (39.6)

i.e. that the following commutes

T� M T� M

� �

�

f


 


We denote by 0� 2 � 0(� ; T� M ) the zero section:

0� (x) = 0 x ; 8 x 2 � :

If we omit basepoints from the notation the invariance condition becomes simply

�( 
 ) = 


which explains the name \invariant". The following result is the analogue of Propo-
sition 30.18 in this setting. This result will be crucial in our proof of the stability
of hyperbolic sets in a few lecture's time.

Proposition 39.8. Let f be a dynamical system onM , and let � be a compact
hyperbolic set off with splitting T� M = E s � E u. Assumem is adapted tof and
� , and let k � k denote aC0 box adjusted norm onT� M , with skewness� = � (f; �) .
Fix r > 0, and suppose� : T� M (r ) ! T� M is a continuous �bre-preserving map
over f which is �brewise Lipschitz with

lip �b (�) < 1 � �: (39.7)

Then Df + � has at most one invariant section. If in addition

sup
x2 �

k� x (0x )k �
�
1 � � � lip �b (�)

�
r (39.8)

then Df + � has at least one invariant section (which is thus unique). Denoting
this section by 
 � , one has

k
 � k0 �
supx2 � k� x (0x )k
1 � � � lip �b (�)

: (39.9)
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Proof. We wish to solve the equation

(Df + �) � 
 = 
 � f

for 
 2 � 0(� ; T� M (r )), that is,

(Df + �) 
 (x) = 
 (f (x)) ; 8x 2 � :

To keep the notation simple we will write L instead of Df and omit the base-
point x from the notation. Writing the previous equation in components using the
hyperbolic splitting this becomes

L ss
 (x) + � s(
 (x)) = 
 s(f (x)) ; Luu 
 (x) + � u 
 (x) = 
 u(f (x)) ;

which can be rewritten as

L ss
 s(f � 1(x)) + � s
 (f � 1(x)) = 
 s(x); L � 1
uu 
 u(f (x)) � L � 1

uu � u 
 (x) = 
 u(x):

Thus we consider the mapX = X� : � 0(� ; T� M (r )) ! � 0(� ; T� M ) given by

X (
 )(x) =
�

L ss
 s(f � 1(x)) + � s
 (f � 1(x)) ; L � 1
uu 
 u(f (x)) � T � 1

uu � u 
 (x)
�

for x 2 �. Thus 
 is an invariant section ofL + � if and only if 
 is a �xed point
of X . Just as in the proof of Proposition 30.18 the trick now is to show thatX is
a strict contraction if (39.7) holds. By de�nition

kX (
 ) � X (� )k0 = sup
x2 �

kX (
 )(x) � X (� )(x)k:

Arguing as in the proof of Proposition 30.18, we see that theE s component is less
than or equal to

sup
x2 �

�
�



 
 s(f � 1(x)) � � s(f � 1(x))




 + lip �b (�)




 
 (f � 1(x)) � � (f � 1(x))





�

;

and similarly the E u component is less than or equal to

sup
x2 �

�
�



 
 u(f (x)) � � u(f (x))




 + � lip �b (�)




 
 (x) � � (x)





�

;

and hence
kX (
 ) � X (� )k0 �

�
� + lip �b (�)

�
k
 � � k0;

which on account of (39.7) shows thatX is indeed a contraction.
Now assume (39.8). We will show thatX maps � 0(� ; T� M (r )) into itself,

whence the desired �xed point follows from the Banach Fixed Point Theorem 30.17.
For this we note that

kX (0� )(x)k =



 �

� s(0f � 1 (x)); � L � 1
uu � u(0x )

� 




� sup
x2 �

k�(0 x )k:
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Now �x 
 2 � 0(� ; T� M (r )) and argue:

kX (
 )k0 � kX (0� )k0 + kX (
 ) � X (0� )k0

� sup
x2 �

k�(0 x )k +
�
� + lip �b (�)

�
k
 k0

� r:

This proves the existence of a unique �xed point
 � of X . Moreover the calculation
above tells us that

k
 � k0 � sup
x2 �

k�(0 x )k +
�
� + lip �b (�)

�
k
 � k0;

and hence (39.9) holds. This completes the proof.

The attentive reader will have noticed this proof was formally identical to the
proof of Proposition 30.18. In fact, Proposition 39.8 can be deduced from the
(in�nite dimensional analogue of) Proposition 30.18, thanks to the following con-
struction.

Definition 39.9. Let f : M ! M be a dynamical system, and let �� M denote a
compact completely invariant set. De�ne a linear operatorL f on the Banach space
� 0(� ; T� M ) by

(L f 
 )(x) := Df (f � 1(x)) 
 (f � 1(x)) :

Then we have the following result, which was originally due to Mather.

Proposition 39.10. Let f : M ! M be a dynamical system, and let� � M
denote a compact completely invariant set. Then� is hyperbolic if and only if L f

is a hyperbolic linear dynamical system.

The proof of Proposition 39.10 is on Problem Sheet R. The importance of this
result should not be understated: it tells us that the study of hyperbolic sets can be
reduced to the study of linear hyperbolic dynamics, at the expense of passing from
a �nite dimensional manifold to the in�nite dimensional Banach space of vector
�elds. However we will not make use Proposition 39.10 in the rest of the course
(even though doing so would speed up some of the proofs), since doing so would
require us to assume more background in functional analysis. Nevertheless, let
us note that Proposition 39.8 is an immediate corollary of Proposition 39.10 and
Proposition 30.18.
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LECTURE 40

The Stable Manifold Theorem for
Hyperbolic Sets

In this lecture we study (un)stable manifolds for hyperbolic sets. Letf be a dy-
namical system onM , and let � be a compact completely invariant set. Let k � k
denote aC0 norm on T� M (possibly only of classC0). The following de�nition is
the analogue of De�nition 33.1.

Definition 40.1. Fix r0 > 0, and suppose � : T� M (r0) ! T� M is a continuous
�bre-preserving map overf which is �brewise Lipschitz. We de�ne the local �bre
stable manifold Ws

loc;r (0x ; Df + �) at x 2 � of size 0 < r � r0 to be the set1

Ws
loc;r (0x ; Df + �) :=

�
v 2 TxM

�
�
�




 (Df + �) k(v)




 � r; 8 k � 0

and lim
k!1




 (Df + �) k(v)




 = 0

�
:

Similarly the local �bre unstable manifold Wu
loc;r (0x ; Df + �) of size 0 < r � r0

is the set

Wu
loc;r (0x ; Df + �) :=

�
v 2 TxM

�
�
�




 (Df + �) � k(v)




 � r; 8 k � 0

and lim
k!1




 (Df + �) � k(v)




 = 0

�
:

Just as in De�nition 33.2, the de�nition also works whenr0 = 1 , only then one
drops the word \local" from the notation.

Definition 40.2. Suppose � : T� M ! T� M is a continuous and �bre-preserving
map overf which is �brewise Lipschitz. We de�ne theglobal �bre stable man-
ifold associated toDf + � at 0 x 2 TxM to be the set

Ws(0x ; Df + �) :=
�

v 2 TxM
�
�
� lim

k!1




 (Df + �) k(v)




 = 0

�
:

and similarly we de�ne theglobal �bre unstable manifold associated toDf +�
at 0x 2 TxM to be the set

Wu(0x ; Df + �) :=
�

v 2 TxM
�
�
� lim

k!1




 (Df + �) � k(v)




 = 0

�
:

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1It would be more logical to write this as W s

�b;loc ;r but such notation should not be written
in polite company.

1



Remark 40.3. The �bre stable manifolds are subsets of thetangent spaceto the
manifold. In De�nitions 40.5 and 40.6 below we will introduce yet another notion
of a stable manifold, written with a normal W s instead of a blackboardWs. This
will be a subset of themanifold itself. It is important you do not confuse the two!

The proof of the following result is essentially identical to the proof of Proposi-
tion 33.6, and hence we will omit it.

Proposition 40.4. Let f be a dynamical system onM , and let � be a compact
hyperbolic set off with splitting T� M = E s � E u. Let k � k denote aC0 norm on
T� M which is adapted tof and � and of box type with respect to the splitting, and
let � = � (f; �) denote the skewness off and � with respect to k �k. Fix r0 > 0, and
suppose� : T� M (r0) ! T� M is a continuous �bre-preserving map overf which is
�brewise Lipschitz with

lip �b (�) < 1 � �; �(0 x ) = 0 f (x) ; 8 x 2 � :

Then for any 0 < r � r0 and any x 2 � , one has

Ws
loc;r (0x ; Df + �) =

n
v 2 TxM (r )

�
�




 (Df + �) k(v)




 � r; 8 k � 0

o

=
�

v 2 TxM (r )
�
� (Df + �) k(v) 2 cone1(E s(f k(x))) ; 8 k � 0

	

=
n

v 2 TxM (r )
�
�




 (Df + �) k(v)




 � (� + lip �b (�)) k kvk; 8 k � 0

o
:

Now we de�ne the local stable manifolds onM itself. We caution the reader
again that without additional hypotheses, the stable manifolds arenot necessarily
manifolds. The Stable Manifold Theorem 40.11 below tells us that hyperbolicity is
one such set of hypotheses.

Definition 40.5. Let f be a dynamical system onM . Let m denote a Riemannian
metric on M , and let d = dm denote the metric in the sense of topology onM
induced bym (Theorem 36.7). Givenx 2 M and r > 0, we de�ne thelocal stable
manifold W s

loc;r (x; f ) at x of sizer to be the set

W s
loc;r (x; f ) :=

�
y 2 M

�
�
� d

�
f k(x); f k(y)

�
� r; 8 k � 0

and lim
k!1

d
�
f k(y); f k(x)

�
= 0

�
:

Similarly the local unstable manifold at x of sizer is given by

W u
loc;r (x; f ) :=

�
y 2 M

�
�
� d

�
f � k(x); f � k(y)

�
� r; 8 k � 0

and lim
k!1

d
�
f � k(y); f � k(x)

�
= 0

�
:

Finally we have the global stable manifolds.
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Definition 40.6. Let f be a dynamical system onM . Let m denote a Riemannian
metric on M , and let d denote the Riemannian distance. Givenx 2 M we de�ne
the global stable manifold W s(x; f ) at x to be the set

W s(x; f ) :=
�

y 2 M
�
�
� lim

k!1
d
�
f k(y); f k(x)

�
= 0

�
:

Similarly the global stable manifold at x is the set

W u(x; f ) :=
�

y 2 M
�
�
� lim

k!1
d
�
f � k(y); f � k(x)

�
= 0

�
:

Remark 40.7. The local stable manifolds depend on the choice of Riemannian
metric m. The global stable manifolds do not.

On Problem Sheet S you will show that for anyr > 0, one has

W s(x; f ) =
[

k� 0

f � k
�
W s

loc;r (f
k(x); f )

�
: (40.1)

The following result is the analogue of Proposition 33.8.

Proposition 40.8. Let � denote a hyperbolic set forf . Then for all r > 0
su�ciently small, there are constants C � 1 and 0 < � < 1 such that for any
x 2 � ,

W s
loc;r (x; f ) =

n
y 2 M

�
� d

�
f k(x); f k(y)

�
� r; 8 k � 0

o

=
n

y 2 M
�
� d

�
f k(x); f k(y)

�
� min

�
r; C� kd(x; y)

	
; 8k � 0

o
;

and similarly

W u
loc;r (x; f ) =

n
y 2 M

�
� d

�
f � k(x); f � k(y)

�
� r; 8 k � 0

o

=
n

y 2 M
�
� d

�
f � k(x); f � k(y)

�
� min

�
r; C� kd(x; y)

	
; 8k � 0

o
;

Proof. We prove the result for the stable manifold only. We may assume that the
Riemannian metric m is adapted to f and �. It su�ces to show that there exist
r0 > 0, C � 1 and 0 < � < 1 such that for all 0 < r � r0, the �rst set on the
right-hand side is contained in the second. Forx 2 M and y close tox, setting
v = exp � 1

x (y) and applying (39.3), we have

d
�
f k(y); f k(x)

�
=




 bf k(v)




 =




 (Df + � f )k(v)




 ;

where � f := bf � Df , as long as the iterates make sense. Thus the statement reduces
to showing that there exist r0 > 0, C � 1 and 0< � < 1 such that if 0 < r � r0

and v 2 TxM (r ) then



 (Df + � f )k(v)




 � r; 8 k � 0 )




 (Df + � f )k(v)




 � C� kkvk; 8 k � 0:

We wish to apply Proposition 40.4, but this requires us to use a norm of box type.
So let k � k� denote the box-adjusted norm, which is only of classC0 and only
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de�ned on T� M . Then k � k� is equivalent to the normk � k coming fromm with a
constant c, say:

1
c
kvk � k vk� � ckvk; 8 v 2 T� M:

(this is a special case of Proposition 38.11). Now letC = 1 and choose� < � < 1.
By Proposition 39.7, there isr > 0 su�ciently small such that

lip �b

�
� f ; k � k

�
�

� � �
c2

;

on2 f v 2 T� M j kvk � crg. Thus

lip �b

�
� f ; k � k�

�
� � � �

on f v 2 T� M j kvk� � r g. The result now directly follows from Proposition 40.4.

Let us now compare the local stable manifoldW s
loc;r (x; f ) with the local �bre

unstable manifoldWs
loc;r (0x ; bf ).

Corollary 40.9. Let f be a dynamical system onM and � � M a compact
invariant hyperbolic set. Then for all x 2 � and r small enough, one has

W s
loc;r (x; f ) = exp x

�
Ws

loc;r (0x ; bf )
�
;

where bf denotes the lift of f .

Proof. Combining Proposition 40.4 and Proposition 40.8, we have for allx 2 � and
r > 0 su�ciently small:

W s
loc;r (x; f ) =

n
y 2 M

�
� d

�
f k(x); f k(y)

�
� r; 8 k � 0

o

Ws
loc;r (0x ; bf ) =

n
v 2 TxM (r )

�
�



 bf k(v)




 � r; 8 k � 0

o
:

By (39.3), for x and y close enough,

k bf k(exp� 1
x (y)k = d

�
f k(x); f k(y)

�
:

The result follows.

Suppose� : E u ! E s is a �bre-preserving map over id, i.e.� (E u(x)) � E s(x).
If the map is Lipschitz when restricted to the �bres, then just as before we can
speak of the�bre-Lipschitz constant

lip �b (� ) := sup
x2 �

lip( � jE u (x)):

As before, we also say that� is continuously di�erentiable on the �bres , if
the �bre derivative

D �b � : E u ! V (E u; E s; id)

de�ned by

D �b � (v) = D
�
� jE u (x)

�
(v) : E u(x) ! E s(x); v 2 E u(x)

exists and is continuous. The next result is the analogue of Theorem 34.1. We
state it for the �bre unstable manifold for variety.

2Since there are now two norms in play, we won't use theTM (r ) notation here ...
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Theorem 40.10 (The Fibre Stable Manifold Theorem). Let � � M be a compact
hyperbolic set for f with splitting T� M = E s � E u. Let k � k be a C0 norm on
T� M which is adapted tof and � and of box type with respect to the splitting.
There is a � > 0 with the following property: if � : T� M ! T� M is a continuous
�bre-preserving map overf satisfying

lip �b (�) < �; �(0 x ) = 0 f (x) ; 8 x 2 � ;

then there is a continuous �bre-preserving map� : E u ! E s over id such that

lip �b (� ) � 1; � (0x ) = 0 x ; 8 x 2 � ;

and such that for anyx 2 � the global �bre unstable manifold of Df + � at x is
the graph of � :

Wu(0x ; Df + �) = gr( � jE u (x)):

Moreover if � is continuously di�erentiable on the �bres then so is� .

The proof of the Lipschitz case of Theorem 40.10 is very similar to the proof of
Theorem 34.1, and as such is omitted. The proof of the di�erentiable case is also
omitted, since we skipped this part in the linear case.

The following theorem is the generalisation of Local Stable Manifold Theorem
34.3 to the setting of hyperbolic sets. It is arguably the single most important
result in hyperbolic dynamics.

Theorem 40.11 (The Stable Manifold Theorem for Hyperbolic Sets). Let f be a
dynamical system onM , and let � � M be a compact hyperbolic set with splitting
T� M = E s � E u.

(i) For all r > 0 su�ciently small and for every x 2 � , the local unstable manifold
W s

loc;r (x; f ) is a C1 embedded submanifold ofM of dimension dim E s(x),
which is di�eomorphic to a ball in E s(x). Similarly the unstable manifold
W u

loc;r (x; f ) is a C1 embedded submanifold ofM of dimension dim E u(x),
which is di�eomorphic to a ball in E u(x).

(ii) The global stable manifoldW s(x; f ) is an C1 immersed submanifold ofM
of dimensiondim E s(x), and the global unstable manifoldW u(x; f ) is an C1

immersed submanifold ofM of dimensiondim E u(x).

( | ) Proof. We consider the stable manifold only. Since expx is a di�eomorphism, it
su�ces by Corollary 40.9 to show that Ws

loc;r (0x ; bf ) is a C1 embedded submanifold
of TxM . The strategy is similar to how we proved Theorem 34.3. Let �f :=
bf � Df : TM (r � ) ! TM , where r � was de�ned in (39.1). Then � f is a C0 map
which is continuously di�erentiable on the �bres and satis�es

� f (0x ) = 0 f (x) ; D �b � f (0x ) = 0 ; 8 x 2 �

(cf. (39.5)). Fix a C1 function � : R ! [0; 1] such that:

� (t) =

(
1; t � 1

3 ;

0; t � 2
3
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Chooser > 0 small enough so thatTM (3r ) � TM (r � ). De�ne

� r (v) := �
�

kvk
3r

�
� f (v):

After shrinking r if necessary, we may assume that lip�b (� r ) is small enough to
satisfy the hypotheses of Proposition 40.4 and Theorem 40.10. This gives us a
continuous �bre-preserving map� : E s ! E u which is di�erentiable in the �bres,
�xes the zero section, and has �bre-Lipschitz constant at most 1, such that for any
x 2 �,

Ws(0x ; Df + � r ) = gr( � jE s (x)):

Just like in the proof of Theorem 34.3, the next step is to show that theC1 em-
bedding i : E s(r ) ! T� M given by

i (v) = ( v; � (v)) ;

satis�es
i (E s(x; r )) = Ws(0x ; Df + � r ) \ TxM (r ):

This is done in exactly the same way as in the proof of Theorem 34.3. Our choice
of r then tells us that

i (E s(x; r )) = Ws
loc;r (0x ; bf );

and henceWs
loc;r (0x ; bf ) is a C1 embedded submanifold ofTxM . Actually, strictly

speaking we are using the wrong norm here, and so as in the proof of Theorem 34.3,
we must switch back to the original Riemannian norm, rather than the box-adjusted
norm. The details are left to you.

It remains to prove part (ii). This is a formal consequence of (40.1). Indeed,
since � is invariant, we know that W s

loc;r (f
k(x); f ) is an embeddedC1 submanifold

of M for eachk. Thus the same is true off � k
�
W s

loc;r (f
k(x); f )

�
. Thus by (40.1),

W s(x; f ) is union of a increasing sequence ofC1 embedded submanifolds, whence
W s(x; f ) is itself a C1 immersed submanifold. This completes the proof.
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LECTURE 41

Structural Stability

Supposef : M ! M and g: N ! N are two di�erentiable dynamical systems.
Recall we say thatf and g areconjugateif there exists a homeomorphismH : M !
N such that

M M

N N

f

H H

g

In today's lecture we introduce three notions ofstability .

Definition 41.1. Fix p � 1. A dynamical systemf 2 Di� p(M ) is Cp structurally
stable if there exists a neighbourhood1 U of f in Di� p(M ) such that any g 2 U is
topologically conjugate tof .

Remarks 41.2.

(i) It doesn't make sense to talk aboutC0-structural stability. This is because a
C0 perturbation can change almost anything about a dynamical system. For
instance, if x is an isolated �xed point of f then a C0-small perturbation g of
f may �x an entire neighbourhood ofx. Thus it is hopeless to expect allC0

perturbations to yield conjugate dynamics| C0 structural stability is never
satis�ed. Thus structural stability is only interesting in the di�erentiable
category, and there is no analogue in topological dynamics.

(ii) On the other hand, it is crucial that we only require the conjugacyH to be a
homeomorphism and not a di�eomorphism. This may at �rst seem somewhat
unnatural, given that we are working in the di�erentiable category. However it
is the correct notion to study. This is because askingf and g to be conjugate
by a di�eomorphism is too restrictive to be useful. Indeed, iff and g are
conjugate via a di�eomorphismH then the matrices Df (x) and Dg(H (x))
are similar for all x 2 M , as they are conjugated by the linear isomorphism
DH (x). But this already fails for linear maps: a generic perturbation of
an invertible linear map changes its eigenvalues. Thus structural stability is
never satis�ed for di�erentiable conjugacies.

In fact, in this course we will only ever be interested inC1 structural stability,
and as such we will abbreviate \C1 structurally stable" as simply \structurally

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1Strictly speaking, we didn't formally de�ne the topology on Di� p(M ) for p > 1 (cf. the

discussion before Proposition 38.6). This is no big deal, for two reasons: (a) the construction is
entirely analogous for p > 1, and (b), in this course, however, we will only ever work with C1

structural stability.
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simple" from now on.

To get a feel for the de�nition, on Problem Sheet S you will prove:

Example 41.3. Supposef : [0; 1] ! [0; 1] is an orientation preserving di�eomor-
phism. Then f is structurally stable if and only if f 0(0) 6= 1 and f 0(1) 6= 1.

There is also a quantitative version of structural stability.

Definition 41.4. Let f be a dynamical system ofM , and �x " > 0. We say that f
is structurally "-stable if there exists a neighbourhoodU of f in Di� p(M ) such
that any g 2 U is topologically conjugate tof via a homeomorphismHg satisfying
d0(Hg; id) � " .

Structural stability guarantees that invariant sets persist.

Definition 41.5. Suppose � � M is a compact completely invariant set for a
structurally stable dynamical systemf . Then for g su�ciently close to f , there
exists a homeomorphismH = Hg conjugating f and g. The image � g := Hg(�) is
thus a compact completely invariant set forg. We call � g the continuation of �
to g. If f is structurally "-stable then the continuation � g is contained in the ball
B (� ; ") of radius " about �.

Why is this useful? In Lecture 38 we set ourselves the goal of showing that
hyperbolicity \persists". That is, if � is a compact hyperbolic set for f then for g
close enough tof , we want to prove that g has a compact hyperbolic set close to �.
We already proved in Proposition 38.6 that forg close enough tof , any compact
completely invariant set � for g is necessarily hyperbolic, and thus it remains to
show such � exists. The notion of structural " -stability provides a mechanism for
ensuring the existence of such �|namely, one could take � = � g.

Thus one might hope that hyperbolicity implies structural " -stability. Unfor-
tunately it turns out this is not quite true. Nevertheless, a slightly weaker notion
is true, and this is still enough for our purposes. In the following, we denote by
i � : � ,! M the inclusion, and we continue to used0 for the supremum metric on
C0(� ; M ).

Definition 41.6. Supposef is a dynamical system onM and � is a compact
completely invariant set. We say thatf is weakly structurally stable on � if
there exists a neighbourhoodU of f in Di� 1(M ) such that if g 2 U then there exists
a continuous injective mapHg : � ! M such that Hg � f = g � Hg on �. Similarly 2

we say that f is weakly structurally "-stable if such Hg can be chosen to satisfy
d0(Hg; i � ) � " .

Since � is compact, Hg : � ! Hg(�) is a homeomorphism, and thus the contin-
uation � g := Hg(�) of � to g from De�nition 41.5 is still a well-de�ned compact
completely invariant set forg.

2As with the linguistic monstrosity surrounding the stable manifolds (eg. De�nition 40.1), no
de�nition in dynamical systems is complete without at least three adjectives. . .

2



With these preliminaries out of the way, we are ready to state the following
fundamental result, which states, roughly speaking, that hyperbolicity implies weak
structural stability.

Theorem 41.7. Let f be a dynamical system on a manifoldM , and let � � M be
a compact hyperbolic set off . Then there exists" such that f is uniquely weakly
structurally "-stable on� . That is, there exists a neighbourhoodU of f in Di� 1(M )
such that for g 2 U there exists a unique continuous injectionHg : � ! M such
that Hg � f = g � Hg on � . Finally, d0(Hg; i � ) ! 0 as d1(g; f ) ! 0.

The proof of Theorem 41.7 will come next lecture. We will spend the rest of this
lecture working on auxiliary results that will be needed in the proof of Theorem
41.7. For now, however, let us note that Theorem 41.7 does indeed show that
hyperbolicity persists.

Corollary 41.8 (Persistence of Hyperbolicity). Let � be a compact hyperbolic
set for f . There exists a neighbourhoodU of f in Di� 1(M ) and a numbera > 0
such that if g 2 U then g has a compact hyperbolic set� � B (� ; a).

Proof. Immediate from Proposition 38.6 and Theorem 41.7.

Before continuing with the applications of Theorem 41.7, let us recall the fol-
lowing famous result.

Theorem 41.9 (Brouwer's Invariance of Domain Theorem). Let H : M ! N be a
continuous map between manifolds of the same dimension. IfH is injective then
H (M ) is an open subset ofN .

This beautiful proof is due to W. Kulpa.

( | ) Proof. The statement is local in nature, and thus it su�ces to show that if B
denotes the closed unit ball inRn and H : B ! Rn is continuous, thenH (0) lies in
the interior of C := H (B).

Suppose for contradiction this is not the case. Without loss of generality we may
assume thatH (0) = 0. Since B is compact,H : B ! C is a homeomorphism, and
hence by the Tietze Extension Theorem, there exists a continuous mapG: Rn ! Rn

such that G = H � 1 on C. Then G(0) = 0. Since 0 is not an interior point ofC, we
may perturb3 G slightly to a new function F : C ! Rn such that

F (x) 6= 0; 8 x 2 C: (41.1)

and
kF (x) � G(x)k � 1; 8x 2 C: (41.2)

Now consider the continuous map

f : B ! Rn ; f (x) := x � F (H (x)):

By (41.2), f (B ) � B . Moreover by (41.1),f has no �xed points. This contradicts
the Brouwer Fixed Point Theorem4, which states that any continuous mapB ! B
has at least one �xed point.

3This is reasonably believable if you draw a picture. The proof is much less so, and we refer
the reader to Kulpa's original paper for the details.

4The Brouwer Fixed Point Theorem is easiest to prove using Algebraic Topology. If one
accepts the existence of (singular) homology, the proof is one line. See for instance here.
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Another immediate consequence of Theorem 41.7 is the following theorem of
Anosov.

Corollary 41.10. Anosov di�eomorphisms on compact manifolds are structurally
stable.

Proof. Let f : M ! M be Anosov. By Theorem 41.7, there exists a neighbourhood
U of f in Di� 1(M ) such that if g 2 U then there exists a continuous injective map
H = Hg : M ! M such that H � f = g� H . We need only prove thatH is surjective.
By Theorem 41.9,H (M ) is an open set. SinceH (M ) is also closed, it follows that
H (M ) = M (recall we always assume our manifolds are connected).

In order to prove Theorem 41.7, we will need the following result which is of
interest in its own right. Recall De�nition 9.8: a reversible topological dynamical
system f on a compact metric spaceX is weakly expansive if there exists a
constant � > 0 such that

d
�
f k(x); f k(y)

�
� �; 8 k 2 Z ) x = y:

The constant � (which is not unique) is called aweak expansivity constant . We
now prove that the restriction of a di�erentiable dynamical system to a hyperbolic
set is weakly expansive, as the next result shows. This result is the analogue of
Corollary 33.9 in this setting. In fact, we will prove a stronger statement that works
for nearby maps too, since this will be needed in the proof of Theorem 41.7 in the
next lecture.

Proposition 41.11. Let f be a dynamical system onM and let � � M be a
compact hyperbolic set. Thenf j � is weakly expansive. Moreover there exists a
neighbourhoodU of f in Di� 1(M ) and �; a > 0 such that if g 2 U and � is
a compact completely invariant set ofg with � � B (� ; a) then gj � is weakly
expansive with weak expansivity constant� .

Proof. We may assume that the Riemannian normm on M is adapted to f and
�. Let d = dm denote the induced point-set topology metric onM from Theorem
36.7. Let us �rst reformulate what it means forgj � to be weakly expansive in terms
of the lifting bg of g. Assume that � is chosen smaller than the constantr � (g; � )
de�ned in (39.1). Then if d(gk(x); gk(y)) < � for all k 2 Z, setting v := exp � 1

x (y),
we have from equation (39.4) that

d(gk(x); gk(y)) = kbgk(v)k � �

for all k 2 Z. Set � g = bg � Dg. It thus su�ces to show that there exists � > 0
such that if a vector v 2 TxM satis�es




 (Dg + � g)k(v)




 � �; 8 k 2 Z;

then v = 0 x .
Let � = � (f; �) denote the skewness off and � with respect to k � k, and choose

� < � 0 < � < 1. Let
	 g := ( bg)� 1 � (Dg)� 1;
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so that
(Dg)� 1 + 	 g = ( Dg + � g)� 1:

Note that as g ! f in C1, one also hasg� 1 ! f � 1. Now by Proposition 38.11,
there exists a neighbourhoodU of f in Di� 1(M ) and two numbersa > 0 and c � 1
such that for any g 2 U and any compactg-invariant set � with � � B (� ; a), the
set � is hyperbolic and the box-adjusted norm k � k� is equivalent to k � k with
constant c, i.e.

1
c
kvk � k vk� � ckvk; 8v 2 T� M;

and �nally the skewness ofg and � with respect to k � k satis�es

� (g;�) � � 0:

Next, by Proposition 39.7, up to shrinkingU, there exists a number� > 0 such
that for any g 2 U, one has

lip �b

�
� g; k � k

�
�

� � � 0

c2
and lip�b

�
	 g; k � k

�
�

� � � 0

c2
;

on5
�

v 2 TM j kvk � c2�
	

;

Thus also

lip �b

�
� g; k � k�

�
� � � � 0; and lip�b

�
	 g; k � k�

�
� � � � 0

on
f v 2 T� M j kvk� � c� g :

Now suppose a vectorv 2 TxM for x 2 � has



 (Dg + � g)k(v)




 < �; 8 k 2 Z:

Then also 


 (Dg + � g)k(v)






�
< c�; 8 k 2 Z:

In other words,

v 2 Wu
loc;r (0x ; Dg + � g) \ Ws

loc;r (0x ; Dg + � g):

Sincek � k� is of box type, Proposition 40.4 is applicable. Thus as in the proof of
Corollary 33.9, we have

kvk� =



 ((Dg)� 1 + 	 g)(Dg + � g)(v)






�

�
�

� 0 + lip �b

�
	 g; k � k�

� � 


 (Dg + � g)(v)






�

�
�

� 0 + lip �b

�
	 g; k � k�

� ��
� 0 + lip �b

�
� g; k � k�

� � 


 v






�

� � 2kvk� :

Since� 2 < 1, it follows that v = 0. This completes the proof.

5Since there are now multiple norms in play, we refrain from using theTM (r ) notation for
the remainder of this proof.

5



LECTURE 42

Hyperbolicity Implies Weak Structural
Stability

The aim of this lecture is to prove Theorem 41.7. In fact, we will prove a somewhat
stronger statement, which will be useful in future applications. Let us �rst explain
the strategy in the proof.

Let (M; m) be a compact Riemannian manifold. We are given a smooth dy-
namical systemf with a hyperbolic set �, and a nearby smooth dynamical system
g. We wish to �nd a continuous function H : � ! M which is close to the inclusion
i � : � ,! M such that

g � H = H � f; on � : (42.1)

As usual, we would like to recast this in such a way that it becomes a �xed point
problem. Unfortunately, C0(� ; M ) does not have a Banach space structure1, which
complicates matters. So we pass to the exponential map. SinceH is meant to be
close toi � , it will lie in the image of the exponential map. Thus if suchH exists,
there also exists a continuous section
 2 � 0(� ; T� M ) such that

H (x) = exp x (
 (x)) ; 8 x 2 � :

Indeed, one can simply de�ne
 (x) := exp � 1
x (H (x)). In terms of 
 , our desired

equation (42.1) becomes

g
�
expx (
 (x)

�
= exp f (x)(
 (f (x))) ; 8x 2 � ;

or equivalently,

exp� 1
f (x)

�
g(expx (
 (x))

�
= 
 (f (x)) ; 8x 2 � : (42.2)

The expression on the left-hand side of (42.2) is similar to the liftingbf , apart from
g is in the middle, not f . This motivates the following de�nition.

Definition 42.1. Let f; g : M ! M denote two smooth dynamical systems which
are close to each other. De�ner � = r � (f; g; m) > 0 by requiring that if

d(x; y) < r � ) d(f (x); g(y)) < r m ;

whererm is the injectivity radius of our metric m. We then de�ne the dual lift

bf g : TM (r � ) ! TM; bf g(x; v) = exp � 1
f (x)

�
expx (v))

�
:

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1You cannot add together functions that take values in a manifold!
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Just as with the normal lift bf , the map bf g is a C1 �bre-preserving map overf .
Note that bf f = bf . The equation (42.2) is thus equivalent to asking that
 is an
invariant section of bf g:

bf g(
 ) = 
 (f ); (42.3)

in the sense of (39.6). The existence of such an invariant section
 will follow from
Proposition 39.8, if we can show thatbf g is a Lipschitz-small perturbation ofDf if
g is su�ciently close to f .

Let us now state the improved version of Theorem 41.7 that we will prove in
this lecture.

Theorem 42.2. Let f be a dynamical system on a compact manifoldM and let �
be a compact hyperbolic set forf .

(i) There is a C1 neighbourhoodU of f in Di� 1(M ) and two numbersa > 0
and "0 > 0 such that if g; h 2 U and � � B (� ; a) is a compact completely
invariant set for g then there is at most one continuous mapH : � ! M such
that H � g = h � H and d0(H; i � ) � "0.

(ii) Moreover, for any0 < " � "0 there is a neighbourhoodU" � U such that if
g; h 2 U" and � � B (� ; a) is a compact completely invariant set forg then
there is at least one (and hence exactly one) continuous mapH : � ! M
such that H � g = h � H and d0(H; i � ) � " . Moreover this mapH is injective.

Theorem 41.7 follows immediately from Theorem 42.2 by taking \g" to be equal
to f and \h" to be equal to g.

Proof. We may assume our Riemannian metricm is adapted tof and �. We prove
the result in �ve steps.

1. First take V and r � small enough so that the dual lifting

bgh : TM (r � ) ! TM

is well de�ned for each pairg; h 2 V . Now set

� g;h := bgh � Dg : TM (r � ) ! TM;

so that � g;h is a �bre-preserving map overg. We claim that for any � > 0 there
exists a neighbourhoodV� � V of f and 0 < r � < r � such that for any g; h 2 V � ,
one has

lip �b (� g;h) � �; on TM (r � ):

Indeed, from the proof of Proposition 39.7 given� > 0 there is aC1 neighbourhood
V� of f and r � > 0 such that for g 2 V � ,




 D �b bg(v) � Dg(v)




 op

�
�
2

; on TM (r � ):

Since
D �b bg(v) = D(exp� 1

g(x))(g(expx (v)) � Dg(expx (v)) � D expx (v);
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and
D �b bgh(v) = D(exp� 1

g(x))(h(expx (v)) � Dh(expx (v)) � D expx (v);

up to shrinking V� , we may assume that




 D �b bgh(v) � D �b bg(v)




 op

�
�
2

; on TM (r � ):

Then



 D �b � g;h(v)




 op

=



 D �b bgh(v) � Dg(v)




 op

�



 D �b bgh(v) � D �b bg(v)




 op

+



 D �b bg(v) � Dg(v)




 op

�
�
2

+
�
2

= �:

Applying the Mean Value Theorem 30.11 on the �bres, we obtain lip�b (� g;h) � �
on TM (r � ).

2. Now let � = � (f; �) denote the skewness off with respect to m, and choose
� < � 0 < � < 1. By Proposition 38.11 there exists a neighbourhoodW of f and
a0 > 0 and c � 1 such that if g 2 W and � � B (� ; a0) is a compact invariant set
of g then � is hyperbolic with skewness

� (g;�) � � 0; (42.4)

and the box-adjusted normk � k� is equivalent to the Riemannian normk � k with
constant c. Now take

� :=
� � � 0

c2
:

Then if g; h 2 W \ V � , one has

lip �b (� g;h; k � k) � � (42.5)

on2 f v 2 TM j kvk � r � g. The \norm switching" argument we used in the proof of
Proposition 40.8 then tells us that

lip �b (� g;h; k � k� ) � � � � 0

on
�

v 2 T� M j kvk� � r �
c

	
. Finally, by Proposition 41.11 there existsU � W \V � ,

0 < a � a0 and 0 < " 0 � r �
2c2 such that if g 2 U and � is any compact completely

invariant set for g contained in B(� ; a0), then gj � is weakly expansive with weak
expansivity constant 2"0.

3. We claim that this choice ofU, a and "0 satis�es part (i) of the Theorem.
Indeed, if g; h 2 U and � � B (� ; a) is a compact completely invariant set forg
then by (42.4) and (42.5)

lip �b (� g;h; k � k� ) � � � � (g;�) on
�

v 2 T� M j kvk� � c "0
	

:

Sincek � k� is of box type, Proposition 39.8 is applicable. We conclude thatbgh =
Dg + � g;h has at most one invariant section
 with k
 (x)k� � c "0 for all x 2 �.

2As before, now there are multiple norms in play we will drop theTM (r ) notation.
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As explained at the start of the lecture, this implies that there exists at most one
continuous function H : � ! M such that d0(H; i � ) � "0 and h � H = H � g.
Indeed, given such aH , if we de�ne


 (x) = exp � 1
x (H (x))

then 
 is bgh invariant and

sup
x2 �

k
 (x)k� � ck
 (x)k

� c sup
x2 �

d(x; H (x))

� c "0:

This �nishes the proof of part (i).

4. Now suppose 0< " < " 0 is given. We chooseU" � U such that for every
g 2 U" , one has

d0(f; g ) �
(1 � � )"

2c2
: (42.6)

Now supposeg; h 2 U" and � � B (� ; a) is a compact completely invariant set for
g. Then

sup
x2 �




 � g;h(0x )






�
= sup

x2 �




 bgh(0x )






�

= sup
x2 �




 exp� 1

g(x)(h(x))





�

� c sup
x2 �




 exp� 1

g(x)(h(x))





� c d0(g; h)

�
(1 � � )"

c
;

where the last inequality used (42.6) and the triangle inequality. Thus by Proposi-
tion 39.8, the dual lift bgh at least one invariant section
 g;h 2 � 0(� ; T� M ) satisfying

sup
x2 �

k
 g;h(x)k� �
(1 � � ) "

c

1 � � (g;�) � lip �b (� g;h; k � k� )

�
"
c
:

Switching back to the Riemannian norm, this
 g;h (which is necessarily unique)
satis�es supx2 � k
 g;h(x)k � " . Setting H (x) = exp x (
 g;h(x)), the continuous map
H : � ! M satis�es d0(H; i � ) � " and h � H = H � g on �.

5. It remains to prove that H is injective. Supposex; y 2 � satisfy H (x) =
H (y). Then for any k 2 Z, by the triangle equality, we have

d
�
gk(x); gk(y)

�
� d

�
gk(x); H (gk(x))

�
+ d

�
H (gk(x)) ; H (gk(y))

�
+ d

�
H (gk(y)) ; gk(y)

�

� " + d
�
hk(H (x)); hk(H (y))

�
+ "

= " + 0 + "

< 2"0:

Sincegj � is expansive with weak expansivity constant 2"0, it follows that x = y.
This �nally completes the proof.
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LECTURE 43

Isolated Hyperbolic Sets

In this lecture we look at isolated hyperbolic sets. Roughly speaking, an invariant
set is isolated if there are no other invariants sets su�ciently close to it. The
notion of an isolated invariant set makes sense in the topological category, so we
begin there.

Definition 43.1. Let f : X ! X be a dynamical system on a compact1 metric
space. Given any setA � X , the maximal invariant set of f in A, written
inv(A; f ), is de�ned to be

inv(A; f ) :=
\

k2 Z

f k(A):

Thus inv(A; f ) consists of points whose total orbit never goes out ofA.

Lemma 43.2. Let f : X ! X be a dynamical system on a compact metric space,
and let A � X be either open or closed. Then:

(i) inv( A; f ) � A is (possibly empty) completely invariant set, withinv(A; f ) =
A if and only if A is completely invariant.

(ii) if f (A) ( A then inv(A; f ) is compact.

Proof. Part (i) is clear. Assumef (A) ( A, and let K be a compact set such that

inv(A; f ) � K ( A:

Then inv(A; f ) = inv( K; f ). SinceK is compact andf is continuous, inv(K; f ) is
compact. This proves part (ii).

Definition 43.3. A compact completely invariant setY � X of f is said to be
isolated if there is a neighbourhood2 U of Y such that

Y = inv( U; f ):

In this case we callU an isolating neighbourhood for Y.

Remark 43.4. As the proof of Lemma 43.2 shows, ifY is an isolated invariant set
with isolating neighbourhoodU, then if K is any compact set with

Y � K � � K � U

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1All of this material works in the non-compact case too, albeit with minor changes. However

for the sake of a uniform presentation we stick to the compact setting.
2Recall our convention is that neighbourhoods are always open sets.

1



then we also haveY = inv( K; f ). We then call K a isolating compactum 3 for
Y. Conversely ifY is a compact completely invariant set with the property that
there exists a compact setK such that Y � K � and Y = inv( K; f ), then we also
have Y = inv( K � ; f ), and thus Y is isolated.

In order to cut down on the number of adjectives, in later lectures we will adopt
the terminology that an isolating set for a compact completely invariant set is
either an isolating neighbourhood or an isolating compactum. Thus isolating sets
are rather malleable: once we have one we can shrink or enlarge it as required, and
we can choose it to be open or compact, depending on which is more convenient.

The entire spaceX is trivially always isolated. A more interesting example is:

Example 43.5. Let f : M ! M be a di�erentiable dynamical system, and suppose
x 2 M is a hyperbolic �xed point. Then by Corollary 33.7, the setf xg is always
isolated.

Not all hyperbolic sets are isolated however. This is an important di�erence
between hyperbolic �xed points and more general hyperbolic sets, and explains
why hyperbolic dynamics can be more interesting than those of a �xed point.

Our key example of a non-isolated hyperbolic set|which we will cover in detail
in Lecture 47|is the closure of the orbit of a transverse homoclinic point . The
dynamics near a non-isolated hyperbolic set are typically extremely complicated.
For instance, in Lecture 47 we will prove that a dynamical system is always chaotic
in a neighbourhood of a transverse homoclinic point (cf. Corollary 47.10).

Remark 43.6. Despite the fact that both Theorem 41.7 and its big brother, The-
orem 42.2, come with uniqueness clauses attached, they donot imply that all
hyperbolic sets are isolated (which is good, since they're not!) As an instructive
exercise, try to fallaciously use Theorem 42.2 to prove that all hyperbolic sets are
isolated. You will no doubt quickly see why the proof breaks down.

Our aim in this lecture is to improve Theorem 42.2 in the case where the hy-
perbolic set is isolated. We begin with the following piece of topological dynamics.

Proposition 43.7. Let X be a compact metric space andf : X ! X a reversible
dynamical system. AssumeY � X is an isolated completely invariant set with
isolating neighbourhoodU. For any a > 0 there exists a neighbourhoodU of f in
Hom(X ) such that if g 2 U then the maximal invariant set of g in U is contained
in B(Z; a):

inv(U; g) � B (Z; a):

Proof. For any a > 0 there isn � 1 such that

n\

k= � n

f k(U) � B (Z; a=2):

3A compactum is a fancy, if somewhat quaint, name for a compact set. The plural of com-
pactum is compacta.
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Since this is a �nite intersection, there exists a neighbourhoodU of f in Hom(X )
such that for g 2 U one also has

n\

k= � n

gk(U) � B (Z; a):

Then by de�nition one also has inv(U; g) � B (Z; a).

Before stating the improvement of Theorem 41.7 to isolated hyperbolic sets, let
us �rst introduce some more terminology, so as to make the forthcoming proof less
clunky.

Definition 43.8. Supposef and g are two reversible dynamical systems on a
compact metric space (X; d). Let Y be a compact completely invariant set forf
and Z be a compact completely invariant set forg. We say that f jY and gjZ are
"-conjugate if there exists a homeomorphismH : Y ! Z such that the following
commutes:

Y Y

Z Z

f jY

H H

gjZ

and that
d(H (x); x) � "; 8 x 2 Y:

Note such anH can exist only when

Y [ Z �
�
B (Y; ") \ B (Z; " )

�
:

This de�nition is essentially just a rephrasing of the notion of weak structural
" -stability, and hence we have:

Example 43.9. Suppose � is a compact completely invariant set forf , and as-
sume f is weakly structurally "-stable on �. Then for g close enough tof , the
continuation � g of � to g is well-de�ned, and f j � and gj � g are "-conjugate.

We now present a strengthening of Theorem 41.7 in the isolated case.

Theorem 43.10. Let f be a dynamical system on a compact smooth manifoldM .
Let � be an isolated hyperbolic set with isolating neighbourhoodU. For any " > 0,
there is a neighbourhoodU of f in Di� 1(M ) such that if g 2 U then inv(U; g) is an
isolated hyperbolic set forg, and gj inv( U;g) is "-conjugate to f j � .

Remark 43.11. Theorem 43.10 is rather similar to Theorem 41.7. Both of them
assert that if � is hyperbolic for f then any su�ciently near g will also have a
hyperbolic set �, near to �, and moreover f j � and gj � are "-conjugate. However
Theorem 43.10 is stronger than Theorem 41.7 for three reasons.

� Firstly, Theorem 43.10 tells us that if original hyperbolic set � was isolated
for f , then the new hyperbolic set � is isolated for g.
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� Secondly, Theorem 43.10 actually gives us a way toconstruct the new invari-
ant set �, namely,

� = inv( U; g):

In contrast, Theorem 41.7 merely proves the abstract existence of some"-
conjugacyH . It is not at all easy to extract from the proof of Theorem 41.7
a recipe for writing H down explicitly.

� Finally, Theorem 43.10 tells us that the new isolated set � only depends on
U and g. This is surprising, since the"-conjugacy H from Theorem 41.7
manifestly depends on bothf and g.

The proof of Theorem 43.10 should remind you of the proof of the uniqueness
part of Proposition 32.4.

Proof of Theorem 43.10.To keep the notation uncluttered during the proof, we
will denote all inclusions simply byi . By Theorem 42.2 there is a neighbourhood
U0 of f in Di� 1(M ) and two numbersa0; "0 > 0 such that for any g; h 2 U0 and
any compact completely invariant set � � B (� ; a0) of g, there is at most one
continuous mapH : � ! M such that

(
H � g = h � H on � ;

d0(H; i ) � "0:
(43.1)

Without loss of generality we may assume thatB(� ; a0 + "0) � U. By Proposition
43.7 there is aC0 neighbourhoodU1 of f in Hom(M ) such that if g 2 U1 then

inv(U; g) � B (� ; a0):

Now let " > 0 be given. We may assume that 2" < " 0. We apply Theorem 42.2
again to �nd another neighbourhoodU � U 0 \ (Di� 1(M ) \U 1) such that if g; h 2 U
and � � B (� ; a0) is a compact completely invariant set forg then there is at least
one continuous injective map such that (43.1) holds (with"0 replaced with ").

In particular, since inv(U; g) is one such set (cf. part (i) of Lemma 43.2), there
is a continuous injective mapH : inv(U; g) ! M with

(
H � g = h � H on inv(U; g);

d0(H; i ) � ":

Reversing the roles ofg and h gives another continuous injectionG: inv(U; h) ! M
such that (

G � h = g � G on inv(U; h);

d0(G; i ) � ":

Observe that

H
�
inv(U; g)

�
� B

�
inv(U; g); "

�
� B (� ; a0 + "0) � U:

SinceH
�
inv(U; g)

�
is h-invariant and inv(U; h) is the maximal invariant set of h in

U, it follows that
H

�
inv(U; g)

�
� inv(U; h):
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Thus the composition F := G � H : inv(U; g) ! M is therefore a well-de�ned
continuous injective map which satis�es

(
F � g = g � F on inv(U; g);

d0(F; i ) � " + " � "0:
(43.2)

However the inclusioni : inv(U; g) ,! M is another solution of (43.2), and thus by
the uniqueness of solutions to (43.1), we deduce thatF = i . Similarly H � G agrees
with the inclusion inv(U; h) ,! M . Thus we must have

H
�
inv(U; g)) = inv( U; h)

and gj inv( U;g) and hj inv( U;h) are "-conjugate. Now takeh = f to complete the proof.

We only used the hypothesis that � was isolated right at the very end of the
proof. Thus the same argument proves:

Corollary 43.12. Let f be a dynamical system on a compact smooth manifold
M , and let � be a compact hyperbolic set. There exists a compact setK such that
� � K � with the following property: For any " > 0, there is a neighbourhoodU
of f in Di� 1(M ) such that if g 2 U then inv(K; g) is a hyperbolic set forg, and
gj inv( K;g ) is "-conjugate to f j � .

Applying Corollary 43.12 with g = f shows that inv(K; f ) is a hyperbolic set
for f with � � inv(K; f ). If � is not isolated then this inclusion is necessarily strict
� ( inv(U; f ). This proves:

Corollary 43.13. Let f be a dynamical system on a compact smooth manifold
M , and let � be a compact hyperbolic set. There exists a compact setK with
� � K � such that inv(K; f ) is a compact hyperbolic set containing� .

Remark 43.14. Warning: Corollary 43.13 doesnot assert that every compact
hyperbolic set can be extended to an isolated hyperbolic set (since it may not hold
that inv( K; f ) � K � ). In fact, there exist compact hyperbolic sets that cannot be
extended to isolated hyperbolic sets. The �rst examples were found by Crovisier in
2001, and ten years later Fisher constructed various robust such examples.
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LECTURE 44

The Shadowing Theorem

Let f : X ! X be a reversible dynamical system on a compact metric space. Recall
from De�nition 3.13 that a � -chain is a sequence (xk), k 2 Z such that

d
�
f (xk); xk+1

�
� �; 8 k 2 Z:

A � -chain (xk) is periodic if there existsp > 0 such that xk+ p = xk for all k 2 Z.
As explained in Remark 3.14, a (periodic)� -chain can be thought of as a sequence of
points in X that are indistinguishable from a (periodic) orbit off by a \measuring
device" which is only accurate up to the nearest� .

Definition 44.1. Let f : X ! X denote a reversible dynamical system on a com-
pact metric space. Let (xk) denote a � -chain for f . A point y 2 X is said to
"-shadow the � -chain (xk) if

d
�
f k(y); xk

�
� "; 8 k 2 Z:

Roughly speaking, the main results of the next two lectures|the Shadowing
Theorem 44.3 and the Anosov Closing Lemma 45.1|assert that, for any" > 0
there exists a� > 0 such that any � -chain (xk) is "-shadowed by exactly one point
y. Moreover if the � -chain (xk) is periodic then y is a periodic point off .

Remark 44.2. In terms of our measuring device analogy, this tells us that an
accuracy of� is \good enough". From a real-world point of view, the importance
of this statement cannot be overstated. No real-world measuring device can ever
be perfectly accurate, and therefore in practice it isnever possible to detect with
100% certainty a periodic orbit of a real-world dynamical system. The Shadowing
Theorem tells us it su�ces to use a device which is only accurate up to� in order to
prove the existence of a true orbit. The price to pay is that we can only claim that
the true orbit lives somewhere within an"-neighbourhood of where our measuring
device thinks it does (and typically� � " ). Nevertheless, this is still a signi�cant
conceptual improvement|up to now, we had no way of proving the existence of
any periodic orbits at all!

Here is the precise statement of the main result we will prove today.

Theorem 44.3 (The Shadowing Theorem). Let f be a dynamical system on a
compact manifoldM and let � � M be a compact hyperbolic set. There is"0 > 0
and � 0 > 0 such that every� 0-chain contained in� is "0-shadowed by at most one
point. Moreover for any 0 < " < " 0 there is a0 < � < � 0 such that every � -chain
contained in � is "-shadowed by at least (and hence exactly one) point.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
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Remark 44.4. Note that Theorem 44.3 isnot asserting that the unique point that
"-shadows the� -chain actually belongs to �. However this is indeed the case if �
is isolated, as you will prove on Problem Sheet S.

In order to prove Theorem 44.3 we will introduce a new concept: Our treat-
ment will be somewhat ad hoc, as treating this in full generality would lead to
unnecessarily complicated notation.

Definition 44.5. Supposex = ( xk) is any sequence inM . Let

TxM :=
�

(k; v) 2 Z � TM j v 2 Txk M
	

;

and let ! : TxM ! Z denote the map that sends (k; v) to k. If we think of Z as a
(disconnected!) zero-dimensional manifold, then! : TxM ! Z is a vector bundle
over Z. We call TxM the tangent bundle over x.

Definition 44.6. k � k
A norm � on TxM is a choice

�
k � kk

�
k2 Z

of norms on each tangent space
Txk M . Given such a norm � , we denote by

TxM (r ) :=
�

(k; v) 2 Z � TM j v 2 Txk M; kvkk � r
	

:

Remark 44.7. If U � M is an open set containing every pointxk , then any C0

norm on TUM induces a norm � on TxM by restriction. However it is important
to realise that not every norm � on TxM comes from a norm onTM . As an
extreme example, ifx is the constant sequencexk � x then a norm � on TxM
is a simply a collection

�
k � kk

�
of norms onTxM . Unlessk � kk is also a constant

sequence of norms, the norm� cannot be induced from a norm onTM .

Definition 44.8. We denote by �(x) the space of sections ofTxM . Such a section

 takes the form


 : Z ! TxM; 
 (k) = ( k; ~
 (k)) ; (44.1)

where ~
 : Z ! TM is a map such that ~
 (k) 2 Txk M .

Equip �( x) with the norm


 := sup
k2 Z

k~
 (k)kk :

Let � b(x) � �( x) denote the bounded sections

� b(x) :=
�


 2 �( x) j 
 < 1
	

:

Then
�
� b(x); k � k

�
is a Banach space. Givenr � 0, let � r (x) � � b(x) denote those

sections
 with 
 � r .

Notation. Denote by + : Z ! Z the map k 7! k + 1.

We will mainly be interested continuous �bre preserving maps� over + .

TxM TxM

Z Z

�

! !

+

2



Explicitly, this means � is of the form

� (k; v) =
�
k + 1; � k(v)

�
; (44.2)

where � k : Txk M ! Txk +1 M is a continuous map. If each �k is a linear map, we
say that � is a vector bundle morphism over + .

( | ) Remark 44.9. The preceding de�nitions may all seem somewhat contrived.
However they �t into a standard di�erential geometry construction of a pullback
bundle . For completeness, let us brie
y recall how pullback bundles are de�ned.
Supposef : M ! N is a smooth between two smooth manifolds, and� : P ! N is
a vector bundle overN with �bre F . We de�ne the pullback bundle f � P ! M
as follows: Set

f � E :=
�

(x; p) 2 M � P j f (x) = � (p)
	

;

and de�ne ! : f � E ! M by
! (x; p) := x:

It follows straightforwardly from the de�nitions that ! : f � E ! M is a vector
bundle overM with �bre F , with

f � E(x) �= P(f (x)) ; 8 x 2 M:

To �t De�nition 44.5 into this framework, observe that we can regard a sequence
x = ( xk) in M as a smooth mapx : Z ! M , whereZ is thought of as (disconnected!)
0-dimensional manifold. Then by de�nition, we have

x� TM = TxM:

Definition 44.10. Fix a sequencex = ( xk) in M , and �x a norm � =
�
k � k

�
k2 Z

on TxM . A hyperbolic linear operator over x is vector bundle morphism

L : TxM ! TxM; (k; v) 7! (k + 1; L kv)

over + which is uniformly hyperbolic, in the sense that each

L k : Txk M ! Txk +1 M

is a hyperbolic linear operator1, such that the same constants work for allL k . That
is, each spaceTxk M has a splitting

Txk M = E s
k � E u

k ;

such that L kE s
k � E s

k+1 and L kE u
k � E u

k+1 , and that there exist constantsC � 1
and 0< � < 1 such that for all k 2 Z,

kL k+ i � � � � � L k+1 � L kvkk+ i +1 � C� i kvkk ; 8 v 2 E s
k ; 8 i � 0;

kL � 1
k� i � � � � � L � 1

k� 1 � L � 1
k vkk� i � C� i kvkk ; 8 v 2 E u

k+1 ; 8 i � 0:

1This is a slight generalisation of our previous notion of a hyperbolic linear operator, as the
domain and range are not the same normed vector space.
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Since the constantsC; � are independent ofk, one can apply Proposition 29.11
to produce a norm � a on the bundleTxM which is adapted to eachL k (i.e. for
which C = 1) and for which the skewness ofL with respect to this norm:

� (L) := sup
k2 Z

� (L k) (44.3)

is strictly less than one2. One can then also perform the process described in Lemma
29.14 to produce a norm � ab which is both adapted and of box type forL. Note
that even if � is induced from a norm onM (cf. Remark 44.7), � ab may not be.

The notion of a Lipschitz perturbation of a hyperbolic linear operator is de�ned
as you would guess:

Definition 44.11. Let � : TxM ! TxM be a continuous �bre preserving map over
+ . Write � as in (44.2). We say that� is Lipschitz continuous if each map

� k :
�
Txk M; k � kk

�
!

�
Txk +1 M; k � kk+1

�

is Lipschitz continuous, and moreover if the Lipschitz constants are bounded uni-
formly, that is,

lip( � ) := sup
k2 Z

lip(� k) < 1 :

Definition 44.12. Let � : TxM ! TxM be a continuous �bre preserving map
over + . A section 
 is said to beinvariant if

� (
 (k)) = 
 (k + 1) ; 8k 2 Z:

that is, if
� k(~
 (k)) = ~
 (k + 1) ; 8k 2 Z;

where ~
 and � k are as in (44.1) and (44.2) respectively.

Let 0 denote the trivial section

0(k) = ( k; 0xk ):

The following result is very similar to (but simpler than) Proposition 39.8.

Proposition 44.13. Let x = ( xk) denote any sequence in M. SupposeL : TxM !
TxM is a hyperbolic linear operator. Let � denote a norm onTxM which is
adapted and of box type with respect toL, and let 0 < � < 1 denote the skewness
of L with respect to � . Fix r > 0, and assume� : TxM (r ) ! TxM is a Lipschitz
continuous map satisfying

lip( � ) < 1 � �:

Then L + � has at most one invariant section
 2 � r (x). If in addition one has

� (0) �
�
1 � � � lip( � ))r;

then L + � has at least one (and hence exactly one) invariant section
 � 2 � r (x),
which moreover satis�es


 � �
� (0)

1 � � � lip( � )
:

2If the constants C; � were not bounded independently ofk then one could still produce an
adapted norm � a on the bundle TxM , but then the supremum in (44.3) could be equal to 1.
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Proof. Argue as in Proposition 39.8, replacing all \x" subscripts with \ k".

We now prove the Shadowing Theorem 44.3.

Proof of the Shadowing Theorem 44.3.Let k � k denote aC0 norm on T� M which
is adapted and of box type with respect tof and �. Take "0 > 0 and � 0 > 0 small
enough such that for every 0< � < � 0 and every� -chain x = ( xk), the map

F: TxM ("0) ! TxM

given by
F(k; v) :=

�
k + 1; exp� 1

xk +1
� f � expxk

(v)
�

is well de�ned. Let 0 < " < " 0. If a point y 2 M " -shadows a� -chain x = ( xk) then


 (k) :=
�
k; exp� 1

xk
(f k(y)

�

is an F-invariant section belonging to �" (x). Thus the existence of a pointy that
"-shadows a� -chain is equivalent to the existence of an invariant section ofF.

First note that there exists a constantr0 > 0 such that if d(f (x); y) < r 0 then
the operator

Dx;y := D(expy)� 1(f (x)) � Df (x) : TxM ! TyM

is a well-de�ned linear operator which depends continuously on bothx and y and
agrees withDf (x) for y = f (x). Thus for r < r 0 su�ciently small, if x; y 2 � satisfy
d(f (x); y)) � r then the operatorDx;y satis�es the hypotheses of Proposition 31.9
with respect to the hyperbolic splitting of TxM = E s(x) � E u(x) and TyM =
E s(y) � E u(y). Thus by Proposition 31.9, forr > 0 su�ciently small, if x; y 2 �
satisfy d(f (x); y) � r then Dx;y is a hyperbolic linear operator fromTxM to TyM .

Thus up to shrinking � 0, the operator

Df : TxM ! TxM

de�ned by
Df (k; v) =

�
k + 1; Dxk ;x k +1 v

�

is a hyperbolic linear operator overx. Moreover using the continuity statement
from Proposition 31.9 together with Proposition 38.10, we can produce fromk � k
a new norm � =

�
k � kk

�
k2 Z

on TxM which is both adapted and of box type with
respect to Df , and which is uniformly equivalent to k � k in the sense that there
exists c � 1 such that

1
c
kvk � k vkk � ckvk; 8 v 2 Txk M; 8 k 2 Z:

Since
F(k; v) =

�
k + 1; exp� 1

xk +1
� expf (xk ) � bf (xk ; v)

�
;

it follows from the same argument as Proposition 39.7 that for anyr > 0, there
exists " > 0 such that

� := F � Df : TxM ! TxM

5



satis�es lip(� ; k � k) < r on a small ball about the zero section inTxM . Since � is
uniformly equivalent to k � k, the \norm-switching" argument we saw in the proofs
of Proposition 40.8 and Theorem 42.2 tells us that lip(� ; � ) can also be made
arbitrarily small on a small ball in TxM .

Thus after shrinking � 0 and "0, we can apply Proposition 44.13 toF. Both
statements of the Theorem follow immediately from Proposition 44.13, and so the
proof is complete.
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LECTURE 45

Axiom A and the Anosov Closing Lemma

We begin this lecture with an extension of the Shadowing Theorem that allows
us to \detect" periodic orbits (cf. Remark 44.2). This famous result is due to
Anosov. Recall we say that a� -chain (xk) is periodic if there exists p > 0 such
that xk+ p = xk for all k 2 Z. The minimal suchp is called theperiod of (xk).

Theorem 45.1 (The Anosov Closing Lemma). Let f be a dynamical system on a
compact manifoldM and let � � M be a compact hyperbolic set. For every" > 0
there exists� > 0 such that every periodic� -chain in � is "-shadowed by a periodic
point of f .

The name \Closing Lemma" stems from the fact that the Theorem allows us to
\close" a periodic chain up into a true orbit.

Proof. By the Shadowing Theorem 44.3 there are"0 > 0 and� 0 > 0 such that every
� 0-chain can be"0-shadowed by at most one point, and moreover if 0< " � "0 then
there exists 0< � = � (" ) � � 0 such that every � -chain is "-shadowed by at least
one point.

Now let " > 0 and let � = � (" ) be as above. Let (xk) be a periodic� -chain of
period p. Then there exists a pointy that "-shadows the (xk):

d
�
f k(y); xk

�
� "; 8 k 2 Z:

Sincexk+ p = xk , it follows that

d
�
f k(f p(y)) ; xk) = d(f k+ p(y); xk+ p) < "; 8 k 2 Z:

Thus f p(y) also "-shadows (xk). By uniqueness, this implies thatf p(y) = y. Since
f is reversible,y is a periodic point1. This completes the proof.

We now prove an stronger version of the Shadowing Theorem 44.3 and the
Anosov Closing Lemma 45.1. This result allows the chain to slightly \escape" the
hyperbolic set. The improvement is mild and somewhat technical, but it will be
useful later on in the course.

Proposition 45.2. Let f be a dynamical system on a compact manifoldM and let
� � M be a compact hyperbolic set. For every" > 0 su�ciently small there exists
� > 0 such that every� -chain contained inB(� ; � ) is "-shadowed by a unique point
in M . Similarly for every " > 0 su�ciently small there exists � > 0 such that every
periodic � -chain contained inB(� ; � ) in "-shadowed by a unique periodic point of
f .

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1Note however that p does not have to be the minimal period ofy.
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Proof. We prove the �rst statement only, since the second follows in exactly the
same way as the proof of of the Anosov Closing Lemma 45.1. Given" > 0 su�-
ciently small, the Shadowing Theorem 44.3 gives us� > 0 such that every� -chain
contained in � itself is "

2-shadowed by a point, and moreover that there is at most
one point that 3"

2 -shadows this point. Letr > 0 be such that

d(w; z) � r ) d(f (w); f (z)) �
�
3

:

Set

� := min
�

r;
�
3

;
"
2

�
:

Then if (xk) is any r -chain and (yk) is any collection of points inM such that

d(yk ; xk) � r; 8 k 2 Z;

then (yk) is actually a � -chain. Now suppose (xk) is a � -chain contained inB(� ; � ).
Then there existsyk 2 � such that d(xk ; yk) � � . We claim that (yk) is itself a
� -chain. Indeed:

d
�
f (yk); yk+1

�
� d

�
f (yk); f (xk)

�
+ d

�
f (xk); xk+1

�
+ d

�
xk+1 ; yk+1

�

�
�
3

+ � + �

� �:

Thus "
2-shadowed by a pointz 2 M . Then since� � "

2 , (xk) is also"-shadowed by
z. Finally, this point z is unique, since ifw is any point that "-shadows (xk), then
w also 3"

2 -shadows theyk , and by assumption there is at most such point.

Next, let us recall the notion of the chain recurrent set from De�nition 3.13. If
f : X ! X is a reversible dynamical system on a compact metric space then a point
x 2 X is said to bechain recurrent if for any � > 0 there is a �nite � -chain that
starts and ends atx. That is, for any � > 0 there exists a tuple (xk), k = 0; : : : ; p,
such that x0 = xp = x and d

�
f (xk); xk+1

�
� � for each k = 0; : : : ; p � 1. The

set of chain recurrent points is denoted2 by cha(f ). By Proposition 3.15 the chain
recurrent set is a non-empty compact completely invariant set which contains the
non-wandering setnw(f ), and hence also

per(f ) � cha(f ): (45.1)

We will need the following slight extension of Proposition 3.15.

Proposition 45.3. Let f : X ! X be a reversible dynamical system on a compact
metric space. For any" > 0 there is� > 0 such that if (xk)k2 Z is any periodic� -chain
passing through a point incha(f ) then (xk) � B (cha(f ); ").

2In De�nition 3.13 we wrote chad(f ) to indicate the dependence of the chain recurrent set
on the metric. However by Proposition 3.16, in the compact case the chain recurrent set is
independent of the metric. Since we will only be interested in compact spaces, we omit thed in
our notation.
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Proof. If the result is false we can �nd numbers (pk) 2 N and sequences (xk
i ) of

points in X for k 2 Z and 0 � i � pk such that for eachk 2 Z:

� (xk
i )0� i � pk is a �nite periodic 1

k -chain that starts in cha(f ),

� (xk
i )0� i � pk is not contained in the ball of radius" about cha(f ), i.e. there

exists 1� lk � pk � 1 such that x lk
k =2 B(cha(f ); ").

Up to passing to a subsequence, we may assume thatxk
lk ! y for some pointy 2 X .

This point y does not belong tocha(f ), since it is a limit of points that lie at least
" from cha(f ).

This means that there exists� > 0 such that there is no �nite periodic � -chain
that starts and ends aty. Let r > 0 be such that

d(w; z) � r ) d(f (w); f (z)) �
�
2

;

and choosek 2
� such that d

�
y; xk

lk

�
� r . Then

d
�
f (y); xk

lk +1

�
� d

�
f (y); f (xk

lk )
�

+ d
�
f (xk

lk ); xk
lk +1

�

�
1
k

+
�
2

+
1
k

� �;

and similarly

d
�
f (xk

lk � 1); y
�

� d
�
f (xk

lk � 1); xk
lk

�
+ d

�
xk

lk ; y)
�

�
�
2

+
1
k

� �:

Therefore
y; xk

lk +1 ; : : : ; xk
pk � 1; xk

pk
= xk

0; xk
1; : : : ; xk

lk � 1; y

is a �nite � -chain from y to itself, which contradicts the choice of� . The proof is
complete.

We will use Proposition 45.3 to show that if the chain recurrent set is hyperbolic
then (45.1) is actually an equality.

Proposition 45.4. Let f be a dynamical system on a compact manifoldM . If
cha(f ) is hyperbolic thencha(f ) = per(f ).

Proof. Let x 2 cha(f ) and take " > 0 small. By Proposition 45.2 there exists
� > 0 such that every periodic� -chain contained inB(cha(f ); � ) in "-shadowed by
a periodic point of f . Next, by the last statement of Proposition 45.3 there exists
0 < � < � such that any periodic � -chain through x is contained in B(cha(f ); � ).
Sincex 2 cha(f ) such a� -chain certainly exists. Thus there exists a periodic point
y of f that "-shadows this chain. In particular,d(x; f i (y)) � " for some iterate
f i (y) of y. Since " was arbitrary, this shows that x 2 per(f ), and sincex was
arbitrary it o
lows that cha(f ) � per(f ). Since the reverse inclusion always holds
by Proposition 3.15, the proof is complete.
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If cha(f ) is hyperbolic then

cha(f ) = nw(f );

since the non-wandering set is sandwiched betweenper(f ) and cha(f ). Thus

cha(f ) hyperbolic ) nw(f ) hyperbolic.

The converse direction is not true. It is clear from Proposition 45.3 that a necessary
condition for the chain recurrent set to be hyperbolic is thatnw(f ) is hyperbolic and
nw(f ) = per(f ). Such a class of dynamical systems gets its own (rather unhelpful)
name.

Definition 45.5. Let f : M ! M be a dynamical system on a compact manifold.
We say that f satis�es Axiom A if the non-wandering setnw(f ) is hyperbolic and

nw(f ) = per(f ):

The importance of the Axiom A condition will become clear in Lecture 50 when
we discussomega stability . For now let us just note that:

Corollary 45.6. Let f : M ! M be a dynamical system on a compact manifold.
If f does not satisfy Axiom A thencha(f ) is not hyperbolic.

In fact, an equivalent formulation of the main theorem from Lecture 49 is that
the chain recurrent set is hyperbolicif and only if f satis�es Axiom A and hasno
basic cycles . The latter condition will be de�ned in Lecture 49.

We conclude this lecture by discussing (yet another) type of stable manifold.

Definition 45.7. Let f : X ! X be a reversible dynamical system on a compact
metric spaceX and let A � X be a compact completely invariant set. We de�ne
the global stable manifold of A to be the set

W s(A; f ) :=
�

x 2 X j d
�
f k(x); A

�
! 0 ask ! 1

	
;

and the global unstable manifold of A to be the set

W u(A; f ) :=
�

x 2 X j d
�
f � k(x); A

�
! 0 ask ! 1

	
;

The name is a bit of a misnomer, as these sets are typicallynot manifolds. The
next lemma is on Problem Sheet S.

Lemma 45.8. Let f : X ! X be a reversible dynamical system on a compact metric
spaceX . Let A � X be a compact completely invariant set. Then

x 2 W s(A; f ) , ! f (x) � A;

and
x 2 W u(A; f ) , � f (x) � A;

If x 2 A and y 2 W s(x; f ) then clearly y 2 W s(A; f ), and similarly for the
unstable case. But what about the other direction?
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Definition 45.9. Let f : X ! X be a reversible dynamical system on a compact
metric spaceX . Let A � X be a compact completely invariant set. We say that
a point y 2 W s(A; f ) is in phase with a point x 2 A if y 2 W s(x; f ). Similarly
we say that a point y 2 W u(A; f ) is negatively in phase with a point x 2 A if
y 2 W u(x; f ).

In general there is no reason why every point must be in phase. However for an
isolated hyperbolic set, this is always the case.

Theorem 45.10 (The In Phase Theorem). Let f be a dynamical system on a
compact manifoldM and let � � M be an isolated compact hyperbolic set. Then
every point is in phase:

W s(� ; f ) =
[

x2 �

W s(x; f );

and
W u(� ; f ) =

[

x2 �

W u(x; f ):

Proof. We give the proof for the stable sets only. It is clear that the right-hand
side is contained inW s(� ; f ), and thus if su�ces to show that if y 2 W s(� ; f ) then
y 2 W s(x; f ) for somex 2 �.

Let r > 0 be the number from Proposition 40.8 so that for allx 2 � ;

W s
loc;r (x; f ) =

�
z 2 M j d

�
f k(z); f k(x)

�
� r; 8 k � 0

	
:

Shrinking r if necessary, we may assume thatB(� ; r ) is contained in an isolating
neighbourhoodU of �. By the Shadowing Lemma 44.3, there is a 0< � < r

2 such
that every � -chain in � is r

2-shadowed by some point inM . Using continuity of f ,
take 0 < " < � such that if (xk) � � is any sequence of points such that

d(f k(y); xk) � "; 8 k � 0;

then (xk) is actually part of a � -chain. Sincey 2 W s(� ; f ), there existsp � 1 such
that d

�
f k(y); �

�
� " for all k � p. This means that for all k � p there are points

xk 2 � such that d
�
f k(y); xk

�
� " . Thus (xk)k� p, is part of a � -chain. If we set

xk := f k� p(xp) for k < p then (xk)k2 Z is a true � -chain.
Thus (xk) is r=2-shadowed by some pointx. This implies that

Ototal
f (x) � B (� ; r=2) � U:

SinceU is an isolating neighbourhood for �, it follows that x 2 �. Then for k � p,

d
�
f k(y); f k(x)

�
� d

�
f k(y); xk

�
+ d

�
xk ; f k(x)

�
� " +

r
2

� r:

By choice ofr , it follows that f p(y) 2 W s
loc;r (f

p(x); f ). Thus y 2 W s(x; f ) by (40.1)
(Problem S.1). This completes the proof.

We will use the In Phase Theorem 45.10 in Lecture 49 (cf. Corollary 49.4 and
Proposition 49.11.)
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LECTURE 46

The Inclination Lemma

The aim of this lecture is to prove the following theorem of Palis, which is one
of the cornerstones of chaotic dynamics. This result is sometimes also called1 the
\Inclination Lemma".

Theorem 46.1 (The Inclination Lemma). Let f be a dynamical system on a com-
pact manifold M and supposex is a hyperbolic �xed point. Set d := dim E u(x)
and �x a point y 2 W s(x; f ). SupposeB and D are two C1 embedded discs of
dimensiond in M with

B � W u(x; f ); y 2 D;

and such that D is transverse toW s(x; f ) at y:

TyD + TyW s(x; f ) = TyM:

Then for any " > 0 there is ap � 1 such that for all k � p, f k(D) contains aC1

embedded disc of dimensiond which is "-close toB in the C1-topology.

We will see next lecture why this theorem is powerful. There are three \sur-
prising" things about the statement: D could be very small,B could be very large,
and the angle betweenD and W s(x; f ) could be very small. See Figure 46.1. The
di�cult bit is, of course, the C1 statement: the C0 statement is (almost) obvious
from the picture.

Remark 46.2. The Inclination Lemma 46.1 has a straightforward extension to
hyperbolic periodic points. Indeed, ifx is a hyperbolic periodic point off of period
p, then x is a hyperbolic �xed point of f p. Moreover from the de�nition we have

W u(x; f ) = W u(x; f p); W s(x; f ) = W s(x; f p):

Thus in the statement of Theorem 46.1 the phrase \hyperbolic �xed point" can be
replaced with \hyperbolic periodic point".

Let us �rst consider a local version. Supposef : 
 ! E is a local dynamical
system, and suppose 02 
 is a hyperbolic �xed point. We endow E with a norm
which is adapted toDf (0) and of box type with respect to the splittingE = E s� E u.
Instead of the direct sum notation, it is more useful today to think ofE = E s � E u

as a product. Since the norm is of box type, one hasE(r ) = E s(r ) � E u(r ). To
keep the notation in this lecture as simple as possible, we will always use the letter
u for a point in E, v for a point in E s, and w for a point in E u. Thus the notation
u = ( v; w) means that v = us and w = uu.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1The reason for the name \� -Lemma" comes from the fact that Palis denoted a certain

constant|de�ned in (46.2) below| by � . (You might think I'm joking. I'm not.)
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Figure 46.1: The Inclination Lemma.

Now �x r > 0 such that the conclusion of the Local Unstable Manifold Theorem
34.3 holds. Thus there areC1 maps

� s : E s(r ) ! E u(r ); � u : E u(r ) ! E s(r );

with
� s(0) = 0 ; D� s(0) = 0 ; � u(0) = 0 ; D� u(0) = 0 ;

and such that

W s
loc;r (0; f ) = gr( � s); Wu

loc;r (0; f ) = gr( � u):

Consider the map

� : E s(r ) � E u(r ) ! E; � (v; w) =
�
v � � u(w); w � � s(v)

�
:

Then
� (0; 0) = (0 ; 0); D� (0; 0) = id ;

and hence by the Inverse Function Theorem 30.7, after possibly shrinkingr , the
map � is a C1 di�eomorphism onto its image. We can therefore view� as a chart
on E, and look at the representationf̂ of f in this chart:

f̂ := � � f � � � 1 : E(r ) ! E:

Then
f̂ (0) = 0 ; D f̂ (0) = Df (0);

and hence 0 is also a hyperbolic �xed point of̂f . This coordinate change has the
nice e�ect of putting the stable manifolds \on the axes". See Figure 46.2.

Lemma 46.3. The local stable manifold off̂ is of the form B s � f 0g for B s a ball
in E s, and the local unstable manifold off̂ is of the form f 0g � B u for B u a ball in
E u,

2



Figure 46.2: The coordinate change� .

Proof. Observe that � (v; w) = ( v0; 0) for somev0 if and only if w = � s(v). Thus for
r > 0 su�ciently small,

� � 1
�
E s(r ) � f 0g

�
� gr(� s):

The lemma follows.

From now on we suppress thêf notation and simply write f again. Choose
r > 0 small enough thatE s(r ) � B s and E u(r ) � B u. Set V = E s(r ) � E u(r ).
Then every point in V of the form (v;0) belongs to the local stable manifold and
every point in V of the form (0; w) belongs to the local unstable manifold.

Consider a point (q;0) 2 V and let D denote a disc of dimensiond := dim E u

which is transversal to the local stable manifold at (q;0). For k � 0 let Dk denote
the connected component off k(D) \ V containing f k(q;0). The di�cult part of
the proof of Theorem 46.1 is contained in the following local version. See Figure
46.3.

Theorem 46.4 (The Local Inclination Lemma). Given " > 0 there existsp � 1
such that for all k � p, Dk contains aC1 embedded disc of dimensiond which is
"-close tof 0g � E u(r ) in the C1 topology.

Let us show how the (global) Inclination Lemma follows from the local one.

Proof of the Inclination Lemma 46.1.We may assume thaty is in W s
loc;r (x; f ) for

r small by replacingy with f k(y) for k large. Similarly by shrinking D if necessary
we may assume thatD is contained in small ball aboutx. It then su�ces to show
that we can makeD close to a small discB inside W u

loc;r (x; f ), since a small disc
in W u(x; f ) gets mapped onto a larger disc by successive applications off . This
means that it is enough to prove a local statement. Moreover by choosing a chart
� on M about x appropriately, we may assume that we are in the special situation
prescribed in the Local Inclination Lemma 46.4. Thus Theorem 46.1 is a direct
consequence of the Local Inclination Lemma.

The rest of the lecture is devoted to the proof of Theorem 46.4. This proof is
non-examinable.
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Figure 46.3: The Local Inclination Lemma.

Proof of Theorem 46.4.We proceed in �ve steps.

1. In this �rst step we set up notation. Let us abbreviateL := Df (0; 0) and
A := L ss and B := Luu . Then we can write

f (v; w) def=
�
v + ' (v; w); Bw +  (v; w)

�
;

for two C1 functions ';  . Let � < 1 denote the skewness ofL, so that

kAkop � �; kB � 1kop � �:

Note also that sinceLus = L su = 0, one has

@'
@w

�
�
�
f 0g� E u (r )

=
@ 
@v

�
�
�
E s (r )�f 0g

= 0:

Thus by continuity of these partial derivatives there exists 0< � < 1 and 0< r 0 < r
such that

� + � < 1; c :=
1
�

� � > 1; � <
(c � 1)2

4
; (46.1)

and such that if V 0 := E s(r 0) � E u(r 0) then

max
V 0

� 








@'
@w










op

;










@ 
@v










op�
� �:

We may assume thatq 2 E s(r 0) and that D � V 0. Now supposeu0 is a unit length
vector in T(q;0)D. Write u0 = ( v0; w0). Note that w0 6= 0 as D is transversal toE s

at (q;0). Consider theinclination of u0:

kv0k
kw0k

:

4



The main goal of the proof is to show that under iteration byDf , the inclination
gets smaller in a uniform manner, which will imply thatTD approachesf 0g � E u

under Df . This is essentially just a long, delicate, and rather tedious computation.

2. In this step we show we can control the inclination ofu0 under iteration.
Set

(qk ; 0) := f k(q;0); uk = ( vk ; wk) := Df (qk� 1; 0)uk� 1; k � 0:

Let � k denote the inclination ofuk :

� k :=
kvkk
kwkk

: (46.2)

Since the unit ball in T(q;0)D is compact, we may assume that we have chosenu0

so as to maximise� 0. Let us now estimate� k . We have

Df (q;0)u0 =
�

A + @'
@v(q;0) @'

@w(q;0)
0 B + @ 

@w(q;0)

� �
v0

w0

�

=
�

Av0 + @'
@v(q;0)v0 + @'

@w(q;0)w
Bw0 + @ 

@w(q;0)w0

�
:

Thus

kv1k � k Av0k +










@'
@v

(q;0)v0








 +










@'
@w

(q;0)w0










� � kv0k + � kv0k + � kw0k:

Similarly

kw1k � k Bw0k �










@ 
@w

(q;0)v0










�
1
�

kw0k � � kw0k;

and hence

� 1 �
� � 0 + �� 0 + �

1
� � �

�
� 0 + �

c

=
� 0

c
+

�
c

:

Similarly we have

� 2 �
� 1 + �

c

�
� 0

c2
+ �

�
1
c

+
1
c2

�
;
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and more generally

� k �
� 0

ck
+ �

kX

i =1

1
ci

�
� 0

ck
+

�
c � 1

:

Since � 0
ck ! 0 ask ! 1 and

�
c � 1

<
c � 1

4
;

by (46.1), there existsp � 1 such that for all k � p,

� k �
c � 1

4
:

3. Sincef is a di�eomorphism, by the choice ofu0 we know that know that
any non-zero vector inT(qp ;0)Dp has inclination less than or equal toc� 1

4 . But
what about vectors in TzDk for points z 6= qk? In this short step we address this
point. Since D is a C1 embedded submanifold andf is of classC1, the tangent
planesTzDp depend continuously onz. Thus there exists a smallC1 embedded
d-dimensional discD 0 � Dp with centre (qp; 0) such that for any z 2 D 0 and any
unit vector u 2 TzD 0, the inclination of u is at worst c� 1

2 .

4. We have shown that we can bound the inclinations uniformly. But this is
not good enough|in order to show that the discs approachf 0g � E u we need to
prove that the inclinations converge to zero. We prove this now.

Let 0 < � < � be arbitrary. Since

@'
@w

�
�
�
f 0g� E u (r )

= 0;

we may chooser 00< r 0 such that on V 00:= E s(r 00) � E u(r 0) we have

max
V 0










@'
@w










op

� �:

Up to increasingp and shrinkingD 0, we may assume thatD 0 � V 00and (qk ; 0) 2 V 00

for all k � p. Fix z 2 D 0 and let u0 = ( v0; w0) denote a unit vector in TzD 0. Let
� 0 denote the inclination ofu0. As before, we may assume thatu0 is chosen in such
a way to maximise the inclination � 0. We again compute the inclination of the
iterates of u0 under Df . This is the same computation as before, only the bottom
left-hand term no longer vanishes:

Df (z)u0 =
�

A + @'
@v(z) @'

@w(z)
@ 
@v(z) B + @ 

@w(z)

� �
v0

w0

�
:
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Thus the inclination is



 Av0+ @'

@v(z)v0+ @ 
@w(z)v0









 @ 

@v(z)v0+ Bw0+ @ 
@w(z)w0




 �

� kv0k + � kv0k + � kw0k
1
� kw0k � � kw0k � � kv0k

�
� � 0+ �� 0+ �

1
� � � � �� 0

�
� 0+ �
c � �� 0

(~ )
�

� 0+ �
c � 1

2 � (c � 1)

�
� 0+ �

1
2(c + 1)

;

where (~ ) used Step 3. Seta := 1
2(c + 1) > 1. Denoting by � 0

k the inclination of
the kth iterate u0

k = Df ku0, as before we obtain

� 0
k �

� 0

ak
+

�
a � 1

:

Thus there existsl such that for all k � l , one has

� 0
k � �

�
1 +

1
a � 1

�
:

By choice ofu0, this shows that for any k � l , every non-zero vector tangent to
f k(D 0) \ V 00has inclination at most

�
�

1 +
1

a � 1

�
:

Since� was arbitrary, this shows we can makes the inclinations uniformly small.

5. We are almost done. The last step is to estimate the length of a vector
tangent to f k(D 0) \ V 00, compared to that of its iterate. But this is easy: with
u0

k = ( v0
k ; w0

k) and � 0
k as above,

ku0
kk = max

�
kv0

kk; kw0
kk

	

= kw0
kk;

provided � 0
k < 1. Moreover from the computation above,

kw0
k+1 k

kw0
kk

� c � �� 0
k :

Since� 0
k ! 0 and c > 1, we see that

ku0
k +1 k

ku0
k k > 1 for k su�ciently large. Thus the

length grows.
Hence the diameter off k(D 0) \ V 00increases. Combining this with Step 4 tells

us that for any " > 0, there existsp = p(") � 1 such that, for all k � p, the set
f k(D 0) \ V 00contains aC1 embedded disc which is"-close tof 0g � E u in the C1

topology. This �nally completes the proof.

7



LECTURE 47

Homoclinic Tangles

These intersections form a sort of trellis, web, or in�nitely tight mesh. . .
One is struck by the complexity of this �gure, which I shall not even attempt to draw.

Henri Poincar �e, 1889.

In this lecture we explore some applications of the Inclination Lemma 46.1 to
chaotic dynamics. Recall the de�nition of homoclinic points and heteroclinic points
from De�nition 16.8. A homoclinic tanglearises from a special type of homoclinic
point. Here is the de�nition.

Definition 47.1. Let f be a dynamical system on a compact manifoldM , and
supposex 6= y are hyperbolic periodic points. A pointz 2 M is called atransverse
heteroclinic point if z 2 W s(x; f ) \ W u(y; f ) and the intersection is transverse
at z:

TzW s(x; f ) + TzW u(y; f ) = TzM:

Similarly if x is a hyperbolic periodic point then a pointz 6= x 2 W s(x; f )\ W u(x; f )
is called atransverse homoclinic point for x if the intersection is transverse at
z:

TzW s(x; f ) + TzW u(x; f ) = TzM:

The transversality condition by itself is nothing special, as the following result
shows.

Lemma 47.2. Let f be a dynamical system on a compact manifoldM , and let
� � M be a compact hyperbolic set. Then there existsr0 > 0 such that for any
0 < r � r0 there exists a� > 0 such that if x; y 2 � satisfy d(x; y) � � then

W s
loc;r (x; f ) \ W u

loc;r (y; f ) = f zg (47.1)

for a unique point z 2 M , and moreover the intersection is always transverse.

The proof of Lemma 47.2 is deferred to Problem Sheet T.

Remark 47.3. In fact, more is true. Let � � � � � denote the diagonal. Lemma
47.2 tells us that there is a well-de�ned map' : B (� ; � ) ! M that sends a pair
(x; y) to the unique point z from the right-hand side of (47.1). In Problem T.1 you
will show that ' is itself a continuous function, and that � is isolated if and only
if1 im ' � �.

Will J. Merry, Dyn. Systems II, Spring 2020, ETH Z•urich. Last modi�ed: June 08, 2020.
1Actually in Problem T.1 you are only asked to prove ) . The converse direction|whilst

true|is sadly too hard to set as an exercise.
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Nevertheless, the existence of a transverse homoclinic point hasprofound con-
sequences for the nearby dynamics. It was Poincar�e who �rst realised this, during
his work on the Three Body Problem in the late 19th century. His investigations
led him to imagine a �gure of quite breathtaking complexity. The famous quote2

at the start of the lecture sums up his bewilderment at the implications of this
discovery. This was arguably humanity's �rst taste of (mathematical!) chaos, and
the development of the entire modern theory of chaotic and hyperbolic dynamics
can be traced back to Poincar�e's observations.

So what is so special about a transverse homoclinic point? The starting obser-
vation is that if z 2 W s(x; f ) \ W u(x; f ) is a transverse homoclinic point then so
is f k(z) for any k 2 Z. Thus the existence of one implies the existence of in�nitely
many. Now as an exercise (do this before turning the page!), try to draw what
the unstable stable and stable manifolds ofx must look like. The intersection is
transverse atz. In order for it to be also transverse atf (z), the unstable manifold
and the stable manifold must \double back" on themselves. Then in order for them
to be transverse atf 2(z), they have to double back on themselves again. By the
time you have reachedf 4(z), your picture will no doubt look rather messy. . . Since
f k(z) ! x for jkj ! 1 , the upshot is that the unstable and stable manifolds
are forced to seesaw back on themselves in�nitely often in a neighbourhood ofx,
creating a \mesh" that Poincar�e named ahomoclinic tangle .

Figure 47.1: A homoclinic tangle.

2The original French version reads: \Ces intersections forment une sorte de treillis, de tissu,
de r�eseau �a maille in�niment serr�ees. . . On sera frapp�e de la complexit�e de cette �gure, que je ne
cherche même pas �a tracer." This is from Volume 3 of Poincar�e's series of papers\Les M�ethodes
nouvelles de la m�ecanique c�eleste", published in 1899. The original text is available online here.
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We shall shortly see how homoclinic tangles give rise to chaos. First, however,
we use the Inclination Lemma to extend hyperbolic sets over the orbits of transverse
heteroclinic (or homoclinic points).

Proposition 47.4. Suppose� is a hyperbolic set, andx; y 2 � are �xed points.
Suppose there exists a pointz 2 M such that z 2 W s(x; f ) \ W u(y; f ), and
assume that the intersection is transverse atz. Then � 0 := � [ O total

f (z) is another
hyperbolic set.

Proof. Let the hyperbolic splitting of � be given by T� M = E s � E u. To extend
this to � 0, set

E s(f k(z)) := Tf k (z)W
s(x; f )

and
E u(f k(z)) := Tf k (z)W

u(y; f ):

We �rst need to check this splitting is continuous. This means we need to show
that:

(i) E s(f k(z)) ! E s(x) as k ! 1 ,

(ii) E u(f � k(z)) ! E u(y) as k ! 1 ,

(iii) E s(f � k(z)) ! E s(y) as k ! 1 ,

(iv) E u(f k(z)) ! E u(x) as k ! 1 .

Of these (i) and (ii) are obvious. However (iii) and (iv) are not. However the
Inclination Lemma comes to the rescue. Indeed, since the intersection is transverse,
(iv) follows directly from the Theorem 46.1. Similarly (iii) can be deduced from
applying Theorem 46.1 tof � 1.

We still need to prove the splitting is hyperbolic. We may assume our norm is
adapted to f and �. Let � denote the skewness and choose� < � < 1. Since both
the splitting and Df are continuous, there exists a neighbourhoodU of x and a
neighbourhoodV of y and such that

f k(z) 2 U [ V ) max
n



 Df jE s (f k (z))




 op

;



 Df � 1jE u (f � k (z))




 op

o
� �:

Sincez 2 W s(x; f ) \ W u(y; f ), by Proposition 40.8 there existsp � 1 such that
f k(z) 2 U for all k � p and f � k(z) 2 V for all k � p. Thus there are only �nitely
many k such that f k(z) =2 U [ V, and thereforethere exists a constantC � 1 such
that

max
n



 Df jE s (f k (z))




 op

;



 Df � 1jE u (f � k (z))




 op

o
� C�; 8 k 2 Z:

This completes the proof.

As a special case, we can now give an important example of a hyperbolic set
that is not isolated (cf. the discussion after Example 43.5.

Corollary 47.5. If y is a transverse homoclinic point for a hyperbolic �xed point
x then Ototal

f (y) [ f xg is a hyperbolic set which is not isolated.
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Proof. Proposition 47.4 tells us that � := Ototal
f (y) [ f xg is hyperbolic. Let r0

be as in Lemma 47.2 and choose 0< r � min
�

d(x; y); r0
	

. Let � > 0 be the
constant associated tor from Lemma 47.2. Choosek large enough so that both
f k(y) and f � k(y) belongs to the ball of radius �

2 about x. Then Lemma 47.2
tells local (un)stable manifoldsW s

loc;r (f
� k(y); f ) and W u

loc;r (f
k(y); f ) intersect at a

unique point z. See Figure 47.2. ThenOtotal
f (z) is a completely invariant set which

is disjoint from � but contained in B(� ; r ). Sincer was arbitrary it follows that �
is not isolated.

Figure 47.2: A non-isolated hyperbolic set.

Here is another application of the Inclination Lemma.

Lemma 47.6. Let f be a dynamical system on a compact 2-dimensional manifold
M . Supposex is a hyperbolic �xed point of f with a homoclinic loop (see Figure
47.3). Then every point on this loop is non-wandering.

Figure 47.3: A homoclinic loop.

Proof. Fix a point y on this loop, and let D denote a small disc transversal to
the loop passing throughy. The Inclination Lemma 46.1 tells fork large enough,
f k(D) will approach the stable manifold, and thus in particular fork large one has
f k(D) \ D 6= ; . SinceD is arbitrary, this shows that y 2 nw(f ).
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We will now state a famous theorem which explains how transverse homoclinic
points gives rise to chaotic dynamics. We �rst recall the shift map from De�nition
4.15.

Definition 47.7. Let � 2 denote the space of in�nite sequences3 x = ( xk) for k 2 Z,
where eachxk is either 0 or 1. Endow �2 with the metric

d(x; y) :=
X

k2 Z

jxk � yk j
2jkj

:

Let � : � 2 ! � 2 denote the map that \shifts" a sequence along one position to the
right, i.e. � (x)k = xk+1 .

The next result is the reversible reversion of Propositions 4.16 and 4.20 and
Problem F.1.

Proposition 47.8. The space� 2 is a compact metric space without isolated points
which is totally disconnected4. Moreover� is a chaotic reversible dynamical system
on � 2 with htop (� ) = log 2.

Here is the main result of today's lecture.

Theorem 47.9 (Birkho�-Smale). Let f be a dynamical system on a compact man-
ifold M . Let x 2 M be a hyperbolic periodic point, and supposey 2 M is a trans-
verse homoclinic point. For any neighbourhoodU of f x; yg, there existsp � 1 and
a compact invariant set� � U of f p containing x and y such that f pj � : � ! � is
topologically conjugate to the shift map� .

Corollary 47.10. Let f be a dynamical system on a compact manifoldM . Let
x 2 M be a hyperbolic periodic point, and supposey 2 M is a transverse homoclinic
point. Then the topological entropy of f is positive, and in a neighbourhood of
f x; yg an iterate of f displays chaotic behaviour.

Proof. Using the notation from the statement of Theorem 47.9, we see thatf pj � is
chaotic and has positive topological entropy. Thus the topological entropy off p on
all of M is positive, since the topological entropy is bounded below by the entropy
of the restriction to any invariant set (Proposition 8.5). Sincehtop (f p) = phtop (f )
by Problem D.2, we also see that the topological entropy off is positive.

The full proof of Theorem 47.9 is a bit too involved for us, but we will give a fairly
compelling sketch. To do so we �rst introduce a special dynamical system called5

the horseshoe map . The horseshoe map can be thought of as an abstraction of
the system near a homoclinic tangle.

Definition 47.11. Let Q � R2 be a square of size 1. De�ne a di�eomorphismh
so that Q gets contracted horizontally and expanded vertically and folded into a
horse-shoe shape and then put back across itself. We callh the horseshoe map .
See Figure 47.4.

3Strictly speaking in De�nition 4.15 we focused on the non-reversible case and considered only
half-in�nite sequences. However the extension to the reversible case is straightforward.

4And hence is homeomorphic to a Cantor set, by Remark 4.17.
5See Remark 13.10 for a comment on the terminology.
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